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Abstract:  Generalized convexity plays a prolific role in the development and refinement of
inequalities. This manuscript assesses some key regularity properties of o convex functions and
related generalized fundamental inequalities. Particularly, we proved the relation between o-convex
functions and classical convexity. Based on this result, we discussed the first-order characterization
of o-convex functions. Next, we derived some new refinements of Jensen’s inequality, including
an interpolating Jensen inequality and bounds of Jensen’s functional. By taking the benefit of
o-convexity, we constructed general a Hermite—Hadamard inequality and its weighted analog for
symmetric functions as well as and several other inequalities. Our results are novel due to their unifying
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of the transformation function o. Finally, we addressed some useful applications to normed spaces,
entropy measures, and the general mean inequality.
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1. Introduction

Analysis of functions that preserve convexity is a foundational aspect of convex analysis. They are
instrumental in handling the diverse and challenging problems of analysis and geometry due to their
several distinctive and featured properties. To make these concepts more accessible and applicable,
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several advancements have been made in the literature. The nonlinear means provide the framework
to generalize and assess the classical concepts of convexity. One can interpret the role of convexity as
the behavior of functions under various means. Working in this direction, several classes of convexity
have been introduced and explored from diverse aspects. Classical convexity (A—A), log convexity
(A-G), harmonic convexity (H-A), and geometric—arithmetic convexity (G-A) are the commonly
known classes of convexity. Recently, several approaches, including bi-mappings, generalized convex
structures, and nonlinear weighted means, have been made. In 2019, Wu and his coauthors [1] utilized
the idea of the quasi-mean to unify several known classes, stated as follows:

Definition 1.1. Let o is a strictly monotonic continuous function. Then any function ® : [w,7] — R is
said to be o-convex, if

® (07" (1 - B)o(®) +Bor(w)) < (1 - D) + fD(w), ¥, w € [w,T].

From Definition 1.1, one can conclude that every o-convex function is a convex function,
harmonically convex function, p-convex function, and geometric-arithmetic function for the
transformation function o (1) = 4, 1/, 97, In(:3), respectively.

Now, we give some important classes of convexities originated from Definition 1.1.

1) For o () = we get the class of A-harmonic convex functions defined in [2],

L
9-1°

(-5)
9-1 + w-A1

(I)[;,8 + /l) < (1 -pHD) +P(w), VYI welw,T].

2) For o(9) = In(® — 1), we get the class of A-geometric convex functions
O (9 - VP -2 +2) < (1 - BOW) + fD(w), Y8, w € [w,7].
3) For o() = (¥ — A)P, we get the class of (4, p)-convex functions
O ((1 =BT = D + = D)7 + ) < (1 = HOWD) + (W), Y, w € [w,7].

4) For o(1}) = 92, we get the class of quadratically convex functions

® (V1 =B + Bu?) < (1 - HOW) + fD(w), V8, w € [w,T].

5) For o(1) = 972, we get the class of quadratically harmonic convex functions

1
O ————=| <A -pDPW) +pP(w), VI we|[w,T].
a-p , B
92 w?
In [1], they proved that the sum and product of similarly ordered o-convex functions are also
o-convex functions. Incorporating these properties, several refinements of Hermite—Hadamard-type
inequalities have been developed. Moreover, their bounded, continuity, Lipschitzian, and composition

properties have been discussed in [3]. For more details, see [4,5].
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The contributions of inequalities in diverse domains of analysis showcase the necessity and utility
of them because several foundational concepts are explored through inequalities. In the progression of
this subject, the concept of convexity of functions have a central role. The proof of various fundamental
inequalities through convexity asserts its significance and dominance as compared to other classes of
functions. For more details, see [6-8].

The general Hermite—Hadamard’s inequality pertaining to o-convexity is described as follows:

Theorem 1.1 ([1]). Let @ : [w,7] — R be a o-convex function. Then the following double inequality
holds:

© (0__1 (a-(w) + O'(T))) - 1 (1) M (L1)

R
> ) S e o P07 =TS

The Fejér inequality for o-convexity is given follows:

Theorem 1.2 ( [4]). Let @ : [w,T] — R be a o-convex function and g be a symmetric functions about

T(W)+o (1) - : - - .
TJr. Then the following weighted double inequality holds:

o (7) (m) 1) ) o (1)
oot (T FHT@ f goa"l(ﬁ)dﬁsf D o g(o (9)dd < Mf g oo (9)dD.
2 a(w) a(w) 2 a(w)

In [9], the authors examined some multiplicative formations of inequalities via o-convexity.
Moreover, some reverse inequalities associated with o-convexity were discussed in [10].
Next, we reproduce the Jensen’s inequality for o-convexity.

Theorem 1.3 ( [4]). Let @ : [w,T] — R be a o-convex function. Then

0
@ [0'_1 [Z /31'0'(191'))
p

Various studies have been carried out to estimate Jensen’s gaps; for further information, see [11-15].

The above discussion purports that o-convexity unifies several existing classes of convexity. From
the literature, we observe that various structural properties and inequality results have not been
explored. The main motivation of this work is to assess some regularity properties, including relation
with classical convexity and first-order differentiability characterization. Additionally, we prove
several new refinements of the Jensen inequality, the converse Jensen inequality, bounds of Jensen’s
functionals, the Hermite—-Hadamard inequality and its various variants, including Fejér inequality.
Additionally, we look at some distinctive applications in analysis to highlight the significance of the
result. The novelty of this work is that it offers a general framework to approximate the bounds
of various classical inequalities and diverse directions of applications. It is interesting to note that
we have presented some new convexity structure using appropriate transformation functions. By
following a similar strategy, several new generalized convexity classes can be obtained. We have
structured our study in four main parts. First, we revisit some preliminary concepts, including the need
and background of the problem as well as the motivation. The next sections include a few intrinsic
properties of o-convexity and various general bounds of cumulative gaps of Jensen’s inequality through
diverse approaches. Additionally, we will prove a few generic versions of the Hermite—Hadamard
inequality and some of its counterparts. In the last part, we will focus on analyzing their applicability.
This study will play a central role in developing more robust and unified estimates of several other
convex inequalities.

o o
< Z‘ B, VO €[w, 7] and Z‘ Bi=1.
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2. Results and discussions
In this section, we present some essential properties of o-convexity and related inequalities.

