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Abstract: In this paper, we study a kind of oscillatory singular integral operator TP,Ω,A defined by

TP,Ω,A f (x) = p.v.
∫
Rn

eiP(x−y) Ω(x − y)
[
A(x) − A(y) − ∇A(y) · (x − y)

]
|x − y|n+1 f (y)dy,

where P(x) is a real polynomial on Rn, and Ω(λx) = Ω(x). Under some conditions, we show that TP,Ω,A

is bounded on Lp(Rn) with uniform boundedness, which improves and extends Pan’s result [11].
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1. Introduction

Let n, d ∈ N, x = (x1, . . . , xn) ∈ Rn. Let

P(x) =
∑
|α|≤d

aαxα, (1.1)

wher,e α = (α1, . . . , αn), |α| = α1 + · · · + αn, xα = xα1
1 · · · x

αn
n , and aα ∈ R.

In the paper, we consider the following operator TP,Ω,A defined by

TP,Ω,A f (x) = p.v.
∫
Rn

eiP(x−y) Ω(x − y)
[
A(x) − A(y) − ∇A(y) · (x − y)

]
|x − y|n+1 f (y)dy, (1.2)

where A(x) is a function on Rn with ∇A ∈ BMO(Rn)(BMO(Rn) = { f : supx∈Q
1
|Q|

∫
Q
| f (x) − 〈 f 〉Q|dx <

∞ and 〈 f 〉Q = 1
|Q|

∫
Q

f (x)dx}), and Ω(x) satisfies the following conditions:

(i) Ω(λx) = Ω(x) (λ, x , 0);
(ii) Ω ∈ L∞(Sn−1);
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(iii) For ∀i ∈ [1, n],
∫
Sn−1

Ω(x′)x′i dσ(x′) = 0, where dσ is the normalized Lebesgue measure on Sn−1;

(iv) ω̄(δ) < δθ (θ > 0), where ω̄(δ) is defined by

ω̄(δ) = sup
h∈Rn

|h|≤δ

∫
Sn−1
|Ω(x′ + h) −Ω(x′)|dσ(x′).

About this operator, we first consider the operator TΩ,A

TΩ,A f (x) = p.v.
∫
Rn

Ω(x − y)
[
A(x) − A(y) − ∇A(y) · (x − y)

]
|x − y|n+1 f (y)dy,

originating from the Calderón operator

TA f (x) = p.v.
∫
Rn

Ω(x − y)
[
A(x) − A(y)

]
|x − y|n+1 f (y)dy,

which was first introduced by Calderón [2]. For the operator TA, many researchers have studied it and
the readers can refer to [1,2,5,8], [7, chapter 8], and [10, chapter 4]. However, TΩ,A is not a Calderón-
Zygmund operator, even if Ω is smooth enough. Those operators were first studied by Cohen, and
in [3], Cohen pointed out that TΩ,A is bounded on Lp(Rn)(1 < p < +∞), when Ω ∈ C1(Sn−1).

On the other hand, we notice that Pan [11] studied the following operator:

TP,K = p.v.
∫
Rn

eiP(x−y)K(x, y) f (y)dy,

where K(x, y) = K(x − y) and K(x − y) satisfies CZ(δ). Pan [11] offered the following consequence.

Theorem 1. [11] Let P(x) be a real-valued polynomial of any positive degree. Suppose that K is
CZ(δ) kernel (defined in [11]) for some δ > 0. Then, for 1 < p < ∞, there exists a positive constant
CP such that

‖TP,K f ‖Lp(Rn) ≤ CP‖ f ‖Lp(Rn), (1.3)

for all f ∈ Lp(Rn). The constant CP may depend on n, p, δ, and deg(P), but is otherwise independent
of K and the coefficients of P.

Remark 1. It is well-known that TK is bounded on Lp(Rn)(1 < p < +∞), where

TK = p.v.
∫
Rn

eiP(x−y)K(x, y) f (y)dy,

K(x, y) = K(x − y) and K(x − y) satisfies CZ(δ). For the detail, please refer to [6].

