AIMS Mathematics, 11(7): 20309-20337.
DOI: 10.3934/math.2026825
AIMS Mathematics Received: 20 May 2026

Revised: 24 June 2026

Accepted: 26 June 2026
https://www.aimspress.com/journal/Math Published: 10 July 2026

Research article

Initial-boundary value problem for a nonlinear wave equation with strong
damping and structural damping

Jiaxin Xu*, Shubin Wang and Xuelian Chen
School of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, China

* Correspondence: Email: jiaxinxuzzu@ 163.com.

Abstract: In this paper, we are concerned with an initial boundary value problem of wave equations
incorporating strong damping and structural damping. By virtue of semigroup theory, we establish
the global well-posedness of weak solutions, where the nonlinear damping and source terms satisfy
subcritical growth conditions. Furthermore, based on Nakao’s inequality, we derive the exponential
decay estimate of solutions. Notably, we relax the constraints on the coefficients of structural damping
to a general non-negativity condition.

Keywords: wave equation; nonlinear damping; well-posedness; decay rates
Mathematics Subject Classification: 35G31, 35L05, 35L30

1. Introduction

This paper is mainly concerned with the initial boundary value problem for a nonlinear wave
equation involving strong damping and structural damping:

uy; — Au— Au, + f(u) + a(x)g(u,) = 0, (x, 1) € Q x (0, +00), (1.1)
u(x,1) =0, x € 09, (1.2)
u(x, 0) = uo(x), u(x,0) = u1(x), (1.3)

where Q Cc R"” (n > 1) is a bounded domain with a smooth boundary 0Q, a(x) > 0 with a(x) € L*(Q),
and f and g are real-valued functions satisfying Assumptions 1.1 and 1.2 below, respectively:

Assumption 1.1. Assume that f € C*(R), and some constant ky > 0 exists such that
fO)=0, [fP9 <k +Is)’7, j=1,2, VseR, (1.4)

where
n+2

1<p< ,
_P_n—Z

when n > 3; p=>1, whenn=1,2.
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Furthermore, let F(A) = foﬁ f(s)ds, and assume that F(1) > 0 for all A > 0.

Assumption 1.2. The feedback function g : R — R is a monotonically increasing continuous function
with g(0) = 0, and satisfies

mls|™! < g(s)s < M|s|™t, |s|> 1, >0,

where m and M are positive constants.

Over the past few decades, wave equations with strong damping —Au, have been extensively studied.

In particular, in 1967, Greenberg et al. [17] first systematically investigated the following equation in
one-dimensional space:

Uy — Au— Au, = 0. (1.5

They obtained the global existence, uniqueness, and decay properties of solutions to this equation.
Since then, numerous studies on equations of the form (1.5) have emerged, such as [6, 12, 16,30, 31].
Subsequently, many scholars have carried out extensive investigations into the abstract form of Eq (1.5)

Uy + a(llAéu(t)llz)Au + Au, = 0,1 € (0, 0), (1.6)

with the initial data being like that of (1.3), where a € C'[0, c0) with a(s) > 0 for all s > 0. Let H is
a real, separable Hilbert space. The A is a linear operator defined in H with domain 9(A). Moreover,
PD(A) is dense in H. The operator A satisfies the following conditions: (1) It is self-adjoint, positive
definite, and has a discrete spectrum; (2) the embedding from D(A") to D(A™) (r > ¥’ > 0) is compact.
In 1984, Nishihara [23] proved that when uy € D(A), u; € Z)(A%), Eq (1.6) admits a unique global
solution u € C'([0, 0); H). Furthermore, when a(s) = s, uy € Z)(A%), u € D(A%), the following
asymptotic estimate for the solution was obtained:

where C, — oo as € — 0. In 1991, Matos and Pereira [19] weakened the initial condition in [23] to ug €
Z)(A%), u; € H, and obtained the existence and uniqueness of the global solution u € L*(0, oo; Z)(A%)),
u, € L*(0,00; H) N L*(0, T; D(A?)) to (1.6). Furthermore, when a(s) = s, uy € D(A?), u; € H, they
used the Nakao inequality [21] to derive the decay estimate of the solutions as follows:

In 1993, Nishihara [24], building upon the work of Matos [19], strengthened the regularity
conditions on the initial data ug, u; to uy € Z)(A%), u; € Z)(A%). It was also assumed that the operator
A%MOH + lwll is sufficiently small; (2)

A%u(r)H <C.(1+0)7, VYe>0,

A%u(t)H <C+1% C>0.

A satisfies the following conditions: (1) |

2
% ”A%MOH + (u1,up) > 0. Under these assumptions, they proved that the solution u(f) of the problem
(1.6) satisfies

for some constant #; > 0. Combining this result with the decay estimate obtained in [19] yields the
A%u(t)H. Furthermore, in 2013, Ikehata et al. [ 18] established the global existence

A%u(t)H >c(l+1)7%, fort>t.

optimal estimate for ‘
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and uniqueness of solutions to Problem (1.6) under different regularity assumptions on the initial data
up, u;. In 1988, Ang and Ngoc Dinh [1] studied the well-posedness of the initial boundary value
problem for the following equation in the case f = 0,a(x) = 1:

n

d
u; — Au, — Z T (oi(uy,)) + lu|* sgnu, = 0,(x, 1) € Q% (0, 7T), (1.7)

i=1 !

where Q C R"(n > 1) is a bounded domain with a smooth boundary dQ. The initial data satisfy
ug € Hy(Q), uy € L*(Q), and the nonlinear terms o; € C(R,R) are nondecreasing and induce mappings
of L*(Q) into itself, taking bounded sets into bounded sets. Under these assumptions, they obtained
the local existence of weak solutions by a combination of compactness and monotonicity methods. If
an additional assumption that each o; is locally Lipschitz continuous is imposed, then the uniqueness
of the corresponding weak solution follows. Furthermore, stronger restrictions are imposed on the
initial data, namely ug € Hj(Q) N H*(Q), u; € L*(Q). Under the assumptions that the nonlinear terms
o; € C'(R,R), 0:(0) = 0, o’ > 0, and o7} are locally Holder continuous, the global existence of weak
solutions in the one-dimensional case was obtained by using the Galerkin method. Consequently, by
applying the results of analytic semigroups from [25], it was shown that the weak solution is actually
a strong solution.

In the same year, Ang and Ngoc Dinh [2] investigated the well-posedness of the following equation

in the case f #0,g = 0:
Uy — Au— AAu, + f(u) = 0,(x,1) € Ax(0,T),1 >0, (1.8)

where Q € R"(n > 1) is a bounded domain with a smooth boundary dQ. Under the assumptions
that (ug, u;) € Hé(Q) x L*(Q) and f satisfies a local Lipschitz condition, they used a linear iteration
method to obtain a local solution u € C(0,T; Hy(Q)) with u, € C(0,T; L*(Q)) N L*(0, T; Hy(R)), and
the uniqueness of the solution. Furthermore, they established that the solution decays exponentially
to zero as time goes to infinity. For studies on the local existence of solutions to Problem (1.8) under
different conditions on the nonlinear function f and initial data, see references [3,26]. In addition, a
considerable body of numerical investigations has also been devoted to this equation, as exemplified
by references [32,33], which provide useful numerical benchmarks for the related theoretical studies.

In 2023, Cavalcanti et al. [9] studied the initial boundary value problem:
Uy — Au+ f(u) + a(x)g(u,) =0, (x,1) € Q x (0, +00). (1.9)

Here, f satisfies: (1) f € C2(R), f(0) = 0; (2) [fP(s)| < ko(1 + |s))?~,j = 1,2,¥s € R, where
I<p< % (n > 3), for some constant ky > 0; (3) 0 < F(s) < f(s)s,V¥s > 0, where F(Q) := fo/l f(s)ds.
The function g satisfies: (1) g : R — R is a monotonically increasing continuous function with
2(0) = 0; (2) g(s)s > 0 for s # 0, and As|™™" < g(s)s < M|s|™™! for |s| > 1,r > 0, where 7 and
M are positive constants. We also assume that a € L*(Q) is non-negative. Under these conditions,
Cavalcanti et al. used semigroup theory combined with Strichartz estimates to prove that for r = 1
and 1 < p < %, Problem (1.9) admits a unique global weak solution. By using the observability

inequality, they obtained the energy decay [7, 10, 13]. In 2024, Gao et al. [15] adopted the semigroup
theory proposed in [9] to establish the global existence and uniqueness of solutions for a coupled
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system closely related to (1.9). For such coupled systems, several numerical methods have also been
developed; see, e.g., [34] and [35] for representative works.