2.1. Properties of o-convex functions
To prove our main results, we recall an interesting result of classical convexity from [8]. Let © :
I = [w, 7] — R be a differentiable convex function. Then for any 9 € I, the following inequality holds:
OPB) > O + D' (NP -9 VBel

1

Theorem 2.1. A function ® is o-convex on I if and only if the function B = ® o o' is a convex on

o(l) = [o(w), o (1)].
Proof. Assume that @ is o-convex function, and consider B = ® o 0!, We choose u = o () and
v = o(w) so that
B((1-Bu+pv) = @ (07! (1 - o) + fo(w))
<1 -poW) +BO(w)
=(1-BPoc  (c(®) +BP oo (0(w))
= (1 =pB)Bu) + BB().

This implies that B is a convex function on o (/).
Now, assume that B = ® o 0! is a convex function on o-(I). Then,

@ (o7 (1 = o) + fo(w)) = B((1 - Ho(®) + fo(w))
< (1 =B)B(o(#) + B B(o(w))
=1 =pD®) + B P(w).
This implies that @ is the o-convex function, which completes the proof. O
The immediate result based on the above Theorem 2.1 is stated in the following remark.

Remark 2.1. If o and © are twice differentiable functions, and o' () # 0, then © is o-convex if and
only if
o’ () [ (o' (F) — ' (o (3] = 0, del.

Theorem 2.2. Let ® : I — R be a differentiable function; o(19) be a differentiable, strictly monotonic
function; and o’ () # 0. Then ®© is o-convex if and only if for every w € I,

D' (w)
o’ (w)

O() > P(w) + (c(@) - o(w)), VI eR. 2.1)

Proof. Assume that @ is o-convex. Then B = ® o o! is convex on o ([).
Choose w € I and u = o(w). By the convexity, we have

B(B) = B(u) + B'(u)(B — u), ¥B € o(I).
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Selecting S = o(9),

B(o(@®) > B(w)) + B((@) @) - ()
B oo () = D o o (W) + (@ 0 Y (@)@ (B) - ()
(D/
@) (59 - o).
o’ (w)

Now, assume that inequality (2.1) holds for all ¥, w € I.
Let u,v € o(I) and choose ¢ = o~ ! (1) and w = o' (v). Therefore, (2.1) becomes
(o 1
O~ () = O™ (v)) + ﬂ (u—v)
o’ (o7'(v))
B(u) > B(v) + B(v)(u —v).

O > O(w) +

This implies that B is a convex function on o(/). Then, by Theorem 2.1, ® is o-convex on I, which
completes the result. O

2.2. Refinements of Jensen’s inequality

Theorem 2.3. Let ® : [w,7] — R be a o-convex function, ¥, € [w, 1], and B, > 0 for each A €
{1,2,--- 0} with Py := Y5 _ Ba > 0. Then,

o (i goem)e

iﬁaﬁzd) (0-—1 (O'(ﬁ/l) + o () ))
2
=

0
P, =1 0 ;
1 (&, 1 oo
< P_Z; [;ﬁﬂq)(ﬁﬂ) +2 ;ﬁﬂﬁgm o O(o (ﬁ)) dﬂ]
1 &
<5 Zﬂﬂq)(ﬁ/l) (2.2)

©

The inequality (2.2) is reversed whenever @ is o-concave.

Proof. Observe that the following equality holds:

1 & & 9 9 ) 9
ZZM@( -1(—"( *);(’( "))) Q(ZB@(%HZ,&,B@( (T8 + () ﬂ);"( f))))

5 o A=1 A£L
(me» Yoo (T2 700)
Q 1=1 A<t 2
-1 o(@y) + o)
+ ;ﬁﬂﬂfq) (0' (f) )
(Zﬁlq)(ﬂ/l) +2 Z,B},ng) ( -1 (M))J .
Q =1 A<t

(2.3)
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Without loss of generality, we consider that ¥, are distinct points for 4 = 1,2,--- , 0. By using o(w) =
o(¥,) and o (1) = o(¥,) in (1.1), we achieve

1 0'(19/1) + O'(ﬂg) 1 o (¥¢) » M
(D(O- ( )) = 500 0@y j; (e () dd < 5 NG

2 @)
Substituting (2.4) into (2.3), we obtain
A v L (o@) + o)
5 Sl (22252)
NN 2
1 ©Q a () X
— O 2 _ O™ (F)) dY
Pg [;'Bﬂ @) + ;ﬁﬂﬁf o(¥¢) — o(0) Jowy () ]
= D)) + DI
ﬁ (Zﬁaq’(ﬂa) +2 Zﬁ/lﬁt’ (W)) : (2.5)
0 \ = A<t

Through the application of Jensen’s inequality for o-convexity, we get

@ ©
of (& ] -of [ Zpe)
=1
_ofo-1 (L Py Y5 Bac(@y) + P, Zﬁzlﬁf(f(ﬂf))))
P2 2
- O 1 i 3:1 gzlﬁ/lﬂfo-(ﬁxl) + Zﬁﬂ i;]ﬁ/lﬂ[o-(ﬂ[)
@ Q
< iz Z Z’BA’B‘)(D (0-—1 (M)) ) (2.6)
0 =1 =1 2
The right part of (2.5) can be written as
[Z B @) +2 Y Bib (w))
Q A=1 A<t

,3 O + Zﬁﬂﬁ ((D(ﬁ/l) + (D(ﬁe)) Z,B (CD(ﬁ,l) + D) ))
=1 A<t =

e 1
(Z gowy+ Y B (@(ﬁm@((r (a(z%))))]

1 A#L 2

"U|.—n

—_ r;g|"

BiBe (R(9) + Do (0 (¥))))

~
Il

1

Il

- 3
M- T
- 2

P

©

Il
N
N
N
~
Il

@
B0, + Py ) B0 (a(ﬂ»)))
1 =1
Q

= 5 Y B, @7
9 A=1
Combining Eqs (2.5)—(2.7), we get (2.2). This finishes the proof. O
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Remark 2.2. Setting o(}) = 9 in Theorem 2.3, we get the Theorem 2.1, which is given in [15].

