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1. Introduction

Topological indices are numerical invariants of graphs that capture structural information and play
a fundamental role in mathematical chemistry, especially in chemical graph theory. They are widely
used in quantitative structure-property relationships (QSPR) and quantitative structure-activity
relationships (QSAR), where molecular properties are correlated with such indices; see, for
example, [31,32].

Among topological indices, those depending on vertex degrees have attracted considerable attention
due to their simplicity and good predictive performance. Classical examples include the first Zagreb
index [18,20], the atom-bond connectivity index [13], and the Randi¢ index [23, 28].
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Currently, a well-focused and widely studied degree-based topological index is the Sombor index,
introduced in [15]. For a given graph G possessing edge set E(G), it is defined by

SOG) = ). &+
weE(G)
Here, d, and d, denote the degree of vertices v and u, respectively. (When there is a possibility of
confusion about the graph G under consideration, we write d,(G) instead of d,.) Owing to its simple
definition and geometric background, the Sombor index has attracted considerable attention in both
mathematical chemistry and graph theory (for example, see the reviews [24,29]).

Following the success of the Sombor index, numerous modifications have been proposed,
including the elliptic Sombor index [1, 19], Euler-Sombor index [16, 30], diminished Sombor
index [2, 25], augmented Sombor index [12, 35], hyperbolic Sombor index [3, 9], and degree-ratio
Sombor (DRSO) index [26]; a comprehensive list of Sombor-type indices is available in the recent
survey [17].

We study in the present paper the reciprocal augmented Sombor (RASO) index, which appeared
in [12]. It is defined for a graph G as

d,+d,—2
RASO(G) = P ——
WEZE(:G) \/ d2 + d?

This index can be viewed as a reciprocal analogue of the augmented Sombor (ASO) index [12] defined

by
/ dz + d2
ASO(G) = _—
W;;G) d,+d,—-2

A natural question is whether the reciprocal transformation used in the definition of the RASO index
merely preserves the behavior (in the same or opposite direction) of the ASO index or leads to
fundamentally different mathematical properties. Although the two indices are highly correlated on
octane isomers (see [12]), they exhibit considerably different responses to graph operations. In
particular, non-isolated edge addition always increases the ASO index (see [10]), whereas the RASO
index may either increase or decrease, as discussed in Section 4. This phenomenon suggests that the
RASO index possesses a richer structural sensitivity and provides the main motivation for the present
study.

The study of extremal values of topological indices over various graph classes is a central topic in
chemical graph theory. Another well-studied topic concerns inequalities and bounds for topological
indices in terms of basic graph parameters such as order, size, minimum, and maximum degree.
Furthermore, understanding how a topological index behaves under edge addition is of independent
interest.

In this paper, we investigate several properties of the RASO index. We derive bounds for the RASO
index in terms of standard graph parameters and related indices. We also determine graphs attaining
the extremum values of the RASO index over the classes of fixed-order connected graphs, trees, and
unicyclic graphs. In addition, we study the effect of edge addition on the RASO index and provide
conditions under which this index increases. We provide an infinite family of graphs for which the
RASO index decreases under edge addition.
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The paper is organized as follows. In Section 2, we establish several bounds for the RASO index.
Section 3 is devoted to extremal results for trees, connected graphs, and unicyclic graphs. In Section 4,
we investigate the behavior of the RASO index under edge addition.

2. Bounds

This section is devoted to establishing a variety of bounds for the RASO index. We derive both
lower and upper bounds expressed in terms of several standard graph invariants, such as size, order,
maximum and minimum degrees, and related indices.

Theorem 2.1. For every connected graph G of size m > 3,
RASO(G) < %

Equality holds if and only if G = C,,.
Proof. For every edge uv of G, by using the inequality

s utd)
u vV = 2 ’

where the equality holds if and only if d, = d,,, we get

d“+dv_2s 2(du+dv—2)- 2.1)
d2 + d? (d, +d,)?

Since G is connected and its size is at least 3, every edge uv € E(G) satisfies d,, + d, > 3. Also, the

function g, defined as
V2(t —2)

g() = — t>3,

increases on the interval [3, 4] and decreases on [4, c0), and therefore (2.1) yields

d,+d, -2

1
< < = —,
i - gld, +d,) < g4 >

Therefore, summing over all m edges yields
RASO(G) < 7.,

where the equality holds if and only if d, = d, and d,, + d, = 4 for every edge uv € E(G); that is, every
edge joins two vertices of degree 2. m|

Theorem 2.2. For every connected graph G with size m > 1, maximum degree A and minimum

degree 0,
A-1
RASO(G) < mT. 2.2)

Equality in (2.2) is achieved if and only if G is regular.
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Proof. For any edge uv of G, Vd, +d, — 2 < V2(A — 1) and V26 < /d2 + d?, where the first equality
is achieved if and only if d, = A = d,,, whereas the second equality is achieved if and only if d, = 6 =

d,,. Therefore,
d,+d,—2 < A—-1
d2+d> 6

Summing over all m edges gives the desired inequality. O

Theorem 2.3. For every connected graph G with maximum degree A > 1, size m, and minimum
degree 0,
o—1
OA
where ABS (G) is the atom-bond sum-connectivity index (see, for example, [8]) defined as

d,+d,—?2
ABS (G) = w/¥-
W;G) d,+d,

Either of the equalities in (2.3) is achieved if and only if G is regular.