Regarding Pan’s result, the question we raise is whether TP,K is still Lp(1 < p < +∞) bounded
where

K(x, y) =
Ω(x − y)

[
A(x) − A(y) − ∇A(y) · (x − y)

]
|x − y|n+1 ,

when TΩ,A is bounded on Lp(Rn), and K(x, y) is different from the operators in Pan’s [11]. From this,
we obtain the main result of this paper.
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Theorem 2. Let P(x) be a real-valued polynomial of any positive degree. Suppose that Ω satisfies
(i),(ii), (iii), and (iv), and a function A satisfies ∇A ∈ BMO(Rn). Then, for 1 < p < ∞, there exists a
positive constant CP such that

||TP,Ω,A f ||Lp(Rn) ≤ CP|| f ||Lp(Rn), (1.4)

for all f ∈ Lp(Rn). The constant CP depends on n, p, δ, deg(P), Ω, and A, but is otherwise independent
of the coefficients of P.

Remark 2. In this paper, we want to use a new method to study this operator, which is different from
the general method. Now use the operator

TP,Ω,A,h f (x) = p.v.
∫
|x−y|≤h

eiP(x−y) Ω(x − y)
[
A(x) − A(y) − ∇A(y) · (x − y)

]
|x − y|n+1 f (y)dy (1.5)

to approach TP,Ω,A with the fact that there exists a uniform CP such that

‖TP,Ω,A,h f ||Lp(Rn) ≤ CP|| f ||Lp(Rn),

for ∀h > 0. In order to get this object, we consider it for two cases, which are divided by the relationship
between h and 8. When h ≤ 8, It is easy to check by Pan’s method [11]. However, for h > 8, we cannot
get the expected L2 decay of P j (defined below) by the Fourier decay estimate (as Pan did in [11]). In
order to obtain the decay, we will reduce the problem L2 estimate of S j, and combine with the nature of
function A. More details can be found in Section 4. It is valuable to point out that we only use simple
characteristic functions to decompose the operator TP,Ω,A.

Remark 3. It needs to be pointed out that our method to deal with the First oscillatory integral
estimate follows the approach of Mirek, Stein, and Zorin-Kranich [9, Lemma 2.1], which is different
from the classical van der Corput lemma. In the classical van der Corput lemma, for oscillatory
integral

∫
Rn eiP(x)ψ(x)dx, ψ is required to own some regularity. However, we only make ψ integrable.

In the rest of the paper, we shall use A . B to mean that A ≤ CB for a certain constant C which
depends on some essential parameters only. Let M f denote the Hardy-Littlewood maximal operator
defined in [6], and

‖M f ‖Lp(Rn) . ‖ f ‖Lp(Rn)(1 < p < +∞).

2. Basic definition

It might be difficult to process P(x) as an oscillatory factor, so we can handle the difficulties we may
encounter in the proof process using the following lemma.

Lemma 1. [9] Let P(x) be given as in (1.1). Let R > 0 and ψ : Rn → C be an integrable function
supported in B(0,R/2). Then,∣∣∣∣∣∫

Rn
eiP(x)ψ(x)dx

∣∣∣∣∣ .d,n sup
v∈B(0,RΛ−1/d)

∫
Rn
|ψ(x) − ψ(x − v)|dx, (2.1)

where Λ :=
∑

1≤|α|≤d |aα|R|α|.
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Lemma 2. [4] Let A be a function on Rn with derivatives of order one in Lq(Rn) for some q ∈ (n,∞].
Then,

|A(x) − A(y)| . |x − y|(
1
Iy

x

∫
Iy
x

|∇A(z)|qdz)
1
q ,

where Iy
x is the cube which is centered at x and has side length 2|x − y|.

Lemma 3. [13] Let Ω be homogeneous of degree zero and Ω ∈ L log L(S n−1), and let A be a function
on Rn with derivatives of order one in BMO(Rn). Let NΩ,A be the maximal operators defined by

NΩ,A( f )(x) = sup
r>0

1
rn+1

∫
|x−y|<r

|Ω(x − y)| |A(x) − A(y) − ∇A(y) · (x − y)| | f (y)| dy.

