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Abstract: This study developed a Caputo-type Kayo-Kengne-Akgiil (KKA) fractional model for
Lassa fever transmission with memory in coupled human-rodent dynamics. The model contains
five compartments: susceptible, infected, and recovered humans, together with susceptible and
infected rodents. Using the inverse relation between the KKA derivative and its associated integral,
the system was rewritten as an equivalent Volterra-type integral equation. The analysis proved
positivity, boundedness, existence, uniqueness, and Ulam-Hyers stability. For computation, a two-
step KKA Adams-Bashforth scheme was constructed to examine the effect of the fractional order,
showing that smaller orders produce stronger memory and slower epidemic evolution. A deep neural
network surrogate was trained on the numerical trajectories, and parameter estimation from clean and
noisy synthetic data showed close agreement between the reference and recovered solutions for all
compartments and selected transmission parameters.
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1. Introduction

Lassa fever remains an important zoonotic disease in several parts of West Africa, with Nigeria
bearing a particularly heavy burden. It was first recognized in 1969 after the deaths of two missionary
nurses from a severe febrile infection. Subsequent research identified the causative agent as Lassa virus
(LASV), an RNA virus belonging to the family Arenaviridae [1]. The infection is maintained in nature
primarily through the Mastomys rodent reservoir. Human transmission usually occurs through contact
with food, surfaces, or other materials contaminated by rodent urine or feces, while person-to-person
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spread may also occur through exposure to the bodily fluids of an infected individual. Although many
infections are mild or asymptomatic, severe cases may lead to hemorrhage, respiratory distress, multi-
organ failure, neurological complications, and death. The disease is particularly dangerous for pregnant
women and hospitalized patients, making it an important subject for epidemiological analysis [2].

The persistence of Lassa fever in endemic regions shows that its transmission dynamics are
influenced by several interacting mechanisms, including human-rodent contact, secondary
human-to-human transmission, delayed diagnosis, and variability in treatment and control measures.
These epidemiological features make Lassa fever a suitable candidate for mathematical modeling.
Mathematical models help to identify the main transmission pathways, evaluate the role of key
parameters, determine threshold conditions for disease persistence or eradication, and assess the
possible effects of intervention strategies. In this way, modeling provides a useful theoretical
framework for understanding disease spread and supporting public-health decision-making.

Several key factors influence the transmission potential of Lassa fever. These include the
frequency of contact between humans and infected rodents, the level of environmental contamination
by rodent urine or feces, secondary human-to-human transmission, the size of the susceptible human
population, the abundance and infection level of the rodent reservoir, recovery and treatment rates,
disease-induced mortality, waning immunity, and natural demographic processes. In addition, delayed
diagnosis and repeated exposure may affect the timing and intensity of disease progression. These
mechanisms are reflected in the model through the human-to-human transmission rate,
rodent-to-human transmission rate, human-to-rodent transmission rate, recruitment rates, recovery
rate, waning-immunity rate, natural mortality rates, disease-induced death rate, and the fractional
order controlling memory effects.

The mathematical modeling literature on Lassa fever has grown steadily in recent years. Early and
recent studies include deterministic compartmental models that describe disease spread between
humans and rodents while analyzing the behavior of disease-free and endemic equilibria [1, 3].
Researchers have also proposed time-dependent models to capture seasonal changes in rodent
populations and to evaluate the impact of different intervention policies on transmission patterns [4].
In a related direction, optimal-control approaches have been applied to assess how hospitalization,
treatment, health education, and rodent management can work together to reduce infection
levels [5, 6].

Additional studies have addressed treatment adherence, parameter sensitivity, and mathematical
conditions for equilibrium stability in both local and global settings [7, 8]. This body of work has
deepened the theoretical understanding of Lassa fever spread and control.

Despite these important contributions, most existing Lassa fever models are still formulated in the
classical integer-order setting. In many epidemiological processes, however, the present disease state
may depend not only on current interactions but also on past exposure, delayed biological response,
and earlier stages of infection. Such hereditary effects are difficult to represent adequately within
standard integer-order models.  Fractional-order modeling provides a natural extension by
incorporating memory into the governing dynamics, and operators with nonlocal kernels have
therefore become increasingly useful in epidemic modeling when past states influence current
transmission behavior.

The main novelty of the present study lies in extending Lassa fever transmission modeling from the
classical integer-order setting to the Caputo-type KKA fractional-order framework. Classical models
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usually describe the rate of change of each compartment only in terms of the current state of the system.
However, Lassa fever transmission may be influenced by previous exposure history, repeated human-
rodent contact, delayed diagnosis, and persistence of infection within the reservoir population. These
features motivate the use of a fractional-order formulation, since the fractional derivative incorporates
memory effects through a nonlocal temporal structure. In this sense, the fractional order acts as an
additional modeling parameter that controls the strength of memory and allows the model to describe
slower, smoother, and more realistic transient epidemic behavior. Moreover, the use of the Caputo-type
KKA operator is new in this context and provides a convenient integral representation for rigorous
analysis and numerical approximation. It should be noted that the proposed model can reduce to the
classical integer-order formulation when @ = 1. Therefore, the integer-order model is not excluded;
rather, it is contained as a limiting case of the present fractional-order framework. The main reason for
considering 0 < @ < 1 is that Lassa fever transmission is not necessarily governed only by the current
epidemiological state. Previous exposure, repeated contact with infected rodents, delayed clinical
response, and persistence of infection in the reservoir population may influence the present disease
dynamics. The fractional-order derivative provides a convenient way to incorporate these memory-
dependent effects, while the parameter « allows the strength of memory to be varied and examined
numerically.

Motivated by this observation, the present work investigates a fractional-order Lassa fever model in
the Caputo-type KKA framework. The KKA operator is particularly attractive because it incorporates
memory effects while preserving a convenient inverse relation with its associated fractional integral.
This feature allows the governing system to be reformulated as an equivalent Volterra-type integral
equation, which provides a suitable foundation for rigorous qualitative analysis as well as numerical
approximation. In addition, the KKA formulation offers extra flexibility in describing the transient
dynamics of the coupled human-rodent transmission process when compared with the classical first-
order model.

Recent studies have further shown the effectiveness of fractional-order frameworks in modeling
infectious and biological disease dynamics under different analytical, numerical, and control settings.
For instance, El-Mesady et al. [9] investigated optimal control efforts for reducing Human
Papillomavirus transmission using a fractional-order mathematical model, while Elsonbaty et al. [10]
developed a fractional-order meningitis model with optimal control strategies to describe infection
dynamics and intervention effects. In addition, Shafqat and Alshamrani [11] employed deep learning
for parameter estimation in a typhoid fever model, and Shafqat and Alsaadi [12] proposed a hybrid
predictive framework for Zika dynamics based on the normalized Caputo-Fabrizio operator. Further
contributions include the normalized Caputo-Fabrizio fractional model for ischemic heart disease
progression with well-posedness and Ulam-Hyers stability analysis by Al-Quran et al. [13], and the
SVIR fractional modeling and bifurcation analysis presented by Shafqat et al. [14]. These studies
confirm the growing importance of fractional operators, stability analysis, optimal control, bifurcation
theory, and data-driven techniques in modern disease modeling, and they further motivate the present
KKA fractional-order formulation for Lassa fever dynamics.

