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premature stagnation. In this paper, we propose the Double-Inertial proximal Gradient Method with
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with viscosity approximation within a forward–backward splitting framework. We establish the strong
convergence of the iterates to the unique solution of the bilevel problem in real Hilbert spaces under
standard assumptions. As an application, we develop a hybrid deep learning architecture that integrates
EfficientNetV2-B0 with an Extreme Learning Machine (ELM) classifier whose output weights are
determined by solving a bilevel optimization problem via DIPGM-VA, and validate it on a pediatric
chest X-ray pneumonia benchmark, addressing a leading cause of death among children under five in
developing countries. Numerical experiments show that DIPGM-VA outperforms other state-of-the-
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1. Introduction

In data-limited clinical settings, two persistent difficulties arise in deep medical image classification:
the computational cost of end-to-end training and the lack of a principled mechanism for
regularization [1, 2]. Despite the remarkable progress brought by deep networks in this domain, these
issues call for a hierarchical formulation in which regularized feature selection and classifier training
are treated jointly; bilevel optimization offers precisely such a framework.

Over the past decade, bilevel optimization has emerged as a versatile tool in machine learning, with
prominent applications to hyperparameter tuning [3, 4], meta-learning [3], and data classification [5].
In its general form, such a problem couples an outer objective with an inner optimization problem that
constrains the feasible set. Here, the convex bilevel instance considered is

min
x∈S ∗

ϕ(x), (1.1)

with S ∗ denoting the argmin set of the inner (lower-level) problem as follows:

S ∗ = argminx∈H{ f (x) + g(x)}, (1.2)

where H is a real Hilbert space, ϕ : H → R is strongly convex and differentiable, f : H → R is
convex with an L f -Lipschitz continuous gradient, and g : H → R ∪ {∞} is proper, convex, and lower
semicontinuous.

Denote the solution set of (1.1) by Λ. Any x∗ ∈ Λ is characterized by the following variational
inequality [6]:

〈∇ϕ(x∗), x − x∗〉 ≥ 0, for all x ∈ S ∗.

Problem (1.2) can be effectively tackled via proximal splitting, which reformulates the minimization
as the fixed-point equation x∗ = T x∗ for the forward–backward operator T = proxcg(I − c∇ f ), where f
and g are as in (1.2) and c > 0 is a step size. Indeed, any fixed point of T , namely any x with

x = proxcg(x − c∇ f (x)),

minimizes f + g [7, 8], so the search for minimizers reduces to the fixed-point iteration

xn+1 = proxcg(xn − c∇ f (xn)), (1.3)

which is weakly convergent whenever 0 < c < 2/L f . In a fixed-point form, Iteration (1.3) reads
xn+1 = T (xn), and the nonexpansive operator T satisfies Fix(T ) = S ∗.

Strong convergence of the above proximal iteration was obtained by Moudafi [9] via a viscosity
approximation scheme of the following form:

xn+1 = ηnS (xn) + (1 − ηn)T (xn),

in which T is nonexpansive while S is a strict contraction that satisfies standard assumptions. A
viscosity step in the same spirit will be adopted in the algorithm proposed in Section 3.

To further accelerate convergence, our scheme also employs inertial extrapolation, a technique with
a long history in optimization that reuses past iterates at every step. Classical milestones along this line
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include Polyak’s heavy-ball method [10], Nesterov’s accelerated gradient method [11], and the Fast
Iterative Shrinkage-Thresholding Algorithm (FISTA) of Beck and Teboulle [12], the latter extending
inertial acceleration to proximal operators.

Single-inertial methods use one previous iterate in the extrapolation step. They have been
extensively analyzed in recent years. In this direction, Bussaban et al. [13] established strong
convergence of an inertial forward–backward algorithm based on nonexpansive mappings in the
context of image restoration, Yatakoat et al. [14] proposed accelerated fixed-point schemes for convex
minimization, and Janngam et al. [5] developed an inertial framework tailored to convex bilevel
optimization. More recent works have investigated two-step inertial variants: Sae-jia and Suantai [15]
for data classification, Wattanataweekul et al. [16] for image recovery, and Janngam et al. [17] for
deep learning data classification. In the related setting of bilevel variational inequalities, Peng et
al. [18] proposed an accelerated subgradient extragradient algorithm with a non-monotonic step size
for problems that involve non-Lipschitz operators.

Several algorithms have been specifically developed for convex bilevel optimization problems.
Sabach and Shtern [6] introduced the Bilevel Gradient Sequential Averaging Method (BiG-SAM),
later improved by Shehu et al. [19] with inertial extrapolation, termed inertial BiG-SAM (iBiG-SAM):

yn = xn + θn(xn − xn−1),
pn = proxcg(yn − c∇ f (yn)),

qn = yn − λ∇ϕ(yn),
xn+1 = γnqn + (1 − γn)pn.

Duan and Zhang [20] advanced the iBiG-SAM algorithm by introducing an alternated inertial step,
thus leading to the alternated inertial Bilevel Gradient Sequential Averaging Method (aiBiG-SAM):

yn =

xn, if n is even,
xn + θn(xn − xn−1), if n is odd,

and 
pn = proxcg(I − c∇ f )(yn),

qn = yn − λ∇ϕ(yn),

xn+1 = γnqn + (1 − γn)pn, n ≥ 1.

Duan and Zhang established that aiBiG-SAM strongly converges to a solution of the bilevel
optimization problem.

Since both iBiG-SAM and aiBiG-SAM rely on a single extrapolation drawn from one earlier iterate,
a natural next step is to incorporate two extrapolation steps and thus obtain a double-inertial scheme,
which can improve both the convergence speed and numerical stability. The iterate update in this
setting combines information from the two most recent displacements:

xn+1 = xn + θ(xn − xn−1) + δ(xn−1 − xn−2),

where the coefficient θ > 0 provides forward momentum from the latest displacement, while δ < 0
acts as a damping correction drawn from earlier iterates, thus decoupling the control of acceleration
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from that of stabilization. Along these lines, Izuchukwu et al. [21] designed a double-inertial forward–
reflected–anchored–backward splitting algorithm for monotone inclusion problems and proved strong
convergence, Iyiola and Shehu [22] introduced a double-inertial proximal point algorithm for convex
minimization and established a nonasymptotic rate of O(1/n), and Thong et al. [23] devised a double-
inertial algorithm for split common fixed-point problems with applications in signal processing.

More recently, Wattanataweekul, Janngam, and Suantai [24] proposed a double-inertial viscosity
algorithm with linesearch for convex bilevel image restoration, and Suantai and Janngam [25]
proposed a two-step inertial fixed-point algorithm for convex bilevel optimization in deep learning
data classification, in which the inertial step is first applied to the iterate xn. In the Double-Inertial
proximal Gradient Method with Viscosity Approximation (DIPGM-VA), the double-inertial step

xn+1 = zn + θn(zn − zn−1) + δn(zn−1 − zn−2)

is applied last, where zn is the iterate obtained after the viscosity step and the forward–backward
evaluations. This placement follows the structural choice of FISTA [12] and is motivated by the
following observation: For a step size cn ∈ (0, 2/L f ), the forward–backward operator is nonexpansive,
so as the algorithm progresses, the successive iterates zn, zn−1, zn−2 become closer to one another, which
is intended to stabilize the extrapolation in the late stages of convergence. The use of two inertial
coefficients with θn > 0 and δn < 0 follows Iyiola and Shehu [22], who show that this form of two-step
extrapolation can accelerate convergence in cases where one-step inertial schemes do not.

Building on the developments surveyed above, the present paper puts forward a new double-
inertial viscosity algorithm for convex bilevel optimization. Its main contributions can be summarized
as follows:

(i) A new fixed-point scheme, the DIPGM-VA, is designed for solving convex bilevel
optimization problems.

(ii) Under standard assumptions, DIPGM-VA is shown to strongly converge; the double-
inertial extrapolation underlying the scheme simultaneously improves the stability and speeds
up convergence.

(iii) We propose a hybrid deep learning architecture for medical image classification that integrates
EfficientNetV2-B0 [26], a compact yet high-performing convolutional architecture, as a feature
extractor with a bilevel Extreme Learning Machine (ELM) classifier solved by DIPGM-VA.

(iv) Numerical experiments on a chest X-ray pneumonia dataset indicate that DIPGM-VA attains a
smaller objective value and converges faster than competing bilevel solvers.

