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Abstract: In this paper, we study a kind of oscillatory singular integral operator 7pg 4 defined by

Tpoaf(x) =p.v. f £ Py Q(x —y)[A(x) — A(y) — VA(Y) - (x — y)]

R lx =yt

J()dy,

where P(x) is a real polynomial on R”, and Q(Ax) = Q(x). Under some conditions, we show that Tpq 4
is bounded on L?(R") with uniform boundedness, which improves and extends Pan’s result [11].
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1. Introduction

Letn,d e N, x = (x1,...,x,) € R". Let

P(x) = Za(,x“, (1.1)
lal<d
where a = (ay,...,a,), lal =a; + -+ @, x* = x{"---x;,", and a, € R.

In the paper, we consider the following operator 7Tp 4 defined by

Tpoaf(x)=p.v. f PG Qx —y) [A(x) = A(y) = VA(Y) - (x — )]

R7 lx — y|r+!

f)dy, (1.2)

where A(x) is a function on R" with VA € BMOR")(BMO(R") = {f : sup,, ﬁ fQ |f(x) = (FHoldx <
oo and (f)p = I_él fQ f(x)dx}), and Q(x) satisfies the following conditions:

1) QUx) = Q(x) (1, x # 0);
() Qe L>(S" 1),
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(iii) For Vi€ [1,n], f Q(x')x, do(x') = 0, where do is the normalized Lebesgue measure on $"!;
Sn—l
(iv) @(6) < 6% (6 > 0), where @(9) is defined by

w(0) = supf QX" + h) — Q(x")|do(x).
gn-1

heR”
|h|<é

About this operator, we first consider the operator T 4

Toaf() = pa. | 0= [AG) ~ AG) ~ VAG) - (x = )]

R? |x — yl*+!

f(y)dy,

originating from the Calderon operator

Qx—-y)[Ax) - A
TAf(x):p.V.f (x =) [AC) (Y)]f()’)dy,

R |x =yl

which was first introduced by Calderén [2]. For the operator 74, many researchers have studied it and
the readers can refer to [1,2,5, 8], [7, chapter 8], and [10, chapter 4]. However, T 4 1s not a Calderon-
Zygmund operator, even if Q is smooth enough. Those operators were first studied by Cohen, and
in [3], Cohen pointed out that T 4 is bounded on LP(R")(1 < p < +o0), when Q € C!(S"™).

On the other hand, we notice that Pan [11] studied the following operator:

Trk = P.V. f eFPIIK(x,y) f()dy,
RI‘[

where K(x,y) = K(x — y) and K(x — y) satisfies CZ(0). Pan [11] offered the following consequence.

Theorem 1. [11] Let P(x) be a real-valued polynomial of any positive degree. Suppose that K is
CZ(9) kernel (defined in [11]) for some 6 > 0. Then, for 1 < p < oo, there exists a positive constant
Cp such that

ek fllrn < Crllfllzr@n), (1.3)

for all f € LP(R"). The constant Cp may depend on n, p, 6, and deg(P), but is otherwise independent
of K and the coefficients of P.

Remark 1. It is well-known that Tk is bounded on LP(R")(1 < p < +00), where

Tk = p.v. f " VK(x,y) f()dy,
R)l

K(x,y) = K(x —y) and K(x —y) satisfies CZ(9). For the detail, please refer to [6].

Regarding Pan’s result, the question we raise is whether Tpx is still LP(1 < p < 400) bounded

where
Q(x — ) [A(x) = A(y) = VA(Y) - (x — )]
lx — yp+!

b

K(x,y) =

when T 4 1s bounded on L(R"), and K(x,y) is different from the operators in Pan’s [11]. From this,
we obtain the main result of this paper.
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Theorem 2. Let P(x) be a real-valued polynomial of any positive degree. Suppose that Q) satisfies
(i),(ii), (iii), and (iv), and a function A satisfies VA € BMO(R"). Then, for 1 < p < oo, there exists a
positive constant Cp such that

ITeoafllr@ny < Cellfllr@n), (1.4)

forall f € LP(R"). The constant Cp depends on n, p, 6, deg(P), Q, and A, but is otherwise independent
of the coefficients of P.