The novelty and main contributions of this work are summarized as follows. First, to the best
of our knowledge, this is the first study to formulate Lassa fever transmission dynamics within the
Caputo-type KKA fractional-order framework. Second, the model incorporates memory effects into
the coupled human-rodent transmission process, which cannot be adequately represented by a purely
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integer-order formulation. Third, the inverse relation between the KKA derivative and its associated
integral is used to obtain an equivalent Volterra-type integral system, which provides the basis for
proving positivity, boundedness, existence, uniqueness, and Ulam-Hyers stability. Fourth, a two-step
KKA Adams-Bashforth numerical scheme is derived to investigate the influence of the fractional order
on disease progression. Finally, a deep neural network surrogate and parameter-estimation procedure
are developed to support the computational and predictive aspects of the proposed model.

The paper is structured in the following way. Section 2 describes the fractional-order Lassa fever
model and establishes its main qualitative properties. In Section 3, we review the basic concepts
associated with the KKA operator.  Section 4 is concerned with the development of the
Adams-Bashforth numerical procedure. The computational results and their discussion, together with
the deep neural network surrogate analysis, are presented in Section 5. The parameter-estimation
framework is then examined in Section 6. Finally, section 7 concludes the paper with a summary of
the main results and several suggestions for future research.

2. Model formulation

In this study, we formulate a fractional-order model for the transmission dynamics of Lassa fever by
employing the KKA operator. Because the disease is sustained through coupled interactions between
the human population and the rodent reservoir, it is desirable to use a framework that can account
for both transmission coupling and memory effects. Accordingly, the classical first-order derivative is
replaced with the KKA fractional derivative of order 0 < @ < 1. When a = 1, the system reduces to
the corresponding classical integer-order Lassa fever model, whereas the case O < @ < 1 represents the
memory-dependent fractional extension considered in this work.

At time 7, the human population is divided into three compartments, namely, susceptible, infected,
and recovered individuals, denoted by S (¢), I(¢), and R(¢), respectively. In the same way, the rodent
population is partitioned into susceptible and infected classes, represented by M(z) and J(¢). Hence,
the total human and rodent populations are given by N, () = S (¢) + I(t) + R(¢) and N,(t) = M(t) + J(¢).

The susceptible human population is recruited into the model at rate Aj, whereas susceptible rodents
are added at rate A,. Infection in humans is assumed to occur through effective contact with either
infected humans or infected rodents. The corresponding transmission coefficients are denoted by £,
and g3,, respectively. Under these assumptions, the force of infection for the human population is given
by

P T (GEY. 2(0}
Ny(1)

In an analogous manner, rodents are assumed to contract infection through effective exposure to
infected humans, governed by the parameter 5;,. This leads to the rodent infection pressure

ﬂhrl(t)
N.(1)

A,(1) =

In the infected human compartment, recovery takes place at rate £, while individuals in the recovered
class may lose their temporary immunity and move back to the susceptible class at rate y. Disease-
related death among infected humans is represented by the parameter ¢,. In addition, natural death is
assumed in both the human and rodent populations, occurring at rates y; and y,, respectively. Based
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on these modeling assumptions, the KKA fractional-order system for Lassa fever can be written as

follows:
KKADYS (1) = Ay + yR(1) = ,(0)S (1) — S (D),

KKADCI(1) = (DS (1) = (& + py + SI(D),

KKADER(1) = el (t) — (un + V)R(), (2.1)
KKADEM(t) = A, = AOM(1) — p1, M(D),

KEADRJ(1) = A()M(D) — 1, J (D),

with the following initial data:
S0)=80>0,10)=1>0, RO)=Ry, >0, M(O) =M, >0, JO)=Jy >0. (2.2)

System (2.1) has a clear epidemiological interpretation. The susceptible human class increases
through recruitment and waning immunity, and decreases through infection and natural death. The
infected human class grows through newly generated infections and declines because of recovery,
natural mortality, and disease-related death. The recovered class is generated by successful recovery
and is reduced by natural death and loss of immunity. On the rodent side, susceptible rodents are
replenished by recruitment and diminished through infection and natural death, whereas infected
rodents arise through transmission and leave the class through natural mortality.

For the analysis that follows, it is useful to represent the governing system in a vector setting. We set
X(0) = (S@), 1(1), R(t), M(1), J(£))" and Xo = (S0, Io, Ry, Mo, Jo)'. Accordingly, equation system (2.1)
may be written in the concise form

KKADOX (1) = F(t, X(1)), X(0) = X,, (2.3)

where
Ah + ’)/R - /th —/JhS
S - (8 + u, + 6h)1
Ft,X) = el — (u, + y)R
Ay =AM — .M
AM = J
Using the inverse relationship between the KKA fractional derivative and the corresponding

fractional integral, the compact model (2.3) admits the following equivalent Volterra-type integral
representation:

X() =Xy + %@ f(; F(r,X(t))dr + o j(;(r - 17)YF(1,X(1))dr. 2.4)

-«
KA(@)I'(1 -
The representation (2.4) will play a central role in the sequel, since it provides the foundation for
establishing positivity, boundedness, existence, uniqueness, Ulam-Hyers stability, and the KKA
Adams-Bashforth numerical approximation. Therefore, the proposed formulation extends the
classical Lassa fever system to the KKA fractional setting while preserving the epidemiological
meaning of each compartment and incorporating memory effects into the human-rodent transmission
process.
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3. Mathematical foundations

This section presents the mathematical preliminaries necessary for establishing the results of this
study.

3.1. Definitions
In this subsection, we provide the fundamental definitions necessary for this framework.

Definition 3.1. Let f be a continuous function such that f € H'(a,b), a < b € R, and a € 10, 1].
Following [15], the KKA derivative in the Caputo sense is defined as

K64 po () = KAL) f £1(7) em(—ia - r)) dr,
l1-a J, l-a

where H' denotes the Sobolev space, KA(«) is the normalization function with KA(0) = KA(1) = 1,
and e, is the a-generalized exponential function

)
a N _1—0’) j+a—1
va| ———1t]) = Y ———= el
e’( l—a/) ;F(aj+a)

Definition 3.2. Let f be a continuous function such that f € H'(a,b), where a < b € R, and let
a € (0, 1]. Following [15], the KKA fractional integral is defined as

KKAa/
S0 = e )fﬂ) Tt ff(f)(t—f) dr,

where KA(a) is the normalization function satisfying:

KA0)=KA(l)=1 and KA(@)=1-a+ m

3.2. Existence and boundedness of solutions

In this part, we establish the existence of solutions for the KKA fractional Lassa fever model on a
finite time interval and verify that each solution remains inside a bounded region that is biologically
meaningful.