Then, for any p ∈ (1,∞),

‖NΩ,A( f )‖Lp(Rn) . ‖∇A‖BMO(Rn)‖Ω‖L log L(S n−1)‖ f ‖Lp(Rn), (2.2)

where ‖Ω‖L log L(S n−1) = inf{λ :
∫

S n−1
|Ω(x)|
λ

log(e +
|Ω(x)|
λ

)dx ≤ 1}.

Remark 4. In this paper, we set NA( f ) = NΩ,A( f ) when Ω = 1, and we need to point out that L∞(S n−1) (
L log L(S n−1).

Furthermore, to address issues in the part of h > 8, as required by our method, we need to introduce
some facts about the Luxemburg norms related to the methods we will use. We list some known facts
about the Luxemburg norms. Details are given in [12]. Let Ψ : [0,∞) → [0,∞) be a Young function,
namely, Ψ is convex and continuous with Ψ(0) = 0, Ψ(t)→ ∞ as t → ∞, and Ψ(t)/t → ∞ as t → ∞.

We also assume that Ψ satisfies a doubling condition, that is, there is M ≥ 1 such that Ψ(2t) ≤ MΨ(t)
for all t ∈ [0,∞).

Let Ψ be a Young function and Q ⊂ Rn be a cube. Define the Luxemburg norm ‖ · ‖LΨ(Q) by

‖ f ‖LΨ(Q) = inf
{
λ > 0 :

1
|Q|

∫
Q

Ψ

(
| f (x)|
λ

)
dx ≤ 1

}
.

It is well known that
1
|Q|

∫
Q

Ψ(| f (x)|)dx ≤ 1⇔ ‖ f ‖LΨ(Q) ≤ 1,

and

‖ f ‖LΨ(Q) ≤ inf
{
µ +

µ

|Q|

∫
Q

Ψ

(
| f (x)|
µ

)
dx : µ > 0

}
≤ 2‖ f ‖LΨ(Q),

see [12, p.54] and [12, p.69], respectively. For p ∈ [1,∞) and γ ∈ R, set Ψp,γ(t) = tp logγ(e + t). We
denote ‖ f ‖LΨp,γ (Q) as ‖ f ‖Lp(log L)γ,Q.

Let Ψ be a Young function. Ψ∗, the complementary function of Ψ, is defined on [0,∞) by

Ψ∗(t) = sup{st − Ψ(s) : s ≥ 0}.

The generalization of Hölder inequality

1
|Q|

∫
Q
| f (x)h(x)|dx ≤ ‖ f ‖LΨ(Q)‖h‖LΨ∗ (Q) (2.3)
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holds for f ∈ LΨ(Q) and h ∈ LΨ∗(Q), see [12, p.6].
For a cube Q ⊂ Rn and γ > 0, we also denote ‖ f ‖exp Lγ,Q by

‖ f ‖exp Lγ,Q = inf
{

t > 0 :
1
|Q|

∫
Q

exp
(
| f (y)|

t

)γ
dy ≤ 2

}
.

It is well known that, for Ψ(t) = log(e + t), its complementary function Ψ∗(t) ≈ et − 1. Let b ∈
BMO(Rn). Then the John-Nirenberg inequality [6] tells us that for any Q ⊂ Rn and p ∈ [1,∞),

‖b − 〈b〉Q‖exp L1/p,Q . ‖b‖
p
BMO(Rn).

This, together with the inequality (2.3), shows that

1
|Q|

∫
Q
|b(x) − 〈b〉Q|p|h(x)|p dx . ‖h‖p

Lp(log L),Q‖b‖
p
BMO(Rn). (2.4)

3. Main proof

Proof. Without loss of generality, we assume that P(x) is non constant and P(0) = 0. In order to
prove (1.4), we shall use induction on deg(P).

When deg(P) = 0, it is easy to check by [4, Lemma 3.2]. For deg(P) = 1, we view the operator
TP,Ω,A as TΩ,A due to the fact that we can always make the linear term of P adsorbed by f . Then, we get
the Lp boundedness of TP,Ω,A when deg(P) ≤ 1.

Then, for a d ≥ 2, we assume (1.4) holds for all P with deg(P) ≤ d − 1.
Final step: We now assume that deg(P) = d, i.e.,

P(x) =
∑
|α|≤d

aαxα,

with
∑
|α|=d |aα| , 0. Let

∑
|α|=d |aα| = td

0 . By rescaling,

TP,Ω,A f (x) = tn
0p.v.