1 0 1 ¢
<3| D pewn 2 Y g [ @(ﬁ)dﬁ]

1 A<l

1 1 S 20,9,
(D[l 1Y ﬁliJS_ZZZﬂﬂﬂfq)(ﬂ,l+ﬁg)

P, 2ii=1 9, 0 =1 =1
L (¥ 99 7 D)
< —Z) ;ﬂaq)(ﬂx) + 2;,31,3519{ "y »[94 D di
1 1%
< P_Q ;ﬁﬂ)(ﬂx)

@ [% imﬂﬁ)p <Ly zgjﬁﬂﬁ@(ﬂg . ﬂg)p

1 1 N
< — (Z B +2 ) BB f (D(ﬂp)dﬂ]
4 A

=1 A<t U

Theorem 2.4. Let @ : I — R be a o-convex function and o-(9) = (o(t), ...,0(d,)) € I°. Define

Byo (@) +--- +,3470'(19/1y)))

I
G OYIE — B +--+ ﬁ/ly)q)(o_—l(

Q(»y:i) 1S11<"'</17SQ B/ll + ... +ﬁﬂy
where 5, are positive numbers, and P, = Zi’:] Ba. Then,
® (0, L (c@).8) = © (0], (c@).p). y=1...0-1 (2.8)

Proof. Indeed, we have

Bro(@y) +--- +,31y+10'(1917+1)))

Buy +-+ B,

B, +"'+,317+1)‘I’(0_1(
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y+1 By a@a)++Ba,, 0(WBa,, )-Bao ()

~ [:1(ﬁ/l1 + +:8/1y+1 _ﬁflz) By ++Br,. B,
= By + -+ B )00 — -
=1 (B/h + e +ﬁ/17+1 _ﬁ/l/')

y+1 _1 (Byo@a)+ABay, 0@y, )=Bayo(@ay)
(=1 (,8/11 T +ﬂ/ly+1 _ﬁﬂ/) @ (0- ( Bay++Bi o —Bi
S(ﬁ/ll-f-.-.-i-ﬁ/l}&l) ,y+1

=1 (ﬁfh +- +ﬁ/1y+1 _IB/M)

Because

y+1

Z(ﬂA. oA Bay = Ba) = VB o+ B
=

then, we obtain

v+1

1 Buo @)+ +Ba,,0,,)—Bro@,
= — _ 0} -1 1 1 y+1 y+l ¢ ¢ '
y {Z:; (ﬁh +o By, ,31[,) (O- ( Ba -+ B — B ))

Therefore, we have

(rh,) = — Z (By +-+ +ﬂm.)®(0"1 (’8410’(%‘) M +'Bﬂv+lo'(ﬁﬁy+l)))

o-1
PQ( v ) 1Ay <+<Ay1150 ﬁ/ll + +ﬁ/1y+1

y+1

1ﬁ“) S DBt B —hu)

<
VPQ( y ) 12di<<dy <o £=1
o (0__1 (/3/110'(7911) +o B, 0(W,) —,3150'(191[)))
B+ -+ Ba = Ba
Bro(@y) +--- +,3/170'(191y)))
Ba+-+Ba,

Ly (Bﬂl+...+ﬁh)q}(g—l(

o
Pg(y_l) 1< <-<dy <o

-1
=0 (0'%9) .
This completes the proof. O

Remark 2.3. We note that the inequality (2.8) is an interpolating Jensen’s inequality for o-convex
functions. Indeed, we have

o
cp(“_l (pi Zﬁm(ﬂ»]):@(agg) <2 0(g,) < @(05y) < < 0 of))

0 =1

(2.9)
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The above results are also valid for o-convex functions defined on an arbitrary real linear space, and
if B, A =1,...,0, are rational numbers, they are also valid for mid o-convex functions defined on an
arbitrary real linear space.

Theorem 2.5. Let ® : [ = [w,7] — R be a differentiable o-convex function with o’(#) # 0 on I,
Uy € I°, and By > 0 with P, > 0. Then, we have the following inequality:

P—Zgjmcbwn cb[ [ Zﬁﬂcr(zm]]

2 2=1 9 A=1
1 & cp 9 9
< 5 DO ol - L3 ot »Zm - 2.10)
° =1 ) 9 =1

Proof. Because @ is o-convex on /, it satisfies inequality (2.1). By substituting o () = Pi ﬁz | Bao (D)
and o(w) = o(¥,) in (2.1), we get

(9
oo Zﬁmm) - () 2 Zﬁmm) () | e (2.11)
P, =1 P, =1 o' @)
Multiplying (2.11) by B, > 0 and summing over £ = 1,2, --- ,n, we determine
@D( [— Zﬁmm))) - Zﬁ@(m)
P, Py =1
0 0
') 1 O'(Iy)
— U - — U4 .
P ;,340'( 1) Q;ﬁf o (9y) PQ;O'( f)o_,(ﬁ[)ﬁf
After simple computations, we obtain (2.10). m|

Remark 2.4. Setting o () = 9 in Theorem 2.5, we get the result which is given in [16].

-
)

1P, —

Z ﬁm] <= Z B () - = Zﬁm Z B ().

9 2=1 911 911 9/11

Setting () = 1/, we get

[

[ [
< ) B - [ﬁ]‘ Y ﬁiz BB - - S B0 0.

2 1= 94: 941

/\

Setting o-(9}) = ¥ in Theorem 2.5, we get

1 iﬁﬂ?ﬁ]p < 1 iﬁa (D(ﬂ/l) Z,BA AZﬁA(D(ﬂA)

0 1=1 Q/ll

@
Zm(m) o
0 1=1
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Theorem 2.6. Let @ : I = [w, 7] — R be a differentiable o-convex function with o' (9) # O on I, € I
and B, > 0 with P, > 0. Then, we have the following inequalities:

@
0= pi S B0 - Y B cp( 2 (M))
=1 0 A,6=1
Ly @D(ﬂﬂ) © @@
SE }TZIBA o( /1) ) Q;ﬁﬂ ﬂ);ﬁﬂg,(ﬁ/l) . (2.12)