Let X(t) = (S(@),I1(t),R(t), M(1),J(t))" and Xy = (S0, 1o, Ro, My, Jo)", and recall the equivalent
Volterra-type integral formulation

X)) =Xo + f F(r,X(7t))dr + o f(t - 17)YF(1,X(1))dr. 3.1
0

a 1 -
KA(@) KA(a )F(l -

Theorem 3.1. Let the initial data be such that S > 0,1, > 0,Ry > 0, My > 0, and Jy > 0. Therefore,
on every finite interval [0, T with T > 0, Eq (2.1) admits at least one nonnegative continuous solution,
namely, X € C([0,T],R3). Moreover, every solution remains bounded on [0,T]. More precisely,
Ny(t) < Ky, N(t) < K,,t € [0,T], where Nj,(t) = S(t) + I(¢) + R(t), N,(t) = M(t) + J(¢), and

A A,
K;, = max {Nh(O), —h} , K, = max {Nr(O), —}
HMn

r
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Consequently, the set Q = {(S,I, R,M,J) e Ri :0<N, <K, 0N, < Kr} forms a bounded
positively invariant set for the system.

Proof. We divide the proof into two steps.
Step 1: Let Ny(t) = S(t) + I(¢) + R(t) and N,(t) = M(¢) + J(¢). By adding the first three equations
in (2.1), we obtain
KEADON,(t) = F¥ADES (1) + *¥ADT 1(1) + ** DY R(»).

Using the model equations, this gives
KKADON, (1) = Ay + YR — A4S — S + S — (8 + wy, + 6,)I + &l — (uy, + y)R.
After simplification,
KEADONL() = Ay — (S + 1+ R) = 6,1 = Ajy — puNy(®) — 6,1(0) < Ajy — puNi(0),

since I(¢) > 0.
Similarly, adding the last two equations of (2.1), we get

KKADEN, (1) = *KADIM(1) + *KADII(1) = A, — (M + ) = A, =, N, (0).

Hence,
KEADYN(1) < Ny — unNu(D), KEADEN(1) < A, = N, (D).

By the comparison principle for Caputo-type KKA fractional differential inequalities, it follows that
A A,
N,(t) < max {Nh(O), —’“} =Ky N < max {N,(O), —} = K,.
Hn r

Therefore, every solution is bounded on [0, T'], and the region € is bounded and positively invariant.
Step 2: For the fixed-point argument, we work in the Banach space X = C([0, T], R’), endowed with
the supremum norm || X[l = sup,¢jo 71 [IX (9. Next, we introduce the mapping 7" : X — X through

(01

KA(@)

(TX)(t) =Xo + f F(r,X(1))dt + o f (t—1)"F(1,X(1))dT. (3.2)
0 0

-
KA(@)I'(1 -
Accordingly, the integral equation (3.1) can be treated as a fixed-point problem for the operator 7.

Since the solution remains in the bounded invariant set Q, the vector field F is continuous on the
compact set [0, 7] x Q. Hence, there exists a constant M > 0 such that ||F(z, X)|| < M,VY(,X) €
[0, T] x Q. We have

@ ! -« ! o
II(‘TX)(t)—Xollsmfo IIF(T,X(T))IIdT+KA(a)m_a)fo(t—T) I1F(z, X(0)l| d.

Using the bound ||F(t, X(7))|| < M, we get

aM ! 1-aM ! o
17T X)(@) — Xoll < KA(a)fodTJrKA(a)F(l—a)fo(t_T) dr.
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Since

‘ f A (- a)
dr =t, t—1) %t = = e,
fo ! fo( R il o g

at N (1-a)x'@ )
KA(e) KA@I'Q2-a)]

and it follows that

(T X)(1) = Xoll < M(

Hence,

_ -«
||(TX)—X0||wSM( of [ _(-of )

KA@) = KA@I2—-a)

We therefore conclude that 7 maps bounded sets into bounded sets. Furthermore, the usual estimates
for weakly singular Volterra integral operators ensure that 7~ also sends bounded sets into
equicontinuous families. By applying the Arzela—Ascoli theorem, one deduces that 7 is compact.
Since the set Q is nonempty and has the properties of being closed, bounded, and convex, Schauder’s
fixed-point theorem can be applied to infer that 7 has a fixed point in X. Therefore, model (2.1) has at
least one solution on [0, T'].
The conclusion follows by combining the two steps above. O

3.3. Invertibility of the KKA operators and the integral form of the model

The analysis of the proposed Lassa fever system relies heavily on the inverse property between
the KKA fractional differential operator and the corresponding integral operator. By exploiting this
relation, the governing equations can be converted into a Volterra-type integral form, providing a more
suitable setting for the study of solvability, stability, and numerical approximation.

Theorem 3.2. Let f € H'(0,T) and 0 < a < 1. Then the KKA fractional derivative in the Caputo
sense and the KKA fractional integral satisfy the following invertibility relations:

KKAJo(KKADE £(1)) = f(1) - £(0) (3.3)

and
§AD (M £ (0) = fa@. (3.4)

Proof. Let F(p) = L{f(t)}(p). We prove the two identities separately by using the definitions of the
KKA fractional derivative and KKA fractional integral together with the Laplace transform. Recall

that
S0 = o | f@ydr s — | @ - de (3.5)
o - KA(e) Jo KA(I(1 - a) J, '
and )
KA
KAy = 52O f f@ ew(——“ (t- r)) dr. (3.6)
1 - a 0 1- a
Since the KKA derivative is given in convolution form, we may write
" KA(a), , N
ODIF() = T (10 ean(—751) )
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Using the Laplace transform of the generalized exponential kernel,
a 1
e p=—
p(l + —_—
l-a

together with L{f'(H)}(p) = pF(p) — f(0), we obtain

Ly ) (= SEDLED IO a7
Pt 1-«a
Also, from (3.5),
S0 = g (3 DO+ o S ()0
Hence, using
L) = L) =T =) = o
we get
Ll po) (p = LB, 120 Fp) (38)

KA(@) p  KA(a) p'
Set k(1) = KKAD? f(1). Then, by (3.8),

o o a Lk@ip) 1-«a L{k(t)}(p)
L{KKAI (KKAD f(t))} KA( ) » + KA@) pe

Substituting (3.7) into the above relation yields

KKA ja(KKA pya __a 11KA(e) pF(p) - f(0) 1 | KA(®) pF(p) - f(0)
.[:{0 I (0 sz(f))}(p)— KA(@)p| 1-a pr s — 2 KA((l)pla[ l—a b+ a ]
1l-a 1l-a
__a@ pF-f0 L P p* ' (pF(p) - f(O)).
1—ap(pa+ @ ) p“+L
l-a l-a
Factoring ‘IM, we obtain

L{§* e (§ Dy o)} (p) =

a (04
pF(p) - f(())[l—a+p]
p (04
p +
_ PF(p) - £(0)
P

)
p

l-a
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Applying the inverse Laplace transform gives KKAIS(KKAD2f(1) = f(t) — f(0). Now let
h(t) = %412 f(1). Since the KKA integral starts from 0, we have h(0) = %412 f(0) = 0. Using (3.7),
e obtain KA@) p LIKD)p) = h0) _ KAW@) p LIKD)(p)
(01 t — [0 t
LS Dy (p) = T = ST P
- pa + - - pa + -
l-«a l-«a
From (3.8), we have
F(p) 1-a F(p)
h(t = .
L)} (p) KA@) p + KA(a) p-@
Therefore,
KA(@) p a F(p) 1-aF(p)
L KKADa/ KKAI(I (t) ( ) — ( +
{0 I(O tf )} p 1-a o+ L KA(Q) p KA(Q’) pl—a
1-«a
o« F(p) P*F(p)
Cl-a a_ a
prH—— P —
-« l-«a
= F(p).

