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Abstract: It is well known that academic performance varies in heterogeneous and homogeneous
groups. In the latter, all students possess approximately the same level of instruction and skills. The
results are usually measured by the marks achieved on exams. In this work, the marks calculated
through this methodology could be considered a Bayes rule within the framework of statistical
decision theory. With this methodology, we estimated the marks obtained on a multiple-choice test,
considering individual student performance with the accumulated experience of the group. As a result,
we addressed two major objectives: First, a mechanism was developed to detect the heterogeneity
or homogeneity of the group based on the accumulated experience on past exams; and second, an
evaluation system was proposed that rewarded or penalized students depending on their academic
performance. The proposed framework may have implications for supporting students at risk, although
such effects were not directly evaluated in this study.
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1. Introduction

Increasing student heterogeneity has become a central issue in educational research and practice.
Contemporary classrooms, particularly in higher education, are characterized by substantial diversity
in cultural background, prior knowledge, learning styles, and socio-emotional conditions. While this
diversity reflects broader societal dynamics, it also poses significant challenges for instructional design
and student assessment. Furthermore, it creates opportunities to foster inclusive learning environments
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and to enhance educational outcomes through the interaction of diverse perspectives.
A key dimension of heterogeneity arises from differences in cultural and linguistic backgrounds,

which have intensified due to globalization and mobility. Although such diversity can enrich learning
processes, it may also generate barriers to communication and engagement, requiring pedagogical
strategies that ensure equity in access and participation. Beyond cultural differences, variability in
academic skills and learning trajectories is pervasive. Students often display markedly different levels
of prior knowledge and abilities, which calls for differentiated instruction, flexible grouping strategies,
and adaptive evaluation systems. In addition, social and emotional factors, such as socioeconomic
conditions, mental health, and family support, further contribute to disparities in student performance.

From an institutional perspective, heterogeneity is shaped by administrative mechanisms used
to allocate students to groups. In higher education, classroom composition frequently depends
on admission scores, enrollment timing, or student preferences, leading to groups that range from
highly homogeneous to strongly heterogeneous. This variability is particularly evident across degree
programs: While selective programs often generate relatively homogeneous groups, others exhibit
broad distributions of prior academic achievement.

The implications of homogeneous versus heterogeneous grouping have been widely examined in
the literature. Grouping students according to abilities and preferences enables tailored instructional
approaches and smaller-scale learning environments [28–30]. Empirical evidence suggests that
interaction and achievement are positively related, particularly in heterogeneous groups, where high-
and low-ability students benefit from peer interaction [12]. Heterogeneity has been shown to enhance
creativity and the quality of problem-solving, although it may also introduce conflicts stemming from
cultural or cognitive differences [35].

At the classroom level, [22] the researchers in conceptualize educational productivity as a function
of diversification, emphasizing the role of peer interactions and the alignment between student
needs and instructional capacity. Given the increasing importance of teamwork in modern labor
markets, collaborative learning has become a central component of educational practice. Studies such
as [36] further highlight how heterogeneity interacts with teacher quality, technological tools, and
socioeconomic factors in shaping academic outcomes.

Most of the empirical literature on grouping entails primary and secondary education [8, 15, 24, 27,
34], whereas evidence for higher education remains comparatively limited. In this context, grouping
policies are often controversial. For example, the researchers in [3] discuss the implications of mixing
high- and low-achieving students, while the researchers in [37] highlight the hidden heterogeneity
associated with students’ social backgrounds and educational strategies. Researchers have also
identified multiple sources of heterogeneity, including inter-individual differences, intra-individual
variability, and interactions between student characteristics and instructional features [17].

Against this background, Bayesian methods provide a natural and flexible framework for modeling
heterogeneity in educational data. These approaches explicitly account for uncertainty and enable the
incorporation of prior information, making them particularly well suited to settings with complex and
imbalanced data structures. Early contributions emphasize the importance of informative priors in
improving inference on student learning [16, 19], while subsequent studies entail Bayesian techniques
to analyze variance heterogeneity and performance dispersion across schools [18]. Other works
highlight their usefulness for forecasting student outcomes [11] and for modeling uncertainty in
educational processes such as student feedback and roles [2]. Multilevel Bayesian approaches have
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also been shown to capture a substantial proportion of variation in academic achievement [13], and
have been applied to compare student performance and evaluate educational interventions [5, 23].

Developments in learning analytics and educational data science further reinforce the relevance of
Bayesian hierarchical models. These models enable the simultaneous analysis of multiple sources of
variability-such as individual, classroom, and institutional effects-while preserving interpretability and
coherence. Contemporary studies demonstrate their effectiveness in modeling academic performance
and retention in higher education settings, e.g., [25, 26], as well as in integrating learning analytics
data to improve predictive accuracy and decision-making [5, 10]. In particular, hierarchical Bayesian
approaches enable the joint modelling of correlated outcomes, the incorporation of latent factors,
and the propagation of uncertainty across levels, which are essential features when dealing with
heterogeneous student populations.

Despite these advances, there remains a need for methodological frameworks that explicitly
combine individual-level experience with group-level information in the assessment of student
performance. In particular, approaches often treat evaluation processes as either purely individual
or purely aggregate, without fully exploiting the interaction between both sources of information.

This paper contributes to this literature by proposing a Bayesian decision-theoretic framework for
assessing student performance in multiple-choice tests within heterogeneous university classrooms.
Building on statistical decision theory [4, 21, 32], we derive scoring rules as Bayes estimators under
suitable loss functions. The proposed approach integrates individual experience (based on past
responses) with collective information (derived from the student group), thereby providing a coherent
mechanism to account for heterogeneity in both dimensions.

Empirically, we apply the proposed methodology to data from students enrolled in a Mathematics
course in a Business Administration degree at a Spanish university. The results indicate that, while
differences with respect to classical evaluation methods are moderate, the Bayesian approach provides
a principled and internally coherent framework for assessment. More broadly, the methodology offers a
flexible tool for modelling heterogeneous educational environments and for improving the consistency
and informational content of evaluation practices in higher education.

The remainder of the paper is organized as follows: In Section 2, we introduce the statistical
decision framework underlying the proposed model. In Section 3, we present the probabilistic
assumptions for the response process and develop the Bayesian formulation. In Section 4, we provide
the corresponding scoring rules and discuss the role of heterogeneity and its measurement. In Section 5,
we provide an empirical applicationand conclude the study in Section 6.