Remark 2. In this paper, we want to use a new method to study this operator, which is different from
the general method. Now use the operator

Tpaanf(x) = p.v. f Py Q(x —y) [A(x) — A(y) = VA(Y) - (x = y)]

lx—yl<h |x — yl+!

Jdy (1.5)

to approach Tpg 4 with the fact that there exists a uniform Cp such that

ITpaanfllr@sy < Cell fllr@m,

forVh > 0. In order to get this object, we consider it for two cases, which are divided by the relationship
between h and 8. When h < 8, It is easy to check by Pan’s method [11]. However, for h > 8, we cannot
get the expected L* decay of P; (defined below) by the Fourier decay estimate (as Pan did in [11]). In
order to obtain the decay, we will reduce the problem L? estimate of S j, and combine with the nature of
function A. More details can be found in Section 4. It is valuable to point out that we only use simple
characteristic functions to decompose the operator Tpg 4.

Remark 3. It needs to be pointed out that our method to deal with the First oscillatory integral
estimate follows the approach of Mirek, Stein, and Zorin-Kranich [9, Lemma 2.1], which is different
from the classical van der Corput lemma. In the classical van der Corput lemma, for oscillatory
integral J];@ eIy (x)dx, Y is required to own some regularity. However, we only make s integrable.

In the rest of the paper, we shall use A < B to mean that A < CB for a certain constant C which
depends on some essential parameters only. Let M f denote the Hardy-Littlewood maximal operator
defined in [6], and

1M fllr®ny S fllr@n(1 < p < 400).

2. Basic definition

It might be difficult to process P(x) as an oscillatory factor, so we can handle the difficulties we may
encounter in the proof process using the following lemma.

Lemma 1. [9] Let P(x) be given as in (1.1). Let R > 0 and ¢ : R" — C be an integrable function
supported in B(0,R/2). Then,

f eTy(x)dx
R’l

where A := 31 41<a |aq|R“!.

<un sup f W) — wx — Vi, @.1)
5

veB(0,RA-1/d)
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Lemma 2. [4] Let A be a function on R" with derivatives of order one in L1(R") for some g € (n, x].
Then,

1 i
lA(x) =AW < |x —yl(l—y j: IVA(2)l"dz)«,
x JIy

where I, is the cube which is centered at x and has side length 2|x — y|.

Lemma 3. [13] Let Q be homogeneous of degree zero and Q € Llog L(S™™"), and let A be a function
on R" with derivatives of order one in BMO(R"). Let Ng 4 be the maximal operators defined by

1Qx = Y[ AX) = A(Y) = VAQY) - (x = DI f )] dy.

lx=yl<r
Then, for any p € (1, ),
INo.A(Nr@ny S IIVAlBMOEn 1 10g 15 1)L e, 2.2)
where ||Ql|jog (s = inf{d : [, , ® log(e + EM)dx < 1),

Remark 4. In this paper;, we set No(f) = Noa(f) when Q = 1, and we need to point out that L*(S™™") C
Llog L(S"™M).

Furthermore, to address issues in the part of 4 > 8, as required by our method, we need to introduce
some facts about the Luxemburg norms related to the methods we will use. We list some known facts
about the Luxemburg norms. Details are given in [12]. Let ¥ : [0, c0) — [0, o) be a Young function,
namely, ¥ is convex and continuous with ¥(0) = 0, ¥Y(f) — oo as t — oo, and W(¢)/t — oo as t — oo.

We also assume that ¥ satisfies a doubling condition, that is, there is M > 1 such that W(2¢) < MYY(¢)
for all r € [0, 00).

Let ¥ be a Young function and Q C R" be a cube. Define the Luxemburg norm || - || ;¥ by

) 1
1Nl = 1nf{/l >0: @ L‘P(lf;x)l)dx < 1}.

1
—1f%nﬂMst1@umﬁ@s1,
01 Jo

It is well known that

and

|WWQIMQ+@I (%ﬁ) >@smmw®
[,

see [12, p.54] and [12, p.69], respectively. For p €

denote || f1l p#ra o) a8 I fllzraog Lyr.0-
Let ¥ be a Young function. ¥*, the complementary function of ¥, is defined on [0, co) by

oo)and y € R, set ¥, ,(t) = " log?(e + 1). We

Y*(t) = sup{st — ¥(s) : s > 0}.