Taking the inverse Laplace transform, we conclude that S*AD¢? ({f“[ta f(t)) = f(¢). Hence, the KKA
fractional derivative and the KKA fractional integral satisfy the invertibility relations (3.3) and (3.4).
This completes the proof. O

We now apply Theorem 3.2 to the KKA fractional-order Lassa fever model

§KADIS (1) = Ay + YR(D) — (DS (1) = 1S (8),

6 “ADEI() = (DS (1) = (& + py + SI(D),

§“ADIR(t) = el(t) - (u, + V)R, (3.9)
o ADTM(1) = A, = A(OM(1) = u M),

§EADEI() = A,(OM(t) — 11, (8),

where 4,(1) = BHBI0 and 2,() = B, with Nu() = S(1) + 1) + R(r) and N(r) = M(2) + J(0).
Applying the operator ¥4 to each equation of (3.9) and using (3.3), we obtain the equivalent integral

representation

S(t)=So+ %@ fo | AL+ YR(@) = (D)S (1) — S ()| d

¢ (3.10)
1 — a -
T KA@I(1-a) fo (t =07 Ay + YR(@) = W(@DS () = S (7).
a !
I =1+ ——— f [/1},(7')5 (1) — (8 + uj, + 5h)](7-)] dr
MO o
+ KA(Q’)F(I _ a,) j(: (t - T)_a[/th(T)S (T) - (8 + u, + 6h)I(T)] dr,
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R(t) = Ry + %() f el() — (, + YR dr

(3.12)
KA(a)ru e f (t =27 |elx) = Gy + PR .
(04
M) = Mo + (A= M) - i M) dr
e ) (3.13)
KA(a)r(l —a) f t =" [A ~ AOME) -, M)
a
J@®)=Jo+ f [/l,(r)M(T) - ,urJ(T)] dr
R a1
" KA@I(1 - a) fo (1 =0 | A @OME) - p (D) dr.

We introduce the notation X(r) = (S (), (), R(t), M(t), J(t))" and Xo = (So, lo, Ro, Mo, Jo)". Hence,
Eqgs (3.10)—(3.14) admit the following compact representation:

X)) =Xy +

f F(r,X(t))dt + f (t—1)"F(r,X(1))dT, (3.15)
0

a 1-
KA(a) KA(a )F(l - a)

where
Ay, + ’}/R - S —/JhS
/th - (8 + up + 5/,)[
F X) = el — (u, + y)R
N =AM —uM
M - u,J

The representation (3.15) is equivalent to the original KKA fractional differential system and will be
used throughout the rest of the paper. In particular, it provides the basic framework for the uniqueness
proof presented in the next subsection, as well as for Ulam-Hyers stability and the construction of the
KKA Adams-Bashforth numerical scheme.

3.4. Uniqueness of the solution

We now establish the uniqueness of the solution of the proposed KKA fractional-order Lassa fever
model. Let X(r) = (S(),1(t),R(), M(t),J(t))" and consider the equivalent Volterra-type integral
representation

X)) = Xo + %@) fo F(r, X(7))dt + o f(t - 1) YF(1, X(1))dr.

KA(a )F(l

Let Q be the bounded positively invariant region obtained in Theorem 3.1. Since the right-hand side
F(t,X) is continuously differentiable with respect to X on the bounded set [0, 7] X €, it is locally
Lipschitz continuous in X. Hence, there exists a constant L > 0 such that
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Define the operator 7~ : C([0, T],R3) — C([0, T],R) by

l-«a
KA(@)I'(1 -

a
KA(a)

TX)(1) =Xo + f F(r, X()dr + o f (t—1)%F(1, X(1))dr.
0 0

For any X, Y € C([0, T],R’), we obtain

(0

KA(oz)j; |1F(7, X(7)) = F(z, Y(7))lldT

1-a
+
KA(@)I'(1 —

I(TX)(@) = (T <

f (t =) IF (7, X(7)) — F(7, Y(7))lldr.
@) Jo

Using the Lipschitz condition, we have

ar_ (1 — )=
KA(@)  KA@IQ2-a)l|

ITX)(@) = (TY)DI < LIX = Yl [

Taking the supremum over ¢ € [0, T'], it follows that ||7 X — 7 Y|l < LO7||X — Y|, Where

_aTl . (1-a)T'@
~ KA(@) KAW@IQ2-a)

Or

If LQ7 < 1, then 7 is a contraction on C([0, T], R®). Therefore, by the Banach fixed-point theorem,
the operator 7~ has a unique fixed point. Consequently, the integral equation and hence the original
KKA fractional-order Lassa fever model possess a unique solution on [0, T'].

For a general finite interval, the same argument can be applied successively on sufficiently small
subintervals, where the contraction condition is satisfied. Therefore, the solution of the proposed model
is unique on every finite interval. This completes the proof of uniqueness.

4. KKA Adams-Bashforth numerical scheme

In this section, we construct a two-step Adams-Bashforth-type numerical method for the KKA
fractional-order Lassa fever model. The proposed discretization is derived from the equivalent Volterra-
type integral formulation established in the previous section and is then written explicitly for all state
variables of the system.

Let X(t) = (S(0),1(t),R(t), M(1), J(1))" and Xy = (S, Iy, Ry, My, Jo)", and consider the compact
form

KKADYX(f) = F(1, X (1)), O<ac<l, 4.1)
where
Fs(t,X)
Fi(t,X)
F(t,X)=| Fr(t,X) |,
Fu(t,X)
F;(t,X)

with

Fs(t,X) = Ah+}/R—/th —/JhS,
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Fi@t,X) =45 —(e+u, + o)1,
Fr(t,X) = el — (i, + V)R,
Fu(t,X) = Ay = LM - i, M,
Fy(t,X) = 4,M — i, J,

and

Bl +BJ . Bl
Ay = , A= .
S+I+R M~+J
By the invertibility relation of the KKA operators, system (4.1) is

a ! -«
KA(@) fo Fo X dr + o =

Let t, = nh, where h > 0 is the time step, and let X, ~ X(¢,). We also denote F, = F(t,,X,).
Evaluating (4.2) at t = ¢, and t = t,, and then subtracting the resulting expressions, we obtain

X() =Xy + fl(t - 17)YF(1,X(1))dr. 4.2)
) Jo

X(tns1) — X(1,) = %@ f " Fr, X(0) dr

1-—a
+
KA(@I'(1 —a)

[fm(t,,ﬂ - 17)F (1, X(1))dt — f"(tn - 17)F(r,X(1))dt|. 4.3)
0 0

To derive a two-step Adams-Bashforth approximation, we interpolate F(r, X(7)) on [¢,-1,1,] by the
linear Lagrange polynomial

— Iy —Iy
F(t,X(1)) ~ - L, - ! L. (4.4)

After substituting (4.4) into (4.3) and performing the necessary integrations, the recurrence relation
takes the form of (4.5).