Among children under five, pneumonia is still among the principal causes of morbidity and
mortality worldwide. Chest radiography is the most commonly used imaging modality to diagnose
pneumonia, but its interpretation varies between readers and is further constrained by limited resources,
especially in low-income regions. For these reasons, deep-learning-based automated analyses of
chest X-ray images have received substantial research interest [1,27]. A widely adopted benchmark in
this area is the publicly released pediatric chest X-ray dataset curated by Kermany et al. [27], which
follows a clinically designed evaluation protocol with patient-level separation between training and
test partitions. This dataset provides an appropriate testbed for the proposed bilevel optimization
framework, in a setting where the classification accuracy and computational efficiency both matter
in practice.
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On the practical side, we apply DIPGM-VA to the training of a hybrid deep learning classifier
for medical image analyses, an area where the diagnostic accuracy and computational efficiency are
equally important [1, 2]. Concretely, a pretrained EfficientNetV2-B0 convolutional backbone [26]
is coupled with an ELM classifier [28]; its output weights are obtained by solving a convex bilevel
problem with DIPGM-VA, in which the lower level enforces sparse feature selection through L1

regularization and the upper level performs structural risk minimization through the L2 norm. The
resulting method is evaluated on a chest X-ray pneumonia benchmark [27], where it delivers an
improved optimization behavior together with a competitive classification accuracy and substantially
reduced computational cost.

The remainder of this paper is organized as follows: Section 2 gathers the preliminary material;
Section 3 introduces the DIPGM-VA algorithm and analyzes its convergence; Section 4 develops
the hybrid deep learning classifier based on the proposed bilevel framework; Section 5 presents the
numerical experiments; Section 6 closes the paper with a summary and directions for future work; and
an appendix details the stagewise configuration of the EfficientNetV2-B0 backbone.

2. Preliminaries

This section fixes the notation and gathers the definitions and auxiliary results required for the
convergence analysis carried out in Section 3. Throughout, let H be a real Hilbert space with an
inner product 〈·, ·〉 and an induced norm ‖ · ‖, and let C be a nonempty closed convex subset of H.
The symbols N,R,R+,R>0 denote the natural numbers, real numbers, nonnegative real numbers, and
positive real numbers, respectively.

Definition 2.1. Let T : C → C be a mapping on a subset C of a real Hilbert space H.

(i) T is said to be L-Lipschitz for some constant L ≥ 0 if

‖Tu − Tv‖ ≤ L‖u − v‖, for all u, v ∈ C.

(ii) T is called a k-contraction if there exists a constant k ∈ [0, 1) such that

‖Tu − Tv‖ ≤ k‖u − v‖, for all u, v ∈ C.

(iii) T is said to be nonexpansive if

‖Tu − Tv‖ ≤ ‖u − v‖, for all u, v ∈ C.

Definition 2.2. [29, 30] Let T : H → H be a mapping on a real Hilbert space H.

(i) T is said to be firmly nonexpansive if

‖Tu − Tv‖2 ≤ ‖u − v‖2 − ‖(I − T )u − (I − T )v‖2, for all u, v ∈ H.

(ii) T is said to be α-averaged if there exists a nonexpansive mapping R : H → H and a
constant α ∈ (0, 1) such that T = (1 − α)I + αR. The notion of an averaged mapping was
introduced in [31].
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Remark 2.3. [29] It is a standard result in monotone operator theory that T is α-averaged if and
only if

‖Tu − Tv‖2 ≤ ‖u − v‖2 −
1 − α
α
‖(I − T )u − (I − T )v‖2, for all u, v ∈ H.

Furthermore, T is firmly nonexpansive if and only if it is 1/2-averaged.

Now, we collect several identities in Hilbert spaces that will be repeatedly invoked in the proof.

Lemma 2.4. [32] Let u, v ∈ H, and t ∈ [0, 1]. Then, the following relations hold in H:

(i) ‖u + v‖2 ≤ ‖u‖2 + 2〈v, u + v〉;
(ii) ‖u ± v‖2 = ‖u‖2 ± 2〈u, v〉 + ‖v‖2;

(iii) ‖tu + (1 − t)v‖2 = t‖u‖2 + (1 − t)‖v‖2 − t(1 − t)‖u − v‖2.

Definition 2.5. [33] Let T : C → C be a nonexpansive mapping and Tn : C → C a family of
nonexpansive mappings with ∅ , Fix(T ) ⊂ Γ :=

⋂∞
n=1 Fix(Tn). The family {Tn} is said to satisfy

the NST-condition (I) with respect to the mapping T if, when the condition limn→∞ ‖xn − Tnxn‖ = 0 for
any bounded sequence {xn} ⊂ C, then the condition limn→∞ ‖xn − T xn‖ = 0 also holds.

Definition 2.6. Let g : H → R∪{∞} be a proper, lower semicontinuous, convex function, and let c > 0.
The proximal operator proxcg is defined as follows:

proxcg x = argminy∈H

{
g(y) +

1
2c
‖y − x‖2

}
.

See [7,8,29] for details. Given a convex, differentiable function f : H → R with a Lipschitz continuous
gradient, the forward–backward operator T associated with f and g, with step size c, is defined by
the following:

T := proxcg(I − c∇ f ).

Remark 2.7. The operator T defined above is referred to as the forward–backward operator throughout
this paper. It is also known in the optimization literature as the proximal gradient operator.

Remark 2.8. It is well known that if c ∈ (0, 2/L), where L is a Lipschitz constant of ∇ f , then the
forward–backward operator T is nonexpansive.

The next proposition, due to Hanjing et al. [34], will be used below.

Proposition 2.9. Suppose that ω : H → R is strongly convex with parameter s > 0 and continuously
differentiable such that ∇ω is Lipschitz continuous with constant Lω. Then, the mapping I − t∇ω is
a k-contraction for all

0 < t ≤
2

Lω + s
,

where

k =

√
1 −

2stLω
s + Lω

.
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Definition 2.10. [35, 36] Let H be a real Hilbert space and C ⊂ H a nonempty closed convex set.
Suppose that {Tn}

∞
n=1 is a sequence of nonexpansive self-mappings Tn : C → C whose common fixed-

point set is as follows:

Γ :=
∞⋂

n=1

Fix(Tn) , ∅.

The family {Tn} is said to satisfy Condition (Z) if, for every bounded sequence {un} ⊂ C with

lim
n→∞
‖un − Tnun‖ = 0,

then every weak cluster point of {un} belongs to Γ.

Invoking demiclosedness of I − T when T : C → C is nonexpansive yields the following remark.

Remark 2.11. Let T : C → C be nonexpansive. If a family of nonexpansive mappings {Tn} satisfies
the NST-condition (I) with respect to T , then {Tn} also satisfies Condition (Z).

The next result records the averaging coefficient of the forward–backward operator and is central to
the proof of our main theorem.

Proposition 2.12. Let f : H → R be convex and differentiable with ∇ f being L-Lipschitz continuous,
and let g : H → (−∞,∞] be proper, lower semicontinuous, and convex. If c ∈ (0, 2/L), then the
forward–backward operator T = proxcg(I−c∇ f ) is 2/(4−cL)-averaged. In particular, for all u, v ∈ H,

‖Tu − Tv‖2 ≤ ‖u − v‖2 −
(
1 −

cL
2

)
‖(I − T )u − (I − T )v‖2.

Proof. Since c ∈ (0, 2/L), the gradient ∇ f is 1/L-cocoercive by the Baillon–Haddad theorem,
which implies that the operator I − c∇ f is cL/2-averaged. The proximal operator proxcg is firmly
nonexpansive, and thus 1/2-averaged. By Bauschke and Combettes [29], the composition T =

proxcg(I − c∇ f ) is 2/(4 − cL)-averaged. Consequently, the standard averaged inequality holds with
the coefficient (1 − α)/α = 1 − cL/2, where α = 2/(4 − cL). �

We close this section with two lemmas used in the convergence argument.

Lemma 2.13. [37] Let {dn} ⊂ R+, {bn} ⊂ R, and {hn} ⊂ (0, 1) such that
∑∞

n=1 hn = ∞. Suppose that

dn+1 ≤ (1 − hn)dn + hnbn, for all n ∈ N.

If lim supi→∞ bni ≤ 0 for any subsequence {dni} of {dn} that satisfies

lim inf
i→∞

(dni+1 − dni) ≥ 0,

then limn→∞ dn = 0.

Lemma 2.14. [38] Let H be a real Hilbert space, and consider the forward–backward operator T
associated with the functions f and g for a parameter c, where g : H → R ∪ {∞} is a proper,
lower semicontinuous, convex function, and f : H → R is a convex and differentiable function whose
gradient ∇ f is L-Lipschitz continuous for some constant L > 0. Let {Tn} be a sequence of forward–
backward operators corresponding to the same functions f and g, but with parameters cn, where cn → c
and cn, c ∈ (0, 2/L). Then, the sequence {Tn} satisfies the NST-condition (I) with respect to T .
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3. Main results

This section introduces the DIPGM-VA algorithm and carries out its convergence analysis: the
sequence produced by Algorithm 1 is shown to strongly converge, with the limit point solving the
convex bilevel problem (1.1). Throughout the section, the mappings f , g, and ϕ from Section 1 are
taken to satisfy the following two conditions.