2. The statistical decision framework

It is assumed that the mark achieved by a student on an essay exam or a multiple-choice test (the
state considered here) is determined by the combined effect of two stochastic processes: Whether or
not to answer a test question, and, if answered, whether the answer is correct or incorrect. The student’s
performance can be due to many causes. However, fundamentally, it stems from the student’s skills
in the subject of the exam, which surely reflect the student’s provenance and prior knowledge in the
subject we are considering. These features are assumed to vary randomly among students, reflecting
some heterogeneity within the classroom. In summary, there could be enough heterogeneity in the
class related to the students’ provenance and their different skills in the subject we are considering.
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For this reason, we will develop a tool to describe heterogeneous groups (collectives) and to address
how individual and collective experience should be combined in a school or faculty to estimate the
final mark in a subject. We will develop an experience-based system for assigning a score to each
student based on their experience and the prior information about the collective of all students. Table 1
illustrates the comments above with the observed test outcomes, given by xi j, for a school or faculty
with k students and t test questions. Thus, we are going to assume that the number of total answers
and the corresponding number of correct answers of one student for one exam consisting of a multiple-
choice test is specified by two random variables, say X and Z, respectively, following a joint probability
function f (x, z|Θ) depending on an unknown (possibly vector) risk parameter Θ. In Table 1, Θi

corresponds to the particular realization of the random variable Θ. Observe that each student has a
particular value of this random variable.

Table 1. Illustration of the heterogeneity of students in the classroom and the results in
question tests (exams).

Exams
Students

1 2 . . . k

1 x11 x12 . . . x1k

2 x21 x22 . . . x2k
...

...
...

. . .
...

t xt1 xt2 . . . xtk

Θ1 Θ2 . . . Θk

Let (x̃, z̃) = (Xi,Zi), i = 1, 2, . . . , t, be independent and identically distributed random variables
representing the number of responses and correct responses during the last t periods (years, months,
academic years, . . . ). We can assign to each risk parameter Θ a fair mark M(Θ) within the set of
admissible marks. The mechanism for assigning a mark to a student who has answered a question on
the test can be viewed as a procedure for obtaining an estimate of an unknown risk parameter Θ, from
observations (x̃, z̃) obtained according to a likelihood f ((x̃, z̃)|Θ), in the presence of a prior distribution
π(Θ) for a given loss function L(Θ, Θ̂). Here, Θ̂ is an estimator of Θ.

The estimated mark can be obtained by minimizing, with respect to M, the expected loss
E f

[
L(g(x, z),M)

]
, where L is taken as the squared-error loss function L(m, n) = (m − n)2. In this

regard, decision-theoretic statisticians and economists have traditionally used the squared-error loss
function for many years. Therefore, we chooseM according to

arg min
M

∑
x,z

[g(x, z) −M]2 f (x, z|Θ). (2.1)

In this setting, g(x, z) is an appropriate function of the number of responses and the correct answers
made by the student, which a priori provides the mark obtained by the student.

In the case of using the squared-error loss function, we have, from (2.1), thatM : Θ −→ R is given
by

M(Θ) = E f
[
g(x, z)|Θ

]
, (2.2)
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and will be called the risk mark, which is a random variable.
The mark computed above can be applied only practice if the probability function of (X,Z) is

wholly known. For this reason, expression (2.2) is referred to as the risk mark. Assume now that
this probability function is specified up to an unknown vector of parameters. In this case, we can
proceed as follows.

First, if no experience is available, we can compute the mark by minimizing the risk function, i.e.,
minimizing Eπ [L(M(Θ),M)], where π(Θ) is the prior distribution on the unknown parameter Θ. Thus,
we consider

arg min
M

∫
Θ

[M(Θ) −M]2π(Θ) dθ.

In this case, the same procedure as above is carried out for the prior mark given by

M = Eπ [M(Θ)] , (2.3)

where the expectation is taken with respect to the prior distribution π.
On the other hand, if experience is available, we can take a sample (x̃, z̃) from the random variables

(X,Z), assuming (Xi,Zi) are independent and identically distributed, and then use this information to
estimate the unknown markM(Θ) through the Bayes markM∗ obtained by minimizing the Bayes risk,
i.e., minimizing Eπ∗ [L(M(Θ),M∗)]. Here, π∗ is the posterior distribution of the risk parameter Θ given
the sample information (x̃, z̃). Thus, the Bayesian mark is computed as in (2.3) by replacing π with π∗.
Later, π will be chosen to be conjugate with respect to the likelihood f , in which case the computation
ofM∗ fromM will be immediate.

It should be noted that, a priori, all students are assumed to possess equivalent abilities; however, it
is recognized that, in practice, some students perform better than others within the classroom setting.
Therefore, it is neither feasible nor appropriate to determine a priori which students will demonstrate
superior abilities and which will not. Rather, only a posteriori, following careful observation of
individual student performance, can such conclusions be drawn. This observation formalizes our
intuition of the cohort as a collective composed of individuals with heterogeneous skill sets yet
comparable risk profiles.

Then, for estimating the risk markM(Θ), it is reasonable to consider the two sources of information
available: prior knowledge and individual observations. The prior knowledge contains information
about all the students in the classroom, and the best estimator that we can derive from this information
is the prior mark M. On the other hand, the observations contain information about the individual
student. It is reasonable to consider linear estimators that are individual, i.e., conditionally unbiased,
and to choose from these the one with the greatest precision, i.e., the smallest variance. Finally, we
have to weigh the estimators derived from each information source. It is intuitively reasonable to
weigh them according to their precision, that is, according to the inverse of the quadratic loss. Thus,
we suggest a mark that satisfies the expression given in the following definition.

Definition 1. The correct (fair) individual mark of a student in a class with risk profile Θ is

M∗
i = γh(x̃i, z̃i) + (1 − γ)M, i = 1, 2, . . . , k, (2.4)

where h(x̃, z̃) is a function of the sample, γ ∈ [0, 1], andM is given in (2.3).
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The expression given in (2.4) is similar to the one suggested by actuaries to compute premiums in a
portfolio of insurance contracts in the setting known as credibility theory (see, for instance, [6, 9, 14]).
In the following, we will consider distributions for X, Z, and Θ, leading to individual marks of the form
given in (2.4).

Then, to estimate theoretical markM(Θ), it is reasonable to consider the two sources of information
available: prior knowledge and individual observations. The a priori knowledge contains information
about all the students in the classroom, and the best estimator that we can derive from this information is
prior mark,M. On the other hand, the observations contain information about the individual student.
It is reasonable to consider linear estimators that are individual, i.e., conditionally unbiased, and to
choose from these the one with the greatest precision, i.e., the smallest variance. Finally, we must
weigh the estimators derived from each information source. It is intuitively reasonable to weigh them
according to their precision, that is, according to the inverse of the quadratic loss.

3. Basic distributional assumptions

This work is developed in the context of multiple-choice tests in which the student faces a fixed
number of questions with three answer options, only one of which is correct. A correct answer
earns a certain number of points, while an incorrect answer results in a penalty. This type of test
is common, at least in the Spanish university system, when professors wish to administer partial tests
before the final exam. These tests serve two major purposes: On the one hand, they can measure
students’ understanding of the material, providing instructors with information about their level of
proficiency. On the other hand, they are easy to create and grade, especially when the number of
students is relatively large. This assessment system is not only used in university settings but has also
been implemented in other contexts, such as the Spanish healthcare system for selecting future resident
physicians. Given the high number of applicants for positions within the national health system, the
authorities presumably opt to simplify the grading process and enable evaluation across all topics
within the extensive syllabus.

