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Abstract: For A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), let M =

(
A C
0 B

)
denote a 2 × 2 upper-

triangular block operator matrix on X⊕Y . Employing the spatial decomposition technique and stability
of the closed range under small perturbations, this paper investigated the ε-injectivity and ε-density
of upper-triangular block operator matrices under upper-triangular perturbations. Based on this, we
studied meticulous characterization of the pseudo-residual spectrum and pseudo-continuous spectrum
of upper-triangular block operator matrices under 2 × 2 upper-triangular perturbations.

Keywords: pseudospectra; ε-injective; pseudo-residual spectrum; pseudo-continuous spectrum;
block operator matrix
Mathematics Subject Classification: 47A10, 47A25, 47A55

1. Introduction

Throughout this paper, let X and Y denote Hilbert spaces. B(X,Y) and C(X,Y) represent the set of
all bounded linear operators and the set of all densely defined closed linear operators
from X to Y , respectively. We abbreviate B(X, X) and C(X, X) to B(X) and C(X), respectively.
Suppose T is a linear operator in X, and the symbols D(T ), N(T ), R(T ), T ∗ stand for the domain, the
null space, the range, the adjoint of T , respectively. The symbols R(T ) and R(T )⊥ stand for the
closure and the orthogonal complement of the range of T , respectively. IX is the identity operator on X
and it is abbreviated as I for simplicity. For a closed subspace M of X, PM denotes the orthogonal

projection of X onto M. In what follows, the norm ∥E∥ of a block operator matrix E =
(

E11 E12

E21 E22

)
is

the maximum norm of its entries Ei j, that is, ∥E∥ = max
i, j
{∥Ei j∥}, i, j = 1, 2.
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Spectral theory of linear operators is a key part of operator theory. It has played an important role
as a measurement criterion in fields such as production and practice. However, after a long time, it
has been discovered that some spectra of linear operators are highly sensitive to perturbations, making
it impossible to accurately assess the corresponding systems solely through spectral analysis. Later,
some scholars put forward the notion of the pseudospectrum. Suppose T ∈ B(X,Y) and ε > 0, and the
pseudospectrum σε(T ) of T is defined by

σε(T ) = σ(T ) ∪ {λ ∈ C : ∥(T − λI)−1∥ > ε−1},

where σ(T ) denotes the spectrum of T . In convention, if ∥(T −λI)−1∥ is unbounded or nonexistent, i.e.,
λ ∈ σ(T ), we sign ∥(T − λI)−1∥ = ∞ (see [1]).

Also, it is very difficult for one to calculate precisely the spectra of some non-self-adjoint operators.
Therefore, errors are inevitable, but it is believed that errors can be considered as the precise spectrum
of perturbed operators. Under this consideration, for the pseudospectrum, Davies gives the following
equivalent definition by perturbation [2]:

σε(T ) = ∪
∥E∥<ε
σ(T + E) = {λ ∈ C : λ ∈ σ(T + E), for some E ∈ B(X), ∥E∥ < ε}.

Pseudospectrum represents a generalization of the spectrum in the complex plane. It not only
accurately reflects the sensitivity of spectra of the linear operators to perturbations, but also provides a
new theoretical framework for analyzing the stability of non-normal systems and predicting the
transient behavior of dynamical systems. Over the past 20 years, research on pseudospectra of
matrices and operators has attracted significant attention. For instance, Tisseur F. discussed the
structured pseudospectra of matrix polynomials and explored the relationships between structured
pseudospectra, structured backward errors, and structured stability radii [3]. Rump S.M. investigated
the difference between structured pseudospectrum and unstructured pseudospectrum [4]. Gerecht D.
analyzed pseudospectrum of the linearized Navier-Stokes operator [5]. Jeribi A. studied essential
pseudospectrum of linear operator [6–8]. Dondl W.P. studied the pseudospectrum of non-normal
Schrödinger operators in the literature [9]. Guebbat H. studied the pseudospectrum of the
convention-diffusion operator [10]. Roy N. depicted inner and outer approximation of pseudospectra
of block triangular matrices [11]. Ammar A. proved the pseudospectrum mapping theorem of the
essential pseudospectrum [12]. Smail S. analyzed the Wolf and Schechter essential pseudospectra by
utilizing Fredholm perturbation [13]. For more results about pseudospectra, we refer to [14–16] and
references cited therein.