Proposition 4.1. For n > 1, the two-step KKA Adams-Bashforth approximation of (4.1) is given by

ah l -«

X1 = X, 3F, — F,_ it Fo = Tnit Fut), 4.5
0 =Xt e )t T RA@IT (= a)(“’ AFy =y Foel) (4.5)
where
l-a l-a l -« 2-a 2—-a
Wpat = 20170 — Rt~ - m(t,m —177) (4.6)
and {
- -a - -
vt = ht, 7 = m(tnz+l 1 ) (4.7)

Proof. Using the interpolation formula (4.4), the first integral in (4.3) becomes

Tn+1 Tn+1 —t,_ _ tn h
f F(TaX(T))de f (T an_ ! Fn—l)dT: _(3Fn_Fn—1)’
‘ ) h h 2

Similarly, substituting (4.4) into the memory contribution in (4.3) and integrating term-by-term yields

1

In 1
(tns1 = T “F (1, X(1)) d7 - f (1= D) PO X@)dr % 2 (@ne1Fy = i o)
0 0

where w,,; and 7,,; are given by (4.6) and (4.7). Substituting these approximations into (4.3)
completes the derivation of (4.5). O
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For implementation, we write (4.5) componentwise. Let

ﬁhln +ﬁr-’n A = ﬁhrln
Sp+L,+R,""™" M, +J,’

/lh,n =

and define

Fsn=MNn+ YRy = ApnSn — S s
Frpn= S0 — &+t + 6p)ly,
Frp = &l = (tn + )Ry,

Fuin = A = AuM, = 1, M,

Fn = AeuM, — i, d,.

Then the numerical updates read

ah 11—«
Sp1 =8+ 3Fg,— Fgpu1) + nt1 s = Mus1 Fs 1),
+1 2KA( )( S, S, 1) hKA(a)F(2—a)(w +117s, Mn+1L's, 1)
1-«
In :In 3F n_Fn— + n Fn_ n Fn— )
+1 2KA( )( I, I, 1) hKA(a)F(2—a)(w +11477, Mn+1 171, 1)
ah -«
R,.1 =R, + 3Fpy— Fru1) + i1 FRn = Tns1 Fra-1), 4.8
+1 KA )( R Ria—1) hKA(a/)F(Z—a/)(w +1Frpy — M1 Fr, 1) (4.8)
My = My + —2 (3F s = i) + - (wnerF Fatno1)
n+l = My n n— Wy n— n n—1)»
+1 ZKA( ) M, M1 hKA@I(2 - a) +1147pm, Mn+1L Mn-1
Joot = Jn+ — (3F 1 — Fypy) + l-a (@ns1F s = st Frnc
n+tl — Jdn ZKA( ) Jn Jn—1 hKA(a)F(2—a) n+14" Jn Nn+1 Jn—-1)-

Since (4.5) is a two-step scheme, one additional starting value is required. We compute X; from a
one-step KKA Euler-type approximation:
ah (1 - a)h'~

X =Xo+ KA(Q) Fo+ KA(Q)F(Z — Q)FO. (49)

Equivalently, the starting values for the five compartments are

ah (1 —a)h'~@
S, =So+——F ,
L0 A 0 T KAa@ra—a) 5P
I+ ah N (1 -a)h'™
T KA YT KAQ@IER-a)
ah (1 —a)h'~
R =R
=R A M T KA@r2—a) B
ah (1 —a)h'
M, = My+ ———F)y,
=M ) M T KA@r2—a) M
o=t ah N (1 —a)h'~
TN KA T KA@r2 —a)
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If F € C? over the interval of integration, then the scheme has the following local truncation error:
Rus1 = O) + O™,  O<a<l, (4.10)

which shows that the proposed KKA Adams-Bashforth method is consistent.  Therefore,
schemes (4.5)—(4.8) provide an effective numerical procedure for simulating the fractional-order
Lassa fever model for different values of the derivative order a.

For all simulations reported in this paper, the numerical trajectories are generated by initializing the
method with (4.9) and then iterating the recurrence relation (4.8) over the prescribed time interval.

5. Numerical simulations and discussion

In this section, we apply the KKA Adams-Bashforth scheme developed in Section 4 to simulate
the fractional Lassa fever system. The purpose is to examine how memory influences the transmission
process by considering different values of 0 < @ < 1, while all remaining parameters are fixed as
listed in Table 1. The baseline parameter values used in the numerical simulations are reported in
Table 1. Parameters available from previous Lassa fever modeling studies are cited accordingly, while
the remaining parameters are fixed for numerical illustration when direct data are not available. These
assumed values are selected within biologically meaningful ranges in order to demonstrate the
qualitative behavior of the proposed KKA fractional-order model. Unless otherwise stated, all
simulations are performed using the same baseline parameter set, and one parameter is varied at a

time when studying parameter effects.

Table 1. Parameter values, sources, and sensitivity indices.

Parameter Parameter value  Source  Sensitivity index

Ay, 10 [7] -

0% 0.0150 Assumed -

€ 0.1000 Assumed -0.0767240
Jm 0.0003 [1] -0.0002302
oy, 0.6 Assumed -0.4603440
ay, 0.0100 Assumed  +0.07459680
a, 0.0200 Assumed +0.9254030
A, 0.1000 [1] -
U 0.0627 [1] -0.4627020

For clarity and reproducibility, the initial conditions used in the simulations are S (0) = 700, I(0) =
120, R(0) = 30, M(0) = 250, and J(0) = 60. The simulations are carried out on the time interval
0 <t < 20 with time step 2 = 0.02. The fractional orders considered are @ = 1.00,0.80, 0.40, and
0.10, where @ = 1 represents the classical integer-order case and 0 < a < 1 represents the memory-
dependent fractional case. To simplify the notation, the right-hand side of the governing system is
represented as

SKADES (1) = @y (1), § DY I(1) = Do), §ADIR(t) = D3(2), FKADYM(1) = Dy(0), § <A DI (1) = Ds(0),
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where
D (1) = Ay + YR(t) — L,(0)S (1) — S (),
Dy (1) = (DS (1) — (& + py, + 6,)1(1),
O3(1) = &l(t) — (up + Y)R(Q),
Du(1) = A, — L(OM() — p, M(1),
Os(1) = AL,(OM(1) — pu, J (1),
i B(0) + B I(D)
_ nl(t) + D,J (1
D) = S + I() + R(t)’
_ IBhrI(t)
A1) = M@ + J@)