∫
Rn

eiP( x−y
t0

) Ω(x − y)
|x − y|n

[
A( x

t0
) − A( y

t0
) − ∇A( y

t0
) · ( x−y

t0
)
]

|x−y|
t0

f (
y
t0

)dy, (3.1)

and it is easy check that ‖∇A‖BMO(Rn) = ‖∇A( ·t0 )‖BMO(Rn). For convenience, we may assume that∑
|α|=d |aα| = 1, and let

R(x) = P(x) −
∑
|α|=d

aαxα.

Then, let deg(R) ≤ d − 1, and for 0 < h ≤ 8,

|TP,Ω,A,h f − TR,Ω,A,h f | .
∫
|x−y|≤8

|x − y|d
|Ω(x − y)|
|x − y|n

| f (y)|

×
|A(x) − A(y) − ∇A(y) · (x − y)|

|x − y|
dy.
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According to Lemma 3,∫
|x−y|≤8

|x − y|d|
Ω(x − y)
|x − y|n

|
|A(x) − A(y) − ∇A(y) · (x − y)|

|x − y|
| f (y)|dy

.
2∑

j=−∞

∫
2 j<|x−y|≤2 j+1

|x − y|d
1

|x − y|n
|A(x) − A(y) − ∇A(y) · (x − y)|

|x − y|
| f (y)|dy

.
2∑

j=−∞

2 jd
∫

2 j<|x−y|≤2 j+1

1
|x − y|n

|A(x) − A(y) − ∇A(y) · (x − y)|
|x − y|

| f (y)|dy

.
2∑

j=−∞

2 jd ×
1

2 j(n+1)

∫
2 j<|x−y|≤2 j+1

|A(x) − A(y) − ∇A(y) · (x − y)|| f (y)|dy

.
2∑

j=−∞

2 jd × NA( f )(x).

Thus, we have

‖TP,Ω,h f − TR,Ω,h f ‖Lp(Rn) .
2∑

j=−∞

2 jd‖NA f ‖LP(Rn) . ‖ f ‖Lp(Rn).

By the Assumption

||TP,Ω,A,h f ||Lp(Rn) . ||TR,Ω,A,h f ||Lp(Rn) + || f ||Lp(Rn) . || f ||Lp(Rn). (3.2)

For the rest of this proof, we assume that h > 8. Let I j = [2 j, 2 j+1], for j ≥ 3, Using a partition of unity
and considering

ψ j(x) = χI j(|x|)
Ω(x′)
|x|n+1

with characteristic function χI j . Now we turn to consider the following operator:

P j f (x) =

∫
Rn

eiP(x−y)ψ j(x − y)[A(x) − A(y) − ∇A(y) · (x − y)] f (y)dy.

However we can’t find the Fourier transform of P j f . By the idea from [4], we only need to use the
operator

S j f (x) =

∫
Rn

eiP(x−y)ψ j(x − y) f (y)dy

to get the estimate of P j f , which will be discussed in Section 4.
Then,

Ŝ j f (ξ) = m j(ξ) f̂ (ξ),

where
m j(ξ) =

∫
Rn

ei(P(x)−2πξ·x)ψ j(x)dx.

For each j, we set R = 2 j+2, and

P(x) − 2πξ · x =

n∑
k=1

(
∂P
∂xk

(0) − 2πξk)xk +
∑

2≤|α|≤d

aαxα.
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It is easy to check that

Λ :=
n∑

k=1

|

(
∂P
∂xk

(0) − 2πξk

)
R| +

∑
2≤|α|≤d

|aα|R|α| ≥

∑
|α|=d

|aα|

 Rd = Rd,

and hence RΛ−1/d ≤ 1. So, we apply Lemma 1 and get the following estimate that

|m j(ξ)| . sup
v∈B(0,1)

∫
Rn
|ψ j(x) − ψ j(x − v)|dx

for any ξ ∈ Rn.