Block operator matrices whose entries are composed of operators have significant applications in
fields such as elasticity mechanics, fluid dynamics, and optimal control. In these applications, spectral
theory of block operator matrices plays a crucial role and has garnered extensive attention from
experts and scholars both domestically and internationally. Over the past two decades, substantial
progress has been made in the spectral analysis and spectral complement problems of 2 × 2 operator
matrices, as detailed in references [17–19]. Given the favorable stability properties of pseudospectra,
the study of pseudospectra for block operator matrices has also attracted increasing attention. The
essential pseudo-spectra of block operator matrices were studied under diagonal
perturbation(see [16, 20, 21]). Tretter investigated pseudo block numerical range of operator matrix
functions and spectral enclosures(see [22]). Inspired by many literatures, we first propose the
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definitions of the pseudo-point spectrum, the pseudo-residual spectrum, and the pseudo-continuous
spectrum for densely defined closed linear operators, and characterize the pseudospectra of the upper
triangular infinite-dimensional Hamiltonian operators by using the information of their diagonal
entries (see [23]).

2. Preliminaries

Definition 2.1. (See [23]) Let T ∈ B(X) and ε > 0. The pseudo-point spectrum σε,p(T ), the pseudo-
residual spectrum σε,r(T ), and the pseudo-continuous spectrum σε,c(T ) of T are, respectively, defined
by

σε,p(T ) : =
⋃

E∈B(X)
∥E∥<ε

σp(T + E)

= {λ ∈ C : λ ∈ σp(T + E), for some E ∈ B(X), ∥E∥ < ε};

σε,r(T ) : =
⋃

E∈B(X)
∥E∥<ε

σr(T + E)

= {λ ∈ C : λ ∈ σr(T + E), for some E ∈ B(X), ∥E∥ < ε};
σε,c(T ) : =

⋃
E∈B(X)
∥E∥<ε

σc(T + E)

= {λ ∈ C : λ ∈ σc(T + E), for some E ∈ B(X), ∥E∥ < ε}.

It is trivial that
σε(T ) = σε,p(T ) ∪ σε,r(T ) ∪ σε,c(T ).

Remark 1. The operator matrix M =
(

A C
0 B

)
considered in the paper is an upper-triangular block

operator matrix. When its meticulous pseudo-spectrum is studied, the perturbation operator E should
be a general 2 × 2 block operator matrix. This paper only discusses the case where the perturbation
operator E is an upper-triangular perturbation. Therefore, σT

ε,∗(M)(∗ ∈ {p, r, c}) denotes meticulous
pseudo-spectrum of M, where T denotes the perturbation operator E is an upper-triangular
perturbation.

Further, we studied the fine characterization of pseudospectra for block operator matrices under
different perturbations (see [24, 25]).

Definition 2.2. (See [24]) Let T ∈ B(X) and ε > 0. The ε-null space and ε-range of T are, respectively,
defined by

Nε(T ) : =
⋃

E∈B(X)
∥E∥<ε

N(T + E)

= {x : there exist E ∈ B(X), ∥E∥ < ε, such that (T + E)x = 0};
Rε(T ) : =

⋃
E∈B(X)
∥E∥<ε

R(T + E)
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= {y : there exist E ∈ B(X), ∥E∥ < ε, such that (T + E)x = y}.

Let αε(T ) = dimNε(T ), βε(T ) = dim X \ Rε(T ), dε(T ) = dimRε(T )⊥. When Rε(T ) is closed, βε(T ) =
dε(T ).