This paper primarily utilizes semigroup theory and compactness methods to investigate the global
existence and uniqueness of solutions to Problem (1.1)-(1.3). We obtain the global existence of
solutions for 0 < r < ”+2 A<p<s 242 = (n>3).

It is well known that a(x) > ao > 0 is a conventional assumption. In this case, a(x)g(u,) directly
ensures the regularity of u, € L*'(0,7;Q), and local well-posedness can be established via the
Galerkin method. Notably, we only suppose a(x) > 0. While the Galerkin method still applies, it only
relies on the regularity of u, € L*(0,T; H(Q)) from strong damping, which restricts the growth order
of g and fails to achieve the subcritical growth range obtained by semigroup theory. Nevertheless,

< (n+2)+ \/(n+2)2+8n " For the

concerning the uniqueness, we restrict the admissible range of r to 0 < r <
long-time behavior of solutions, this paper does not follow the approach in [7, 9 10 13], thereby
avoiding the condition a(x) > a; > 0 obtained through microlocal analysis and weakening the
assumptions on a(x). Moreover, compared with using observability inequalities, this paper uses the
Nakao inequality to establish exponential energy decay, not only improving the precision of the
estimates but also simplifying the complex derivation process.

The structure of this paper is as follows: Section 1 introduces the research background and
preliminary assumptions; Section 2 presents the necessary preliminaries and main results; Section 3
applies semigroup theory to obtain the global existence of weak solutions to Problem (1.1)—(1.3);
Section 4 further establishes the uniqueness of weak solutions and the energy identity for Problem
(1.1)—(1.3); and Section 5 utilizes the Nakao inequality to derive the exponential decay property of the
energy. The required assumptions for this paper are given below.

Remark 1. According to Eq (1.4) in Assumption 1.1 and by applying the Lagrange mean value
theorem, we obtain that for any r, s € R and c > 0 exists such that

1f(r) = FOI < e(Q+ s+ 1Pl = sl. (1.10)

We now introduce several notations and lemmas. Let 2 be a measurable set in R”. L? and H®
denote the general Lebesgue and Sobolev space. For a monotonically increasing mapping g : R — R,
g(0) = 0, is of the order r := O(g) > 0 at infinity if

|sI”"! ~ g(s)s, for|s| > 1.
If the order r is bigger than, less than, or equal to 1, we say the map g is superlinear, sublinear, or
linearly bounded at infinity, respectively.

Lemma 1.1 ( [29]). Let W be a Banach space, V be a reflexive Banach space, and H be a Hilbert
space containing V. Suppose V and W are contained in the same normed linear space, with V.N'W
dense in both V. and W; H and W are contained in a linear space; and that V is densely embedded in
H. Let Z be a Banach space such that Z — L'(0,T; W) and Z' — L'(0,T; W’) are dense embeddings.
IfueL®0,T;V), u, € ZNL*0,T;H), and u, — Au = F € Z' + L'(0,T; H), then for any t € [0,T],
we have

D17 + (=Au@), u@®))y = (Ol — (~Au(0), u(0))y = 2R fo (F, u)wondr.
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Lemma 1.2 (Lions’ lemma [5]). Let Q C R" be a bounded open set, and let {u,} be a sequence of real
measurable functions that is bounded in L1(Q) (1 < g < 00) and converges almost everywhere in € to
u. Then for any p € [1, q), u; converges strongly to u in LP(Q) and weakly in L1(Q).

Lemma 1.3 (Lions—Aubin—Simon lemma [28]). Let X, B, Y be three Banach spaces with X —~— B —
Y.

(1) If F is bounded in LP(0,T;X), 1 < p < oo, and ‘é—f =: {fl—{ . f € FY}is bounded in L'(0,T;Y),
then F is relatively compact in LP(0,T; B);

(2) If F is bounded in L>(0,T; X) and ‘fi—f is bounded in L'(0,T;Y) (r > 1), then F is relatively
compact in C(0,T; B).

Lemma 1.4 (Gronwall’s inequality [14]). Let u(t) be a non-negative locally absolutely continuous
function defined on [ty, ), satisfying

u(t) <c+ f [a(s)u(s) + b(s)u”(s)]ds,

where ¢ > 0 and p > 0 are constants, and a(t), b(t) are non-negative continuous functions on [ty, ).
(1) When 0 < p < 1, for any t > ty, we have

1
I-p

t ) ! .
u(t) S (Cl—pe(l—p)J;O a(s)ds + (1 _ p)f b(s)e(l—p)£ a(‘l’)des .
fo

(2) When p = 1, for any t > ty, we have

u() < ce ft(’) (a(s)+b(s))ds

(3) When p > 1 and h > 0 exist such that

1
1

to+h " 1
“ (<p -1 f bis)e e “(”d’dS) ,
fo

then for any t € [ty, ty + h], we have

1

p-1

1 t .
u(f) < (cl—pe(l—P) J;o a(s)ds (p _ l)f b(s)e(l—p) £ a(‘r)d‘rds)
To
Lemma 1.5 (Nakao inequality [8,22]). Let ¢(t) be a non-negative function defined on R*, and suppose

sup  ¢(s)"* < Co(1 + 1) (1) = (z + 1)),

seltt+1]

where Cy > 0, > 0, and 0 <y < 1 are constants. Then the following conclusions hold:

(1) When a > 0 and y = 1, we have ¢(t) < C;(log(1 + t))‘li;

(2) Whena > 0and 0 <7y < 1, we have ¢(t) < C,(1 + t)‘Ty;

(3) When a = 0 and y = 1, we have ¢(t) < C5(2 + t)_ﬁ;

(4) When @ = 0and 0 <y < 1, we have ¢(t) < C4exp {—m(t + 2)1‘7}, where the constants
Ci(i = 1,2,3,4) depend on ¢(0) and other known constants.

AIMS Mathematics Volume 11, Issue 7, 20309-20337.



20314

2. Main results

We employ semigroup theory to study the global existence of solutions to Problem (1.1)—(1.3) under
the conditions 0 < r < %, I1<p< % Furthermore, using Gronwall’s inequality, we investigate the

A/ 2
(n+2)+ \ (n+2) +8n, 1 < p <

uniqueness of solutions to Problem (1.1)—(1.3) under the conditions 0 < r < o
%. Then, with the aid of Nakao’s inequality, we study the exponential decay of energy for solutions
to Problem (1.1)—(1.3) under the conditions 1 < r < D N+ W,l <p< %% Before presenting
the main results of this paper, we introduce the definition of a solution to Problem (1.1)—(1.3).
Definition 2.1. A function u = u(x, t) is called a weak solution of the initial boundary value Problem
(1.1)=(1.3) in the domain Q X (0,T) if u € L*(0,T; Hé(Q)), u, € L*(0, T;Hé(Q)) N L0, T; LA(Q)),
and for any test functions ¢ € C;5(Q), 6 € C;(0,T), the following holds:

T T
- f 0'(t) f u,(x, Hp(x)dxdr + f () f Vu(x, t) - Vo(x)dxdt
0 Q 0 Q

T T
+ f 6(t) f f(u(x, 1)e(x)dxdr + f 0(1) f Vu,(x,t) - Ve(x)dxdt
0 Q 0 Q

T
+ f o(r) f a(x)g(u)p(x)dxdt = 0. 2.1
0 Q

The main result of the paper is shown below.