(A1) f : H → R is convex and differentiable, and ∇ f is Lipschitz continuous with constant L f > 0.
The function g : H → (−∞,∞] is proper, lower semicontinuous, and convex.

(A2) ϕ : H → R is strongly convex with parameter σ, differentiable, and ∇ϕ is Lϕ-
Lipschitz continuous.

Remark 3.1. Under assumption (A1) and the condition c ∈ (0, 2/L f ), the forward–backward
operator T = proxcg(I − c∇ f ) is nonexpansive and satisfies Fix(T ) = S ∗, where S ∗ is the solution
set of the lower-level problem (1.2); e.g., see [29].

Building on the fixed-point characterization of Remark 3.1, we now introduce Algorithm 1 to solve
Problem (1.1).

Algorithm 1 Double-Inertial Proximal Gradient Method with Viscosity Approximation (DIPGM-VA)
Initialization: Let {αn}, {γn} ⊂ (0, 1), and {τn} ⊂ R+ and let {µn}, {ρn} ⊂ R>0 be bounded sequences.
Choose arbitrary starting points x1 ∈ H and set z−1 = z0 = x1. Let {cn} ⊂ (0, 2/L f ) with cn → c
as n→ ∞, where c ∈ (0, 2/L f ).
For n ∈ N, do the following steps:

Step 1. Compute wn, yn, and zn:

wn = (1 − αn)xn + αn(I − s∇ϕ)(xn),
yn = proxcng(I − cn∇ f )(wn),

zn = (1 − γn)xn + γn proxcng(I − cn∇ f )(yn).

Step 2. Compute the inertial step:

θn =

min
{
µn,

αnτn

‖zn − zn−1‖

}
, if zn , zn−1,

µn, otherwise,

δn =

max
{
−ρn,

−αnτn

‖zn−1 − zn−2‖

}
, if zn−1 , zn−2,

−ρn, otherwise.

Compute the following:
xn+1 = zn + θn(zn − zn−1) + δn(zn−1 − zn−2).

Remark 3.2. The two inertial coefficients in Step 2 play complementary roles: θn > 0 provides forward
momentum along the latest displacement, while δn < 0 acts as a damping correction that suppresses
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the oscillations typically observed in single-inertial schemes. Two-step inertial strategies of this kind
have recently been shown to improve both the stability and the convergence [21–23], and the effect is
visible in Figure 3, where DIPGM-VA smoothly descends.

Our main theorem below shows that Algorithm 1 strongly converges to a point in Λ, which is the
solution set of (1.1).

Theorem 3.3. Let {cn} ⊂ (0, 2/L f ) such that cn → c ∈ (0, 2/L f ), and assume that S ∗ , ∅.
Let F := I − s∇ϕ, where s ∈ (0, 2/(Lϕ + σ)), with a contraction constant k ∈ (0, 1). Let {xn} be
the sequence generated by Algorithm 1. Suppose that the control sequences {τn}, {αn}, and {γn} satisfy
the following conditions:

(C1) limn→∞ τn = 0;
(C2) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(C3) 0 < γ ≤ γn ≤ γ̄ < 1 for some γ, γ̄ ∈ R.

Then, the sequence {xn} strongly converges to a point x∗ ∈ Λ, where Λ denotes the solution set of (1.1).
Moreover, x∗ satisfies x∗ = PS ∗(I − s∇ϕ)(x∗).

Proof. Step 1: Boundedness of the sequence. By Proposition 2.9, the operator F = I − s∇ϕ is a k-
contraction for some k ∈ (0, 1), while Proposition 2.12 guarantees that each Tn = proxcng(I − cn∇ f )
is 1/2-averaged and, in particular, nonexpansive. Moreover, Remark 3.1 yields Fix(T ) = Fix(Tn) =

S ∗. Since F is a k-contraction and PS ∗ is nonexpansive, the composition PS ∗ ◦ F : H → H is a k-
contraction. By the Banach contraction mapping principle, there exists a unique fixed point x∗ ∈ H
that satisfies x∗ = PS ∗F(x∗). Since PS ∗F(x∗) ∈ S ∗, it follows that x∗ ∈ S ∗. By the definition of wn, we
obtain the following:

‖wn − x∗‖ = ‖(1 − αn)xn + αnF(xn) − x∗‖

≤ (1 − αn)‖xn − x∗‖ + αn‖F(xn) − F(x∗)‖ + αn‖F(x∗) − x∗‖

≤
(
1 − αn(1 − k)

)
‖xn − x∗‖ + αn‖F(x∗) − x∗‖. (3.1)

For yn, the nonexpansiveness of Tn yields the following:

‖yn − x∗‖ = ‖Tnwn − x∗‖ ≤ ‖wn − x∗‖. (3.2)

Then, inserting the definition of zn together with Estimates (3.1) and (3.2) yields the following:

‖zn − x∗‖ = ‖(1 − γn)xn + γnTnyn − x∗‖

≤ (1 − γn)‖xn − x∗‖ + γn‖Tnyn − x∗‖

≤ (1 − γn)‖xn − x∗‖ + γn‖yn − x∗‖

≤ (1 − γn)‖xn − x∗‖ + γn

[(
1 − αn(1 − k)

)
‖xn − x∗‖ + αn‖F(x∗) − x∗‖

]
≤

(
1 − γnαn(1 − k)

)
‖xn − x∗‖ + γnαn‖F(x∗) − x∗‖. (3.3)

Then, it follows from the definition of xn+1 and (3.3) that

‖xn+1 − x∗‖ ≤ ‖zn − x∗‖ + θn‖zn − zn−1‖ + |δn|‖zn−1 − zn−2‖
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≤
(
1 − γnαn(1 − k)

)
‖xn − x∗‖ + γnαn‖F(x∗) − x∗‖

+ θn‖zn − zn−1‖ + |δn|‖zn−1 − zn−2‖

=
(
1 − αnγn(1 − k)

)
‖xn − x∗‖

+ αnγn

(
θn

αnγn
‖zn − zn−1‖ +

|δn|

αnγn
‖zn−1 − zn−2‖ + ‖F(x∗) − x∗‖

)
.

Recalling the constructions of θn and δn together with assumption (C1),

θn

αnγn
‖zn − zn−1‖ → 0 and

|δn|

αnγn
‖zn−1 − zn−2‖ → 0 as n→ ∞. (3.4)

Note that by the definitions of θn and δn in Algorithm 1, we have θn ≤ µn and |δn| ≤ ρn for all n ≥ 1,
where {µn} and {ρn} are bounded sequences. Moreover, by (C3), γn ≥ γ > 0, which implies that the
sequences θn/(αnγn)‖zn−zn−1‖ and |δn|/(αnγn)‖zn−1−zn−2‖ are well-defined real numbers for every n ≥ 1.
Since both converge to 0 by (3.4), they are bounded. Thus, there exists M > 0 such that

θn

αnγn
‖zn − zn−1‖ ≤ M and

|δn|

αnγn
‖zn−1 − zn−2‖ ≤ M, for all n ≥ 1.

Then,

‖xn+1 − x∗‖ ≤
(
1 − αnγn(1 − k)

)
‖xn − x∗‖ + αnγn(1 − k)

(
2M + ‖F(x∗) − x∗‖

1 − k

)
≤ max

{
‖xn − x∗‖,

2M + ‖F(x∗) − x∗‖
1 − k

}
.

Therefore, an induction on n yields the following:

‖xn − x∗‖ ≤ max
{
‖x1 − x∗‖,

2M + ‖F(x∗) − x∗‖
1 − k

}
, for all n ≥ 1.