Remark 2. If T ∈ B(X), clearly, it follows that N(T ) ⊆ Nε(T ), R(T ) ⊆ Rε(T ).

Definition 2.3. (See [25]) Let T ∈ B(X) and ε > 0. If there exist E ∈ B(X), ∥E∥ < ε such that T +
E is injective, then the linear operator T is called ε-injective; if R(T + E) = X, then the range of
operator T is called ε-dense.

Definition 2.4. (See [26]) Let T ∈ B(X,Y), S ∈ B(Y, X). If the following equalities hold:

S TS = S , TS T = T,

(TS )∗ = TS , (S T )∗ = S T,

then S is called the Moore-Penrose inverse of operator T . We write the Moore-Penrose inverse of
operator T as T †, that is, T † = S .

Definition 2.5. Let T ∈ B(X), ε > 0. The pseudo-approximate point spectrum σε,ap(T ) and the
pseudo-defect spectrum σε,δ(T ) of T are, respectively, defined by

σε,ap(T ) : =
⋃

E∈B(X)
∥E∥<ε

σap(T + E)

= {λ ∈ C : λ ∈ σap(T + E), for some E ∈ B(X), ∥E∥ < ε};

σε,δ(T ) : =
⋃

E∈B(X)
∥E∥<ε

σδ(T + E)

= {λ ∈ C : λ ∈ σδ(T + E), for some E ∈ B(X), ∥E∥ < ε}.

3. Main results

We begin with some basic lemmas, which are useful for the proofs of the main results of this paper.

Lemma 3.1. (See [27]) Let A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), and let M =
(

A C
0 B

)
. For any ε >

0, λ ∈ C. Then,
σT
ε,p(M) = σε,p(A) ∪Ω1 ∪Ω2,

where

Ω1 = {λ ∈ C : Nε(C) ∩ Nε(B − λI) , {0}},
Ω2 = {λ ∈ C : Rε(C |Nε(B−λI)) ∩ Rε(A − λI) , {0}}.

Lemma 3.2. (See [27]) Let T ∈ B(X), ε > 0. If the operator T has a nonzero closed range and 0 <
ε < 1

∥T †∥ , then for any perturbation operator E ∈ B(X), ∥E∥ < ε, the range R(T + E) is closed.
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In the following we study the ε-injectivity of the 2 × 2 bounded upper-triangular block operator
matrices under upper triangular perturbations by utilizing the spatial decomposition technique.

Theorem 3.3. Let A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), and let M =

(
A C
0 B

)
. Suppose ε > 0 is

sufficiently small, λ ∈ C, then the following necessary and sufficient conditions hold.

(1) R(A − λI) is closed, and the operator M − λI is ε-injective if, and only if, the operators A − λI

and
(

PRε(A−λI)⊥C
B − λI

)
are ε-injective;

(2) R(B − λI) is closed, and the operator M − λI is ε-injective if, and only if, the operators A −
λI and C |Nε(B−λI) are ε-injective, Rε(C |Nε(B−λI)) ∩ Rε(A − λI) = {0}.

Proof. (1) Since R(A − λI) is closed, by virtue of Lemma 3.2, for arbitrary E11 ∈ B(X), ∥E11∥ < ε, it
concludes that R(A + E11 − λI) is closed. Now we take corresponding decomposition

X ⊕ Y = R(A + E11 − λI) ⊕ R(A + E11 − λI)⊥ ⊕ Y.