Accordingly, the numerical approximations satisfy

l-«a
Sp1 =8, + 30, — Dy, ) + n1 P = Nus1 Pip-1),
+1 2KA( )( 1, 1, 1) hKA(a/)F(Z—a)(w +191, Mn+1P1, 1)
ah 1-«
Ly =1, + 3Dy, — Dy, ) + n1 P2 = N1 Pou-1),
+1 2KA( )( 2, 2, 1) hKA(a)F(2—a)(w +192, Mn+1P2, 1)
R =R (305, — Ds,1) + -a S@nn s, Ds1),
n+l = 1%y n n— Wy n n—
+1 2KA( ) 3, 3.n-1 hKA@T(2 —a +1 — M1 P31
My = M, + (304, — Dy,1) + L= @ Dy, 1)
n n n— Wy n =~ In n—1)»
+1 2KA( ) 4 4.n-1 hKA(@L(2 - a) +1%4, Mn+19P4 n-1
Jost = Iy + (35, — Ds.) + l-e 0 ®s,01)
n n n— Wy n ~— Iin n—1)>
+1 2KA( ) 3, 5,n—1 hKA@T(Q2 - a) +19P5, Mn+1P5 -1
where
- |-« - -
Wyt = 2k, — b, ~ m(’nzn - 177
and

-«
1 2— 2—
Mt = ht, ' = o— a(t,m" —127).

The numerical simulations are performed over the interval 0 < ¢t < T with time step 4, and the
resulting numerical trajectories are displayed in Figures 1-3. Figure 1 presents the temporal evolution
of the susceptible, infected, and recovered human populations together with the susceptible and
infected rodent populations for different values of the fractional order «, as well as the corresponding
two-dimensional phase trajectory in the (I(¢), J(¢)) plane. Figure 2 shows the two-dimensional phase
portraits in the (S(¢),1(r)), (M(t),J(t)), and (S(¢),R(¢)) planes, while Figure 3 displays the
three-dimensional phase portraits in the (S (¢), I(?), R(¢)), (M(¢), I(¢), J(¢)), and (M(2), S (t), J(¢)) spaces.
These figures provide both temporal and geometric descriptions of the influence of memory on the
interaction among the epidemiological compartments.
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Figure 1. Time profiles and phase portrait of the KKA fractional-order Lassa fever model
for selected values of the fractional order @. The panels show the temporal evolution of S (¢),
I(1), R(t), M(t), and J(¢), together with the two-dimensional phase trajectory in the (/(¢), J(1))
plane. The numerical results indicate that S () and M(¢) decrease over time, R(?) increases,
while /(¢) and J(¢) initially rise to peak levels and then decline. Moreover, smaller values of a
produce smoother trajectories and slower epidemic progression, reflecting stronger memory
effects in both the human and rodent populations.
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Figure 2. Two-dimensional phase portraits of the KKA fractional-order Lassa fever
model for selected values of the fractional order @. The panels display the trajectories
in the (S(2), I(1)), (M(¢),J(t)), and (S (7), R(¢)) planes. These plots illustrate the coupled
evolution between susceptible and infected humans, susceptible and infected rodents, and
susceptible and recovered humans, respectively. The trajectories confirm that decreasing «
slows the motion along the phase paths and modifies the transient interaction among the
epidemiological compartments through memory effects.
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Figure 3. Three-dimensional phase portraits of the KKA fractional-order Lassa fever
model for selected values of the fractional order @. The panels depict the trajectories in
the (S(2), (1), R(1)), (M(¢), (1), J(1)), and (M(2), S (¢), J(¢)) spaces, respectively. These plots
provide a geometric view of the joint evolution of the human and rodent populations and
show that the fractional order a strongly influences the transient spread of the disease, with
smaller values of @ yielding smoother and slower trajectories due to stronger memory effects.

A more detailed inspection of Figures 1-3 highlights the main numerical findings of the study. In
Figure 1, the susceptible human population S (¢) and susceptible rodent population M(t) decrease over
time, showing the movement of individuals from susceptible classes toward infected or recovered
states. The infected human population /(¢) and infected rodent population J(¢) initially increase, reach
peak levels, and then decline, which reflects the outbreak growth and subsequent reduction caused by
recovery, mortality, and depletion of susceptible individuals. The recovered class R(f) increases
steadily, indicating the accumulation of individuals who leave the infected class through recovery.
The comparison of different fractional orders shows that smaller values of a slow the disease
progression and delay the infection peaks. This demonstrates that the fractional order controls the
strength of memory in the system. Figures 2 and 3 further support these findings from a phase-space
point of view. The two-dimensional phase portraits show how the infected human and infected rodent
populations evolve jointly with the susceptible and recovered classes. The three-dimensional phase
portraits provide a clearer geometric representation of the coupled human—rodent interaction. In all
phase plots, decreasing @ modifies the path followed by the system and slows its movement along the
trajectory. This confirms that the fractional-order model captures memory-dependent transient
behavior that is not visible in the classical integer-order case. Therefore, the figures collectively show
that the proposed KKA fractional model is able to describe delayed, smooth, and more persistent
epidemic evolution.

The numerical results indicate that the fractional order has a substantial effect on the transmission
dynamics. In the classical case @ = 1, the model reduces to the standard integer-order system, and the
trajectories recover the usual epidemic behavior. For 0 < a < 1, the KKA fractional derivative
introduces memory effects that modify the transient evolution of all compartments. In particular,
decreasing « slows the rate of variation of the state variables, produces smoother trajectories, and
delays the progression of the epidemic. As a consequence, the infected human class /(¢) and the
infected rodent class J(#) increase more gradually, attain their peak values later, and then decline more
smoothly when the memory effect is stronger. The main feature revealed by the fractional-order
formulation is the memory-dependent transient response of the Lassa fever system. Compared with
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the integer-order case @ = 1, the fractional cases 0 < a < 1 show that past states of the system
influence the present evolution of the disease. This effect appears numerically through delayed
infection peaks, smoother trajectories, slower changes in the susceptible, infected, recovered, and
rodent compartments, and modified phase paths. Hence, the fractional-order model does not merely
reproduce the integer-order dynamics; it provides additional information about how memory strength
affects the timing, persistence, and gradual evolution of human-rodent disease transmission.
Biologically, this pattern indicates that the evolution of the disease is influenced not only by the
system’s current state but also by its previous states. Hence, the KKA fractional-order formulation
provides a more flexible framework for describing the persistence and gradual evolution of Lassa
fever transmission than the classical model. Moreover, the numerical profiles remain nonnegative for
all simulated time levels, which is consistent with the positivity and boundedness results established
earlier.

The simulations also show that the susceptible human population S (#) and the susceptible rodent
population M(¢) decrease progressively over time, whereas the recovered human population R(f)
increases smoothly toward its long-term level. For smaller values of «, these changes occur more
slowly, confirming that the fractional order acts as an additional parameter controlling the speed of
disease spread and recovery. The phase portraits in Figures 2 and 3 further support this interpretation
by showing that smaller values of @ slow the motion along the phase paths and modify the transient
coupling among the human and rodent classes.