The generalization of Holder inequality

0l f lfOR(Oldx < (I fll v lIll o ) (2.3)
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holds for f € LY(Q) and h € LY (Q), see [12, p.6].
For a cube Q c R" and y > 0, we also denote || fllexp 7,0 bY

1 fllexpr.0 = 1nf{t>0 IQlf ('f(y)l) dy <2}

It is well known that, for W(¢) = log(e + t), its complementary function W*(f) ~ ¢’ — 1. Let b €
BMO(R™). Then the John-Nirenberg inequality [6] tells us that for any Q € R" and p € [1, 00),

16— {bYollexp Lrir,0 S ”b”BMO(R”

This, together with the inequality (2.3), shows that

0l f 1b(x) = DYl ()N dx S ANy 0g 1) 01O Brsr0n): 2.4)

3. Main proof

Proof. Without loss of generality, we assume that P(x) is non constant and P(0) = 0. In order to
prove (1.4), we shall use induction on deg(P).

When deg(P) = 0, it is easy to check by [4, Lemma 3.2]. For deg(P) = 1, we view the operator
Tpoa as Toa due to the fact that we can always make the linear term of P adsorbed by f. Then, we get
the L” boundedness of Tp 4 when deg(P) < 1.

Then, for a d > 2, we assume (1.4) holds for all P with deg(P) < d — 1.

Final step: We now assume that deg(P) = d, i.e.,

P(x) = Z g x”,

lor|<d

with Y ,zq ldal # 0. Let Yy -y laol = 14. By rescaling,

e Q= y) [AG) ~ 4G - VAG) - ()]

Tpaaf(x) = top.v. f — f(X)dy, (3.1
Rn lx = yI" % fo
and it is easy check that [[VAlgmowr) = [IVA(: )||BMO(Rn) For convenience, we may assume that
Dlal=d 1ol = 1, and let
R(x) = P(x) — Z aux”.
lal=d
Then, let deg(R) <d —1,and for 0 < h < 8,
41Qx = y)l
Transf - Taaafl s [ b=yt =Dl
lx—yl<8
IA(X) A(y) - VA(y) (x — y)l dy
|x =yl
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According to Lemma 3,

f Ix — yldlﬂ(x - ) | |A(x) — A(y) — VA®Y) - (x — y)| oy
bx-y1<8 e =yl |x — |

2 1 JA(x) - A®y) - VAQY) - (x = y)l

d
- d

s jzz_oo £i<|x_}y|§2j+l |X yl |x — y|” |x _ yl |f(y)| Yy

S 1 JAx)—A(y) - VA®DY) - (x —
e ey oy

Jj==o0 2iceoyig2it X =Yl |x —y|

2 . 1
<) 2 | o A= A0 = VAG) = IO

j=—oo
2
< D 2T XN,
j:—oo
Thus, we have

2
jid
ITpanf = Tranflloen S ) 2 INAfIran < 1.

Jj=—00

By the Assumption

T poanfllireny S W Troanflr@n + 1 fllrwny < N fllr@n). (3.2)

For the rest of this proof, we assume that & > 8. Let I; = [2/,2/*1], for j > 3, Using a partition of unity

and considering
Q(x")
i) = a7

with characteristic function y;,. Now we turn to consider the following operator:

Pif(x) = fR Ty = MIA) = AG) = VAG) - (x = N1FO)dy.

However we can’t find the Fourier transform of P;f. By the idea from [4], we only need to use the
operator

S () = fR My - ) f )y

to get the estimate of P;f, which will be discussed in Section 4.
Then,

S 1©) = m&f©®),
where

m;(€) = f " PO2ED Y, (x)dx.

For each j, we set R = 2/*2, and

~ 0P
P(x) - 21& - x = Z(G—&(O) —2mEN Y X,

k=1 2<|al<d
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It is easy to check that
n

oP N
A= |(0—)%<0)—2n§k)R|+ D |aa|R"z[Z |aa|]Rd=Rd,

k=1 2<]al<d lar|=d

and hence RA™'¢ < 1. So, we apply Lemma 1 and get the following estimate that

Im;(&)l < sup (%) = ¢ j(x = v)ldx

veB(0,1) JR”

for any £ € R".
Due to the estimate

Q Q(x —
W i(x) — ¢ i(x —v)| = ‘le(x)lxlg’ﬂ = X1,(x = v)lx(fVI”‘ﬁ
Q(x) — Q(x — 1
Sl (x) |x|n+(lx V)l)(,j(lxl) + Q0 —v)| T e xr;(|x])
1Q(x = v)xr,(x —v)
b v =],

we get

MAD)] <suprenon, f 0,6) — 0 = V)ldx
R’l

<sh + L+ L.