For any E12 ∈ B(Y, X), ∥E12∥ < ε, E22 ∈ B(Y), ∥E22∥ < ε, taking the operator

E =
(

E11 E12

0 E22

)
∈ B(X ⊕ Y),

clearly, ∥E∥ = max
i, j
{∥Ei j∥} < ε, i, j = 1, 2. Thus,

M + E − λI : X ⊕ Y → R(A + E11 − λI) ⊕ R(A + E11 − λI)⊥ ⊕ Y

is described by

M + E − λI =
(

A + E11 − λI C + E12

0 B + E22 − λI

)

=


A1 + (E11)1 − λI C1 + (E12)1

0 C2 + (E12)2

0 B + E22 − λI

 ,
where it is clear that A1 + (E11)1 − λI : X → R(A+ E11 − λI) is right invertible. Suppose (A1 + (E11)1 −

λI)−1
r is a right invertible operator of A1 + (E11)1 − λI, so there exist invertible operator

G =
(

I −(A1 + (E11)1 − λI)−1
r (C1 + (E12)1)

0 I

)
: X ⊕ Y → X ⊕ Y

such that 
A1 + (E11)1 − λI C1 + (E12)1

0 C2 + (E12)2

0 B + E22 − λI

G =


A1 + (E11)1 − λI 0

0 C2 + (E12)2

0 B + E22 − λI

 .
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From the invertibility of the operator G, it follows that M + E − λI is injective if, and only if,
A1 + (E11)1 − λI 0

0 C2 + (E12)2

0 B + E22 − λI


is injective.

By reason of the foregoing discussion, the ε-injectivity of M−λI is equivalent such that A−λI is ε-

injective and
(

C2

B − λI

)
: Y → Rε(A − λI)⊥ ⊕ Y is ε-injective.

(2) Suppose M − λI is ε-injective, and there exist

E =
(

E11 E12

0 E22

)
∈ B(X ⊕ Y), ∥E∥ < ε,

such that M+E−λI is injective. Based on the closedness ofR(B−λI) and Lemma 3.2, for arbitrary E22 ∈

B(Y), ∥E22∥ < ε, we conclude that R(B+E22−λI) is closed. Therefore, M+E−λI as an operator from
the space decomposition X ⊕ N(B + E22 − λI) ⊕ N(B + E22 − λI)⊥ into the space decomposition X ⊕
R(B + E22 − λI) ⊕ R(B + E22 − λI)⊥ has the operator matrix(

A + E11 − λI C3 + (E12)3 C4 + (E12)4

0 0 B1 + (E22)1 − λI

)
.

It is evident that the operator B1 + (E22)1 − λI is invertible. So we take the invertible operator

T =
(

I −(C4 + (E12)4)(B1 + (E22)1 − λI)
−1

0 I

)
,

and

T
(

A + E11 − λI C3 + (E12)3 C4 + (E12)4

0 0 B1 + (E22)1 − λI

)
=

(
A + E11 − λI C3 + (E12)3 0

0 0 B1 + (E22)1 − λI

)
.

By virtue of the invertibility of operator T , it follows that the operator M + E − λI is injective if, and
only if, (

A + E11 − λI C3 + (E12)3 0
0 0 B1 + (E22)1 − λI

)
is injective. In this case,

N(A + E11 − λI C3 + (E12)3) = {0}.

In fact,

N(A + E11 − λI C3 + (E12)3) =
(
N(A + E11 − λI)

0

)
⊕

(
0

N(C3 + (E12)3)

)
⊕{(

x
y

)
: x ∈ N(A + E11 − λI)⊥, y ∈ N(C3 + (E12)3)⊥, (A + E11 − λI)x = −(C3 + (E12)3)y

}
,
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thereby, we have
N(A + E11 − λI) = {0}, N(C3 + (E12)3) = {0}

and
Rε(C |Nε(B−λI)) ∩ Rε(A − λI) = {0}.

Hence, the operator A − λI is ε-injective, C |Nε(B−λI) is ε-injective, and

Rε(C |Nε(B−λI)) ∩ Rε(A − λI) = {0}.

□

Further, based on the conjugated relationship between the operator’s ε-injectivity and the ε-density
of its range, we obtain the following corollary.

Corollary 3.4. Let ε > 0 be sufficiently small, λ ∈ C, A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), and

let M =
(

A C
0 B

)
. Then, the range of the operator M − λI is ε-dense if, and only if, the ranges of the

operator A − λI and
(

C2

B − λI

)
are ε-dense, where

C2 = PRε(A−λI)⊥C : Y → Rε(A − λI)⊥.