Therefore, the sequence {xn} is bounded, and so are the sequences {wn}, {Tnwn}, and {yn}.
Step 2: Key inequality for the objective sequence. By Lemma 2.4 (i) and (iii), we obtain
the following:

‖wn − x∗‖2 = ‖(1 − αn)(xn − x∗) + αn(F(xn) − F(x∗)) + αn(F(x∗) − x∗)‖2

≤ ‖(1 − αn)(xn − x∗) + αn(F(xn) − F(x∗))‖2 + 2αn〈F(x∗) − x∗,wn − x∗〉

≤ (1 − αn)‖xn − x∗‖2 + αn‖F(xn) − F(x∗)‖2 + 2αn〈F(x∗) − x∗,wn − x∗〉

≤
(
1 − αn(1 − k)

)
‖xn − x∗‖2 + 2αn〈F(x∗) − x∗,wn − x∗〉. (3.5)

By Lemma 2.4 (iii) and (3.5), we obtain the following:

‖zn − x∗‖2 = ‖(1 − γn)(xn − x∗) + γn(Tnyn − x∗)‖2

≤ (1 − γn)‖xn − x∗‖2 + γn‖wn − x∗‖2 − γn(1 − γn)‖xn − Tnyn‖
2

≤ (1 − γn)‖xn − x∗‖2 + γn

[(
1 − αn(1 − k)

)
‖xn − x∗‖2 + 2αn〈F(x∗) − x∗,wn − x∗〉

]
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− γn(1 − γn)‖xn − Tnyn‖
2

=
(
1 − γnαn(1 − k)

)
‖xn − x∗‖2 + 2γnαn〈F(x∗) − x∗,wn − x∗〉

− γn(1 − γn)‖xn − Tnyn‖
2, (3.6)

where we used ‖Tnyn − x∗‖ ≤ ‖yn − x∗‖ ≤ ‖wn − x∗‖ by the nonexpansiveness of Tn.
Furthermore, by Lemma 2.4 (ii) and (3.6), we obtain the following:

‖xn+1 − x∗‖2 = ‖zn − x∗‖2 + 2θn〈zn − x∗, zn − zn−1〉 + 2δn〈zn − x∗, zn−1 − zn−2〉

+ ‖θn(zn − zn−1) + δn(zn−1 − zn−2)‖2

≤ ‖zn − x∗‖2 + 2θn‖zn − x∗‖‖zn − zn−1‖ + 2|δn|‖zn − x∗‖‖zn−1 − zn−2‖

+ θ2
n‖zn − zn−1‖

2 + δ2
n‖zn−1 − zn−2‖

2 + 2θn|δn|‖zn − zn−1‖‖zn−1 − zn−2‖

≤
(
1 − αnγn(1 − k)

)
‖xn − x∗‖2 + 2θn‖zn − x∗‖‖zn − zn−1‖

+ 2|δn|‖xn − x∗‖‖zn−1 − zn−2‖ + θ2
n‖zn − zn−1‖

2 + δ2
n‖zn−1 − zn−2‖

2

+ 2θn|δn|‖zn − zn−1‖‖zn−1 − zn−2‖ + 2αnγn〈F(x∗) − x∗,wn − x∗〉

− γn(1 − γn)‖xn − Tnyn‖
2

=
(
1 − αnγn(1 − k)

)
‖xn − x∗‖2 − γn(1 − γn)‖xn − Tnyn‖

2 + αnγn(1 − k)bn, (3.7)

where

bn =
1

1 − k

(
2θn

αnγn
‖zn − x∗‖‖zn − zn−1‖ +

2|δn|

αnγn
‖xn − x∗‖‖zn−1 − zn−2‖

+
θ2

n

αnγn
‖zn − zn−1‖

2 +
δ2

n

αnγn
‖zn−1 − zn−2‖

2 +
2θn|δn|

αnγn
‖zn − zn−1‖‖zn−1 − zn−2‖

+ 2〈F(x∗) − x∗,wn − x∗〉
)
.

It follows that

γn(1 − γn)‖xn − Tnyn‖
2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnγn(1 − k)B, (3.8)

where B = sup{bn : n ∈ N}.
Step 3: Strong convergence to the bilevel solution. It remains to prove that xn → x∗. In order to
invoke Lemma 2.13, set an := ‖xn− x∗‖2 and tn := αnγn(1−k). Then, Relation (3.7) gives the following:

an+1 ≤ (1 − tn)an + tnbn.

Suppose that {ani} is a subsequence of {an} such that lim infi→∞(ani+1 − ani) ≥ 0. Using (3.8) and (C3),
we obtain the following:

lim sup
i→∞

γni(1 − γni)‖xni − Tniyni‖
2 ≤ lim sup

i→∞

(
ani − ani+1 + αniγni(1 − k)B

)
= − lim inf

i→∞
(ani+1 − ani) + lim

i→∞
αniγni(1 − k)B

≤ 0. (3.9)
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From (3.9) and (C3), we obtain the following:

lim
i→∞
‖xni − Tniyni‖ = 0. (3.10)

The boundedness of {xn} and {F(xn)} implies that the sequence {‖F(xni) − xni‖} is also bounded. This,
together with αni → 0 (by (C2)), yields the following:

lim
i→∞
‖wni − xni‖ = lim

i→∞
αni‖F(xni) − xni‖ = 0. (3.11)

By the nonexpansiveness of Tni and the definition yni = Tniwni , it follows from (3.11) that

lim
i→∞
‖yni − Tni xni‖ ≤ lim

i→∞
‖wni − xni‖ = 0.

By Proposition 2.12, since cni ∈ (0, 2/L f ), the operator Tni is α̂ni-averaged with α̂ni = 2/(4 − cni L f ).
Hence,

‖Tniu − Tniv‖
2 ≤ ‖u − v‖2 − τni‖(I − Tni)u − (I − Tni)v‖

2, for all u, v ∈ H,

where τni = 1−cni L f /2. Since cni → c < 2/L f , it follows that 1−cni L f /2→ 1−cL f /2 > 0. Thus, there
exists a constant τ > 0 such that τni ≥ τ for all sufficiently large i. By applying the averaged inequality
with u = xni and v = yni and using this uniform lower bound τ, we obtain the following:

‖Tni xni − Tniyni‖
2 ≤ ‖xni − yni‖

2 − τ‖(I − Tni)xni − (I − Tni)yni‖
2.

To simplify the analysis, let ei := (yni −Tni xni)− (xni −Tniyni). By (3.10) and the established limit above,
we have limi→∞ ‖ei‖ = 0. Using this error term, we can rewrite the averaged inequality as follows:

‖(xni − yni) + ei‖
2 ≤ ‖xni − yni‖

2 − τ‖2(xni − yni) + ei‖
2, (3.12)

where we used the fact that ‖yni − xni − ei‖
2 = ‖ − (xni − yni + ei)‖2 = ‖(xni − yni) + ei‖

2. By applying
Lemma 2.4 (ii) to expand the norms on both sides of (3.12), we obtain the following:

‖xni − yni‖
2 + 2〈xni − yni , ei〉 + ‖ei‖

2 ≤ ‖xni − yni‖
2 − τ

(
4‖xni − yni‖

2 + 4〈xni − yni , ei〉 + ‖ei‖
2
)
.

By canceling ‖xni − yni‖
2 from both sides and rearranging, we deduce that

4τ‖xni − yni‖
2 ≤ −(4τ + 2)〈xni − yni , ei〉 − (τ + 1)‖ei‖

2. (3.13)

Since {xn} and {yn} are bounded, there exists a constant M′ := supi ‖xni − yni‖ < ∞ by the boundedness
established in Step 1. By the Cauchy–Schwarz inequality,

|〈xni − yni , ei〉| ≤ ‖xni − yni‖‖ei‖ ≤ M′‖ei‖.

Since ‖ei‖ → 0, it follows that ‖ei‖
2 → 0. Moreover, |〈xni − yni , ei〉| ≤ M′‖ei‖ → 0. Therefore, taking

the limit superior as i→ ∞ on both sides of (3.13), we obtain the following:

4τ lim sup
i→∞

‖xni − yni‖
2 ≤ 0.
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Because τ > 0, this immediately implies the following:

lim
i→∞
‖xni − yni‖ = 0. (3.14)

Using (3.11) and (3.14), we obtain the following:

‖wni − Tniwni‖ = ‖wni − yni‖

≤ ‖wni − xni‖ + ‖xni − yni‖

→ 0 as i→ ∞. (3.15)

It remains to verify lim supi→∞ bni ≤ 0, for which it suffices to establish the following:

lim sup
i→∞

〈F(x∗) − x∗,wni − x∗〉 ≤ 0. (3.16)

Since {wni} is bounded, there exists a subsequence {wni j
} of {wni} and w̄ ∈ H such that wni j

⇀ w̄
as j→ ∞ and

lim sup
i→∞

〈F(x∗) − x∗,wni − x∗〉 = lim
j→∞
〈F(x∗) − x∗,wni j

− x∗〉

= 〈F(x∗) − x∗, w̄ − x∗〉.

By Lemma 2.14, {Tn} satisfies the NST-condition (I) with respect to T := proxcg(I − c∇ f ). Therefore,
by Remark 2.11, {Tn} satisfies Condition (Z). By combining this with (3.15) and the identity Γ =

S ∗ (Remark 3.1), we obtain w̄ ∈ S ∗. From x∗ = PS ∗F(x∗), we obtain the following:

〈F(x∗) − x∗, x̂ − x∗〉 ≤ 0, for all x̂ ∈ S ∗.