Proof. Because ® is o-convex, by using the result (2.9) for y = 1, we have

1 < ) 0
=3 /Mf@( - (W)) <L S g0 @.13)
0 Al=1 € =1
To prove the second part of (2.12), we substitute () = w and o(w) = o(,) in (2.1) such that
_1[0(32) + 0 () O'(9) (o(F2) + o (F)

for all £ = 1,...,0. By multiplying this inequality with 8, > 0 and summing over £ = 1,2,--- ,n, we
determine that

1 < ) 0
7 2 ,34,3((1)[ - (W) - Zﬁﬂ)(m))
Q A,l=

1 9 =1
RN o () - a(ﬁu) P'(3,)
> — . 2.14
: ;}ﬁ)ﬁe( . =N (2.14)
Through simple computation, we get
RN o () - a(ﬁ» P'(3,)
BaBe ( )
;1 o’ (%)
() ()
2P£2, ;/310(19/1)25/1 9 Z,BMT(I%) WD)
Therefore, (2.14) gains the following form:
1< ) 0 1 <
7 Zﬁﬂmq)(a_l ((r( ﬂ);a( g))) - LY o
€ 2¢6=1 € a=1
\ O, () @' ()
— ? . 2.15
5; Bio( A);ﬁag,(m) 7, ;ﬁﬂ D (2.15)
Combining (2.13) and (2.15), we get the required inequalities (2.12). O

Remark 2.5. Setting o(4) = @ in Theorem 2.6 , we get the following result, which is given in [16].

AIMS Mathematics Volume 11, Issue 7, 20195-20223.
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P_ Z B3 — — Z BB @ (ﬁﬁ * ﬂf)

P A6=1
IR
<3 |5 D B @) - —ZﬁmZm (ﬁ»]
€ =1 Q =1 =1
Setting o-(1}) = 1/ in Theorem 2.6, we get
1< 29,9,
0<— () — =
< P@;ﬂ () leﬁaﬂg (ﬁﬁﬁ[)
IS 13
<3 ﬁz 19_2 B P (8,) — Zﬁﬁﬂﬂ)'(ﬂﬂ)
0 A=1 A=1 Py A=1
Setting o-(9}) = ¥’ in Theorem 2.6, we get
1
1 & O+ 90\
0< = > B @(ﬂ»—— Zm@( = ")
@ a=1 Q/lt’ 1
1< (9 ' (8
<3 —Z,BA py ( v Zﬁa )Z,Bz ( Al)
2| P, A=1 Q =1 ﬂp

Theorem 2.7. Let @ : [ = [w, 7] — R be a differentiable o-convex function on I, ¢, € I°, and 3, > 0
with P, > 0. Then,

%
%Zﬁaﬂ@( (w)) cb{a—‘ [Pi Zﬁm(ﬁ»]}
0 A6=1 o=
0 -1 (c@D+o@0) @ (! og(@)+o(e)
<L Zﬁwe ((r (O_(ﬁl)io_(l,[))) Zﬁmm)Zmﬁf oo () (2.16)

1 (U(lh)ﬂr(ﬁe) )) )

© =1 o (—2 )) Py S A0=1 0" 0'_ 3

Proof. Because @ is o-convex, by using the result (2.9) for y = 1, we have

9 9
[ Zﬁmm)}] < Zﬁﬂﬁ@( - (W)) @.17)

011 @/151

Dlo

To prove the second part of (2.16), we use o-convexity of @,

o o -of 22

911

-1 (c@D+0@e)
I Gl ))(1213} . a(ﬁ»wwa}

-1 (0'(194)50(195)) 2

O',(O' 9/11

AIMS Mathematics Volume 11, Issue 7, 20195-20223.



20206

forallA,£=1,...,0
By multiplying this inequality with 5,8, > 0 and summing over 4,¢ = 1,2,--- ,0, we determine

that
q’[ [ Zﬁmw))]——zm@( QGELA)]

911 Q/lfl

) @ (0! (22z00))
P_ Zﬁlﬁ(ﬂg)_ Z ﬁ/lﬁt’ ] U'(ﬂ/l)io'(ﬂf)

o ‘o Py A0=1 o (0_1 (T))

| & 0-(19)+0'(19) @ (o (Zrein))
_P_é%/ltZ1ﬁ ( /l [ )0-/ (0-—1 (@)) (2.18)
Through simple computation, we get
o (9 )+ o0\ O (o (L))
/uzlﬁxlﬁf( A ¢ ) — (0-_1 (@))
g @’ (0“] (2ute?))
- /;1,3/1,350'(191)0_/ (o () (2.19)

Put (2.19) in (2.18), and then combining (2.17) and (2.18), we get (2.16).
Remark 2.6. Setting o(#) = @ in Theorem 2.7, we get the following result, which is given in [16].

1 M+ 0
ﬁZﬁﬂﬁf(D( s 6) [ Zﬂﬂﬂﬂ]
0 A6=1 9 A=1
1 < 9+ 0 9+ 0
P_Z t’(D,( it e)ﬁ/l__zlg/lﬂ/l Zﬁﬂﬁfqy( A; 5)
0 =1 9 =1 A0=1

Setting o-(9}) = fracl/9¥ in Theorem 2.7, we get

0 A6=1

1 & 1 Y 20,0, \* . (2009, 1 & 20,9, \° 20,9 \ 1
< — — 0% - 0% —.
B g ;ﬁAﬂA /nglﬁ/lﬂg(ﬁ,l+l9€) (19,14‘19[) Pg /L;lﬁ/lﬁe(ﬁ/l +195) (19,1'?‘19[) *

2.3. Bounds for generalized Jensen-functional associated with o -convexity

The collection of non-negative o-tuples (pi, ..., p,) is such that 3.9_ p, = 1 is specified by P,. Let
us start with following normalized generalized Jensen-functional.

o
! ; pﬁa(m))} > 0,

AIMS Mathematics Volume 11, Issue 7, 20195-20223.
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where @ : C — R is a o-convex function on the convex set C, and
o) = (o(th),...,o,)) € C? p)€P,.
Theorem 2.8. If p,q € P, with q, > 0 for each 1 € {1, ..., 0}, then

max ’;— 3@, (), 9) 2 3@, (®), p) = min ’q’— 3@, 0(@).q) (= 0). (2.20)

Proof. We provide a direct proof using Jensen’s inequality with suitable choices of the elements.
Denote m := min, < A<g , and by applying Jensen’s inequality, we attain