Theorem 2.2 (Global solutions). If Assumptions 1.1 and 1.2 hold, and under the condition that the
order of gisr, 0 < r < %, and 1 < p < % (n > 3), for any given {uy,u,} € Hé(Q) x LX(Q),
Problem (1.1)~(1.3) admits a global solution u(x, t) satisfying u € C(0, T; Hy(Q)), u, € C(0, T; L*(Q))N
L*0,T; H(]) (Q)), and u,, € L*(0, T; H'(Q)).

Next, we establish the uniqueness of solutions to Problem (1.1)—(1.3), which yields the following
theorem.

Theorem 2.3 (Uniqueness). If Assumptions 1.1 and 1.2 hold, and the -conditions

n V n 2 n . . .
0<r< w and1 < p < % (n > 3) are satisfied, then the global solution u in Theorem
2.1 is unique, and the energy identity holds, i.e.

Eu(t)+f fa(x)g(u,(x,t))u,(x,t)dxdt+f fqu,Izdxdt:Eu(O), (2.2)
0 Ja 0 Ja
where

E, (1) = % f |u,(x,t)|2dx+% f IVu(x, 1)*dx + f F(u,(x,1))dx. (2.3)
Q Q Q

0+ V22 +8n .
Remark 2. The bound 0 < r < W is narrower than the parameter range derived for

existence, and this discrepancy arises from a technical rather than an intrinsic obstacle. To establish
the energy identity in the uniqueness argument, we require the regularity condition
a(x)g(u,) € L*(0,T; HY(Q)) or a(x)g(u,) € L'(0, T; L*(Q)), which forces the above tighter restriction
onr.
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Furthermore, we strengthen the assumptions on f and g as follows.

Assumption 2.4. Assume that f(s) and F(s) satisfy Assumption 1.1, and for all s € R, we have
F(s) < f(s)s. 2.4)

Assumption 2.5. The feedback function g : R — R is a monotonically increasing continuous function,
g(0) = 0, and satisfies the following condition

sl < g(s)s < Mls|™', VseR, (2.5)
where i and M are positive constants.
Under the above assumptions, we obtain the energy decay rates for Problem (1.1)—(1.3).
Theorem 2.6. If Assumptions 2.4 and 2.5 hold, and under the condition that the order of g is r,

1<r< w and1 < p < % (n > 3), for any given {ug, u,} € Hé(Q) x L*(Q), the energy

E,(t) of Problem (1.1)—(1.3) satisfies

1
E, () <Cy exp {—C 1
0

(t+2)},

where Cy depends on ||al|;~ and other known constants, while C4 depends on E,(0) and other known
constants.

3. Global existence of solutions

In this section, we study the global existence of solutions to Problem (1.1)—(1.3) by using
semigroup theory under the assumption that 0 < r < % and1 < p < % In this paper, the semigroup
theory approach requires the source term f(u) to satisfy a local Lipschitz condition. However, directly
applying semigroup theory to Problem (1.1)—(1.3) does not yield the required conditions on f(u). To
overcome this difficulty, we first study the approximate problem obtained by truncating Problem
(1.1)—(1.3):

Uy — Aty — Ay + fr(ug) + a(x)g(ug) = 0, (x, 1) € Q X (0, +00), (3.1
u(x, 1) =0, x € 0Q, (3.2)
ur(x, 0) = uor(x), urs(x, 0) = uy 1 (x). (3.3)

Here, {uox, u1 4} are initial data with good regularity, strongly converging to (up, u;) in H = Hé () x
L*(Q). Moreover, for each k € N, f; : R — R is defined as follows:

f(s), sl <k,
fuls) =2 fk), s>k, (3.4)
f(=k), s<—*k.

Rewrite the problem in abstract form. We define the unbounded operator A : D(A) € H — H in the
phase space H as

0 -1
A= (—A CAG) + a(0)g0))’

AIMS Mathematics Volume 11, Issue 7, 20309-20337.
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with the domain
veH\(Q)
DA) = (u,v) € H: —Au— Av+ a(x)g(v) € L>(Q)}. 3.5
a(x)g(v) € L"(Q)n H'(Q)

Define the nonlinear operator B, : H — H as

Bi(u,v)" = (0, fw))". (3.6)

Let Wi(¢) = (ug, ux,), then Problem (3.1)—(3.3) can be rewritten as a Cauchy problem on H:

o (3.7)

WD 4 AW, (t) + Bi(Wi()) = 0,
W(0) = (uox, U14)-

Thus, we transform the study of the global existence of solutions to Problem (1.1)—(1.3) into first
studying the global existence of solutions to the abstract Problem (3.7) and then obtaining the global
existence of solutions to Problem (1.1)—(1.3) through a limit process. Before studying the global
existence of solutions to Problem (3.7), we present the following propositions.

Proposition 3.1. The domain D(A) of the operator A is a subset of H and dense in H.

Proof. Take any (u,v) € D(A). According to the definition of 9D(A), we have (u,v) € H. Therefore,
D(A) C H.

Next, we prove that D(A) is dense in H. Take any (u,v) € C.°(Q) X C°(2). Moreover, as C.(2) C
Hé(Q), it follows that v € Hé(Q). Since a(x) € L*(Q) and g is a continuous function, we have
a(x)g(v) € L*(Q) and a(x)g(v) € L'(Q) N H™'(Q). Combining this with Au € C®(Q), Av € CZ(Q), we
obtain —Au — Av + a(x)g(v) € L*(Q). According to the definition of D(A), it follows that (i, v) € D(A).
Thus, we have C7(Q2) X C(Q2) € D(A) c H. From C’(Q) x C(€) is dense in H, D(A) is dense in
H. O

Proposition 3.2. For each k € N, let C; > 0 be a constant such that the function f; satisfies
1fie(r) = fi()] < Culr —sl,  Vr,s €R.

Remark 3. The proof of this proposition only requires a simple calculation based on Eq (1.10).

According to Proposition 3.1, D(A) is dense in H. Consequently, for any (1, u;) € H, a sequence
{uo x> U1 4} in D(A) exists such that

{uox, w14} — {uo,u1} (strong convergence).

Therefore, we may take {ug, u;x} € 9D(A) in the approximate Problem (3.1), satisfying the
aforementioned strong convergence property.

We now begin to study the global existence of solutions to Problem (1.1) under the conditions
0<rc< % and 1 < p < % To make the structure of the article clearer, we divide it into three
subsections: Subsection 3.1 studies the existence of solutions to the approximate Problem (3.7); and
Subsection 3.2 studies the global nature of the solutions to the approximate Problem (3.7); Subsection
3.3 studies the global existence of solutions to Problem (1.1). Since Problem (3.7) is an abstract form
of Problem (3.1), Sections 1 and 2 also study the relevant properties of the solutions to Problem (3.1).

AIMS Mathematics Volume 11, Issue 7, 20309-20337.
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3.1. Existence of approximate solutions

This subsection primarily studies the local existence of solutions to the approximate Problem (3.1),
we obtain the following conclusion.

Theorem 3.1 (Local existence of approximate solutions). If Assumptions 1.1 and 1.2 hold, and the
order r of g satisfies 0 < r < % (n > 3), then the approximate problem (3.1) has a unique strong
solution (ug, ur,) € W-(0,T; H), and for t > 0, (uy, ur;) € D(A). Here, (0, T) is the maximal interval

of existence of the solution.

Lemma 3.1. [/1] Let A : D(A) c H — H be a maximal monotone operator on a Hilbert space H
with 0 € AO. Let B : H — H be a locally Lipschitz operator, i.e., ||Bu — Bv|| < L(K)||u — v|| provided
lull, VIl < K. Assume uy € D(A), and f € WHN(0,t; H) for all t > 0. Then, for T < oo, the initial value
problem

u,+Au+Bu> f and u(0)=uye€ H, (3.8)
has a unique weak solution u € C(0,T; H). Furthermore, if uy € D(A), the Problem (3.8) has a strong
solution u € W4>(0, T; H) on the interval [0, T), and for t > 0, u(t) € D(A).