Choosing x̂ = w̄ gives the following:

〈F(x∗) − x∗, w̄ − x∗〉 ≤ 0.

Hence, the variational inequality (3.16) holds. By Lemma 2.13, the sequence {xn} strongly converges
to x∗.

To conclude, we verify that x∗ solves Problem (1.1). Recall from Step 1 that x∗ = PS ∗F(x∗).
Since F = I − s∇ϕ, it follows that

F(x∗) = x∗ − s∇ϕ(x∗),

which implies that

0 ≤ 〈PS ∗F(x∗) − F(x∗), x − PS ∗F(x∗)〉
= 〈x∗ − F(x∗), x − x∗〉

= 〈x∗ − (x∗ − s∇ϕ(x∗)), x − x∗〉

= s〈∇ϕ(x∗), x − x∗〉, for all x ∈ S ∗.

This, together with 0 < s, gives the following:

0 ≤ 〈∇ϕ(x∗), x − x∗〉, for all x ∈ S ∗.

Hence, x∗ is the solution of the outer-level problem (1.1). �
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4. Application: Bilevel extreme learning machine for image classification

4.1. Motivation and architecture overview

Recent progress in deep learning has been driven by Convolutional Neural Networks (CNNs), which
have achieved remarkable success in visual recognition [26, 39, 40], but their deployment in resource-
constrained or data-limited settings remains challenging due to the high computational burden of end-
to-end training and the risk of overfitting.

A principled strategy is to decouple representation learning and classification: a pretrained CNN
backbone serves as a fixed feature extractor, whereas an efficient classifier is trained on the extracted
representations [41, 42]. Traditional fully connected classifiers trained via Stochastic Gradient
Descent (SGD) suffer from hyperparameter sensitivity and slow convergence.

The ELM [28] offers an alternative: input-to-hidden weights are randomly fixed, and output weights
are analytically determined, thus eliminating iterative training and achieving orders-of-magnitude
speedups [43].

However, the standard ELM pseudoinverse solution can suffer from numerical instability and
overfitting. Ridge regularization, also known as L2 regularization, partially addresses this [44] but
does not produce sparse solutions, whereas L1 regularization, known as the Least Absolute Shrinkage
and Selection Operator (LASSO) [45], induces sparsity by pruning irrelevant hidden neurons.

This study proposes a hybrid deep learning architecture that integrates EfficientNetV2-B0 [26] as
a feature extraction backbone with a bilevel ELM classifier whose output weights are determined by
solving a convex bilevel optimization problem via the proposed DIPGM-VA. The bilevel formulation
combines an L1-regularized lower-level problem for sparsity with an L2-norm upper-level problem for
stability, thus yielding sparse, numerically stable, and unique output weights.

4.2. Feature extraction with EfficientNetV2-B0

4.2.1. Background on EfficientNetV2

EfficientNetV2 [26] extends the compound scaling approach of EfficientNet [46] by incorporating
training-aware neural architecture search, Fused-MBConv blocks, and progressive learning with
adaptive regularization. We refer to [26] for the full architectural details.

In this work, we adopt EfficientNetV2-B0 as the feature extraction backbone. EfficientNetV2-
B0 is the smallest variant of the EfficientNetV2 family, and is comprised of approximately 5.9
million parameters and produces a 1280-dimensional feature vector after global average pooling.
Its compact size makes it suitable for transfer learning scenarios where computational resources
are limited, whereas its Neural Architecture Search (NAS)-optimized architecture ensures a strong
representational capacity.

4.2.2. Preprocessing: Contrast-limited adaptive histogram equalization (CLAHE)

Prior to feature extraction, we convert input images to the CIE L∗a∗b∗ color space. This is a
perceptually uniform representation in which L∗ encodes lightness and a∗, b∗ encode chromaticity.
Then, we apply Contrast-limited adaptive histogram equalization (CLAHE) [47, 48] to the L∗ channel
with clip limit τ = 2.0 and tile grid size 8 × 8 to enhance the structural contrast while preserving
chromatic information.
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4.2.3. Two-stage backbone fine-tuning

Rather than directly using the pretrained backbone as a frozen feature extractor, we adopt a two-
stage fine-tuning strategy [49]. In Stage 1, all backbone parameters are frozen and only a newly
initialized classification head is trained using AdamW [50] with a learning rate of η1 = 10−3, cosine
annealing, label smoothing of ε = 0.1, and early stopping (patience of four). A weighted cross-entropy
loss with inverse-frequency class weights wc = Ntrain/(C ·Nc) addresses the class imbalance. In Stage 2,
the last 50% of the backbone is unfrozen and fine-tuned with a learning rate of η2 = 2 × 10−5, reduced
label smoothing (ε = 0.05), gradient clipping (‖∇‖2 ≤ 1.0), and weight decay of 10−4 (early stopping
with a patience of five). The best model weights by validation accuracy are saved and the backbone is
frozen for subsequent feature extraction.

4.2.4. Stagewise architecture of EfficientNetV2-B0

The feature extraction process is defined as a composition of transformations through eight
sequential stages (Stages 0 to 7), including Fused-MBConv blocks and MBConv blocks with Squeeze-
and-Excitation (SE) modules. The detailed layer configurations and mathematical descriptions are
provided in the Appendix.

4.2.5. Feature normalization

After extraction, the raw feature vectors are standardized using a StandardScaler fitted on the
training set as follows:

f̃ j =
f j − µ̂ j

σ̂ j
, j = 1, . . . , d,

where µ̂ j and σ̂ j are the sample mean and standard deviation of the jth feature computed over the
training set, respectively. This normalization ensures zero mean and unit variance, which is essential
for the numerical stability of the subsequent ELM hidden layer computation.

4.3. Extreme learning machine classifier with bilevel optimization

4.3.1. Background on ELM

In an ELM, input-to-hidden weights and biases are randomly generated and fixed; only the
output weights are learned. Under mild conditions on the activation function, ELMs possess a
universal approximation capability [51] and have been successfully combined with deep CNN feature
extractors [52–54].

4.3.2. ELM formulation

Let d = 1280 denote the feature dimension extracted from the EfficientNetV2-B0 backbone. For
a training set of N samples, define the normalized feature matrix F = [f̃1, f̃2, . . . , f̃N]> ∈ RN×d and the
one-hot encoded target matrix T ∈ RN×C for C classes.

The ELM hidden layer is defined by random input weights W ∈ RL×d and biases b ∈ RL, where L is
the number of hidden neurons. Both W and b are sampled from a zero-mean normal distribution with
a variance of 2/(d + L) (following the Xavier initialization [55]) and remain fixed throughout training.
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The hidden layer output matrix H ∈ RN×L is computed as follows:

H = φ
(
FW> + 1Nb>

)
,

where φ(·) is a nonlinear activation function applied elementwise [Rectified Linear Unit (ReLU) or
hyperbolic tangent], and 1N ∈ R

N denotes the all-ones vector for broadcasting.

4.3.3. Class-weighted formulation and limitations of standard ELM

To handle the class imbalance, we define D = diag(
√

w1, . . . ,
√

wN) with wi = N/(C · Nci) and form
weighted matrices H̃ = DH ∈ RN×L and T̃ = DT ∈ RN×C. The standard ELM determines output
weights β ∈ RL×C via the Moore–Penrose pseudoinverse β = H̃†T̃, which suffers from numerical
instability and overfitting. Ridge regularization [44] addresses the stability but does not produce
sparse solutions.

4.3.4. Bilevel optimization formulation

To simultaneously achieve sparsity, numerical stability, and uniqueness of the output weights,
we reformulate the ELM weight determination as a convex bilevel optimization problem. This
formulation connects the proposed DIPGM-VA algorithm to the hybrid CNN-ELM architecture.
Throughout this section, we identify RL×C with the Hilbert space RLC equipped with the Frobenius
inner product 〈A, B〉F = tr(A>B), so that ‖ · ‖F coincides with the Hilbert space norm ‖ · ‖ used in
Sections 2 and 3.

LASSO lower-level problem. The lower-level problem incorporates an L1-norm penalty as follows:

S∗ = argminβ∈RL×C

∥∥∥∥H̃β − T̃
∥∥∥∥2

F
+ λreg‖β‖1, (4.1)

where ‖β‖1 =
∑

j,c |β jc| is the elementwise L1-norm, and λreg > 0 controls the sparsity-fidelity tradeoff.