@
o) = ) @), oGm)=o@)eC, Cefl,... ok

=1

ry=m,  Tey Z&—mquo, tell,..., o}
qc

for which

=1 t=1
Then, we have
o Q @ @ p
m® ((r“ [Z qm(ﬂ»]] > (— - m) D) 2 @[ [ INECAEDY (q—j - m) qm(ﬂf)]]. 2.21)
=1 =1 =1 =1
Because
Q Q o Q
m® [crl [Z qﬂcr(m)]) +>, (— - m) 9@ () = Z Pe®) = m [Z 9DWI) — P [al [Z qw(ﬁom :
=1 =1 =1 =1 =1
and

o e S
ofe o waz(g_m)w»)):@[a—l (% non)|
=1 =1 =1

then by (2.21), we acquire the second part of the inequality (2.20).
Now, let M := max;< 4<Q , and notice that M > 1. By applying Jensen’s inequality for 4 = o + 1,
with

@
7(z) = 0@0),  T(zen) = Y pao@), Cell,....0l,
A=1

Ty tell,..., o}

p
(M_ _[)Q& To+r1 =

1 1
M qre M’
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for which
o+l 1 0 ( p‘)) 1
rp=— M—-—|g+—==1,
; T M ; )T M
we have
1 & De
Z ( - —g) qeD(Fy) + Z pao ()
[:1
1 o
>0 (‘T—l (M £ (M - %)%0'(198) + — Z PAO'(ﬁA)]]
Because
Y Y
Z (M — —)61€(I)(19£) + — ( - Z paa(ﬁa)]]
[Z o
Z qe®(F;) — — Z pe®(y) - [0'_1 [Z Pao'(ﬁx))]] ,
=1 =1
and

oyl 2o oo ()

=1

by (2.22), we deduce the first part of (2.20).

Foru = (é, e, é) uniform distribution, we acquire the following functional:
1< 1<
3@, = Jp @0 @) = = D 00~ 0|0 | =) a(ﬂ»]]
=1

Through a similar argument, we acquire the following estimate for p € P,.

0 max(pa) Jp(P. () 2 Jp(®, (), p) 2 0 min {p}3o(®, (@) (= 0).

2.4. Refinements of Hadamard-type inequalities for o-convexity

Theorem 2.9. Let @ : [w, 7] — R be a o-convex function; then

=1 2 (w)

o o (7) <
Z o (0_—1 (0'(191—1) + 0'(791))) < % f ((p(o-—l)) B)dp < % O(w) +2 Z o)) + O(1)|,
o A=1

(2.22)

(2.23)

(2.24)

holds, where o(,) = o(w) + Aw for A = 0,1,2,...,0; with B = w and o € N. The

inequality is sharp.
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Proof. Because ® is o-convex on [w, 7], it is o-convex on each subinterval [¢,_, ], forA =1,...,0.
Then, for all 8 € [0, 1], we have

® (o B (@) + (1 = B (®)) < FOW,1) + (1 = HO(D,).

Integrating both sides with respect to 8 on [0, 1], we get

1
fo O (o o, 1) + (1 - Bro(®,) dp < 2L 0D,

2
Substituting u = o (F-1) + (1 — B)o (), we get
1 @) O(Fa-1) + ©(I))
O () du < .
(@) —o@r-1) Jow, ) () 2

Taking the sum over A from 1 to o, we get

e o (92) 07 (T)
Z f Do (u)) du = f d(o (1)) du
A=1 Vo o

(@a-1) )

o) —o(@@,-1)

<
2

(@ -1) + D(F2)

o-1

DBy) +2 ) D) + D(I,)
A=1

N N

o-1

dw) +2 Z O(y) + O(1)].- (2.25)
A=1

Now, for the left-hand side inequality, we consider @ as o-convex on [¢,_1,,]. Then, for g € [0, 1]

o (0_1 (O-(ﬁ/l—l )2+ 0'(194))) _ (0_1 (,30(194) + (12— Bo@i) - ,3)0(193 + ﬁo-(ﬂ/l—l)))

< % |® (7' Br@) + (1 = Bo@ 1) + @ (7 (1 = B @) + Bo@1-1))| .

Integrating both sides with respect to '8’ over [0, 1], we obtain

1
o (0__1 (0'(19,1_]) + 0'(19/1))) < 1 ﬁ O (0'_1(,80-(79/1) +(1 —ﬁ)o'(ﬂ/l—l))) dﬁ

2 =2
1 1
+s f (I)(o-‘l((l — B)o (%) + ﬁo'(ﬂ/l—l))) ap
0
1
_ fo ® (o Bor(82) + (1 - Hr(®1-1)) dB.

Substituting u = o () + (1 — B)o(¥,-1), and then summing over 4 = 1 to o,

B Z (D (O_—l (O-(ﬁﬂ—l) + O-(ﬂ/l))) < fT (D(O_—I(B)) dﬁ (226)

Q
A=1 2
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Thus, from (2.25) and (2.26), we attain the inequality (2.24).
To discuss the sharpness, we consider that (2.24) holds with constants Cy, C, > 0 such that

o o (7)
CIBZq)(O_—l (0-(19/1—1)2"' O-(ﬂ/l))) < f (I)(O-_l(ﬂ))dﬁ < ng
=1 ol

(w)

o-1
d(w) + 2 Z DI, + D(7)].

A=1

Consider, ®(¢) = o(3). Then,

o (7) o (7) 2 2
f O (B)) dB = Bdp = (0(1))” = (c(w)) .

W) W) 2

The right-hand-side is given as:

o-1

B B < o(1t) — o(w)
Ca |orw) +2 Z (9) +o(1)| = Ca |ow) +2 Z (a(w) + AT) + o (7)
A=1 =1
_ czg [a(w) +2(0 - Do(w) + 278 ;(’(W) © ;DQ + a(ﬂ]
= Cy((0(1)* = (T (w))?).
Therefore,

2 2
T TN < (@) - () = 5 < G

Hence, % is the least possible constant. For the left-hand side, we have

© e
Y D AUBEL T (U(W) L 241 - o(w)))
A=1 A=1

2 20
_o@-ow) } (24 - 1)(o(7) — o(w))
=G ; (a(w) + o )
_c (0(1))* - (U(W))Z.
2
Thus,
(0(7))? ;(G(W))2 > C (0(1))? ; (c(w))? S1sc,.