1
RASO(G) > — - ABS(G) > 2.3
G) A (G)=2m (2.3)

Proof. For any edge uv of G, we have d> + d> < A(d, + d,), where the equality is achieved if and only
if d, = A = d,.. Therefore, the required conclusion follows from

du+dv—2> du+dv—2> [6—1
&2+d> — \Ad,+d,) AS

because d,, + d, > 26. O

Lemma 2.1. Let G be a connected graph possessing n > 5 vertices, and let uv € E(G). Then,

dv+du—2> n-2
d2+d2 T (n-1)2+1

(2.4)

where equality holds if and only if either (d,,d,) = (n—1,1)o0r (d,,d,) = (1,n—1).
Proof. Define a function g on the closed interval [1,d, + d, — 1] by

d,+d,—2
2+, +d,—1)?

gt =

Then, its derivative function is calculated as follows:

"0 = 2(d, +d, - 2)(d, +d, —2t)
SV =TT e 4+ dy - 12

So, g attains the minimum value over the interval [1,d, + d, — 1] ateithert = 1l ort = d, +d, — 1.
Therefore,

d +d, -2 d+d, -2
= > 1 = —1 = .
Frdrd—mp sW=zsl)=gld+d -1 ==

(2.5)
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where equalities throughout in (2.5) hold if and only if eithert = 1 or¢t =d, + d, — 1.
First, we consider the case where d,, + d, < n. Define a function % on the closed interval [3, n] by

x—-2
W= ot
Then,
W(x) = — x(x—4)+2

(x(x=2) + 2)2.

Hence, 4 is strictly increasing on the interval [3, 2+ \/i] and strictly decreasing on [2 + V2, n], and
therefore, its minimum over the interval [3, n] is attained at either x = 3 or x = n. But, h(3) = % > h(n)
for n > 5. So, h(x) > h(n) with equality if and only if x = n. Consequently, we have

d,+d, -2 n—2
= h(dy +d,) > h(n) = ————
@rd, -1 Mt d)zhn)=Crs T

(2.6)

where equalities throughout in (2.6) hold if and only if d, + d, = n. Now, from (2.5) and (2.6), it

follows that
d,+d, -2 n—2

2+, +d,—1)? = n-12+1
with equality if and only if d, + d, = n and eithert = 1 or t = d, + d, — 1. Finally, setting t = d, or
t =d, in (2.7) yields the desired conclusion for the considered case d, + d, < n.
It remains to prove the result for the case where n < d, +d, < 2(n — 1); thus, in the rest of the proof,
we assume this condition. Also, without loss of generality, we assume that d,, > d,. We note that

(2.7)

(d, = 1)* < (n=2)(d, = 1), (d,— 1> < (n-2)d, - 1),

whose addition yields
&> +d> <n(d, +d,)-2n+2. (2.8)

We observe that equality in (2.8) holds if and only if (d,,d,) € {(1,n—1),(n—1,n—1)}. We claim that

-D*+1
n(d, +d,) —2n +2 < %(du +d, -2), (2.9)
which is equivalent to
d,+d,—n>0. (2.10)

Equality in (2.10), and hence in (2.9), holds if and only if d,, + d, = n. Thus, from (2.8) and (2.9), we
get

-1 +1
dL2t+d\% < (n ) * (st+dv_2),
n-—2
or
d,+d,—2 n—2

>
L+d> T (n-1)2+1

where the equality holds if and only if (d,,d,) € {(1,n—1),(n—1,n—1)} and d,,+d, = n simultaneously;
that is, if and only if (d,,d,) = (1,n — 1). O

AIMS Mathematics Volume 11, Issue 7, 20007-20028.



20012

The next result follows from Lemma 2.1.

Theorem 2.4. For every connected graph G possessing size m and order n > 5,

n-2
RA > ,/—
SOG)=m TES

where the equality is attained if and only if G is the star S .
In order to derive our next bound on the RASO index, we require the following lemma.

Lemma 2.2. Let vu be any edge in an n-order non-trivial graph G. Then,

B

where the equality holds if and only ifd, =n—1 =d,.