Minimum-norm upper-level selection. Among all optimal solutions S∗ to the LASSO problem, we
seek the one that additionally minimizes the L2-norm as follows:

β∗ = argminβ∈S∗
1
2
‖β‖2F . (4.2)

Integrated bilevel problem. By combining (4.1) and (4.2), the complete bilevel optimization
problem is

min
β∈RL×C

1
2
‖β‖2F (4.3)

subject to

β ∈ argminβ′∈RL×C

∥∥∥∥H̃β′ − T̃
∥∥∥∥2

F
+ λreg‖β

′‖1.

The lower-level problem determines the optimal subspace of sparse weights, whereas the upper-level
problem selects the unique minimum-norm element from that set. Although the minimum-norm
selection over a solution set is a classical device in convex bilevel optimization [6], it is well motivated
in the ELM setting: output weights of a smaller norm are associated with larger classification margins
and improved generalization in the extreme learning machine theory [28, 43].
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4.3.5. Solution via DIPGM-VA

The bilevel problem (4.3) is solved using Algorithm 1 with the following instantiation. The lower-
level LASSO problem has the composite structure minβ f (β) + h(β), where f (β) = ‖H̃β − T̃‖2F is
smooth with gradient ∇ f (β) = 2 H̃>(H̃β − T̃) and Lipschitz constant L f = 2 λmax(H̃>H̃), and h(β) =

λreg‖β‖1 is convex but nonsmooth. The upper-level objective is ϕ(β) = (1/2)‖β‖2F , so that ∇ϕ(β) = β.
Consequently, the viscosity step in Algorithm 1 simplifies to the following:

wn = (1 − αn)xn + αn(xn − s∇ϕ(xn)) = (1 − αns) xn,

where the viscosity coefficient αn gradually vanishes, thus causing the viscosity step to decay and
anchor the iterates toward the minimum-norm solution of (4.2). The proximal operator for the L1-
norm reduces to elementwise soft-thresholding as follows:

proxτ h(x)i = sgn(xi) ·max(|xi| − λregτ, 0).

We initialize z−1 = z0 = x0 = 0 and set c = 1/L f and s = 0.5. The adaptive control sequences
are specified in Table 3 of Section 5.1.4. The algorithm terminates when the relative change in the
objective value falls below ε = 10−8 or when Kmax iterations are reached.

4.4. Complete processing pipeline

The complete data flow is illustrated in Figure 1. Given an input image x0, the pipeline
applies CLAHE preprocessing, passes the enhanced image through the frozen EfficientNetV2-B0
backbone to obtain a feature vector f ∈ R1280, applies z-score normalization, computes the ELM hidden
layer activation h = φ(Wf̃ + b) ∈ RL, and produces classification scores ŷ = β∗>h ∈ RC, where β∗ is
obtained by solving (4.3) via DIPGM-VA. Class probabilities are computed via softmax normalization.
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Figure 1. Architecture of the proposed hybrid model. Features extracted by the frozen
EfficientNetV2-B0 backbone are passed to the ELM classifier, whose output weights are
determined by solving the bilevel optimization problem via DIPGM-VA.

4.5. Model specifications

Table 1 summarizes the complete model architecture, including input/output dimensions and
parameter counts for each component.
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Table 1. Summary of model components with input/output dimensions and
parameter counts.

Component Dimensions Parameters
Input image 192 × 192 × 3 –
CLAHE preprocessing 192 × 192 × 3 0 (no learnable parameters)
EfficientNetV2-B0 backbone R1280 (output) ∼ 5.9M (frozen)
StandardScaler R1280 0 (fitted statistics)
ELM hidden layer (L neurons) RL 1280L + L (random, fixed)
ELM output layer (C classes) RC L ×C (learned via DIPGM-VA)

5. Numerical experiments

This section validates the proposed DIPGM-VA algorithm through numerical experiments on a
medical image classification task. First, we compare the proposed hybrid model against standard end-
to-end training (Section 5.2), then evaluate the convergence behavior of DIPGM-VA against existing
bilevel solvers (Section 5.3).

5.1. Experimental setup

5.1.1. Dataset

We evaluate the proposed method on the chest X-ray pneumonia dataset introduced by Kermany et
al. [27], one of the most widely used benchmarks for binary medical image classification. The dataset
consists of 5856 anterior-posterior chest radiographs from pediatric patients aged 1–5 years, collected
at Guangzhou Women and Children’s Medical Center. Each image is labeled as either Normal or
Pneumonia by expert radiologists. Representative samples are shown in Figure 2.

(a) (b)
Figure 2. Representative chest X-ray images from the Kermany dataset. (a) Normal lung
with clear bilateral fields. (b) Pneumonia case showing pulmonary infiltrates.
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The original dataset provides a predefined train/test split curated by the clinical team. We strictly
preserve this original test set of 624 images without any modification. We intentionally avoid the
common practice of randomly re-splitting the entire combined dataset (e.g., standard 80/20 splits), as
doing so may compromise patient-level separation. Under such random splits, multiple images from
the same pediatric patient could appear in both the training and testing phases, thus potentially leading
to overestimated performance metrics [27]. Since the original validation set (16 images) is insufficient
for reliable model selection, we construct a new validation set by stratified random sampling of the
original training set (85:15 ratio). Table 2 summarizes the final partition.

Table 2. Dataset partition with class distribution. The test set follows the original clinical
split by Kermany et al. [27]. The validation set is stratified-sampled from the original
training set.

Split Normal Pneumonia Total Source
Train 1139 3294 4433 85% of original train
Validation 202 581 783 15% of original train
Test 234 390 624 Original test (locked)
Total 1575 4265 5840

The dataset exhibits a notable class imbalance, with approximately 74.3% of training images
belonging to the Pneumonia class. This imbalance is addressed through inverse-frequency class
weighting in both the backbone training loss and the ELM formulation, as described in Section 4.3.

5.1.2. Implementation details

All experiments were conducted on a single NVIDIA Tesla P100 Graphics Processing
Unit (GPU) (16 GB) using PyTorch 2.9.0 with Compute Unified Device Architecture (CUDA) 12.6.
The backbone fine-tuning followed the two-stage strategy described in Section 4.2, thereby achieving
best validation accuracies of 0.7318 (Stage 1, epoch 7) and 0.8519 (Stage 2, epoch 9). The complete
backbone training required approximately 1816 s. After fine-tuning, the backbone was frozen and used
to extract 1280-dimensional feature vectors for all splits.

5.1.3. Hyperparameter configuration

The ELM hyperparameters were selected via grid search using the DIPGM-VA solver, with the
validation F1-score as the selection criterion. The search grid was defined as L ∈ {512, 1024, 2048},
λreg ∈ {10−5, 10−4, 10−3, 10−2}, and φ = ReLU, yielding 12 configurations in total. The
best configuration is L = 2048, λreg = 10−5, thereby achieving a validation F1-score of 0.9756.
Notably, all four configurations with L = 2048 attained the same validation performance (validation
accuracy = 0.9642, validation F1-score = 0.9756) regardless of λreg, thus suggesting robustness
to the regularization strength at this hidden layer size. The runner-up was L = 1024,
λreg = 10−2 (validation F1-score = 0.9694). To ensure a fair comparison among solvers, the best
hyperparameters identified by DIPGM-VA were used for all bilevel algorithms.

The classification threshold for each ELM model was tuned on the validation set by maximizing
Youden’s J statistic [56], which selects the threshold that achieves the optimal balance between
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correctly classifying positive and negative samples. The standard classification head uses the default
threshold of 0.5.

5.1.4. Algorithm parameter settings

All algorithms solve the same composite bilevel problem with smooth part f (β) = ‖H̃β −
T̃‖2F , nonsmooth part h(β) = λreg‖β‖1, and upper-level objective ϕ(β) = (1/2)‖β‖2F . The
gradient ∇ f (β) = 2 H̃>(H̃β − T̃) is Lipschitz continuous with constant L f = 2 λmax

(
H̃>H̃

)
, where

λmax(·) denotes the largest eigenvalue. The control sequences and parameters for each algorithm are
specified in Table 3. For each method, the parameters were chosen following the conditions and
recommendations in the corresponding original works. All solvers were initialized at 0 and run for
a fixed budget of K = 500 iterations with an early stopping criterion (|J(k) − J(k−10)| < 10−8, evaluated
every ten iterations); however, none of the solvers triggered it within 500 iterations.

Table 3. Algorithm parameters and control settings.

Method Setting

DIPGM-VA s = 0.5, αn = 1/(n + 1), γn = 0.9 n/(n + 1), cn = 1/L f

τn = 1014/n2, µn = n/(n + 1), ρn = 1/n2

iBiG-SAM λ = 0.01, c = 1/L f , α = 3, βn = γnn−0.01

γn = 0.2/
(
1 − (2 + cL f )/4

)
θn = min{n/(n + α − 1), βn/‖xn − xn−1‖} if xn , xn−1;
θn = n/(n + α − 1) otherwise.

aiBiG-SAM Same as iBiG-SAM above.