The numerical experiments support the theoretical analysis and demonstrate that the proposed
KKA Adams-Bashforth method is effective for simulating the Lassa fever system. The obtained
results confirm that the KKA fractional-order model is capable of reproducing biologically
meaningful dynamics while revealing how memory influences both the short-term outbreak profile
and the long-term evolution of the disease.

The simulations further indicate that the fractional order has a clear influence on the transient
behavior of the system. Although the qualitative pattern of each compartment remains unchanged, the
speed of increase or decrease and the corresponding population levels vary with . This confirms that
the KKA fractional operator introduces a memory effect into the model, allowing the dynamics to
capture nonlocal temporal dependence that cannot be represented by the classical integer-order
framework. Hence, the fractional-order formulation provides additional flexibility in describing the
spread of Lassa fever and the interaction between the human and rodent populations.

To further examine the numerical behavior of the proposed model, we also investigate the effect of
selected epidemiological parameters on the transmission dynamics. In these simulations, one
parameter is varied at a time around its baseline value, while all other parameters are kept fixed as in
Table 1. This allows us to identify how the main transmission, recovery, and mortality parameters
influence the evolution of the infected human and infected rodent populations. The simulations show
that increasing the human-to-human transmission rate g accelerates the growth of the infected human
population and produces a higher infection peak. Similarly, increasing the rodent-to-human
transmission rate 3, strengthens the contribution of infected rodents to human infection, leading to a
larger outbreak among humans. An increase in the human-to-rodent transmission parameter 3, raises
the infected rodent population and can indirectly sustain human infection through the reservoir
pathway. In contrast, increasing the recovery rate € reduces the infected human population more
rapidly and increases the recovered class earlier. A larger disease-induced death rate 9, lowers the
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infected human population through removal by mortality, although it represents a more severe
epidemiological outcome. Increasing the waning-immunity rate vy returns more recovered individuals
to the susceptible class and may prolong transmission. Moreover, changes in the rodent mortality rate
u,- directly affect the persistence of the rodent reservoir and therefore influence the long-term infection
pressure on the human population. These parameter-effect simulations confirm that transmission
parameters increase infection levels, whereas recovery and mortality-related parameters reduce or
reshape the infected populations. This supports the sensitivity information reported in Table 1 and
shows that the proposed KKA Adams-Bashforth scheme can capture both memory effects and
parameter-dependent changes in the Lassa fever dynamics. The use of different parameter values
provides important epidemiological insight into the proposed Lassa fever model. Varying the
transmission parameters allows us to identify how strongly human-to-human, rodent-to-human, and
human-to-rodent interactions contribute to disease spread. Larger transmission rates increase the
infected human and rodent populations and indicate a higher outbreak potential. In contrast,
increasing the recovery rate reduces the infected human population and represents the positive effect
of treatment or improved case management. Changes in the waning-immunity rate show how loss of
temporary protection may return recovered individuals to the susceptible class and prolong
transmission. Similarly, mortality-related parameters affect the persistence of infected classes and the
long-term population structure.

To complement the numerical simulations, the computed solutions of the proposed KKA
fractional-order Lassa fever model are also used to train a deep neural network surrogate. The aim of
this surrogate is to learn the mapping between the model input and the corresponding state
trajectories, so that repeated evaluations of the dynamical system can be carried out more efficiently.
In the present study, a single deep neural network is trained for all state variables and all considered
fractional orders.

The training performance and diagnostic results are shown in Figure 4. Figure 4(a) presents the
mean squared error curves for the training, validation, and testing datasets. The training and validation
errors decrease steadily throughout the learning process, and the best validation performance is attained
at epoch 300 with a value of 4.1467 x 10~7. Although the testing curve remains higher than the
training and validation curves, the overall behavior still indicates that the network successfully captures
the dominant structure of the numerical data. Figure 4(b) shows the training-state plots, where the
gradient reaches 2.3282 x 1076, the damping parameter is u = 1078, and the validation checks remain
at 0 at epoch 300, all of which are consistent with stable convergence of the optimization procedure.
Figure 4(c) displays the error histogram, in which the residuals are strongly concentrated around zero,
indicating that most prediction errors are small. The regression plots in Figure 4(d) further confirm the
predictive quality of the network, with correlation coefficients R = 1.0000 for training, R = 1.0000
for validation, R = 0.97463 for testing, and R = 0.99742 overall. Finally, Figure 4(e) shows the
function-fitting and residual plots for a representative output element. The close agreement between
the target and predicted values, together with the small residuals, demonstrates that the trained network
reproduces the numerical trajectories of the proposed KKA Lassa fever system with high accuracy.

The numerical experiments and the deep learning diagnostics together verify that the proposed
model is capable of producing stable and biologically consistent dynamics, while the neural network
surrogate provides an efficient and accurate computational tool for approximation, calibration, and
further predictive analysis.
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Figure 4. Training diagnostics of the single deep neural network surrogate for the proposed
KKA fractional-order Lassa fever model: (a) mean squared error performance for the
training, validation, and testing datasets, with best validation performance 4.1467 x 1077 at
epoch 300; (b) training-state plots showing the gradient, damping parameter, and validation
checks; (c) error histogram of the residuals; (d) regression plots for the training, validation,
testing, and overall datasets; and (e) function-fitting and residual plots for a representative
output element.

6. Parameter estimation

Although the proposed KKA fractional-order Lassa fever model is analyzed theoretically and
simulated numerically using the baseline values in Table 1, some transmission-related quantities are
not directly measurable in practice. For this reason, parameter estimation is carried out in order to
examine whether the model can recover important epidemiological parameters from trajectory data
and to assess the consistency of the fitted dynamics with the reference solutions. In this section, we
calibrate a selected subset of parameters while keeping the remaining parameters fixed at the baseline
values reported in Table 1.

Let t1,1,...,t, denote the observation times and let ¥; = (I°®(s;), J°(t,))",i = 1,2,...,n,
represent the available observed data. Since real data are not used in the present study, the
observations are generated synthetically from the numerical solution of the proposed fractional-order
Lassa fever system. More precisely, the clean reference trajectories are first obtained from the KKA
Adams—Bashforth scheme, after which perturbed data are constructed to mimic measurement
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uncertainty. The calibration is then performed by minimizing the discrepancy between the observed
infected-human and infected-rodent trajectories and the corresponding model outputs.

In particular, we estimate the parameter vector ® = (B4, ,, B, 1(0), J(0)), where B, denotes the
contribution of infected humans to the human force of infection, 8, is the transmission contribution
from infected rodents to humans, 8, is the human-to-rodent transmission parameter, and /(0) and
J(0) are the initial infected human and infected rodent populations, respectively. These quantities are
selected because they play a central role in the coupled human-rodent transmission process and have a
direct influence on the transient epidemic profiles. The remaining parameters, together with the other
initial conditions, are fixed at their nominal values.