Lemma 3.2. [4] Let V be a reflexive Banach space, and let Y be a monotone lower semicontinuous
operator from V to V*. If W is a maximal monotone operator from K C V to V*, then Y + W is also
a maximal monotone operator from V to V*. Moreover, if Y + W is coercive, then the range satisfies
R(Y + W)=V~

We establish Theorem 3.1 on the basis of Lemma 3.1, and thus it is essential to verify all
assumptions of this lemma. Specifically, we confirm that operator A is maximal monotone and each
By is locally Lipschitz. Combined with the condition 0 € W'1(0, #; H), we further derive the existence
of local solutions. Prior to the main proof, we first introduce the following proposition.

Proposition 3.3. If Assumptions 1.1 and 1.2 hold, then the operator A is maximal monotone.

Proof. We define the operator W:
W Hy(Q) — H'(Q),

vi— —Av + a(x)g(v),
and the operation

(Wv,u) = f Vv(x)Vu(x) + a(x)g(v(x))u(x)dx, Vu,ve Hé(Q).
Q

Then, the operator A can be rewritten as:
0 -7
a0 )
The key to proving the maximality of A is to prove that W is a maximal monotone operator. For

convenience, we divide the proof that W is maximal monotone into three steps: (1) W is well-defined;
(2) W satisfies monotonicity; (3) W satisfies maximality.

AIMS Mathematics Volume 11, Issue 7, 20309-20337.
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(1) W is well-defined. For any u,v € Hé(Q), we have

KWv, )| =

f Vv(x)Vu(x) + a(x)g(v(x))u(x)dx
Q

< f Vvl Vu(x)ldx + f la(0)llg(v()lu(x)ldx.
o Q
Divide Q into two parts € and €, where
Qo={xeQ: x| <1}, Q ={xeQ:vx)|>1}.

Therefore, we have

fg [Vv(0)l|Vu(x)ldx + fg la(o)llg(v(x))llu(x)ldx

V() lu(x)ldx + f

Q)

<IIVull 2@Vl + lla(o)ll=@) [ Ig(V(X))Ilu(x)IdX] :

Qo

According to Assumption 1.2, g(s) has a maximum on [s| < 1, denoted by M,. Consequently, we
obtain

KWv, )l < [[Vullr2)lIVVliz@) + Mella()ll=@) | lu(x)|dx

+ Mlla()|l=@ | I u(x)ldx
Q

1
< IVull2@lIVVllz2@) + Mg(meas(€2))? [la(x)llLollull 2o

+ M|la(x)||z|VII" 5, ul| 2 .
lla(Ol|z= @l IIU%(Q)II ”Ln%(g)

Combining the Sobolev embedding theorem with the range of the exponent r, we know that
2nr

H(l) (Q) — L=2(Q). Therefore, |{Wv, u)| is bounded. This completes the proof of well-definedness.
(2) W is a monotone operator. For any u, v € H(l) (2), we have

Wu—-Wy,u—v) = f IV(u —v)]* + a(x)(g(u) — g(v))(u —v)dx. 3.9

Q

According to Assumptions 1.2, we obtain the monotonicity of W.
(3) W is maximal. We first prove that W is the Gateaux derivative of some functional J. Define the
functional J : Hy(Q) — R by

1 u(x)
J(u) = = f |Vul*dx + f f a(x)g(s)dsdx, Vu € Hy(Q).
2 Q QJOo

For convenience, we divide the proof into three steps: (3a) Prove that W is the Gateaux derivative
of the functional J at any u € Hé (Q); (3b) Prove that W equals the subdifferential of J; (3c) Prove that
W is a maximal monotone operator.

(3a) W denotes the Gateaux derivative of the functional J at any u € Hé (Q). Indeed, if we take any
u € Hy(Q), for any v € H;(Q), the directional derivative of J at u in the direction v (denoted J'(u, v))
is:
Jw+tv)—J(u)

t

J'(u,v) = lim
t—0
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1(X)+1v(x)
! fQIVu+th|2—|Vu|2dx fg [ a(x)g(s)dsdx

u(x)

= lim

t—0 1t t

_ fQ(ZtVu'Vv+t2|Vu|2)dx an(x) Jo s g(s)dsdx

t—)O t

t—0
u(x)+1v(x)
fVu Vvdx+11mfa(x) f g(s)dsdx. (3.10)
Q u

(x)

Since a(x)g(v) € L'(), by the fundamental theorem of calculus, we obtain

u(x)+1v(x)
hm a(x) f g(s)dsdx = lin(} f a(x)v(x)g(u + atv)dx, 3.11)
(x) — Q

where 0 < a(x) = a(x, u(x), tv(x)) < 1. On the one hand, according to the continuity assumption on g
and a(x) € L*(Q), we obtain that a(x)g(u + atv) converges for almost all x € Q. On the other hand,
we will prove that a(x)g(u + atv) can be dominated by an integrable function independent of ¢. Indeed,
according to Assumption 1.2, for any s € R, we have

g(s) < M, + M|s|". (3.12)
Therefore,

la(x)v(x)g(u(x) + arv(x))| <la()|v(x)llgu(x) + arv(x))l
<la(x)lv(x)] (M, + Mlu(x) + atv(x)]")
<Mla(x)|Iv(0l + la(olv(o) Mu(x) + av()l'".

By the basic inequality, for some constant C > 0, we have
lu(x) + atv(x)]” < C(Ju(x)|” + latv(x)|").
Therefore, when |f| < 1 and 0 < @ < 1, we obtain
la(x)v(x)g(u(x) + av(x)| < Mla()lv(x)| + CMla()vOl(u()l" + pxl). (3.13)
Since a(x) € L*(£2), and setting 0 < r < % with the Sobolev embedding theorem, we know that
H,(Q) — L*'(Q). By applying Holder’s inequality to (3.13), we conclude that a(x)g(u + atv) can be

dominated by an integrable function independent of . Hence, by the Lebesgue dominated convergence
theorem, we have

lir{)l f a(x)v(x)g(u + atv)dx = f a(x)v(x)g(u)dx. (3.14)
=0 Ja Q

Combining (3.10) and (3.14), we obtain
J'(u,v) = f Vu - Vvdx + f a(x)v(x)g(u)dx.
Q Q
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That is, J is Gateaux differentiable at u, and the directional derivative in the direction v is J'(u).
Moreover, for any u, v € Hé(Q), we have

<WM9V>H*1><H6 = <]/l/t, v)H*IXHé = f

Q

Vu - Vvdx + fa(x)g(u)v(x)dx.
Q

Therefore, it follows that W is the Gateaux derivative of J at u, i.e., W(u) = J'(u).

(3b) W equals the subdifferential of J. According to the monotonicity of W, for any u,v € Hy(Q), we
have

J W) =JW),u—vy=Wu)—Wy),u-v)>0.

From (3.1) and equivalent conditions for differentiability of [27], we deduce that J is a convex
function and for any u € Hy(Q),

AJ(w) = J' (u) = W(u).

(3c) W is a maximal monotone operator. Take any sequence {u,} C Hé(Q) and u € Hé (€2) such that u,
converges strongly to u in Hy(). Using (3.12), we obtain

1y, () u(x)
f a(x) (f g(s)ds — f g(s)ds) dx
Q 0 0

1
< 3 f [Vu, + Vul|Vu, — Vuldx + M,||all~ ) e, (x) — u(x)|dx
Q

uw»—JWNS%wa%F—wmﬁmw

Q

Qo
M 1 1
+ llall L= f |t ()™ = ()™ |dx
+1 Q
1
< EHVMn + Vull2)lVu, — Vull2q) + CMyllallps@o)llu, — ullz2)
M r r
o 1||a||L°°(Q) (J, (I + (X)) [, (x) — u(x)|dx
Q
1
< EHVMn + VM”LZ(Q)”VMn - V””B(Q) + CMg||a||L°°(Q)||Mn - M||L2(Q)

allze | 5 +ur,,)u—un.
el (Wl Nl =l 2,

Since u, converges strongly to u in Hé(Q), there is a constant M > 0 such that for all positive
integers n, ||u,|| @) < M. Therefore

V2 + Vallizy < 2M. letllyyiy + il iy < 2M.