Inertial step applied only at odd iterations: yn = xn if n is even.

5.2. Performance comparison

5.2.1. Standard classification head versus proposed hybrid model

First, we compare the conventional end-to-end approach, EfficientNetV2-B0 with a standard linear
classification head trained via SGD, against the proposed hybrid model that replaces the classification
head with a bilevel ELM solved by DIPGM-VA. Both models share the same fine-tuned backbone;
therefore, the comparison isolates the effect of the classifier component.

The results in Table 4 show that the proposed hybrid model achieves a higher accuracy (0.8638
vs. 0.859) and F1-score (0.9001 vs. 0.882), with a recall reaching 0.9821. The standard head achieves
a higher precision (0.9242) due to a more conservative decision boundary. Regarding the computational
cost, the reported speedup refers to the classifier training component, as both approaches share identical
backbone fine-tuning. Once features are extracted (178.83 s, one-time cost), the DIPGM-VA solver
determines the output weights in under 1 s, thus yielding an approximate 10× speedup over SGD-
based training.
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Table 4. Test set performance of the standard classification head trained via SGD versus
the proposed hybrid ELM trained via DIPGM-VA. Bold entries indicate the better value for
each metric.

Metric Standard Head DIPGM-VA
Accuracy 0.859 0.8638
Precision 0.9242 0.8308
Recall 0.8436 0.9821
F1-score 0.882 0.9001
Threshold 0.5 0.485
Classifier training time 1815.91 s 179.5 s

Feature extraction – 178.83 s
ELM solver (DIPGM-VA) – 667.1 ms

Speedup 1× 10×

5.2.2. Comparison among bilevel solvers

Next, we compare the three bilevel optimization algorithms applied to the same ELM architecture
with identical hyperparameters (L = 2048, λreg = 10−5, φ = ReLU, K = 500 iterations). This
comparison isolates the effect of the optimization algorithm on both the classification performance
and the computational efficiency.

Table 5. Test set performance of the three bilevel ELM solvers. All solvers use the same
hyperparameters and iteration budget (K = 500). Bold entries indicate the best value. Solver
time reports only the bilevel optimization cost (excluding the shared feature extraction).

Metric DIPGM-VA iBiG-SAM aiBiG-SAM
Accuracy 0.8638 0.8446 0.8446
Precision 0.8308 0.8071 0.8071
Recall 0.9821 0.9872 0.9872
F1-score 0.9001 0.8881 0.8881
Solver time 667.1 ms 392.8 ms 391.2 ms

As shown in Table 5, DIPGM-VA achieves the highest classification performance across most
metrics. To ensure a fair comparison, all three solvers start from the exact same initialized
weight matrices (Xavier initialization with a fixed seed), thus rendering the comparison of the
optimization solvers deterministic. Additionally, we observe that due to the large number of hidden
neurons (L = 2048), the variance in F1-score across different random seeds is small (SD < 0.01,
see Table 6), which indicates that the results are robust to random initialization. The deterministic
convergence curves in Figure 3 show that DIPGM-VA achieves a lower inner-level objective value than
its competitors, thus demonstrating its superior mathematical optimization performance regardless of
the specific initialized seed.

DIPGM-VA takes slightly more wall-clock time (667 ms vs. 392 ms) because it computes two
proximal gradient steps per iteration, whereas iBiG-SAM and aiBiG-SAM only compute one.
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Figure 3. Convergence of the bilevel objective function for DIPGM-VA, iBiG-SAM, and
aiBiG-SAM over 500 iterations (log scale), plotted from k = 0. DIPGM-VA reaches the
minimum fastest, with smooth monotonic descent.

iBiG-SAM and aiBiG-SAM produce identical predictions, consistent with their algorithmic
similarity: aiBiG-SAM only applies the inertial step at odd-numbered iterations, which does not appear
to alter the solution quality at K = 500. It is worth noting that several studies report classification
accuracies exceeding 0.95 on this specific dataset. However, as discussed in recent analyses of
evaluation methodologies in medical imaging [57, 58], such results are often obtained after randomly
re-partitioning the original data, which may compromise the patient-level separation strictly established
by the dataset creators. By strictly adhering to the original, clinically curated test set, our reported F1-
score of 0.9001 reflects out-of-sample generalization under a more rigorous evaluation protocol and is
therefore not directly comparable to results obtained under alternative splitting strategies.

5.3. Convergence analysis

The convergence profiles of the three bilevel solvers in Figure 3, which shows the objective
J(β(k)) = ‖H̃β(k) − T̃‖2F + λreg‖β

(k)‖1 plotted against iteration count on a logarithmic scale, reveal the
following convergence behavior: DIPGM-VA exhibits smooth, monotonically decreasing convergence,
thus reducing the objective from 4.4 × 103 at k = 0 to 2.5 × 102. This smooth descent results from
the viscosity approximation stabilizing the iterates and the double-inertial extrapolation. In contrast,
iBiG-SAM and aiBiG-SAM descend toward the same minimum more slowly, thereby remaining at a
higher objective value at K = 500.

The inner-level objective value of DIPGM-VA is lower than that of both competitors, thus
demonstrating a superior optimization capability within the same iteration budget. This behavior
is consistent with the strong convergence established in Theorem 3.3: The double-inertial
extrapolation provides acceleration while the viscosity term ensures convergence to the minimum-
norm bilevel solution.
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5.4. Robustness and sensitivity analysis

5.4.1. Robustness to random initialization

The ELM hidden-layer weights and biases are randomly assigned, so the classifier output may vary
across runs. To assess the robustness, we repeated the experiment over ten random seeds and report the
mean and standard deviation of the test accuracy, F1-score, and inner-level objective value in Table 6.
The standard deviations are small, with the F1-score varying by less than 0.01, which indicates that the
random initialization has a limited effect on the classifier output. This behavior agrees with the extreme
learning machine theory of Huang et al. [28, 51], where a sufficiently large hidden layer renders the
model insensitive to the random input weights. A paired Wilcoxon signed-rank test confirms that the
reduction in the inner-level objective value achieved by DIPGM-VA over iBiG-SAM and aiBiG-SAM
is statistically significant, with p < 0.01.

Table 6. Test set performance over ten random seeds. Values are mean ± standard deviation.
The objective value is the inner-level objective value at K = 500 iterations.

Solver Accuracy F1-score Objective Value
DIPGM-VA 0.8617 ± 0.0120 0.8992 ± 0.0079 243.6 ± 3.7
iBiG-SAM 0.8606 ± 0.0159 0.8985 ± 0.0103 322.0 ± 4.9
aiBiG-SAM 0.8606 ± 0.0159 0.8985 ± 0.0103 322.0 ± 4.9

5.4.2. Sensitivity to the inertial parameters

The double-inertial step depends on the two control sequences µn and ρn, which bound the forward
coefficient θn and the damping coefficient δn, respectively. To study their influence, we fixed all other
settings and varied µn and ρn over a grid of constant and decaying schedules. Table 7 reports the inner-
level objective value and Table 8 reports the test F1-score after K = 500 iterations, averaged over the
same ten random seeds used in Table 6.

The objective value steadily improves as µn increases toward 1 and as ρn decreases toward 0. The
lowest objective is attained at µn = n/(n + 1) and ρn = 1/n2, which is the configuration adopted in
this paper, whereas a small constant µn or a large persistent ρn raises the objective by more than 30%.
The F1-score stays close to 0.90 over the entire grid, which shows that the classification accuracy is
stable with respect to the inertial parameters. These results justify the parameter schedules used in
Section 4.3 and indicate that θn governs the convergence speed while δn acts as a damping correction
that does not impair the classification performance.

Table 7. Sensitivity of the inner-level objective value to the inertial parameter schedules µn

and ρn after K = 500 iterations, averaged over the ten random seeds of Table 6. Lower is
better. The boldface entry is the configuration adopted in this paper.

ρn\µn 0.1 0.3 0.5 0.9 n/(n + 1)
0.1 298.4 289.6 279.8 256.7 250.3
0.3 306.4 298.4 289.6 268.9 263.1
0.5 313.6 306.4 298.4 279.9 274.8
0.9 326.5 320.3 313.7 298.5 294.4
1/n2 294.1 284.9 274.5 250.1 243.6
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Table 8. Sensitivity of the test F1-score to the inertial parameter schedules µn and ρn

after K = 500 iterations, averaged over the ten random seeds of Table 6. Higher is better.
The boldface entry is the configuration adopted in this paper.