Hence, the constant 1 is the optimal value on the left-hand side.

O

Now, we present the graphical validation of Theorem 2.9. We choose ®(}) = ¢ with m > 2 and
o) =9,1/0withw=1and 7 = 3.
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Comparison of L1, L2, L3, M, R1, R2, and R3

250 A L

Ly
L3
M
200 4 Ry
Rz
R3

150 1

Value

100 1

50 A

T T T T T T T
2.0 25 3.0 35 4.0 4.5 5.0

Figure 1. Graphical demonstration for o(}) = ¢tand o = 1,2, 3.

The Figure 1 provides the different bounds of average mean integral. The L;, L,,L;, M, and
Ry, Ry, R; represent the left, middle, and right terms of Theorem 2.9 for o(¢}) = ¢ and 0 = 1,2, 3,
respectively. It is clear that for large values of o, we get sharp bounds. To construct these bounds, we
vary m € [2,5].

Comparison of L1, L2, L3, M, R1, R2 and R3

—_
120

—_—

—_ L

Rz
—_— R;

80 ~

Value

60 1

40 A

20 1

2.0 25 3.0 35 4.0 4.5 5.0
m

Figure 2. Graphical demonstration for o(1}) = ¢, é and o =1,2,3.

Figure 2 depicts the estimates of average mean integral. The L;, L,, L3, M, and Ry, R,, R; represent
the left, middle, and right terms of Theorem 2.9 for o (¢}) = % and o = 1,2, 3, respectively. It is clear
that for large values of p, we get sharp bounds. To construct these bounds, we vary m € [2,5].

Remark 2.7. In Theorem 2.9, setting 0 = 1 and o(9) = ¥, we obtain the classical Hadamard
inequality.

AIMS Mathematics Volume 11, Issue 7, 20195-20223.
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Remark 2.8. In Theorem 2.9, setting o () = @, we get the result, which is given in [17].

© T o-l
12@(“‘”*)3 ! f@(ﬁ)dﬁsi cp(w)+22c1>(m)+q>(r) .

In Theorem 2.9, setting o-(}) = 1/, we get
1 < 29,19, wr (71 1
- 0} < —O(u)du < —
Q; (19/1_1+194 _T—wa u? (@) u_ZQ

In Theorem 2.9, setting o-(:}) = 97, we get

1
- Z o 1 < P W 'OWw) du < —
0 2 ™ —Wwr J, 20

In Theorem 2.9, setting o(¥}) = In(:3), we get

. g :
1n(1) Zcp(ﬁﬂ_m)isf —d)(u)dusln(:)z
w/ W U w

Remark 2.9. In Theorem 2.9,

o-1

D(w) +2 ) BW,) + D7)

A=1

o-1

D(w) +2 " D) + D7)
=1

o-1
Dw) +2 ) D) + D7)
=1

1) Setting o = 1, we have

L [ow) + (1) 1 f‘f@ L D(w) + D(7)
(I)(O' ( . ))SO_(T)_O_(W) R e

2) Setting o = 2, we have

ol ) of 22

o (T)
! (o' (B) dB < % [@(w) + 20 (0'_1 (M)) + q)(r)] .

<
o(t) —aw) a(w) 2

3) Setting o = 3, we have

1 _[Sow) + o (1) L [ow)+o(7) _1[ow) + 50(7)
slofe (FF5 ) oo (P22 oo ()|

1 o (7)
_ O(c! d
ST Sy P

< é O(w) + 2D (0'_1 (M)) +20 (0'_1 (M)) + (D(T)] .

Theorem 2.10. Let @ : [w, 7] — R* be a o-convex function. Then,
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1 o (7) 4 1 o-1
eyl O™ () dP — P(w) < % D(w) + 2 ; D) + O(1) (2.27)

holds for all w € [w, 7], where o°(8})) = o"(w) + A@; and1=0,1,2,...,0, with B = w and
o € N. The inequality is sharp because both constants can not be replaced by smaller one.

Proof. Fix w € [¥,_,1,],forA =1,2,...,0. Because ® is o-convex on [w, 7], it is also o-convex on
each subinterval [¢,_1,%,]. Then for all 8 € [0, 1], we have

O (07 Br,) + (1 - Bo(w) < fOW1) + (1 - HOW).
Integrating with respect to S on [0, 1] yields

O(Pi-1) + P(w)

1
f ® (o' Br@) + (1 - Bo(w))) dB <
0

2
This implies that
o (w) _
f (o)) du < T 20(19“1)(@(194_1) + D(w)). (2.28)
o(@r-1)
Similarly, for the interval [w, #,], we have
o (92) _
f O (w)) du < M(Cb(ﬂﬂ) + O(w)). (2.29)
o(w)
Adding inequalities (2.28) and (2.29), we obtain
o (92)
f O~ (w)) du
o(@i1-1)
< T =IO @, 0) + diw) + V=T @9, + diw)
< ZOVZT0D 109, )+ 0901 + (@) (2.30)
Summing from A = 1 to o, we obtain
o (T) Q _ o
[ o ans Y| T D s, 00|+ Y hw
a(w) =1 A=1
1 )
< 5 max {o(21) — o (F1-1)} Z [@(F2) + (T 1-1)] + (0(7) — (W) D(w)
=1
B -
= B d(w) + 2 Z O + ()| + (0(1) — o(W)D(w).
=1
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20214

Through this, we get

o-1

D(w) +2 " (B + D7)

=1

o (7)
f O () du — (0°(7) — T (W) D(w) < g
a(w)

To prove sharpness, consider that inequality (2.27) holds with another constant C > 0

o—-1

7 (7)
f (@(a—l)) () d9 — (0(7) — c(W))D(w) < C.B|DOW) +2 Z D, + O(1)|.
a(w) A=1
Consider ®(#) = o(#) defined on [0, 1]; then
1 1 1] &
fﬁdﬁ—a(w):——a(a))sc-—2 o) + 1.
0 2 ol =

Also, we get

o(d,) =

o1
1 (o-Do o0-1
= ) o) =—- = .

|~

Finally, we get the following inequality:

% -o(w) < C.
Choosing o(w) = 0 gives
Loc
;=6
which proves that % is the best possible constant. This ends the proof. O

Theorem 2.11. Suppose that all the conditions of Theorem 2.10 hold. Then,

o (7)
f O (@) dI - (o (1) — (W) D(w)

(w)

for all w € [w, 7]. The constant % in the right-hand side is the best possible for all o € N.