According to the range of r and the Sobolev embedding theorem, we have that ||u,||",,,  +|lul" ...
Ln+2(Q) Lin+2 (Q)
is uniformly bounded. It follows that J is continuous. We conclude that W is a maximal monotone

operator defined on Hy(Q). From this property, we prove that A is a maximal monotone operator. For
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any u,v € H)(Q), we have
()=o) ()
Vi val \vy va)),
_ (( -(vi =) ) (Ml - Mz))
—A(ur —uz) + Wvi = wv2)) "\vi =2},
=(=(v1 =v2), uy — ) oy + (A1 = uz) + W(vi = v2),vi = v2)12(@)

= f =V(vi = v2) - V(u; — up)dx
Q
+ f (V(uy —up) - Vv = v2) + (Wyvy — Wyy)(vi — ) dx
Q
Zf(WV] - WVz)(Vl - Vg)dx.
Q

From the monotonicity of W, we obtain the monotonicity of A.

Next, we prove the maximality of the operator A. For the Minty theorem [20], it suffices to verify
the mapping / + A is surjective from D(A) C H to H. For any given {uy, vo} € H and {u, v} € D(A) C H,
we have

(I + A)u, )" = (ug, vo),

i.e.,
u—v=u,
—Au+v+ Wy =v,.
By performing a variable substitution on the equations above, we obtain
—Av+v+ Wy =vy+ Auy. (3.15)

Therefore, proving that the mapping / + A is surjective from D(A) C H to H and is transformed into
proving that for any given {uy, vo} € H and v € Hé(Q), Eq (3.15) holds.

We now prove that the operator —A + I is monotone and lower semicontinuous. Obviously, the
linear operator —A + I is continuous. Next, we prove that the operator —A + [ is also monotone. For
any vy, v, € H)(Q), we have

(A + vy = (A + Dvy,vi —va) =(=(Avi = Avy) + (1 = v2), V1 — Vo)

= f(W(Vl — )P + vy = v)Hdx = 0.
Q

That is, the operator —A+1 is monotone. Combining this with the fact that W is a maximal monotone
operator on Hé(Q), and using Lemma 3.2, we obtain that the operator —A + I + W is also a maximal
monotone operator on Hé Q).

Now, we prove that the operator —A + I + W is coercive. For any v € H)(Q), we have

(A + T+ Ww,v) ={((=A+Dv,v) + (Wy,v)

> f (V> + vP)dx > f IVyv[2dx.
Q Q
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It follows that the operator —A+1+ W is coercive. Therefore, by Lemma 3.2 again, we conclude that
Eq (3.15) has a solution v € H(l)(Q), i.e., the existence of v is proved. From u — v = uj and u, € Hé (Q),
we obtain the existence of u and that u € H(l) (Q). Noting that

—Au+ Wy = vy —ve LX(Q),

we have shown that for any given {ug,vo} € H, the equation (I + A)(u,v)T = (ug,vo)! has a solution
u,v € D(A), i.e., R+ A) = H. Applying the Minty theorem [20], the A is a maximal monotone
operator. O

Proposition 3.4. If Assumption 1.1 holds, then the operator By is locally Lipschitz.

17%)

Proof. Take any (\lfl) € H, ( ) € H. According to Proposition 3.2, we have
1

V2

i) = i)y = [ 1) = ftu)Pe

< Ckf |I/£1 - u2|2dx
Q
2
According to the definition of By, we obtain
Vi V2 Vi V2

This completes the proof that the operator By is locally Lipschitz. O

2 2

< Gy
H

H

We now proceed to prove Theorem 3.1.

Suppose that Assumptions 1.1 and 1.2 are satisfied. It follows from Proposition 3.3 that A is a
maximal monotone operator, and Proposition 3.4 implies that each B, is locally Lipschitz.
Furthermore, in view of 0 € W(0, t; H), we deduce from Lemma 3.1 that the approximate Problem
(3.1) admits a unique solution (i, u;) € WH*(0, T; H) satisfying (uy, ux,) € D(A) for any ¢ > 0. This
completes the proof of Theorem 3.1.

3.2. Global existence of approximate solutions

This subsection is devoted to investigating the global existence of solutions to the approximate
Problem (3.1) established in Subsection 3.1, and we thereby state the following theorem.

Theorem 3.2. If Assumptions 1.1 and 1.2 hold, and the order r of g satisfies 0 < r < % (n > 3),
then the strong solution {uy, uy,} obtained in Theorem 3.1 is global, i.e., the existence time T can be
arbitrarily large.

Before presenting the proof, we provide a criterion for determining whether a solution is global.

Lemma 3.3. Suppose that ui(x,t) is the weak solution (strong solution) obtained from Eq (3.2), and
let [0, T) is the maximal interval of existence of the solution. If Ty € (0,T), then u, € C(0,Ty; H)
(up € WH°(0,Ty; H)). When T < oo, then lim,_,7- |lug(t)|| = co. When T = oo, we call ui(x,t) a global
weak solution (strong solution).
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Below, we use Lemma 3.3 to prove Theorem 3.2, i.e., we prove that ||u(?)||y 1s uniformly bounded.

Proof. From Proposition 3.2, we have

T
f @l 0,07 < Ci f f Jug |7 docdir,
0 Q

By the Sobolev embedding theorem, we obtain f;(u;) € LP*1(0, T; LP*1(Q)).
Next, we estimate the properties of a(x)g(uy,). When 0 < r < 1, using the basic inequality, we have

la(x)g (i)l 120,112

1
T 2
<Cllall~@) (f f |g(uy, (x, t))lzdxdt)
0 {x:|ug (x,0)|<1}
r :
+ Cllallz) (f f |g (g, (x, t))lzdxdt)
{o:|uager (x,0)> 1}

<Cllallr=@T M, meas(Q)? + CM||G||L°°(Q)f ||Mkt(f)||Lz,<Q)

1 ~
<Cllall =T M;meas(Q)? + CM|lall~ f e ()12 - (3.16)
0

From Theorem 3.1, we know that u;;, € L>(0, T} H(I)(Q)). By the Sobolev embedding theorem, we
have uy, € L*(0, T; L*(Q)). Therefore, a(x)g(uy) € L*(0, T; L*(Q)). When 1 < r < 22, we have

rel
lla(x)g(ui,)l| 2+ ril
L (0.T:L5F (@)

T
ﬂ
~ [ [ tatrgtur axar
0 Q
r+l r r+l
<Clall/, [ [ 8, )| dxde
0 {x: g (x,0)|< 1}

r+l r r+1
+ Cllall % f f lg(uy(x, )| 7 dxdt
0 oz |uge (x> 1}

T
il ol ~orel o Ot r
<Cllall & TM," meas(Q) + CM - ||a||L;o(Q)f(; Lluk,(x, HI"*dxdt. (3.17)

By L®(0,T;HYQ)) < L*Y0,T;L*(Q)), we get a(x)g(u,) € L5 (0,T;L% (Q). Since
L7, T;L" (Q)) — L7 (0,T; H'(Q)), it follows that a(x)g(u,) € L7, T; HY(Q)).

When 0 < r < Ztg, considering that Auy, € L (O,T,H "Q)), filu) € L=, T; LP*1(Q)) —
L5(0,T; H'(Q)), and 0 € L1(0, T; L*(Q)), we obtain that Aug, — fu(uy) —a(x)g(uw) € L'(0, T; L*(Q)) +
L5 (0, T; H'(Q)). Moreover, since u;, € L°(0,T; H o), u € L=(0,T; LX) N L0, T; HY ()
and by Lemma 1.1, for any ¢ > 0, the following holds:

||ukt(t)||L2(Q) + ”Vuk(t)”LZ(Q)

t
2 2
=||M1,k||Lz(Q) + ||Vuo,k||Lz(Q) +2 f Ay = filur) — a(x)g(u), Mkz)]flegdf-
0
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We rewrite it as

!
”uk,t(t)”iZ(Q) + ||Vuk(t)”%2(g) +2 L Fi(u)dx + QL L'Vukt|2dth
!
:”Vuo,lc”iz(g) + ”ul,kHiZ(Q) +2 L Fk(uo,k)dx - ZL‘ ‘La(x)g(ukt)ukthdt
Sllvuo,k”iz(g) + ”ul,kH%z(Q) +2 fg; Fi(uo )dx. (3.18)

Next, we prove that the right-hand side of Inequality (3.18) is uniformly bounded. Since {uy, u; s}
converges strongly to {ug, u;} in H, for some constant M > 0,

ol < M, lurillrze) < M.