Due to the estimate

|ψ j(x) − ψ j(x − v)| =
∣∣∣∣∣χI j(x)

Ω(x)
|x|n+1 − χI j(x − v)

Ω(x − v)
|x − v|n+1

∣∣∣∣∣
≤
|Ω(x) −Ω(x − v)|

|x|n+1 χI j(|x|) + |Ω(x − v)|
∣∣∣∣∣ 1
|x|n+1 −

1
|x − v|n+1

∣∣∣∣∣ χI j(|x|)

+
|Ω(x − v)|χI j(x − v)

|x − v|n+1

∣∣∣χI j(|x|) − χI j(|x − v|)
∣∣∣ ,

we get

|m j(ξ)| .supv∈B(0,1)

∫
Rn
|ψ j(x) − ψ j(x − v)|dx

.I1 + I2 + I3.

For the term I1, due to the fact that Ω ∈ L1(S n−1) is a homogeneous function of degree zero on Rn and
θ−Lipschitz condition,∫

Rn
χI j(|x|)

|Ω(x) −Ω(x − v)|
|x|n+1 dx =2− j

∫
2 j<|x|≤2 j+1

|Ω(x) −Ω(x − v)|
|x|n

dx

=2− j
∫ 2 j+1

2 j

∫
S n−1

|Ω(rx′) −Ω(rx′ − v)|
r

dσ(x′)dr.

Now, let δ = 1
r , and due to the fact that Ω(rx) = Ω(x), we have

∫
Rn
χI j(|x|)

|Ω(rx′) −Ω(rx − rδv)|
|x|n+1 dx ≤2− j

∫ 1
2 j

1
2 j+1

∫
S n−1 |Ω(x′) −Ω(x′ − vδ)|dσ(x′)

δ
dδ

≤2− j
∫ 1

2 j

1
2 j+1

ω̄(δ)
δ

dδ = 2− j
∫ 1

2 j

1
2 j+1

δθ−1dδ .
1

2 j(1+θ) .

For the term I2, we have a trivial estimation:∣∣∣|x − v|n+1 − |x|n+1
∣∣∣ . |v| |x − tv|n . |x|n,
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where 0 < t < 1, |x| > 8, and |v| ≤ 1. Then, for j ≥ 3, we get c|x| ≤ |x − v|, and we have Ω ∈ L1(S n−1).
So we have the following estimate:∫

2 j<|x|≤2 j+1
|Ω(x − v)|

∣∣∣∣∣ 1
|x|n+1 −

1
|x − v|n+1

∣∣∣∣∣ dx

≤

∫
2 j<|x|≤2 j+1

|Ω(x − v)|

∣∣∣|x − v|n+1 − |x|n+1
∣∣∣

|x|n+1|x − v|n+1 dx

.

∫
2 j−1<|x−v|≤2 j+2

|Ω(x − v)|
1

|x||x − v|n+1 dx

.
1
2 j

∫
2 j−1<|x|≤2 j+1

|Ω(x)|
|x|n+1 dx =

1
2 j

∫ 2 j+1

2 j−1

∫
S n−1

|Ω(x′)|
r2 dσ(x′)dr

.
1

22 j .

Now, we turn to the estimate of the term I3. For any v ∈ B(0, 1) and j ≥ 3, we get the following
relation:

[B(0, 2 j+1)\B(0, 2 j)]4[B(v, 2 j+1)\B(v, 2 j)] ⊂ A
⋃

B,

where A =
{
x : 2 j − 1 ≤ |x − v| ≤ 2 j + 1

}
and B =

{
x : 2 j+1 − 1 ≤ |x − v| ≤ 2 j+1 + 1

}
.∫

Rn

|Ω(x − v)|
|x − v|n+1

∣∣∣χI j(|x|) − χI j(|x − v|)
∣∣∣ dx ≤

1
2 j

∫
Rn

|Ω(x − v)|
|x − v|n+1 (χA(x) + χB(x))dx

≤
1
2 j (I31 + I32).

It is easy to check that ∫
Rn

|Ω(x − v)|
|x − v|n+1 χA(x)dx =

∫ 2 j+1

2 j−1

∫
S n−1

|Ω(x′)|
r

dσ(x′)dr

.
1
2 j

∫
S n−1
|Ω(x′)|dσ(x′),

and we also have I32 ≤
1
2 j

∫
S n−1 |Ω(x′)|dσ(x′).