Let us consider a scenario in which the student is presented with a multiple-choice questionnaire
consisting of several answer options or a true-or-false format containing questions that the student
may or may not be able to answer. Most multiple-choice tests award points for correct answers
and deduct points for incorrect ones; therefore, students can skip some questions. This format will
be used here. Suppose that the student’s selection for each question follows a Bernoulli distribution
with probability of choosing to answer equal to p1. If the questionnaire consists of n questions, and
we assume independence between questions, the likelihood of responding exactly x ≤ n items in n
questions follows a binomial distribution with probability function given by

f (x|p1) =

(
n
x

)
px

1(1 − p1)n−x, x = 0, 1, . . . n. (3.1)

On the one hand, when a student responds to a question, this response can be correct or incorrect.
We will introduce a second random variable that enables us to separate this process into two sub-events
(responding correctly and responding incorrectly) as follows: Let Zi be a Bernoulli variable taking the
following values,
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Zi =

{
1, if the ith response is correct,
0, otherwise.

On the other hand, let Z =
∑x

i=1 Zi be the total number of correct questions answered. Thus, if the
Zi (i = 1, . . . , x) are assumed to be mutually independent, then the conditional probability function of
Z given that X = x is binomial with parameters x and p2. That is,

f (z|x, p2) =

(
x
z

)
pz

2(1 − p2)x−z, z = 0, 1, . . . , x. (3.2)

It is more realistic to assume that students first attempt to solve the question and, if they are unable
to do so, decide whether to guess or skip it. In practice, the instructor does not observe or control
this process; therefore, the proposed model assumes that students first decide whether to answer and,
conditional on answering, their responses may be correct or incorrect. Experience also suggests that
some topics may be inaccessible to certain students, leading them to skip the corresponding questions.

Thus, we obtain that the conditional mean is given by E(Z|X = x) = xp2, which increases with x
and p2. Furthermore, the conditional variance is Var(Z|X = x) = xp2(1 − p2). Thus, the regression of
Z on X and the conditional variance of Z given X are linear.

Therefore, the joint distribution of the number of total answers X and the corresponding number of
correct answers Z has a probability function

f (x, z|p1, p2) = f (z|x, p2) f (x|p1) =
n!(1 − p1)n

(x − z)!(n − x)!z!

(
p2

1 − p2

)z (1 − p2

1 − p1
p1

)x

, (3.3)

for x = 0, 1, . . . , n, z = 0, 1, . . . , x. This distribution corresponds to a hierarchical compound
distribution obtained by combining two binomial processes: One governing the number of attempted
questions and another governing the number of correct answers conditional on the number of attempts.

Some computations provide the cross moment, which is

E(XZ|p1, p2) = np1 p2
[
1 + (n − 1)p1

]
.

Since the marginal moments are E(X|p1) = np1 and E(Z|p1, p2) = np1 p2, we get the covariance
given by cov(X,Z|p1, p2) = np1 p2(1 − p1), which is always positive, and the correlation coefficient is

ρ(X,Z|p1, p2) =

√
(1 − p1)p2

1 − p1 p2
.

3.1. The Bayesian model

Implicitly, (3.1) assumes that all students have the same probability of responding to a question,
and (3.2) that all the students who have answered x questions have the same probability of obtaining
a correct answer. Note that p1 describes the probability for a student to answer a question in a test
with n questions, and p2 describes the probability of responding correctly to a question when the
student has answered x questions among the n questions of the test. A more general model enables
parameters p1 and p2 in (3.1) and (3.2) to vary among students. We often do not know a priori the
values of pi, i = 1, 2. The most intuitive choice to reflect such lack of knowledge is to assign a uniform
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prior on pi, i.e., π(pi) = 1 for 0 < pi < 1; this means that a priori, pi could be anything between 0
and 1 with equal probability. Nevertheless, we will consider the beta distribution, which includes the
uniform distribution as a particular case. The beta distribution is the most widely used continuous prior
distribution in the Bayesian approach to the binomial likelihood. Thus, we suppose that the pi (i = 1, 2)
parameters follow a beta prior distribution with parameters αi > 0 and βi > 0, respectively. That is, the
probability density function of pi is given by

πi(pi) =
1

B(αi, βi)
pαi−1

i (1 − pi)βi−1, i = 1, 2, (3.4)

where B(a, b) is the Beta function given by B(a, b) = Γ(a)Γ(b)/Γ(a + b). The mean and variance of the
distribution (3.4) are given by

E(pi) =
αi

αi + βi
, i = 1, 2, (3.5)

var(pi) =
αiβi

(αi + βi)2(αi + βi + 1)
, i = 1, 2. (3.6)

The beta distribution, Beta(α, β), can adopt a wide variety of shapes depending on the values of its
two parameters. If α = β = 1, we get the uniform distribution. For α = β = k, the distribution is
symmetric with a mode at p = 1/2 if k > 1, and has an anti-mode (minimum) at p = 1/2 and modes at
p = 0 and p = 1 if k < 1/2. Figure 1 displays several plots of the beta distribution for selected values
of the parameters.

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

Figure 1. Beta distribution for different values of parameters.

Assuming now independence between the two random variables p1 and p2, the joint prior
distribution for these two random variables is π(p1, p2) = π1(p1)π2(p2).

Given a sample (x̃, z̃) = {(x1, z1), . . . , (xt, zt)}, where t is the sample size, the posterior distribution of
(p1, p2) given the sample information is computed according to Bayes’ theorem and is proportional to
the product of the likelihood and the prior distribution. To do so, we obtain that the likelihood function
is proportional to

`((x̃, z̃)|p1, p2) ∝ ptx̄
1 ptz̄

2 (1 − p1)t(n−x̄)(1 − p2)t(x̄−z̄), (3.7)

and the prior distribution is proportional to
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π(p1, p2) ∝ pα1−1
1 pα2−1

2 (1 − p1)β1−1(1 − p2)β2−1.

Thus, the posterior distribution is conjugate with respect to the likelihood (3.7) and remains of the
form

π∗(p1, p2|(x̃, z̃)) ∝ pα1+tx̄−1
1 pα2+tz̄−1

2 (1 − p1)β1+t(n−x̄)−1(1 − p2)β2+t(x̄−z̄)−1, (3.8)

where the constant of proportionality does not depend on p1 and p2. Here, x̄ = (1/t)
∑t

i=1 xi and
z̄ = (1/t)

∑t
i=1 zi are the sample means of X and Z, respectively. Observe that we have assumed n to

be known, i.e., the number of questions in the multiple-choice test. On the other hand, xi denotes the
number of questions answered, and zi denotes the number of correctly answered questions. Of course,
xi − zi represents the number of incorrectly answered questions.