According to the definition of f; and F(A) = foﬂ f(s)ds, the expression for Fy is given by

I, f&de, Is| < k,
Fi(s) =1 [ f@)de + fs -k, s>k, (3.19)
fhs+h+ [ f@de, s < k.

According Remark 1, for any s € R, we have
I ()l < cllsl +1s1”). (3.20)
Combining (3.20) and (3.19), for any s € R and k € N, we have
IFi(s)] < c(Is® + [s17*h),

and thus

j;le(UO,k)ldx <c L(|Mo,k|2 + [P dx. (3.21)
Moreover, since ug; converges strongly to ug in Hy(€), it follows that |lugll HIQ) is uniformly
bounded. According to the Sobolev embedding H}(Q) < L*1(Q) and H)(Q) — L*(Q), we obtain
that fQ Fy(upx)dx 1s uniformly bounded. This shows that the right-hand side of Inequality (3.18) is
uniformly bounded. Furthermore, according to Assumption 1.1, Fy(u;) is non-negative. We conclude
that [lu (1), @t IV I3 « is uniformly bounded. ]

3.3. Global existence of weak solutions

This subsection mainly studies the global existence of weak solutions to Problem (1.1)—(1.3). From
Theorem 3.2, we obtain the energy equality of the approximate solutions holds. Then, from the uniform
boundedness of E,, (0), we get the uniform boundedness of E,, (#). On the basis of the fact that bounded
sequences have convergent subsequences, we obtain the convergence of u; (), u (1), and a(x)g(uy,).
Then, using Lemma 1.2, we obtain the convergence of f;(u;), verify the initial conditions, and finally
prove that a(x)g(uy,) converges to a(x)g(u,).
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Lemma 3.4. ( [29]) Suppose the function u(x, t) satisfies the conditions of Theorem 2.2, and That the
real numbers C > 0 and y exist such that

(~Au, u) g1 o) + el ) > C||u||§lé(m, Vu € Hy(Q). (3.22)
Then the function in Theorem 2.2 satisfies
ue C(0,T]; Hy(Q)), u, € C(0,T]; L*(Q)).
We now present the detailed proof of Theorem 2.2 concerning the global existence of solutions.

Proof. According to Theorem 3.2, we have
we € LR Hy(Q),  uw € L*(R*; LA (Q).

Thus, taking the dual product of the first equation in (3.1) with u,, we conclude that for any ¢ €
[0, o0), the following holds:

1d 1d d
Ea”l/lkt(l)HiZ(Q) + Ea”vuk(t)”iZ(Q) 3 LFk(Mk(X, n)dx + jg; Vu*dx
+ f a(x)g(u(x, ))ug(x, 1)dx = 0.
Q
From the expression for the energy E,(t), we rewrite this equation as

Euk(t)+f fa(x)g(uk,(x,t))ukt(x,t)dxdt+f fquktlzdxdt:Euk(O). (3.23)
0 Ja 0 Ja

Since % fQ(Iu 14> + |Vug4|?)dx is uniformly bounded and (3.21), we have the uniform boundedness of

1
E,(0) = 2 f(lul,klz + Vg [*)dx + f Fi(ug)dx.
Q Q

In the other hand, according to Assumptions 1.2, for any ¢ > 0, we have

f f a(x)g(ug(x, 1)uy (x, )dxdr > 0.
0 Jo

Therefore, by (3.23), we have that E,, (¢) is uniformly bounded. As a result, there is a subsequence of
{u} (still denoted by {u;}) such that

we — u,  weakly* in L=(0, co; H)(Q)), (3.24)
U, — Uy, weakly* in L=(0, oo; L*(Q)), (3.25)
ue, — u;, weakly in L*(0, T; Hy(Q)), (3.26)
a(x)g(ue,) — y,  weakly in L2(0, T; L*(Q))/L+ (0, T; L' (). (3.27)

Next, we prove the convergence of fi(u;). From (3.20), for any s € R, k € N, a constant ¢ > 0 exists
such that

()N < (sl + [s17).
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Therefore

prl p+l ptl Pl
il %, = f |filupl 7 dx < ¢ ( f el dix + f |uk|P“dx). (3.28)
LP (Q) Q Q Q

According to the range of p and the Sobolev embedding theorem, we obtain Hé(Q) — LP*1(Q) and
Hé(Q) — LPTTI(Q). Then, taking the supremum over time ¢ in (3.28) and combining it with
up € L*(R*; Hy(Q)), we deduce that fi(u) is uniformly bounded in L¥(R*; L%(Q)). By the Sobolev

embedding theorem, we conclude that f; (i) is uniformly bounded in L%(O, T, L%(Q)).

We prove that f;(u;) converges almost everywhere to f(u) on Q X (0, 7). Indeed, for any 7" > 0,
according to (3.24) and (3.25), and using the Lions—Aubin—Simon lemma [28], we conclude that for
any sufficiently small &€ > 0,

u, — u, strongly in L*(0,T; L¥75(Q)), (3.29)

where 2* := % By the property that strong convergence implies a.e. convergence, we know that

u;(x, t) converges to u(x, t) almost everywhere on € X (0, 7). Moreover, by the property that strongly
convergent sequences are bounded, for some constant L = L(x,t) > 0 and a.e. (x,7) € QX (0,7), we
have |u;| < L = L(x,t). Now taking k sufficiently large such that k > L, then by the definition of f;, for
almost every (x,1) € Q x (0,7T), we have

Jelu(x, 1) = fu(x, ).

Therefore, for almost every (x, ) € Q x (0, T), when k — co, we have

Selue) = fu) — 0. (3.30)

On the other hand, combining the a.e. convergence of u;(x, f) to u(x, r) on Q x (0, T') and the continuity
of f, we derive that for almost every (x, f) € Q X (0, T), when k — oo, we have

JSu) = f(u) — 0. (3.31)

From (3.30) and (3.31), we obtain the a.e. of fi(u;). By lemma 1.2, we deduce that

fulug) — fQu),  weakly in L7 (Q x (0, T)), (3.32)
fulug) — f(w), strongly in L?(Q x (0, T)), (3.33)

as k — oo, where 1 < py < £ Taking any ¢ € C3*(Q), 0 € C3(0,T), obtain

T T
- f 0'(1) f ug(x, Hp(x)dxdr + f 0(r) f Vui(x, H)Ve(x)dxdt
0 Q 0 Q

T T
+ f 6(t) f Ji(ur(x, £))p(x)dxdt + f 0(t) f Vuy (x, H)Ve(x)dxdt
0 Q 0 Q

T
+ f 0(r) f a(x)g(u(x, 1)p(x)dxdt = 0. (3.34)
0 Q

AIMS Mathematics Volume 11, Issue 7, 20309-20337.



20327

Take the limit in (3.34). Then by (3.24)—(3.27) and (3.32), we have

T T
- f 0'(1) f u,(x, Hp(x)dxdr + f 0(r) f Vu(x, t)Ve(x)dxdt
0 Q 0 Q

T T
+ f 0(t) f fu(x, ))p(x)dxdt + f o(t) f Vu,(x, t)Vo(x)dxdt
0 Q 0 o)

T
+ f 0(r) f Ye(x)dxdt = 0.
0 Q

According to the definition of weak derivatives, we have:
uy; — Au— Au; + f(u) + xy = 0. (3.35)

From Au € L*(0,T; H'(Q)), Au, € L*(0,T; H'(Q)), and f(u) € L>(0, T;LPTH(Q)), we obtain u, €
L*(0,T; H'(Q)). Next, we prove that y = a(x)g(u,). We now prove the strong convergence of uy, uy,.
Indeed, from the strong convergence in (3.29), we have

u, —> u, ae.(x,1)eQx(0,7).