The unknown vector O is obtained from the nonlinear least-squares problem ®* = arg mingcq J(®),

where

[(1;0)) (1)

J(1;0)) I (1)
Here, I(t;; ®) and J(t;; ®) denote the model-predicted infected human and infected rodent populations
at time #;, respectively, and Q is the biologically admissible parameter set. In the present framework, the

admissible region is chosen so that all estimated parameters remain nonnegative and epidemiologically
meaningful throughout the calibration process.

n 2

J(@®) = Z

i=1

To evaluate the robustness of the estimation procedure, two calibration settings are considered. In
the first case, the fitting is examined against clean synthetic trajectories generated by the KKA
fractional model. In the second case, noisy synthetic observations are used in order to imitate
perturbations that typically arise in epidemiological measurements. After estimating the unknown
quantities, the fitted parameter set is inserted back into the full Lassa fever system so that the
reconstructed trajectories of all five compartments can be compared with the corresponding reference
solutions.

Figure 5 shows the comparison between the synthetic true trajectories and the fitted trajectories for
the five state variables S (), I(¢), R(t), M(¢), and J(¢). The fitted curves closely follow the reference
solutions in all compartments, indicating that the estimation procedure is able to recover the dominant
dynamical behavior of the model. In particular, the agreement in the infected human and infected
rodent classes confirms that the calibrated transmission parameters capture the main features of the
coupled host—reservoir interaction.

Figure 6 presents the fitting results when noisy synthetic observations are used. Although the
perturbed data exhibit visible fluctuations around the underlying epidemic trends, the fitted
trajectories still reproduce the principal temporal patterns of all compartments. This indicates that the
proposed calibration framework remains stable under moderate measurement noise and is able to
extract meaningful information from perturbed data. To further assess the global quality of the
reconstruction, Figure 7 displays heatmaps of the normalized clean trajectories, normalized fitted
trajectories, and normalized absolute error. The first two heatmaps exhibit very similar temporal
structures across the five compartments, while the absolute-error heatmap remains at relatively low
levels over most of the observation window. This visual agreement provides additional evidence that
the estimated parameter set yields a reliable approximation of the reference Lassa fever dynamics.
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Figure 5. Comparison between the synthetic true trajectories and the fitted trajectories for
the state variables of the proposed KKA fractional-order Lassa fever model: (a) S (¢), (b) 1(¢),
(c) R(1), (d) M(t), and (e) J(¢). The close agreement between the reference and fitted solutions
shows that the calibration procedure accurately reproduces the main dynamical behavior of
the human-rodent system.
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Figure 6. Comparison between noisy synthetic observations and the fitted trajectories for the
state variables of the proposed KKA fractional-order Lassa fever model: (a) S (¢), (b) I(¢), (c)
R(1), (d) M(t), and (e) J(¢). The fitted trajectories maintain the model’s key temporal patterns
despite data perturbations, indicating robust estimation.
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Figure 7. Heatmap representation of the trajectory patterns for the proposed KKA fractional-
order Lassa fever model: (a) normalized clean trajectories, (b) normalized fitted trajectories,
and (c) normalized absolute error. The strong similarity between the first two heatmaps and
the low error levels in the third panel confirm the consistency of the calibrated dynamics.

Figures 4-7 confirm the computational reliability of the proposed framework. Figure 4 shows that
the deep neural network surrogate learns the numerical trajectories with small errors and strong
regression performance. Figures 5 and 6 demonstrate that the fitted trajectories remain close to the
reference solutions under both clean and noisy synthetic data. Figure 7 gives a global visual
comparison through heatmaps, where the similarity between the clean and fitted trajectories and the
low absolute error confirm the consistency of the calibrated model. These results indicate that the
proposed fractional-order model is not only theoretically well-posed and numerically stable, but also
suitable for data-driven approximation and parameter-recovery studies. The results of this section
show that the proposed parameter-estimation procedure is effective for the KKA fractional-order
Lassa fever model. The fitted solutions remain in good agreement with both clean and noisy synthetic
data, and the heatmap comparison confirms the consistency between the reference and reconstructed
trajectories. These results support the use of the model for future calibration studies, inverse
problems, and data-driven extensions of Lassa fever dynamics.

7. Conclusions

This paper presented a fractional-order Lassa fever model in the Caputo-type KKA framework to
account for memory effects in coupled human-rodent transmission. The model consists of five
epidemiological compartments and was rewritten in an equivalent Volterra-type integral form by
using the inverse relation between the KKA derivative and its associated integral. The analysis
established positivity, boundedness, existence, uniqueness, and Ulam-Hyers stability, confirming that
the model is biologically meaningful and mathematically well-posed. For the numerical study, a
two-step KKA Adams-Bashforth scheme was developed and applied to the system. The proposed
numerical scheme has several advantages in the present setting. Unlike standard integer-order
schemes, it is constructed directly from the Volterra-type integral representation of the KKA
fractional model and therefore includes the memory contribution of the fractional operator. Compared
with simple one-step approaches, the two-step Adams-Bashforth structure provides a more accurate
explicit approximation while keeping the implementation relatively simple. The method is also
written componentwise for all state variables, making it convenient for simulating coupled
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human-rodent disease dynamics. In addition, the scheme remains consistent with the fractional
formulation and allows the classical integer-order case to be recovered when @ = 1. Therefore, the
proposed method is suitable for examining how different fractional orders affect the transient behavior
of the Lassa fever model. The simulations showed that the fractional order strongly influences the
disease dynamics, with smaller values of @ producing stronger memory effects and slower epidemic
evolution, while @ = 1 recovers the classical case. A deep neural network surrogate was also trained
on the numerical trajectories and showed strong predictive accuracy. In addition, the
parameter-estimation study using clean and noisy synthetic data demonstrated good agreement
between fitted and reference solutions. More specifically, the numerical results showed that the
susceptible human and rodent populations decrease with time, while the infected human and infected
rodent populations first increase to peak levels and then decline. The recovered human class increases
steadily, reflecting the transfer of infected individuals into the recovered compartment. The
comparison of different fractional orders confirmed that smaller values of @ delay the infection peaks,
smooth the solution curves, and slow the movement of the trajectories in the phase portraits. These
results demonstrate the ability of the KKA fractional model to capture memory-dependent epidemic
behavior. The neural-network results also supported the computational performance of the proposed
framework, with the training, validation, and testing errors decreasing to very small levels and the
regression plots showing strong agreement between predicted and target trajectories. Furthermore, the
parameter-estimation results showed that the fitted solutions closely followed both clean and noisy
synthetic data, while the heatmap comparison indicated low reconstruction error. Thus, the calculated
results confirm the reliability of the numerical method, the predictive capability of the neural-network
surrogate, and the robustness of the parameter-estimation procedure. These findings show that the
fractional-order approach reveals memory-driven delay, smoothing, and slower epidemic progression,
which are not visible in the classical integer-order model. The proposed framework provides a useful
basis for future research on real-data fitting, inverse problems, optimal control, and extended
epidemic models with spatial, stochastic, or data-driven features.
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