For the term /;, due to the fact that Q € L'(S"!) is a homogeneous function of degree zero on R” and
6—Lipschitz condition,

f Xz,-(lxl)lg(x) — S - v)ldx =27/ f LAt v)ldx
R 2/<|x|<27+!

|x|n+1 |x|n

2j+l
. Qrx') — QUry’ —
:2‘]f f ) 220 = v
2J gn-1 r

Now, let 6 = 1, and due to the fact that Q(rx) = Q(x), we have

r

') - - ZLJ el QD = QX —vd)ld ’
f Xz,-(lxl)lg(rx) Qrx = rovl ;o pi f Jow 1907) - O = v0) 7 15
Rﬂ

| x|+ 1 5
2j+l1

1 L
i [ @ i Y
< [T a5 =27 [ 6Mdb 5 5

2j+1 2J+1

For the term I,, we have a trivial estimation:
[ e e e P T P AP P P o
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where 0 < ¢ < 1, |x| > 8, and |[v| < 1. Then, for j > 3, we get c|x| < |x — v|, and we have Q € L'(S"™").
So we have the following estimate:

f Q(x — V)|
2i<|x|<2i*!
||X _ v|n+1 _ X|n+1|

< |Q(x — V)| dx
L<|xl§2-/“ x|+ x — vfret

1
< f Q(x = V)l ————dx
21 <|x—y|<2i+2 |x[|x = v|"

! el 1 fl’*' f Q|
<S— —— dx = — d “d
T2 o A YT e o 12 o(x)dr

1
S
~52j

1 1

|x|n+l |X _ v|n+l

Now, we turn to the estimate of the term /5. For any v € B(0,1) and j > 3, we get the following
relation:

[B(0,27*)\B(0,2)]A[B(v, 2" )\B(v,2/)] C A U B,

WhereA:{x:2j—1S|x—v|32j+1}andB:{x:21+1—1Slx—v|§2j+1+1}.

0 Q
jl;n = |n‘2| I/\/I (Ixl) = xr,(1x = v|)|dx —21 e V)I(XA(X) +xp(x))dx

|.X | |n+l

35(131 + I3).

It is easy to check that

2/+1 ’
f |Q(x—v?| (o = f f RO ()
R X — V" 2 s T

<§ " 1Q(x")|do(x"),

and we also have I3 < 5; fS,H |Q(x")|do(x").
Above all, by the Plancherel theorem, we have

— (146
IS i fllzeny < (It + I + B fll2gny <2 jax 0)||-Q||L1(S"*‘)||f||L2(R"). (3.3)

Furthermore, we can check that there exists a small enough € such that

IPifllz@ny S 2_JI(E)O_E)||f||L2(Rn)~ (3.4)

On the other hand, we have
1P fller@ny < [INaafllr@sy S Wfllzee- (3.5)
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So, interpolate (3.4) with (3.5), and we obtain that for some ¢ > 0,

1P fllr@n < C2NQN @I fllr@n,  for 1< p < oo, (3.6)
So, we have the following estimate:

[log, Al

ITpannfllren S WTpansflen + Y WPl + IMFlen
J=3

+00
< WTransflien + D IP s + IMFlen

=3
< N fllzregmy

where h > 8 and 1 < p < co.
By using
Tpoaf = %l_)r{)lo Troanf

interpreted in the distributional sense, we obtain

ITpoanfllr@n < Cpllfllr@n), (3.7)

for all test functions f of inequality (3.7) followed by standard arguments.
Above all, the proof of (1.4) is now completed. O

4. The proof of (3.4)

Proof. For the operator P;, we can rewrite it as

PLf(x) = f 0, — VAW — AG) - VAG) - (x - ) fO)dy.
RV!
where ©; is the inverse Fourier transform of m;.