Additionally, the posterior distribution (3.8) is the product of two beta distributions with parameters
α∗i and β∗i (i = 1, 2), where the updated parameters are given by

α∗1 = α1 + tx̄, (3.9)
α∗2 = α2 + tz̄, (3.10)
β∗1 = β1 + t(n − x̄), (3.11)
β∗2 = β2 + t(x̄ − z̄). (3.12)

4. Marks and detecting heterogeneity of the classroom

Under the traditional procedure, if the teacher considers that a correct question is scored with c > 0
points and a wrong question with w > 0 points, the mark that corresponds to a student who answers x
questions, of which z are correct, is given by

g(x, z) = cz − w(x − z).

From now on, we will take g(x, z) = 0 for the case where the difference is negative. The main
idea is to encourage students with negative scores, which are set to zero, to achieve positive results on
subsequent tests.

Now, using (2.2), we obtain, after some algebra, the risk mark as

M(Θ) =

n∑
x=0

x∑
z=0

g(x, z) f (x, z) = np1(cp2 − wq2),

where q2 = 1 − p2. Such a mark would be correct for a student if parameters p1 and p2 were known.
It is important to observe that we assume these two parameters are random and unknown, so this mark
is unknown. Because these parameters are unobserved in practice, the risk mark is a theoretical mark
that cannot be exactly known and must be estimated from the data. On the other hand, we have the
group (prior) mark, which is assigned to a student when nothing is known about them. It is the average
mark over all possible risk marks.
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Observe that, in our case, unknown parameter Θ is a vector of unknown parameters; that is, Θ =

(p1, p2). Using now (2.3), we get the group mark, which is given by

M =

∫ 1

0

∫ 1

0
M(p1, p2)π(p1, p2) dp1 dp2 =

nα1(α2c − β2w)
(α1 + β1)(α2 + β2)

. (4.1)

Since the prior distributions on Θ are conjugate, we can obtain the Bayesian marks from (4.1) in a
straightforward way by interchanging parameters αi and βi (i = 1, 2) with the updated parameters using
(3.9)–(3.12). The result is

M∗(t, x, z) =
nα∗1(cα∗2 − wβ∗2)

(α∗1 + β∗1)(α∗2 + β∗2)

=
n(α1 + tx̄)

[
c(α2 + tz̄) − w(β2 + t(x̄ − z̄))

]
(α1 + β1 + tn)(α2 + β2 + tx̄)

=
n(α1 + x)

[
c(α2 + z) − w(β2 + x − z)

]
(α1 + β1 + tn)(α2 + β2 + x)

. (4.2)

Here, x = tx̄ is the total number of responses and z = tz̄ is the total number of correct answers,
where x̄ and z̄ are the sample means of X and Z, respectively.

Note thatM∗(0, 0, 0) =M. The Bayesian mark coincides with the prior mark when no information
is available. Furthermore, expression (4.2) can be rewritten as

M∗(t, x, z) = γ(t, x)M + [1 − γ(t, x)]h(t, x, z), (4.3)

where

γ(t, x) =
(α1 + β1)(α2 + β2)

(α1 + β1 + tn)(α2 + β2 + x)
, (4.4)

h(t, x, z) =
(α1 + x)[cz − w(x − z)] + x(cα2 − wβ2)

(α1 + β1)x/n + t(α2 + β2 + x)
.

Therefore, the Bayesian mark M∗(t, x, z) is written as a convex sum of the group mark M and a
function depending on the total responses x, the correct responses z, and t. The Bayesian mark satisfies
the expression suggested in (2.4).

Observe that γ(t, x) takes values in [0, 1] with γ(0, x) = 1 (when t = 0, i.e., no test is carried out,
then x = 0) and γ(∞, x)→ 0. Therefore, if we consider that t is the number of exams taken by a student
in an academic year, for example, when no exam has been taken (at the beginning of the course), the
mark corresponding to a student is given byM, and after t exams with total x responses and z correct
answers, the mark achieved by the student is given byM∗(t, x, z). The case γ(t, x) = 0 means that only
experience is used to determine the final mark. The case γ(t, x) = 1 corresponds to a situation in which
experience is ignored and external information is used to evaluate. Note that the greater the weight
γ(t, x) attributed to the group grade, the smaller the effect of the student’s experience. An illustration
of expression (4.3) is shown in Figure 2, in which the position of the Bayesian mark with respect toM
and h(t, x, z), depending on weight γ(t, x) is illustrated. When t is assumed to be extremely large, the
mark achieved by the student will be limt→∞ h(t, x, z). That is,M∗(∞, x, z) = cz − w(x − z), which can
be obtained easily from (4.2).
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Bayesian mark

Mark of the classroom

Mark of the student

Bayesian mark

Mark of the classroom

Mark of the student

Mark of the classroom = Bayesian mark

γ(t,x) = 0

Mark of the student

Mark of the classroom

Mark of the student = Bayesian mark

Figure 2. Different positions of the Bayesian mark depending on weight γ(t, x).

4.1. Testing the heterogeneity of the classroom

Considering that E(X|p1) = np1, var(X|p1) = np1(1 − p1), E(Z|p2) = xp2, and var(Z|p2) =

xp2(1 − p2), and using the mean and variance of the beta distribution given in (3.5) and (3.6), it is
straightforward to show that

var[E(X|p1)] =
n2α1β1

(α1 + β1)2(α1 + β1 + 1)
, (4.5)

E[var(X|p1)] =
nα1β1

(α1 + β1)(α1 + β1 + 1)
, (4.6)

var[E(Z|p2)] =
x2α2β2

(α2 + β2)2(α2 + β2 + 1)
, (4.7)

E[var(Z|p2)] =
xα2β2

(α2 + β2)(α2 + β2 + 1)
, (4.8)

and therefore expression (4.4) is equivalent to

γ(t, x) =
1

(1 + κ1)(1 + κ2)
,

where κ1 = t var[E(X|p1)]/E[var(X|p1)] and κ2 = var[E(Z|p2)]/E[var(Z|p2)]. Here, v1 = var[E(X|p1)]
and v2 = var[E(Z|p2)] are the variances of the total and the correct responses and, therefore, measure
the heterogeneity of the classroom. In contrast, s1 = E[var(X|p1)] and s2 = E[var(Z|p2)] are global
measures of the dispersion of the responses and the correct answers, respectively. The γ(t, x) increases
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as classroom heterogeneity increases or within-risk variability decreases (which intuitively makes
sense). In summary, as t increases, the weight 1 − γ(t, x) also increases, reflecting increased reliability
of the sample. Conversely, when si, i = 1, 2, increases, the weight γ(t, x) also increases, indicating
greater variability within observations and suggesting lower reliability of the sample mean. As vi,
i = 1, 2, increase, this weight decreases, reflecting the higher variability across group means. These
comments are summarized in Table 2.