Above all, by the Plancherel theorem, we have

‖S j f ‖L2(Rn) . (I1 + I2 + I3)‖ f ‖L2(Rn) . 2− j(1+θ0)‖Ω‖L1(Sn−1)‖ f ‖L2(Rn). (3.3)

Furthermore, we can check that there exists a small enough ε such that

‖P j f ‖L2(Rn) . 2− j(θ0−ε)‖ f ‖L2(Rn). (3.4)

On the other hand, we have

‖P j f ‖Lp(Rn) . ‖NΩ,A f ‖Lp(Rn) . ‖ f ‖Lp(Rn). (3.5)
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So, interpolate (3.4) with (3.5), and we obtain that for some ζ > 0,

‖P j f ‖Lp(Rn) ≤ C2−ζ j‖Ω‖L1(Sn−1)‖ f ‖Lp(Rn), f or 1 < p < ∞. (3.6)

So, we have the following estimate:

‖TP,Ω,A,h f ‖Lp(Rn) . ‖TP,Ω,A,8 f ‖Lp(Rn) +

[log2 h]∑
j=3

‖P j f ‖Lp(Rn) + ‖M f ‖Lp(Rn)

. ‖TP,Ω,A,8 f ‖Lp(Rn) +

+∞∑
j=3

‖P j f ‖Lp(Rn) + ‖M f ‖Lp(Rn)

≤ ‖ f ‖Lp(Rn)

where h > 8 and 1 < p < ∞.
By using

TP,Ω,A, f = lim
h→∞

TP,Ω,A,h f

interpreted in the distributional sense, we obtain

||TP,Ω,A,h f ||Lp(Rn) ≤ CP|| f ||Lp(Rn), (3.7)

for all test functions f of inequality (3.7) followed by standard arguments.
Above all, the proof of (1.4) is now completed. �

4. The proof of (3.4)

Proof. For the operator P j, we can rewrite it as

P j f (x) =

∫
Rn

Θ j(x − y)(A(x) − A(y) − ∇A(y) · (x − y)) f (y)dy,

where Θ j is the inverse Fourier transform of m j.

Observe that supp Θ j ⊂ {x : |x| ≤ 2 j+2}. If I is a cube having side length 2 j, and f ∈ L2(Rn) with
supp f ⊂ I, then P j f ⊂ CnI. Furthermore, for general f ∈ L2(Rn), a function f can be writen as

f =
∑

k

fχQk ,

where {Qk}k∈Zn is a grid of disjoint cubes of side length 2 j partitioning Rn, and

‖P j( f )‖2L2(Rn) .
∑

k

‖P j( fχQk)‖
2
L2(Rn) .

∑
k

‖( fχQk)‖
2
L2(Rn) = ‖ f ‖2L2(Rn).

Therefore, to prove (3.4), we may assume that supp f ⊂ I with I being a cube having side length 2 j.
Let x0 be a point on the boundary of 2CnI and A∗I (y) = A(y) −

∑n
m=1〈∂mA〉(CnI) · ym, and

AI(y) = (A∗I (y) − A∗I (x0))ξI(y),
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where ζI ∈ C∞0 (Rn), supp (ζI) ⊂ 1.5CnI, and ζI(x) ≡ 1 when x ∈ 100nI. Observe that ‖∇ζI‖L∞(Rn) . 2− j,
and, due to Lemma 2,

sup
t∈[0,1]

∣∣∣∣∇A
(
x0 + t(y − x0)

)
− 〈∇A〉CnI

∣∣∣∣ . ‖∇A‖BMO . 1

when t ∈ (0, 1), which implies that

|∇(AI(y − t(y − x0))| ≤ |∇A
(
x0 + t(y − x0)

)
− 〈∇A〉100nI ||ξI | + |A∗I (y) − A∗I (x0)||∇ξI | ≤ 1.

So, for all y ∈ 100nI,

|AI(y) − AI(x0)| ≤ |∇(AI(y − t(y − x0))||y − x0| . 2 j.