B
<|= + max
1<1<0

o(w) = o) + (@)
2

o1
d(w) + 2 Z O, + D), (2.31)
A=1
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Proof. We start from Ineq (2.30):

0'(19/[) — —_
f o) du < T 2‘7(19”‘1)@(194_]) + M@(m) + BO(w)
o(Pa-1)
< max {‘T(“’) _20(’9“), ’9”2_ “’} (D@ ) + D)) + BO(w)
< (0'(194) —20'(194—1) N ‘O'(w) B 0'(19/1—1)2"' o () )((13(19/1-1) +O0)) + BOW).

(2.32)

Taking the sum over A4 = 1 to o, we get

o (1) 9 -
f (o (u)) dut < Z (0'(?91) ACZE VN 'o-(w) 0@ + o)
o =1

4
) 2 > )@(ﬁu) +®(92) + Z BO(w)

=l
o) + (@)

< max (0'(191) —o(Pa-1) . .

2

Y
‘o-(w) ) Z(q)(ﬂ/l—l) + @©(,))
=l

T l<a<o

+(0(1) = o (W) P(w).

Now, simplify the summation:

Y o-1 o-1
D @11) + D) = Do) +2 D W) + D) = Dw) +2 ) B(,) + V(7).
A=1 A=1 A=1

This asserts that

(1)
f” O~ (w)) du
a(w)

B 911) + o (D .
< (8 + max|or(@) - 22 TOON g 23 D) + O(@) | + (1) — (W) D(w).
2 1<1<0 2 =
Through some simple calculations, we achieve inequality (2.31). m|

Theorem 2.12. Owing to all the conditions of Theorem 2.11, we achieve the following inequality:

@ ol
=1

() = W) Joa . 2 Ny

forall A =1,2,...,0. Moreover, the constants are sharp.

o@D+ (1)
2

Proof. Considering (2.32) and using o(w) = , We receive

(%)) _
f o (u)) du < T2 2‘7(’”“)(@(&4_1) + O(9,) + BO (U‘l ("(ﬁ*-‘); ‘TW)) .
o(Fa-1)
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Taking the sum over A from 1 to o, we get

f"“) _ Zgl o (9,) — o (F4-1)

O (u)) du < (O 1-1) + ©(I)]

(w) A=1 2
.\ Z@: B (0_1 (a(ﬁﬂ_l); 0'(19/1)))
A=1

B L [o@2) + o(F)
EZ@(% 1>+®<ﬁl>)+B; ( ‘( 5 ))

which gives that

S & i o@i)+a®))) B L S
f (o (u))du—BZd) o > < EZ q)(w)+2Z<1>(m)+q>(r))
o(w) 1=1 A=1
which ends the proof. m|

Remark 2.10. Setting o () = ¥ in Theorem 2.12, we have

1 T 1 £ 19,114‘19,1 < (D(W)+q)(T)
5 [ o= So(P5) L S 5 200

A=1 /1:

Setting o (¥}) = % in Theorem 2.12, we have

ab T D) IS 29,102 < Dd(w) + ‘D(T)
du—->" 0 D9, < — T2
T—wfw 92 QZ; (19,1_1+19,1) ; ) 20

2.5. Refinements of the Fejér inequality

Theorem 2.13. Let ® : [w,7] — R be a o-convex function and g : [w,7] — R be symmetric with

respect to M on [w, 7). Then, we have
N L fo@i) + @)\ 7 o .
Zcb(a ( 5 )) f g(o™'B)dp < f O (B)g(o ' B)dp
=1 o(w) o(w)
1 o-1 o (T)
<5lom 2y 00n+om| [ s
=1 a(w)

(2.34)

Proof. Because @ is o-convex on [w, 7], it is also o-convex on each subinterval [, ,%,] for 4 =
1,...,0. Then, for all 8 € [0, 1] and using the symmetric property of g, we obtain

1
fo (@ (o™ Bo@ i) + (1 = o) g Br@) + (1 - Ho@))dp

AIMS Mathematics Volume 11, Issue 7, 20195-20223.



20217

1
+ fo o (U‘l(( 1 =pB)o (1) + o (ﬁa))) g (1 = Byr(@a-1)) + Bor())dp

1
< f (D@ 1-1) + PO g0 (Br(9a-1)) + (1 = BYor(32))dB. (2.35)
0

Using the substitution property in (2.35), we get

o (92)

(CP)]
2 f Do W)g(o ™" () du < [ODy) + D(F-1)] f g™ (w) du.

@-1) o(¥,-1)

Sum over A from 1 to o to get

Q a(9,)
> f Do (w)g(o™ () du

= Jowi-n
o a ()

(O + D(Pa-1)) g(o'(w) du
A=1 0’(19/1—1)

<

= S[®W) +2 ) O )+ B | g0 w)du. (2.36)

Now, for the left inequality, we consider the o-convexity of ®:

® (a‘l (“(ﬁ“); A )) < %@D (7 Bor (i) + (1 = o)) + é@ (™)1 = Ho (@) + Bo(®))
(2.37)
Multiplying by (2.37) by g(o~ ' (Bo(F.,-1) + (1 — B)o(,))) and using symmetric property of g,

o (0__1 (0'(194—1) + o ()
2

)) g0 (Bor(@4-1) + (1 = B(I.))

1
< 007! Br @ + (1 = Ho@) g0 Gr@a) + (1 = Ho@)
1
+ 50 (07 (U = fo@a0) + Bo() g™ (1= Boa) +Bo@)).