Table 2. Marks depending on whether the class is homogeneous or heterogeneous.

v1, v2 s1, s2 γ(x, t) Classroom M∗(t, x, z)
Large Small 0 Heterogeneous h(t, x, z)
Small Large 1 Homogeneous M

4.2. Rewarding or penalizing to the student

Now, from (4.2), we can estimate the marks achieved by a student by normalizing (4.3) in the
following way: For an exam with x questions where the student answers them all correctly, x = z, and
in most academic settings, the student would achieve the maximum grade, usually 10. Therefore, if
we define x∗ as the largest possible value for x and z∗ as the largest possible value for z, the expression
given by

M∗∗(t, x, z) =
10M∗(t, x, z)
M∗(1, x∗, z∗)

(4.9)

is simply a normalization of (4.3) and assigns the highest mark, 10, to a student who answers all x
questions correctly on the first exam, i.e., t = 1.

The mark satisfies the following rules:

∂M∗∗(t, x, z)
∂z

=
10

M∗(1, x∗, z∗)
n(c + w)(α1 + x)

(α1 + β1 + nt)(α2 + β2 + x)
≥ 0, (4.10)

∂M∗∗(t, x, z)
∂t∂z

= −
10

M∗(1, x∗, z∗)
n2(c + w)(α1 + x)

(α1 + β1 + nt)2(α2 + β2 + x)
≤ 0, (4.11)

∂M∗∗(t, x, z)
∂t

= −
10

M∗(1, x∗, z∗)
nM∗∗(t, x, z)

(α1 + β1 + nt)
. (4.12)

Expression (4.10) ensures that the marks increase with the number of correct answers and decrease
with incorrect answers when x and t remain constant. A measure of this increasing or decreasing rate is
obtained from expression (4.11). Finally, expression (4.12) establishes that, when the Bayesian mark is
positive, the mark decreases with t when x and z remain constant. When the Bayesian mark is negative,
the mark increases with t when x and z remain constant. In conclusion, the transition rules reward or
penalize students depending on their academic performance.

5. Numerical experiment

For illustration purposes, we demonstrate the model with data collected from 338 students in the
Mathematics for Business course of a Business Administration degree at a Spanish university. The
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subject is offered in the first year and first semester of the degree, and students are distributed into
six groups. The Business degree admits students from different backgrounds, including high school,
Science, Humanities, and Social Sciences, all with different mathematical backgrounds. The test
consists of a multiple-choice exam with five questions. Each correct answer earns two points, and
each incorrect answer subtracts one point. A scatterplot of the data used, showing the joint distribution
of (x, z) across the 338 students, is shown in Figure 3.
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Figure 3. Scatterplot of the data showing the joint distribution of (x, z) across the 338
students.

5.1. Empirical Bayes approach

We adopt here an empirical Bayes approach, which can be pictured as a compromise between the
Bayesian and classical approaches (see [7, 31]), where the parameters of the prior distributions are
estimated from the data. For that, we need the marginal (unconditional) distribution of (X,Z), which is
computed by compounding as

f (x, z) =

∫ 1

0

∫ 1

0
f (x, z|p1, p2)π(p1, p2) dp1 dp2,

where f (x, z|p1, p2) is given in (3.3) and the prior distribution π(p1, p2) is given by the product of the
two priors in (3.4). This requires some computations and yields

f (x, z) =
n!B(β1 + n − x, α1 + x)B(α2 + z, β2 + x − z)

(n − x)!(x − z)!z!B(α1, β1)B(α2, β2)
. (5.1)

The unconditional cross-factorial moment and the marginal means are provided in the Appendix.
Then, the unconditional covariance is given by

cov(X,Z) =
nα1α2β1(n + α1 + β1)

(α1 + β1)2(α2 + β2)(α1 + β1 + 1)
. (5.2)

The log-likelihood function is also shown in the Appendix.
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5.2. Empirical and theoretical fitted values

The multiple-choice test done by the 338 students provide the results shown in Table 3. Rows
correspond to the number of questions answered by the student, with X = 0, 1, ..., n, while columns
represent the number of correct answers, Z = 0, 1, ..., X. As a consequence, the table exhibits a
triangular structure, reflecting the natural restriction Z ≤ X, which arises from the fact that the number
of correct responses cannot exceed the total number of attempted questions.

Table 3. Observed (in bold) and expected data (below) for estimated values of parameters.
The standard errors of the estimated parameters are shown below the table, in brackets

X
Z

0 1 2 3 4 5 Total

0 42 42
39.53 39.53

1 30 28 58
30.90 32.70 63.61

2 22 36 15 73
21.95 27.90 24.04 73.90

3 10 22 34 14 80
14.59 19.87 20.57 16.37 71.41

4 7 14 11 10 10 52
8.62 12.19 13.52 12.93 9.87 57.13

5 7 5 3 2 5 11 33
3.80 5.49 6.31 6.47 5.93 4.41 32.42

Total 118 105 63 26 15 11 338
119.39 98.15 64.44 35.77 15.80 4.41 338.00

α̂1 = 1.963 (0.312); β̂1 = 2.102 (0.335)
α̂2 = 1.591 (0.342); β̂2 = 1.503 (0.319)
AIC = 1935.18
χ2

7 = 3.72; p-value = 81.08%

Each cell in the table contains two values: The observed frequency (reported in bold) and the
corresponding expected frequency (shown below), obtained from the fitted model. The expected
frequencies are computed using the probability mass function derived in Eq (5.1), evaluated at the
estimated parameter values, which are at the bottom of this table (the standard errors are in brackets).
As observed in the sample, of the 338 students, 42 do not attempt any question, whereas 58 students
answer exactly one question, of whom 28 provide correct responses and 30 incorrect ones. Overall,
the close agreement between observed and expected frequencies indicates a satisfactory fit of the
model. We also show the value obtained for the Akaike information criterion (AIC). Note that
AIC = 2(k − `max), where k is the number of model parameters and `max is the maximum value of
the log-likelihood function; see [1] for details. The goodness-of-fit was determined by the standard
Pearson chi-squared test statistic, given by
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χ2 =

n∑
i=1

(observedi − expectedi)
2

expectedi
,

with the following grouping procedure: The outermost classes are consolidated to produce theoretical
class sizes of 5 or larger. It is known that χ2 follows a chi-squared distribution with n0 − k − 1 degrees
of freedom, where n0 is the number of classes considered to compute the value of χ2. In this case, we
obtain χ2

7 = 3.72 (which is well below 14.07, the 5% critical value of χ2 with 7 degrees of freedom),
with a p-value of 81.08%. From the estimated values of the parameters, the estimated covariance
obtained from (5.2) is cov(X,Z) = 1.14892, versus the sample value of 1.22818.