Therefore, for almost every (x, 1) € Q X (0,7) and some constant L = L(x, ) > 0, we have |u;| < L =
L(x, t). For sufficiently large m, [ > L, combined with the definition of f; (1), we obtain that for almost
every (x,1) € Q x (0,T), we deduce that f,,(u,,(x, 1)) = f(u,(x,1)) and fi(u;(x,1)) = f(u;(x,1)) hold for
almost every (x,1) € Q x (0, T). Let Z,; = u,, — u;. Then Z,,; satisfies (3.23). Therefore,

1 1 !
SNy + 51VZ0il 0y + fo fg [V(Zp)iPdxdr
!
+ f f a(x)(g(tmr) — &) ) (U — uyr)dxds
0 Jo
' 1 » 1 2
== (fn(um) = fi(u) (U — wy)dxdr + §||M1,m —upll” + EHVMO,m = Vug,||°.
0 Ja
Next, we estimate the source term

f f(f(um) — J )Wy — ) xds
0 Jo

< f f onttn) = Fiul it — eyldlxdt
0 Q

!
-1 -1
<c f f R e T L
0 Q

Using Holder’s inequality, we obtain

!
f f (F(tt) = £ @)ty — 1) xde
0 Q
' 1 1
pP— pP—
<c fo N g+ Wl s g it = sl = sl
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!
o1 -1 -1
scfhmw+mmmmﬁwmgﬁm%—mm®wm—Wme
0 0
Jund -1 -1
<ClIQ[»T + ||um||poo gl + ||Ml||poo gl |22, — M1||L2(0,T;H1(Q))||Mmz - M1t||L2(o,T;H‘(Q))-
L=(0.T;HA () L(0,T3H) () 0 0

Furthermore, by the Cauchy inequality, we obtain

f f (f ) = f(ur)) (U — wy)dxdt
0 Q

1 2 p—1 2
- e p—] p—l _ 2
<3 C (I + ol )+ 100t 1y ) W =

2
+ EHMmt - ult”Lz(O,T,Hé(Q)).

The uniform boundedness of ||u||;~ .7, HI (@) and || 0.7 HI(@) is readily available. Consequently, for
some constant Cq, we have

1 2 p-l —1 — 2
— +1 P p-1

which implies

1
2 2
< CQ”um - ul”Lz(O,T;Hé(Q)) + Ellumt - uh“Lz(O,T;H(l)(Q))'

f f (f up) = f(up)) (W — g )dxdt
0 Jo

From the Poincaré inequality, we arrive at

1 1 [ !
~WZwd* + SIVZul* + f f IV(Z,),*dxdt + f f a(x)(g(um) — (us)) (e — uy)dxde
2 2 0 Jo 0 Ja

2
L2(0,T;H)(Q))

2

1 2 1 2
S§||M1,m —upll” + E”VMO,m = Vug I + Callum — uill L20.7:12(Q)"

1
+ E“Vl/tmt — V|

Since a(x) is non-negative and g is monotonically increasing, we have

!
I ZP + IV Z,ull* + f f IV(Z)iPdxdt
0 JQ

2

2 2
Slurn = urdll” + Vo = Vaaoll” + CallZuntllyo0 7.1

By Lemma 1.4, we obtain

!
IZu)il? + IV Zuil* + fo fQ IV (Z)i*dxdt
< (Il = I + 1Vatg, = Vutg II?) 7. (3.36)
Since {ug, u; x} converges strongly to {uo, u;} in H, for any € > 0 and some N > 0, we get
et m — ui gl <& llugm — Mo,l”H(g(Q) <g,
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when m, [ > N. Therefore, when m — oo, [ — oo, and € — 0, we obtain

w, — u, strongly in L¥(0, T; Hy(Q)), (3.37)
U — U;, strongly in L¥(0, T; L*(Q)), (3.38)
U — U, Strongly in L*0,T; HO1 (Q)). (3.39)

From (3.39), we know that when k — oo,
uy — u;, ae. (x,1) e Qx(0,7).
Since g is a continuous function and a(x) € L*(Q), we deduce when k — oo
a(x)g(uy) — a(x)g(u,), ae. (x,1) € Qx(0,T),

which means y = a(x)g(u,).

At this point, we conclude that Problem (1.1)—(1.3) admits a global solution u € L*(0, T} Hé(Q)),
u, € L*(0,T; L*(Q)) N L*(0, T; Hy(Q)), and u,, € L*(0,T; H'(Q)). Taking C = 1 and y = 0 in Lemma
3.4, (3.22) is clearly satisfied. Thus we obtain u € C([0,T]; Hy(Q)) and u, € C([0,T]; L*(Q)). This
completes the proof of Theorem 2.2. O

4. Uniqueness

This section studies the uniquness of the global weak solution to Problem (1.1)—(1.3). The result
has be shown as Theorem 2.3. We now prove Theorem 2.3.

Let u, v be two weak solutions of Problem (1.1)—(1.3) and set w = u — v. From Theorem 2.2, we
have w € C(0,T; Hy(Q)), and w, € C(0,T;L*(Q)) N L*0,T; H}(Q)). Similar to (3.28), we obtain
fu) € L=, T; H'(Q)).

When 0 < r < 1, we have a(x)g(u,) € L'(0, T; L*(Q)). Similar to (3.16), we obtain

T 3
f ( f |a<x>g<ut)|2dx) dr
0 Q

T
1
<Cllall=) T Mymeas(Q)? + CMllall~ f ( f
0 Q

|, (x, t)|2dx) dz.

1

Since u, € C(0,T;L*(Q)) n L*0,T;H)(L)), by the embedding theorem, we have

u, € L'(0, T; Q). Therefore, a(x)g(u,) € L'(0, T; L*(Q)). When 1 < r < SZEVIDTH e have

r+1

a(x)g(u,) € L*(0,T; L™ (). In fact,

T 24
f ( f |a<x>g(ut>|”r‘dx) d
0 Q

T =+
<Cllal e, T M2meas(Qo)™ + CM|[all3(q, fo ( fg Iut(x,t)lr“dx) dr.
1

2r
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Let -1 = 50 + 228 0 < g < 1. Using the interpolation inequality, we get
T 2 T
| 2r(1-0 28
f ( lot, (x, )™ dX) dr Sf ||Mz||L2((Q) || z|| " dr
0 Q 0 ()
2r(1-6) 2r6
<
—“u’“L‘”(O,T;Lz(Q))H l‘”L2 H(O T: Ln 2(9))
From m = T + ("22)9 we solve for 6 = ;E’ 3 Therefore,
n(r — )
2r0 = 2r - <
2(r + 1)

Because u, € C(0,T;L*(Q)) N L*(0,T; Hy(Q)), Hy(Q) — L#2(Q) and L2(Q) — L**(Q), we get
a(x)g(u,) € LX0,T; L+ (). Thus a(x)g(u,) € L0, T; H™'(Q)).
Considering both cases, we can conclude that

— fw) = a(x)gu,) € L*(0,T; H(Q)) + L'(0, T; L*(€)).

Therefore, from Lemma 1.1, we obtain

1 1 ! !
~[will* + [Vl + f f |V [*dxdz + f f a(x)(g(u,) — g(v))(u; — v )dxds
2 2 0 Ja 0 Jo

== fo fQ (f () = f)(u; = vr)dxdr. (4.1)

Next, we estimate the nonlinear term f(u). This process is similar to the estimation of f; (i) in
Theorem 2.2. Therefore, we obtain

f f (f () = fO)(u; = ve)dxdr
0 JQ

<Crllu = vII}

L2(0.T;H} (Q)) 2 5l — Vf”L2(0 T:H Q)

Then, from (4.1), we obtain the inequality

||W:||2+||VWI|2+f flthl dxdt<CTf VW2 g, dr-

Therefore, by Lemma 1.4, we get w = 0, i.e., u = v. From the process of getting (4.1), we also
deduce the energy identity

Eu(t)+f fa(x)g(u,(x,t))u,(x,t)dxdt+f fqu,lzdxdt:Eu(O).
0 Ja 0 Jo
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S. Energy decay

In this section, we use the Nakao inequality—Lemma 1.5 to study the energy decay property of the
solution to Problem (1.1)—(1.3). We now prove Theorem 2.6.
Differentiating the energy equality (2.3) with respect to time 7, we obtain

E’(t):—f|Vu,|2dx—fa(x)g(u,)utdx. (5.1
Q Q

From the monotonicity of the function g(x) and the non-negativity of a(x), we know that for any ¢ > 0,
E’(t) < 0. Therefore, for any ¢ > 0, E(¢) is monotonically decreasing and always satisfies E(r) < E(0).
Let

D*(t) = E(f) — E(t + 1).