Observe that supp®; C {x : |x| < 2/*?}. If I is a cube having side length 2/, and f € L*(R") with
supp f C 1, then P;f c C,I. Furthermore, for general f € L*(R"), a function f can be writen as

£=> fxom
k

where {Qy }rez» 1s a grid of disjoint cubes of side length 2/ partitioning R”, and

PSRy S D I X0y © D I X 00 Eagery = I IR
k k

Therefore, to prove (3.4), we may assume that supp f C I with I being a cube having side length 2/.
Let xo be a point on the boundary of 2C,/ and A;(y) = A(Y) — 21— 1{OnA)(C,1) * Ym> and

Ai(y) = (A;(») = Aj(xo)é(y),

AIMS Mathematics Volume 11, Issue 7, 20254-20266.
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where {; € C7(R"), supp ({;) € 1.5C,1, and {;(x) = 1 when x € 100nl. Observe that ||V =@ < 27,
and, due to Lemma 2,

sup |VA(xo + t(y — x0)) — (VA)¢,1| < IVAllsmo < 1
1€[0,1]

when ¢ € (0, 1), which implies that

V(A1 (y = 1(y = x0))| < [VA(x0 + 1(y = X0)) — (VA 1o0uillér] + A7 (0) = Aj(xo)lIVErl < 1.

So, for all y € 100n/,
IA1(y) = Ar(xo)l < [V(AL(y — 1y = xo)lly — X0l < 2.

Furthermore,
Al Loy < 27. 4.1)

Write
Pif(x) = Ai(x)S ;f(x) =S j(Arf)(x) — Z[hm, S i 1(fo,AD(x), 4.2)
m=1

where h,(x) = x,, — ¢y, (recall that x,, denotes the mth variable of x, and c;,, denotes the center of /
and ¢;), and then it follows from (4.1) that

IALS i Fllzen + 1S A 2@n S 27 fll2gen- (4.3)
Applying the John-Nirenberg inequality, we know that

2
||amAI||expL1/zJ < 1.

Recall that supp [A,,, S j1(f0,,A;) € 100d1. It then follows from inequality (2.4) that

P, S j1(fOmADN 2y = sup

lgll 2z <1

< fllez@ny  sup  10mArlhm, S 182
gl 2am <1
supp gc100d1

OnA1(X) f ()P, S j18(x)dx

R’l

1/2

2
< ||f||L2(R") |I| Sup ||[h’ Sj]g”LZ(lOgL)ZJ

”g”LZ(Rn)Sl

supp gc100d!
Now let g € L*(R") with [Ig|l;2+) < 1 and supp g C 100d!. Observe that
Q(x)

|x|n+1

1
= jn+l)

©;/ < sup

2J<|x|<27+!

This imply that

1
IS i8llze@ny < N1Ollzeo@mllgllLr@ny < WH&’”LI(W)-
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Furthermore, we have the following estimate:

|LYI[hmaSj]g”L"°(R") $||)(1thjg||L°°(R") + ||XlSj(hmg)||L°°(Rn)
S 208 gl ey + 1Ol o)l Lt gy

f—

$ n -9
23/

since supp(g) C I and
nj
llgllrrny < |I|1/2||g||L2(R") <27,

On the other hand, it is easy to check that

7, S j1gll2@ny < I ithmS j8llzeny + 1S j(Am@ll2@m)
< 277 Igll 2

Set Ay = [27/%]227/"1og? (e + 2/90) . A straightforward computation tells us that

[, S 18()]
fll[hm,Sj]g(X)l2 log® (e + T) dx

< log?(e + 2/%) f [ty S j1g(x)*dx
1

<[27® log(e + 2]

<SA02”",
due to the face that e
D¢ r[Pms S 7181 Lo rm) < 2 2 < 20,
Vo 2-1%277 log (e + 2/%)

This tells us that
W[7ms S 181200 121 S \//1_,
and thus

1 S A OnADI2ery < 27 log (& + 27) |l 2z

So there exist an €, which is small enough, such that

W[y S 1CfOmADN 2Ry S 2_j(eo_e)||f||L2(R")- 4.4)

S. Conclusions
In this paper, we establish the L7(R")-boundedness for 1 < p < oo of the oscillatory singular integral
operator Tpq 4, under suitable assumptions on € and VA € BMO, which extends Pan’s result [11] to
non-standard kernels. In our proof, we use a novel oscillatory estimate to replace van der Corput

lemma.
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