A comparison between observed and expected frequencies can also be seen in Figure 4.

Figure 4. Observed (black) and expected frequencies (red) for estimated values of the
parameters.

It is well established that estimating hyperparameters from the data and subsequently treating them
as fixed quantities may lead to an underestimation of posterior uncertainty. In particular, ignoring the
variability associated with the hyperparameter estimates can result in overly narrow credible intervals
and an overconfident assessment of point estimates. The statistical literature has proposed several
remedies to address this issue, most notably fully Bayesian approaches in which hyperparameters are
endowed with prior distributions and inference is performed jointly, typically via Markov Chain Monte
Carlo (MCMC) methods, or alternative approaches that explicitly account for this additional layer of
uncertainty.

In this setting, however, the empirical performance of the model suggests that the impact of this
effect is likely to be limited. As evidenced by the goodness-of-fit measures reported in Table 3, the
model provides an accurate representation of the data. Consequently, while a full propagation of
hyperparameter uncertainty would in principle be preferable, we believe that its omission does not
materially affect the main results in this particular application.

5.3. Measuring the heterogeneity of the classroom

Using the expectation and variance given in (4.5) and (4.6), and the estimated values of the
parameters, we obtain that var[E(X|p1)] = 1.232 while E[var(X|p1)] = 1.002. Figure 5 (above) shows
the values of expressions (4.7) and (4.8) for different values of x. Considering these values (which
are relatively high), together with the values of γ(x, t) shown in Figure 5 (below) (which are relatively
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low), we conclude that the classroom in the example analyzed appears to be heterogeneous, since the
Bayesian mark assigns more weight to the expression h(t, x, z).
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Figure 5. Factor measuring the weight of the mark concerning the group (above) and some
measures of heterogeneity (below).

5.4. Bayesian marks

The proposed approach enables the computation of grades, potentially motivating students to
enhance their performance from one assessment to the next. This strategy may help support students at
risk of failing, although such effects are not directly evaluated. Otherwise, there are no rewards if the
student remains in the same class and does not improve from one test to the next. To obtain the data in
Table 4, the method uses the collective experience of the heterogeneous group.

We assume the tests have five questions, n = 5, each with three alternative responses∗. These
alternatives include only one correct answer, which scores 2 points, c = 2; otherwise, each incorrect
answer results in −1 points, w = 1. Furthermore, we assume the existence of only three tests (t = 3).
It is well known that if the number of possible alternatives in each question is P > 0, then w = c

P−1
ensures that, if the student answers all the questions randomly, the expected mark is zero.

We now illustrate how the process operates using Table 4. In the first test, t = 1, with x = 5
answered questions, if all of them are correct, z = 5, the student receives the maximum score in the
classical (CS) and the Bayesian systems. We assume that if the student responds to all five questions
correctly, their score will always be 10 points. On the other hand, if the model provides a negative

∗The number of answer options can be generalized, and the choice of 3 responses is illustrative rather than restrictive.
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mark, as in the CS, the mark is converted to zero to encourage the student to strive for improvement.
For instance, as can be seen in Table 4, when x = 5 and z = 1, the score would be −2; however, it is
assigned a value of zero.

Table 4. Normalized Bayesian marks and comparisons with the ones obtained under the
classical method (CS), shown in the fifth row in bold.

t x = 5 x = 4
z = 5 z = 4 z = 3 z = 2 z = 1 z = 0 z = 4 z = 3 z = 2 z = 1 z = 0

1 10 7.43 4.86 2.29 0 0 8.09 5.59 3.08 0.56 0
2 10 4.78 3.13 1.48 0 0 5.21 3.60 1.98 0.36 0
3 10 3.53 2.31 1.09 0 0 3.85 2.65 1.46 0.27 0

Mean 10 5.24 3.44 1.62 0 0 5.72 3.95 2.17 0.40 0
CS 10 7 4 1 0 0 8 5 2 0 0
t x = 3 x = 2 x = 1

z = 3 z = 2 z = 1 z = 0 z = 2 z = 1 z = 0 z = 1 z = 0

1 6.22 3.79 1.36 0 4.40 2.07 0 2.65 0.49
2 4.01 2.44 0.88 0 2.83 1.34 0 1.71 0.31
3 2.95 1.80 0.65 0 2.09 0.98 0 0.53 0.10

Mean 4.39 2.68 0.96 0 3.11 1.46 0 1.63 0.30
CS 6 3 0 0 4 1 0 2 0

In general, in subsequent tests, t = 2 and t = 3, if the student obtains the same number of
correct answers from one test to the following, they will remain in the same category, as there is no
improvement, and the proposed Bayesian rating assigns a slightly lower grade. Focusing on students
who consistently respond to, for example, four questions, then x = 4. In the first test (t = 1), if two
of these answers are correct, z = 2, the corresponding Bayesian mark would be 3.08 instead of 2 in
the classical system. Motivated students can correctly answer 3 questions, z = 3, in the following test
(t = 2), resulting in a mark of 3.60. If this progression continues and reaches z = 4 in the final test
(t = 3), the mark will be 3.85.

Table 5 shows the evolution of two average students over the course and the means calculated using
the classical and Bayesian models. For Student 1, in the initial test, where the student answers all the
questions but only three correctly, the Bayesian mark would be 4.86 instead of 4 under the classical
method.

However, suppose the student does not improve in the following test and answers only four
questions, of which two are correct. In this case, the Bayesian mark (1.98), although lower than
in the previous test, is almost the same as in the classical method (2.2). Finally, in the third test,
after answering five questions with only two correct answers, the marks would be 1.09 and 1 in the
Bayesian and classical models, respectively. The final mean score is slightly higher in the Bayesian
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model. Student 2 represents a case that begins with very poor grades but improves in the subsequent
tests. A graphical representation of this evolution is shown in Figure 6.

Table 5. Evolution of the grades of two average students under the classical and Bayesian
models.

Student 1 (t, x, z) = (1, 5, 3) (t, x, z) = (2, 4, 2) (t, x, z) = (3, 5, 2) Mean
Bayesian 4.86 1.98 1.09 2.64
CS 4 2 1 2.34
Student 2 (t, x, z) = (1, 3, 1) (t, x, z) = (2, 4, 4) (t, x, z) = (3, 5, 5) Mean
Bayesian 1.36 3.85 10 5.53
CS 0 8 10 6
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Figure 6. Evolution of two students along the course for the classical and Bayesian marks.
Student 1 (left) and student 2 (right).