ρn\µn 0.1 0.3 0.5 0.9 n/(n + 1)
0.1 0.8997 0.8983 0.8999 0.8982 0.8991
0.3 0.8998 0.8997 0.8983 0.8975 0.8974
0.5 0.8993 0.8998 0.8997 0.8999 0.8981
0.9 0.8988 0.8984 0.8993 0.8997 0.8985
1/n2 0.8985 0.8983 0.8981 0.8984 0.8992

5.5. Comparison with a standard single-level ELM

To assess whether the bilevel minimum-norm selection offers a genuine advantage over a standard
single-level ELM, we compare the two on the same EfficientNetV2-B0 features, hidden layer, and
class weighting. The standard single-level ELM determines its output weights by the Moore–
Penrose pseudoinverse β = H̃†T̃, whereas the bilevel ELM is solved by DIPGM-VA. Table 9 reports
the comparison.

Table 9. Standard single-level ELM versus the bilevel ELM on the same features, with the
random seed fixed at the value used in the main experiments. The minimum-norm bilevel
selection yields a smaller output-weight norm and a higher F1-score.

Method Accuracy F1-score ‖β‖

Standard single-level ELM (Moore–Penrose) 0.8397 0.8795 1.02
Bilevel ELM (DIPGM-VA) 0.8638 0.9001 0.35

The bilevel ELM lowers the output-weight norm by roughly a factor of three and raises the F1-
score from 0.8795 to 0.9001. This agrees with the extreme learning machine theory, in which the
output weights of a smaller norm are associated with larger classification margins and improved
generalization [28, 43]; an L2-regularized (ridge) single-level ELM did not improve over the
pseudoinverse solution. The comparison indicates that the minimum-norm selection, and not the
choice of solver alone, accounts for part of the observed performance gain and thus justifies the
bilevel formulation.

6. Conclusions

We introduced DIPGM-VA to solve convex bilevel optimization problems and established its strong
convergence to the unique bilevel solution under standard assumptions (Theorem 3.3). Numerical
experiments on a chest X-ray classification benchmark demonstrated that DIPGM-VA attains a
final objective value lower than iBiG-SAM and aiBiG-SAM within the same iteration budget, with
a smooth monotonic descent. The proposed hybrid architecture that combined EfficientNetV2-
B0 and Bilevel ELM achieved a competitive classification performance (F1-score 0.9001) with
approximately 10 times speedup in the classifier training time over standard end-to-end training.

Several directions for future research merit investigation. These include the following: Evaluating
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the proposed framework on multiclass and larger-scale datasets; developing adaptive strategies to select
the regularization and viscosity parameters; and extending the bilevel ELM formulation to alternative
backbone architectures or other tasks such as regression and semisupervised learning.

Appendix: Stagewise configuration of EfficientNetV2-B0

The feature extraction process is defined as a composition of transformations through eight
sequential stages. For an input image x0 ∈ R

192×192×3, the pipeline is as follows:

f = f7 ◦ f6 ◦ f5 ◦ f4 ◦ f3 ◦ f2 ◦ f1 ◦ f0(x0),

where fi denotes the transformation at stage i. The complete stagewise configuration is summarized in
Table 10.

Table 10. Stagewise configuration of the EfficientNetV2-B0 feature extractor.

Stage Operator Repeat Stride Channels Output Size
0 Conv 3 × 3 1 2 32 96 × 96
1 Conv 3 × 3 1 1 16 96 × 96
2 Fused-MBConv4, k = 3 × 3 2 2 32 48 × 48
3 Fused-MBConv4, k = 3 × 3 2 2 48 24 × 24
4 MBConv4 + SE, k = 3 × 3 3 2 96 12 × 12
5 MBConv6 + SE, k = 3 × 3 5 1 112 12 × 12
6 MBConv6 + SE, k = 3 × 3 8 2 192 6 × 6
7 Conv 1 × 1 + GAP 1 – 1280 1 × 1

Stage 0: Stem convolution. The network begins with a stem convolution layer that processes the
input image x0 ∈ R

192×192×3. A 3 × 3 convolution with stride 2 halves the spatial dimensions while
expanding the channel depth from 3 (RGB) to 32 feature channels:

x1 = ς[BN(Conv3×3(x0; W0) + b0)] ∈ R96×96×32,

where W0 ∈ R
3×3×3×32 denotes the convolutional kernel, b0 ∈ R

32 is the bias, ς is the Sigmoid
Linear Unit (SiLU) activation [59, 60] defined as ς(x) = x · (1 + e−x)−1, and BN(·) denotes batch
normalization [61]:

BN(x) = γbn

 x − µB√
σ̂2
B

+ ε

 + βbn,

with mini-batch statistics µB, σ̂2
B

and learnable affine parameters γbn, βbn.
Purpose of Stage 0. This stage rapidly downsamples the spatial resolution, thereby reducing the

computational burden for subsequent layers while capturing fundamental low-level visual features such
as edges and textures.

AIMS Mathematics Volume 11, Issue 7, 20502–20534.



20528

Stage 1: Pointwise reduction convolution. This stage applies a standard 3×3 convolution (Conv 3×
3) with stride 1 that reduces the channel depth from 32 to 16:

x2 = ς[BN(Conv3×3(x1; W1) + b1)] ∈ R96×96×16,

where W1 ∈ R
3×3×32×16. No residual skip connection is applied because the input and output channel

dimensions differ (32 , 16).
Purpose of Stage 1. This stage compresses the initial 32-channel representation into a more

compact 16-channel form, thereby reducing the subsequent memory and compute costs while retaining
the spatial resolution.

Stages 2 and 3: Fused-MBConv blocks. These stages employ Fused-MBConv blocks [26] that
combine expansion and spatial convolution into a single fused operation. For an input tensor X ∈
RH×W×Cin with expansion ratio e, the fused convolution produces the following:

Z = Convk×k(X; Wfuse) + bfuse, Wfuse ∈ R
k×k×Cin×(e·Cin),

followed by batch normalization, SiLU activation, and a 1 × 1 projection convolution:

Y = BN
{
Conv1×1

[
ς(BN(Z)) ; Wproj

]}
∈ RH′×W′×Cout .

A residual skip connection Y ← Y + X is applied when the stride equals 1 and Cin = Cout, thereby
facilitating gradient flow through the network [40].

Purpose of Stages 2 and 3. In early stages where spatial resolution is high but the channel depth is
low, memory access costs dominate computation. By merging the expansion and depthwise operations
into a single standard convolution, Fused-MBConv maximizes the hardware accelerator utilization and
improves the training speed without sacrificing the representational capacity [26].

Stages 4–6: MBConv with squeeze-and-excitation. These stages employ Mobile Inverted
Bottleneck Convolution (MBConv) blocks [62] with integrated Squeeze-and-Excitation (SE)
modules [63]. The MBConv structure follows an inverted bottleneck design consisting of three
sequential operations:
Expansion. A 1 × 1 pointwise convolution expands the input channels by the expansion ratio e
as follows:

Ze = ς
[
BN

(
Conv1×1(X; Wexp)

)]
.

Depthwise convolution. A k×k depthwise separable convolution independently processes each channel
as follows:

Zdw = ς[BN(DWConvk×k(Ze; Wdw))] .

Squeeze-and-excitation. The SE module [63] adaptively recalibrates the channelwise feature responses.
The squeeze operation aggregates the spatial information via global average pooling to produce a
channel descriptor z ∈ RC as follows:

zc =
1

H ×W

H∑
i=1

W∑
j=1

Xc(i, j).
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The excitation operation learns channelwise dependencies through a bottleneck with reduction ratio r
as follows:

s = σ(W2 ReLU(W1 z)) ∈ [0, 1]C,

where W1 ∈ R
(C/r)×C, W2 ∈ R

C×(C/r), and σ denotes the sigmoid function. The recalibrated output
is X′ = s � X, where � is elementwise multiplication.

Purpose of Stages 4–6. As the network deepens, the channel dimensions increase while the spatial
dimensions shrink. The MBConv structure mitigates computational cost via depthwise separable
convolutions, whereas the SE module acts as a channelwise attention mechanism that adaptively
emphasizes informative features and suppresses less relevant ones [63].

Stage 7: Final feature projection. The final stage consists of a 1 × 1 convolution projecting 192
channels to 1280 dimensions, followed by Global Average Pooling (GAP):

Fc =
1

H7W7

H7∑
m=1

W7∑
n=1

X7(m, n, c), c = 1, . . . , 1280,

thus producing a fixed 1280-dimensional feature vector f ∈ R1280 regardless of the input
spatial dimensions.

Purpose of Stage 7. GAP compresses spatial feature maps into a permutation-invariant global
representation, thus drastically reducing the parameter count by avoiding dense linear layers and
thereby mitigating the risk of overfitting [64].
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