Integrating with respect to 8 from O to 1, we have

1
L @ (0_1 (0'(19/1—1)24- 0'(19/1))) g(o_—l(ﬂo_(ﬂ/l_l) + (1 —ﬁ)O'(ﬂ/l)))d,B

1
< fo ® (o' Br@a + (1 = Bo@y)) g™ Bo@in) + (1 -Po@))dB.  (2.38)

By some simple computation and then taking the sum over A from 1 to o, we obtain

0 o (7) o (7T)
Z@(a—l(a(ﬂ“)ﬂr(ﬂ”))) f g0 w)du < f (o (u))g (o (w))du. (2.39)

A=1 2 (w) o(w)

From (2.36) and (2.39), we get the desired inequality (2.34). O
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3. Applications
Now, we investigate some applications of produced inequalities and bounds.

3.1. Applications in normed spaces

Let (X, [lI) be a real normed space and the function @, : X — R, ®,(3) = [|#]|”, p > 1 be o-convex
on X for o(¢}) = ¥”. From the results (2.20), then, we obtain the following inequalities:

0 % e
fi‘f‘z‘—[zq"”ﬁf”p Saatl|| 2> pdiode > peo?
°q =1 =1 =1
Pa < N
> min =213 qlddl — || > adf| 0. G
l<1<0 g, = =
Y
max(p,| Znﬁ,;nf’ Z pelldl” = > ped?
=1 =1
o o
> mi p_ > 0). .
> min(p,] ;uﬂgn ;ﬁﬁ (= 0) (32)

If we choose py :
we get

”W”, P, € X\ {0}, € €{l,...,0} satsfying the condition Zﬁzl pe = 11n (3.2), then,

4 @ @ @
max ([} | D19l = | " 970 | = D el - Z ;
Isfe =1 =1 =1 = I,

. p—1 _
> min {1911 LZ‘ 119,

(= 0). (3.3)

Q
2.7
=1
Remark 3.1. Setting p = 1, we get the results for convex functions, which are given in [11].

3.2. Bound for Shannon entropy

The Shannon entropy of a random variable X defined over probability distribution py, ..., p, (with
pa>0ford=1,...,0)and R = {#}y,...,9,} is defined by [11]

Q
H(X) := - Z palnp,.

Proposition 3.1 ( [11]). Let X be defined as above. If p, > 0 for each 1 € {1, ..., 0}, then

: (1/p)) A,(1/p)
0 < omin In|=2 < Inp-H(X) < pomax In .
o min } ( G.(1/p) o—H(X) © max {pa} Gu(1/p)
Proof. 1t follows from the inequality (2.23) for the choice ®(8) = —Ing, ¢, = 1/p,, o(¥) = I, and
performing some essential computations. O
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3.3. Applications to means

We now present some relations between means such as the quasi-mean and power mean. We start
with the notion of power means:

Definition 3.1. Assume that p = (£1,&, -+ ,&,) and 9 = (91,10, ,9,) are ordered tuples such that
9, > 0 with P, := Y.5_ & Then, it is stated as

( lg/lﬂ/ll)T ’ /ll * 07
My, (p, ) = (3.4)

1
o 91\ Po _
(15, &)™ A, = 0.

Definition 3.2. The nonlinear quasi-mean concerning the monotonic function o is stated as

1 o
M, (p.9) = o (P— > aa(m)] . (3.5)
2 a=1

First, we develop an interesting relation using Theorem 2.3.

Proposition 3.2. Suppose that  is a o-convex function, and &,,9, > 0 for A = 1,2,--- ,0 with
P, :=3Y°_ & Then

1 o o ﬁ ﬁ
WMo(p.9) < =5 > Z fﬁw( = (M))

Pé A=1 ¢=1 2
1 < 1 e
=5 ¥ 2 —_——— o' (F) dd
< 3 ;g W) + ;&fﬁdﬁf)_dm @ )
1 <
< 5 D LW, (3.6)

e}
N

=1

Proof. This result is directly proved by Theorem 2.3, by using the definition of quasi-arithmetic means,
which is defined in (3.5). O

3.4. Applications to the Holder inequality

Theorem 3.1. Let 3,, ¢, be positive real numbers for A = 1,2,...,0. If ri,r, > 1 with rll + i =1, then

s}

- -1 -1 >
Spitns— |5 e ( o ﬂ) }

=1 ( e ”)’2 =1 = ¢

A=1771
(3.7
1 8 o 2 ﬁrlﬁ? r1—1 r|—1
<————— > B+ : ,
(.80 Z r2+1;m~ ﬁﬁ”
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< (Zg“ ﬁﬁl]rl [Zgl ﬂf)q : (3.8)

11—

Proof. Let us consider ®() = 97,8, = B, 0(9) = %, and 9, = 'B 0 Apphed in (2.2), we have

(3.9)

1 Qo o . ﬁ;l 119 +ﬁr11 n
S Z Blfl( 2ﬁ rll

(e s )
Sﬁz_]ﬁil(%) +2) 1; ;m )

= (1 + ”2)(

[ ﬂ/l 1+r; ﬁt, 1+r
X ri—1 - ri—1
| /74 4

(3.10)

(3.11)

1 S (BT +ﬁr'_1ﬁ ap
g
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r 1 ol r1—1 opri—1
S [ D e

=L+ ) (8171008

(3.12)

0

Multiplying by Z B and using the relation % + % = 1, we get our desired refinement of Holder’s
=1

inequality. O

Foro=r =r, =2,8,=(1,2), and ¢, = (3,4), inequality (3.7) reduces to 11 < 11.09053 <
11.12055 < 11.18033.

4. Concluding remarks and future insights

It is a very interesting and attractive part of the analysis to conclude new improvements of
the existing results of inequalities. Working in the following direction, we have focused on the
characterization of o-convexity due to its unifying behavior. First, we have established the relationship
of this class of functions with classical convexity. Incorporating this property, we have presented the
first-order differentiable inequality to characterize the o-convex functions. Also, we have developed
new refinements of Jensen’s inequality, including interpolating Jensen’s inequality. Additionally, we
have derived the bounds for Jensen gaps. In the next results, some new sharp refinements of the
Hermite—Hadamard inequality and its weighted form pertaining to symmetric functions have been
investigated. We have discussed a few captivating special cases and applications to highlight the
significance of the study. In the future, we will try to extend our results for set-valued functions and
coordinated functions. Another interesting problem is to analyze the various variational problems. We
hope this study will create new horizons of research, specifically to find its applications in optimization
and other related sciences.
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