5.5. Breaking the independence assumption

The assumption of independence between the two random variables p1 and p2 is very restrictive.
As an anonymous reviewer has pointed out, in practice, students who answer more questions are also
more likely to answer them correctly. Although it is not applied here, a dependent bivariate prior can
be introduced using a copula. A very simple copula is the one provided by the Sarmanov family of
bivariate distributions (see [20]). Specifically, assume that

π(p1, p2) = π1(p1)π2(p2)
[
1 + ω φ1(p1)φ2(p2)

]
provided that ω is a real number that satisfies condition 1 +ωφ1(p1)φ2(p2) ≥ 0 for all p1 and p2, so that
it defines a genuine bivariate probability density function with specified marginals π1(p1) and π2(p2).
Note that the dependence is captured through the mixing functions and the parameter ω. In practice,
various mixing functions may be selected to determine the bounds of the ω parameter. The researchers
in [20] propose the mixing functions given by φi(pi) = pi − αi/(αi + βi), for i = 1, 2. In this case,
the posterior density of (p1, p2) is a linear combination of products of univariate beta densities, which
results in an almost conjugate form [20].
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6. Conclusions and future directions

In this paper, we proposed a Bayesian framework for modeling and evaluating student performance
on multiple-choice tests, explicitly accounting for classroom heterogeneity. The approach is based on a
bivariate probabilistic structure that jointly models the number of attempted questions and the number
of correct answers, embedded within a statistical decision-theoretic framework.

We made this framework by the combined effect of two stochastic processes; one concerned with the
fact of answering or not answering a test question, and if answered, whether the answer was correct or
incorrect. The student’s performance can be due to many causes. However, fundamentally, it is found
in students’ subject-matter skills and in variations in their provenance and knowledge in the subject
we consider. These differences in the performances are related to the heterogeneity of the population
under study (the students).

A key contribution of the study is the derivation of an explicit scoring rule in the form of a Bayes
estimator under quadratic loss. The resulting expression for the student’s mark combines individual
performance and prior (group-level) information, yielding a credibility-type formulation that enables
a transparent interpretation of the weighting mechanism. This structure provides a flexible way
to balance individual experience with information from the collective, depending on the degree of
heterogeneity and the amount of available data.

The empirical results illustrate that the proposed scoring system produces outcomes broadly
comparable to those obtained under traditional evaluation methods. Furthermore, the Bayesian
approach introduces a dynamic component by incorporating accumulated performance, leading to
smoother adjustments in marks across successive assessments.

The proposed model may provide a framework that encourages improved academic performance by
incorporating individual and group-level information into the evaluation process. Although the final
marks obtained are broadly comparable to those derived from classical scoring systems, the Bayesian
approach may yield relatively higher scores for students who do not reach the highest performance
levels. Importantly, this adjustment should not be interpreted as an artificial inflation of grades or
as a consequence of subjective assessment, but rather as the result of a systematic incorporation
of individual outcomes and collective information within a coherent probabilistic framework. In
this sense, the proposed methodology is consistent with the findings in [13], as it aims to account
for classroom heterogeneity to support a more individualized and potentially motivating assessment
process, rather than generating spurious grade inflation.

Student failure is widely recognized as a key challenge in higher education, often associated with
low initial performance and a consequent loss of motivation. Poor results in early assessments may
discourage students and negatively affect their engagement with the course. In this context, educational
institutions frequently implement support mechanisms aimed at mitigating these effects and fostering
student persistence. The proposed assessment framework may be interpreted as a complementary
tool in this direction, as it incorporates accumulated performance and group-level information into the
grading process and is consistent with mechanisms that could mitigate the negative impact of initial low
scores. However, this interpretation should be regarded as suggestive, and further empirical analysis
would be required to assess the extent to which such an approach may influence student motivation or
retention.

Finally, the proposed methodology is consistent with the philosophy underlying the European
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grading scale defined within the Bologna Process, where student performance is interpreted in relation
to the distribution of results within a group. By integrating individual and collective information, the
model provides a probabilistic framework that is compatible with this perspective and raises relevant
considerations regarding fairness in the evaluation process. In particular, the approach may contribute
to a smoother evaluation of early performance, which could help mitigate discouraging effects in the
initial stages of the academic term, although such behavioral implications were not directly evaluated
in this study. Furthermore, as with any model-based assessment procedure, its implementation may
involve unintended consequences if not carefully designed and communicated. Nevertheless, any
potential impact on student retention should be interpreted with caution, as it was not directly evaluated
in this study.

Several avenues for future research emerge from this study. First, the analysis could be extended
by considering alternative loss functions within the decision-theoretic framework. While the squared-
error loss leads to analytically convenient expressions and a credibility-type formulation, other choices
(e.g., asymmetric or absolute loss functions) may provide different interpretations of the scoring rule
and could be more appropriate in specific educational contexts. Second, the current model assumes
independence between the latent parameters governing response behavior and correctness. Relaxing
this assumption by introducing dependence structures (for instance, through hierarchical models or
copula-based approaches) would enable a more realistic representation of student ability, since more
skilled students are likely to attempt more questions and to answer them correctly. Third, researchers
could explore connections with alternative modeling frameworks commonly used in educational
assessments, particularly item response theory (IRT) models. A comparative analysis could help assess
the relative advantages of the proposed approach in terms of interpretability, flexibility, and predictive
performance. Fourth, the empirical analysis could be extended using larger and more diverse datasets,
including longitudinal data, to better evaluate the dynamic properties of the proposed scoring system
and its ability to capture learning progression over time. Finally, an important direction for future
research is the empirical assessment of the behavioral implications of the proposed methodology. In
particular, experimental or quasi-experimental studies could be designed to investigate whether the use
of this scoring system has an effect on student motivation, engagement, and retention. Such analyses
would be necessary to formally establish any causal relationship between the proposed evaluation
framework and educational outcomes.
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A. Appendix

The unconditional cross-factorial moment is given by

E(XZ) =
nα1α2 (n(1 + α1) + β − 1)

(α1 + β1)(α2 + β2)(α1 + β1 + 1)
.

Again, by compounding and using (3.5), we obtain the unconditional means, given by

E(X) =
nα1

α1 + β1
,

E(Z) =
nα1α2

(α1 + β1)(α2 + β2)
.

Let ϑ = (α1, β1, α2, β2) be the vector of parameters to be estimated, and consider a sample consisting
of t observations (x̃, z̃) = {(x1, z1), . . . , (xt, zt)} drawn from the probability function (5.1). The log-
likelihood is proportional to

`(ϑ; (x̃, z̃)) ∝ −t
(
log B(α1, β1) + log B(α2, β2) + log Γ(α1 + β1 + n)

)
+

t∑
i=1

[
log Γ(β1 + n − xi) + log Γ(α1 + xi) + log Γ(α2 + zi)

+ log Γ(β2 + xi − zi) − log Γ(α2 + β2 + xi)
]
. (A.1)

Given the log-likelihood function defined in (A.1), it is evident that the global maximum cannot
be obtained explicitly. The procedure followed here consists of starting from a seed point and using
the FindMaximum function of the Mathematica software package v. 12.0 (see, for example, [33]).
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This package offers the possibility of using different procedures to find the optimum, such as Newton,
PrincipalAxis, and QuasiNewton, guaranteeing in all cases the same parameter estimates.