Furthermore,
‖AI‖L∞(Rn) . 2 j. (4.1)

Write

P j f (x) = AI(x)S j f (x) − S j(AI f )(x) −
n∑

m=1

[hm, S j]( f∂mAI)(x), (4.2)

where hm(x) = xm − cI,m (recall that xm denotes the mth variable of x, and cI,m denotes the center of I
and cI), and then it follows from (4.1) that

‖AIS j f ‖L2(Rn) + ‖S j(AI f )‖L2(Rn) . 2− jθ0‖ f ‖L2(Rn). (4.3)

Applying the John-Nirenberg inequality, we know that

‖∂mAI‖
2
expL1/2,I . 1.

Recall that supp [hm, S j]( f∂mAI) ⊂ 100dI. It then follows from inequality (2.4) that

‖[hm, S j]( f∂mAI)‖L2(Rn) = sup
‖g‖L2(Rn)≤1

∣∣∣∣∣∫
Rn
∂mAI(x) f (x)[hm, S j]g(x)dx

∣∣∣∣∣
≤ ‖ f ‖L2(Rn) sup

‖g‖L2(Rn)≤1
supp g⊂100dI

‖∂mAI[hm, S j]g‖L2(I)

≤ ‖ f ‖L2(Rn)

|I| sup
‖g‖L2(Rn)≤1

supp g⊂100dI

‖[h, S j]g‖2L2(log L)2,I


1/2

.

Now let g ∈ L2(Rn) with ‖g‖L2(Rn) ≤ 1 and supp g ⊂ 100dI. Observe that

|Θ j| ≤ sup
2 j≤|x|≤2 j+1

∣∣∣∣∣Ω(x)
|x|n+1

∣∣∣∣∣ . 1
2 j(n+1) .

This imply that

‖S jg‖L∞(Rn) . ‖Θ j‖L∞(Rn)‖g‖L1(Rn) .
1

2 j(n+1) ‖g‖L1(Rn).
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Furthermore, we have the following estimate:

‖χI[hm, S j]g‖L∞(Rn) .‖χIhmS jg‖L∞(Rn) + ‖χIS j(hmg)‖L∞(Rn)

. 2 j‖S jg‖L∞(Rn) + ‖Θ j‖L∞(Rn)‖g‖L1(Rn)

.
1

2
n
2 j
,

since supp(g) ⊂ I and
‖g‖L1(Rn) . |I|1/2‖g‖L2(Rn) . 2

n j
2 .

On the other hand, it is easy to check that

‖[hm, S j]g‖L2(Rn) . ‖χIhmS jg‖L2(Rn) + ‖χIS j(hmg)‖L2(Rn)

. 2− jθ0‖g‖L2(Rn).

Set λ0 = [2− jθ0]22− jn log2
(
e + 2 jθ0

)
. A straightforward computation tells us that∫

I
|[hm, S j]g(x)|2 log2

(
e +
|[hm, S j]g(x)|
√
λ0

)
dx

. log2(e + 2 jθ0)
∫

I
|[hm, S j]g(x)|2dx

.
[
2− jθ0 log(e + 2 jθ0)

]2

.λ02 jn,

due to the face that
‖χI[hm, S j]g‖L∞(Rn)

√
λ0

.
2−( n

2 ) j

2− jθ02−
n j
2 log (e + 2 jθ0)

. 2 jθ0 .

This tells us that
‖[hm, S j]g‖L2(log L)2,I .

√
λ0,

and thus

‖[hm, S j]( f∂mAI)‖L2(Rn) . 2− jθ0 log
(
e + 2 jθ0

)
‖ f ‖L2(Rn).

So there exist an ε, which is small enough, such that

‖[hm, S j]( f∂mAI)‖L2(Rn) . 2− j(θ0−ε)‖ f ‖L2(Rn). (4.4)

5. Conclusions

In this paper, we establish the Lp(Rn)-boundedness for 1 < p < ∞ of the oscillatory singular integral
operator TP,Ω,A, under suitable assumptions on Ω and ∇A ∈ BMO, which extends Pan’s result [11] to
non-standard kernels. In our proof, we use a novel oscillatory estimate to replace van der Corput
lemma.
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