Proof. For the operator E∗ =
(

E∗11 0
E∗12 E∗22

)
∈ B(X∗ ⊕ Y∗), we can decompose the space X∗ ⊕ Y∗ as

follows.
X∗ ⊕ Y∗ = N(A∗ + E∗11 − λI)⊥ ⊕ N(A∗ + E∗11 − λI) ⊕ Y∗.

In this manner,

M∗ + E∗ − λI : N(A∗ + E∗11 − λI)⊥ ⊕ N(A∗ + E∗11 − λI) ⊕ Y∗ → X∗ ⊕ Y∗

has the following matrix representation

M∗ + E∗ − λI =
(

A∗ + E∗11 − λI 0
C∗ + E∗12 B∗ + E∗22 − λI

)
=

(
A∗1 + (E∗11)1 − λI 0 0

C∗1 + (E∗12)1 C∗2 + (E∗12)2 B∗ + E∗22 − λI

)
,

where it easily follows that A∗1 + (E∗11)1 − λI : N(A∗ + E∗11 − λI)⊥ → X∗ is left invertible. Suppose (A∗1 +
(E∗11)1 − λI)−1

l is a left invertible operator of A∗1 + (E∗11)1 − λI , then there is invertible operator

Ĝ =
(

I 0
−(C∗1 + (E∗12)1)(A∗1 + (E∗11)1 − λI)−1

l I

)
such that

Ĝ(M∗ + E∗ − λI) =
(

A∗1 + (E∗11)1 − λI 0 0
0 C∗2 + (E∗12)2 B∗ + E∗22 − λI

)
.
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By invertibility of Ĝ, we can claim that M∗ + E∗ − λI is injective and it is equivalent that(
A∗1 + (E∗11)1 − λI 0 0

0 C∗2 + (E∗12)2 B∗ + E∗22 − λI

)
is injective. Based on the above discussion, we can get the ranges of M − λI as ε-dense if, and only if,

the ranges of A − λI and
(

C2

B − λI

)
are ε-dense. □

Based on the aforementioned theorems, we will next discuss the pseudo-residual spectrum and
pseudo-continuous spectrum of upper-triangular block operator matrices under upper-triangular
perturbations.

Theorem 3.5. Let A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), and let M =
(

A C
0 B

)
. ε > 0 is sufficiently

small, λ ∈ C, then λ ∈ σT
ε,r(M) if, and only if, A−λI is ε-injective, R(A−λI) is closed,

(
C2

B − λI

)
is ε-

injective, and it satisfies one of the following conditions:

(1) the range of B − λI is not ε-dense;
(2) the range of

(
A − λI C

)
is not ε-dense;

(3) the range of
(

C
B − λI

)
is not ε-dense.

Proof. Suppose λ ∈ σT
ε,r(M). By the definition of pseudo-residual spectrum, we can conclude that there

exist

E =
(

E11 E12

0 E22

)
∈ B(X ⊕ Y), ∥E∥ = max

i, j
{∥Ei j∥} < ε,

such that M + E − λI is injective and R(M + E − λI) , X ⊕ Y. Consequently, by means of
Theorem 3.3, we obtain that M − λI is ε-injective if, and only if, A − λI is ε-injective and R(A − λI) is

closed;
(

C2

B − λI

)
is ε-injective, where C2 = PRε(A−λI)⊥C : Y → Rε(A − λI)⊥.

By R(M + E − λI) , X⊕Y , we have that there exist E∗ ∈ B(X∗⊕Y∗), N(M∗+E∗−λI) , {0}. Then,
we obtain λ ∈ σT

ε,p(M∗). So by virtue to Lemma 3.1, it follows that

λ ∈ σε,p(B∗) ∪Ω3 ∪Ω4,

where we set

Ω3 = {λ ∈ C : Nε(C∗) ∩ Nε(A∗ − λI) , {0}},
Ω4 = {λ ∈ C : Rε(C∗ |Nε(A∗−λI)) ∩ Rε(B

∗ − λI) , {0}}.