Finally, the variances of the maximum likelihood estimates can be obtained from the diagonal
elements of the inverse matrix of negative second derivatives of the log-likelihood function, evaluated
at the maximum likelihood estimates. It is worth noting that the Mathematica package includes the psi
function, which is the derivative of the Gamma function, ψ(z) = d/ds log Γ(s), and which is required
in this context. In practical situations, it is convenient to approximate the digamma function by the
following expression:

log (Γ(z)) ≈
1
2

log(2π) +

(
z −

1
2

)
log(z) − z +

z
2

log
(
z sinh

(
1
z

))
,

which is well known in the statistical literature and performs well in practice.

B. Codes in mathematica

B.1. Code for getting the maximum likelihood estimators, standard errors and p-values

n = 5 ;
l o g l = Sum[
Log [ ( Binomial [ n , x [ [ j ] ] ] Binomial [ x [ [ j ] ] ,
z [ [ j ] ] ] Gamma[ x [ [ j ] ] + \ [ Alpha ] 1 ] Gamma[ z [ [ j ] ]
+\[ Alpha ] 2 ] Gamma[ nn−x [ [ j ] ] + \ [ Beta ] 1 ]
Gamma[ \ [ Alpha ] 1+\ [ Beta ] 1 ] Gamma[ x [ [ j ] ] −
z [ [ j ] ] + \ [ Beta ] 2 ] Gamma[ \ [ Alpha ] 2+\ [ Beta ] 2 ] ) / ( Gamma[ \
\ [ Alpha ] 1 ] Gamma[ \ [ Alpha ] 2 ] Gamma[ \ [ Beta ] 1 ]
Gamma[ nn +\[ Alpha ] 1+\ [ Beta ] 1 ] Gamma[ \ [ Beta ] 2 ] Gamma[
x [ [ j ] ] + \ [ Alpha ] 2+\ [ Beta ] 2 ] ) ] , { j , 1 , 3 3 8 } ] ;
maxlog l =

FindMaximum [
l o g l , { \ [ Alpha ] 1 , 2 . 9 } , { \ [ Beta ] 1 ,
1 . 1 0 0 0 8 4 6 1 6 7 3 7 7 3 6 4 9 1 9 9 ‘ } , { \ [ Alpha ] 2 ,
1 .2970215133710393 ‘ } , { \ [ Beta ] 2 , 1 . 3 7 9 1 8 5 9 1 3 3 5 6 0 6 4 6 8 8 ‘ } ,
MaxIterat ions −>20000]
mle = maxlog l [ [ 2 ] ]
p a r a m e t e r s = { \ [ Alpha ] 1 , \ [ Beta ] 1 , \ [ Alpha ] 2 , \ [ Beta ] 2 } ;
B = I n v e r s e [−D[ l o g l , { p a r a m e t e r s , 2 } ] / . mle ] ;
param = Length [ p a r a m e t e r s ] ;
e r r o r e p a r a m = Table [N[ Sqrt [B [ [ j , j ] ] ] ] , { j , 1 , param } ] ;
t = Table [N[ p a r a m e t e r s [ [ j ] ] / e r r o r e p a r a m [ [ j ] ] ] / . mle , { j , 1 , param } ] ;
p v a l u e s =

Table [2∗ (1 −CDF[ S t u d e n t T D i s t r i b u t i o n [ n−param ] , Abs [ t [ [ j ] ] ] ] ) / .
mle , { j , 1 , param } ] ;
AIC = N[2∗ param−2 l o g l / . mle ] ;
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BIC = N[ −2∗ ( l o g l / . mle )+ param ∗Log [ n ] ] ;
CAIC = N[ ( 1 + Log [ n ] ) ∗ param−2 l o g l / . mle ] ;
l i s t a e s t i m a t e = p a r a m e t e r s / . mle ;
l i s t a s e = e r r o r e p a r a m ;
l i s t a t = t ;
l i s t a p v a l u e = p v a l u e s ;
l i s t p a r a m e t e r s = p a r a m e t e r s ;
MatrixForm [
Transpose [ { l i s t p a r a m e t e r s , l i s t a e s t i m a t e , l i s t a s e , Abs [ l i s t a t ] ,
l i s t a p v a l u e } ] ]
TableForm [
Table [ { l i s t p a r a m e t e r s , l i s t a e s t i m a t e , l i s t a s e , Abs [ l i s t a t ] ,
l i s t a p v a l u e } , { i , 1 , 1 } ] ,
TableHeadings −> {None , { ‘ ‘ P a r a m e t e r ” , ‘ ‘ E s t i m a t e ” , ‘ ‘ S . E . ” ,
‘ ‘ t −Wald” , ‘ ‘P> | t | ” } } , T a b l e S p a c i n g −> { 1 , 3 } ]
TableForm [ Tab le [ { l o g l / . mle , AIC , BIC , CAIC } , { i , 1 , 1 } ] ,
Tab l eHead ings −> {None , { ‘ ‘ Log− l i k e l i h o o d ” , ‘ ‘ AIC” , ‘ ‘ BIC” , ‘ ‘CAIC” } } ,
T a b l e S p a c i n g −> { 1 , 3 } ]

B.2. Code for getting the marks

Clear [ n ] ; r = pc = 2 ; s = pu = 1 ; n = 5 ; r =

pc = 2 ;
mle = { \ [ Alpha ]1 −> 1 . 9 6 3 ,
\ [ Beta ]1 −> 2 . 1 0 2 , \ [ Alpha ]2 −> 1 . 5 9 1 ,
\ [ Beta ]2 −> 1 . 5 0 3 } ;

M[ t , x , z ] = ( ( n ( \ [ Alpha ]1 + x ) ( r ( \ [ Alpha ]2 + z ) −
s ( \ [ Beta ]2 + x − z ) ) ) / ( ( \ [ Alpha ]1 +

\ [ Beta ]1 + t ∗n ) ( \ [ Alpha ]2 +

\ [ Beta ]2 + x ) ) ) ( ( \ [ Alpha ]1 n ( r \ [ Alpha ]2 −
s \ [ Beta ] 2 ) ) / ( ( \ [ Alpha ]1
+ \ [ Beta ] 1 ) ( \ [ Alpha ]2 + \ [ Beta ] 2 ) ) ) ˆ − 1 ;
W[ t , x , z ] = 1 0 /M[ 1 , 5 , 5 ] M[ t , x , z ] ;
Table [W[ 1 , 5 , j ] , { j , 0 , 4 } ] / . mle / / N
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