Then D*(f) < 2E(0), which implies that D?(¢) is uniformly bounded. According to the energy equality

t+1 i+1
EJt+1)+ f f a(x)g(u(x, £))u(x, Hdxds + f f IVu, P dxds = E, (1),
t Q t Q

we obtain

1+1 1+1
f f \Vu,*dxds =E,(f) — E,(t + 1) — f f a(x)g(u,(x, t))u,(x, t)dxdt
t Q t Q

<E,(t) - E,(t+ 1) = D*(¢). (5.2)

t+Z r+1
f f |Vu,|’dxds < D*(¢), and f f |Vu,|*dxds < D*(2).
t Q +3 Ja

By the mean value theorem of calculus, for some #; € [z, + i], we deduce ||u, ()| Hi©@ S 2D(t), and
for some 1, € [t + 43'1’ t + 1], we deduce ||ut(t2)||Hé(g) < 2D(¢). On [t,,1,], we have

Thus we have

f(Aut a(x)g(uys), u) g oy dt

f fVuVu,dxdt+M||a||Lm(g)f flu,l |u|dxdt

< [ Wbl + el [l il
151 1

2+ V(n+2)2+8 . .
When1 <r< W, by the Sobolev embedding theorem, we obtain

5]
f (Au; — a(x)g(u,), U>H3(Q)dt
131

15 15}
< f Nl el ot + CMllall e f el el (5.3)
I3l n
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By the Cauchy inequality, there is a sufficiently small &, and corresponding C,, such that

15 5]
ft el gyt < f (2110 g+ Cor il .
1 1

Using the e-Young inequality, for any € > 0, we have
5} 5] ’,.
1
f it gt + & f ||u||H [ od
2 2(r-1)/(2-r)
T D) + el f el
Since u € C(R*; Hy(Q)), for some constant G > 0, we have

2(r-1)

llell 2 <G.

L™ (11,12:H) (Q)

Then, we deduce

15} - 5}
le ”ul”;l(l)(g)”u”H(l)(Q)dt <& T DX +ngn IIMIIZé(Q)dt
Substituting (5.4) and (5.5) into (5.3), we obtain
163
f (Au; — a(x)g(u,), u)H(l)(Q)dt
<(&1 + 6GCMlall~) f Iy + Co f it 4t + CHlallocy™ " D (0)
<(e1 + £GCMlall~)) f i gy + (Cor + CMllalloae™ ) D*(0).
n
Choose sufficiently small € and ;. Set C;, + CM||al| o€+ = C,. Therefore
? L 2
f; (Auy = a(x)g(u,), u) ) (o)dt =7 fz] el ) dt + CaD"(0)
1 ("
3 f E,(s)ds + C,D*(¢).

4l

On the other hand, from (1.1), we get
%) 5}
f (=Au+ f(u), u)ondt = f (At = a()g () = e, 1))t
151 141

5} %)
= f (Au; — a(x)g(u,), M>H(')(Q)dt - f (Us, M>H(1)(Q)dt
131 4]

(5.4)

(5.5)

(5.6)
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— [ = gty + ).t

5]
— (1), u(t2)>H(])(Q) + f g [P
151
From the Sobolev embedding theorem, we have

(ut), ut)) gy < ClIVu(t)ll2) sup [IVu(s)ll.

s€(ty,12]

Using the Cauchy inequality, choose &3 small enough such that

() ut)pgyey < &5 sup VU + CeyIVu (0I5 g

se(t,t+1]

Accordingly,

(u (1), (1)) () < 283 sup Ey(8) + CoIVu(1)I175 g,

se(t,t+1]

<2e; sup E,(s)+4C.,D).

se(t,t+1]

From the same way, we have

—(u(t2), u(12)) g o) < ‘(Mz(lz), M(h))ﬂg(g)‘ <2&; sup E,(s)+4C,D().

se[t,t+1]

Furthermore, by the Sobolev embedding theorem, for some constant C > 0, we get

153 5]
f, llug|Pdr < C ft il 01 < CD*(0).
1 1

Substituting (5.6) and (5.8)—(5.10) into (5.7), we obtain

) 1 5]
f (=Au + f(u), u)H(l)(Q)dt < 3 f E,(s)ds +4e3 sup E,(s)+ (C, +4C,, + C)D*(v).
151 1

se[t,t+1]

Note that

f CEu(s)ds = f 2(1||ut<s>||2+1||Vu<s)||2+ f Flutx, s))dx)ds
t t 2 2 Q

u(s)lPds + f 2 f (Vu()P + fu)dxds
I Q

< —
2 J;

1 ) 5]
=3 ft [l ()][*ds + f, (—Au+ fu), uygcyds.
1 1

Substituting (5.10) and (5.11) into (5.12), we obtain

%) 1 5}
f E(s)ds < 3 f E,(s)ds +4e3 sup E,(s)+ (C, +4C,, + 2C)D*(1).

t t se(t,t+1]

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Choose sufficiently small €5 such that
%) 1
f E,(s)ds < (C, +4C,, + 20)D*(t) + = sup E,(s). (5.13)
f ) 2 sefrr+1]
Applying the mean value theorem to (5.13), there exists t* € [#;, ;] such that
1
E(t") < (Cy +4C,, + 2C)D*(t) + = sup E,(s). (5.14)
seltt+1]
From the monotonic decreasing property of E,(f) and (5.14), we have

t+1
sup E,(s) = E (1) = E,(t + 1) + f f (IVe* + a(x)g(u,)u,) dxde
t Q

selt,t+1]

< E(f) + D*(t)

1
< (C, +4C,, +2C)D*(1) + 5 sup Ey(s)+ D*(1).

selt,t+1]

Therefore, we obtain

sup E,(s) = E,(t) < 2(C, +4C,, +2C + 1)D*(2). (5.15)

seltt+1]
Substituting D*(f) = E,(t) — E,(¢t + 1) into (5.15) and letting 2(C,, + 4C,, +2C + 1) = Cy, we obtain

sup E,(s) = E,(1) < Co(Ey(t) — E,(t + 1)).

selt,t+1]

From the expression of E,(f), we know that E,(¢) is non-negative. Hence by the fourth result of Lemma
1.5, we obtain

1
E,(t) < Csexp {—C 1
0

(r+ 2)} ,
where C, depend on E,(0).

6. Conclusions

In this paper, we study the initial boundary value problem for a nonlinear wave equation with strong
damping and structural damping. We establish the global existence of weak solutions for n > 3 under
the subcritical growth conditions 0 < r < Z%% and1 <p < % By restricting r to the refined admissible

(n+2)+ \(n+2)2+8n

range 0 < r < 5 , we prove the uniqueness of weak solutions. The exponential energy
decay is obtained via Nakao’s inequality.

We weaken the conventional positivity assumption on the variable coefficient a(x) from uniform
strict positivity a(x) > ay > 0 to mere nonnegativity a(x) > 0, significantly relaxing the restrictive
prerequisites in most existing literature. Unlike the classical Galerkin method and microlocal analysis,
our semigroup-theoretic compactness argument captures the full subcritical growth range.

These results open avenues for further study, including uniqueness under broader growth conditions,
finite-time blow-up for large data, and extensions to coupled systems, time-dependent coefficients, and
nonlinear boundary conditions.
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