Therefore, from λ ∈ σε,p(B∗), it can be inferred that the range of the operator B − λI is not ε-dense.

By λ ∈ Ω3, we get that there exist
(

E∗11
E∗12

)
∈ B(X∗ ⊕ Y∗) such that

(
A∗ + E∗11 − λI

C∗ + E∗12

)
is not

injective. Thus, it concludes that the range of
(

A + E11 − λI C + E12

)
is not dense. Therefore, the

range of
(

A − λI C
)

is not ε-dense.
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Through λ ∈ Ω4, it follows that there exist E∗22 ∈ B(Y∗), E∗12 ∈ B(X∗,Y∗), and nonzero
elements (x∗, y∗)T ∈ Nε(A∗ − λI) ⊕ Y∗ such that

(C∗ + E∗12)x∗ + (B∗ + E∗22 − λI)y∗ = 0.

Consequently,
(

C∗ + E∗12 B∗ + E∗22 − λI
)

is not injective. Further, it is evident that the range

of
(

C + E12

B + E22 − λI

)
is not dense. That is, the range of

(
C

B − λI

)
is not ε-dense.

Hence, λ ∈ σT
ε,r(M) if, and only if, A − λI is ε-injective, R(A − λI) is closed,

(
C2

B − λI

)
is ε-

injective, and it satisfies one of the following conditions:

(1) the range of B − λI is not ε-dense;
(2) the range of

(
A − λI C

)
is not ε-dense;

(3) the range of
(

C
B − λI

)
is not ε-dense.

□

Theorem 3.6. Let ε > 0 be sufficiently small, λ ∈ C, A ∈ B(X), B ∈ B(Y), C ∈ B(Y, X), and let M =(
A C
0 B

)
. Then, λ ∈ σT

ε,c(M)\σε,δ(A) if, and only if, λ ∈ σε,δ(B), A − λI is ε-injective, R(A − λI) is

closed,
(

C2

B − λI

)
is ε-injective, and the ranges of A − λI and

(
C2

B − λI

)
are ε-dense.

Proof. Suppose λ ∈ σT
ε,c(M), so it follows that there exist

E =
(

E11 E12

0 E22

)
∈ B(X ⊕ Y), ∥E∥ = max

i, j
{∥Ei j∥} < ε,

such that M + E − λI is injective, R(M + E − λI) = X ⊕ Y, and R(M + E − λI) , X ⊕ Y. On the one
hand, by Theorem 3.3, we get M − λI is ε-injective if, and only if, A − λI is ε-injective, R(A − λI) is

closed and
(

C2

B − λI

)
is ε-injective.

On the other hand, by virtue of Corollary 3.4, it follows that R(M + E − λI) = X ⊕ Y if, and only

if, the ranges of A − λI and
(

C2

B − λI

)
are ε-dense. Also, λ < σε,δ(A) and R(M + E − λI) , X ⊕ Y ,

therefore, λ ∈ σε,δ(B).
Considered the above analysis, it follows that λ ∈ σT

ε,c(M)\σε,δ(A) if, and only

if, λ ∈ σε,δ(B), A − λI is ε-injective, R(A − λI) is closed,
(

C2

B − λI

)
is ε-injective, and the ranges

of A − λI and
(

C2

B − λI

)
are ε-dense. □
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4. Conclusions

In this paper, we utilize spatial decomposition techniques and stability of the closed range under
small perturbations to discuss the ε-injectivity and ε-density of upper-triangular block operator
matrices under upper-triangular perturbations. Based on this, we also study meticulous
characterization of the pseudo-residual spectrum and pseudo-continuous spectrum of upper-triangular
block operator matrices under 2 × 2 upper-triangular perturbations. These characterizations explicitly
describe how these parts of the ε-pseudospectrum behave under 2 × 2 upper-triangular perturbations .
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