Proof. We note that
dv+du—2<n—2
d+d, ~n-1

d,+d, -2 n-2 |d,+d,
< 2.12
Zva N1 \&ra (2.12)

where equality in (2.11) (and hence in (2.12)) holds if and only if d, = n — 1 = d,. Since the function
f defined by f(t) = +~'/? for t > 0 is continuous and convex, Jensen’s inequality yields

1 1 1 2
— > . 2.13
2(@+@)‘Vdv+du -
Also, (d, + d,)* < 2(d*> + d°) implies
d,+d,
2.14
2+ ‘\/ (2.14)
Combining (2.13) and (2.14) yields
d,+d, 1( 1 1
<= . 2.15
Ve sl e

We note that the equality in either of the inequalities (2.13) and (2.14) (and hence, in (2.15)) holds if
and only if d, = d,,.
Now, the desired conclusion holds because of (2.12) and (2.15). O

(2.11)

and hence
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Since the function f(f) = V is concave on the interval (0, o), Jensen’s inequality gives

E YRV L S N
n veV(G) n veV(G) n

Z «/d—vs 2mn.

veV(G)

Therefore,

Consequently, the result given next holds by Lemma 2.2.

Theorem 2.5. For any non-trivial n-order graph G possessing size m,

1 [n-2 0 mn(n —2)
RAS O(G) < 5 m - 'R(G) < m,

where the first equality (second equality, respectively) holds if and only if G is K,, (regular, respectively).
Here, R(G) represents the zeroth-order Randi¢ index [11,21] defined by

no- 3 ) 2@

vueE(G) veV(G)

Theorem 2.6. For every connected graph G possessing minimum degree 6 > 1 and size m,

RAS O(G) < YRMS (G) - PI(G) < ﬁ \Jm - PI(G).

where the first equality is attained if and only if G is either regular or semiregular bipartite, whereas the
second equality is achieved if and only if G is regular. Here, PI(G) and RMS (G) represent, respectively,
the Platt index [4, 27] and reciprocal mean square index [5, 6], defined as

1
PIG) = Z (d,+d,~2) and RMS(G)= el

ueE(G) uveE(G) U

Proof. By the Cauchy—Schwarz inequality,

2
d,+d, -2 1
NETER (dﬁdv_m]( ]
uv;(:G) dlz‘ + d‘% ] (uv;(:G) MV;G) d’% + d2

= PI(G) - RMS (G), (2.16)

(RAS O(G))* =

where the equality throughout in (2.16) is achieved if and only if there exists a positive integer ¢
provided that
(d +d)d, +d,—2) =

for every uv € E(G). Since d> + d? > 267, the following is obtained:

m

RMS(G)= ) d2+d < 5 (2.17)

ecE(G) U
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where the last equality is achieved if and only if G is regular. Now, from (2.16) and (2.17), we get the
required chain of inequalities.

It remains to show that (d, + d, — 2)(d> + d?) is constant for all uv € E(G) if and only if G is either
regular or semiregular bipartite. For this, we define

F(x,y):=(x+y—2)(x*+y?), where x > 1 and y > 1.

First, we assume that there exists a positive integer ¢ such that F(d,, d,) = ¢ for all vu € E(G). Since F
is strictly increasing in either of its variables, for any two adjacent edges uv, vw € E(G), we have

F(dv’ du) ={= F(dv’ dw) S du = dw-

Hence, every vertex is adjacent only to vertices of one fixed degree. Take any edge ab € E(G), and
set d, = r and d;, = 5. Since every neighbor of the vertex a has degree s, and every neighbor of b
has degree r, and since G is connected, we conclude that every vertex of G has degree either r or s. If
r = s, then G is s-regular. If r # s, thenletV, := {u € V(G) : d, = r}and V, := {v € V(G) : d, = s}.
So, every neighbor of a vertex in V, belongs to V, and every neighbor of a vertex in V; belongs to V,.
Thus, no two vertices in either of the sets V, and V; are adjacent. Hence, G is semiregular bipartite.
Conversely, assume that G is either regular or semiregular bipartite. Then, in either case, F(d,, d,)
is constant for all uv € E(G). O

Theorem 2.7. For every connected graph G possessing size m > 2,
2
RASOG) 2 ——, 2.18
@)z~ SO©) (2.18)

with equality if and only if there exists A > 0 provided that d> + d*> = A(d, + d, —2) for every uv € E(G).
Farticularly, if G is either regular or semiregular bipartite, then the equality is attained.

Proof. By the Cauchy-Schwarz inequality,

d? + d? d,+d, -2
[ 2 \a, +d iz]{ 2 \ dJ;+d2 )Zmz’
uveE(G) e uveE(G) w T %y

or
RASO(G) > m—z,
ASO(G)
where the equality holds if and only if there exists a constant A > 0 such that
M =A for every uv € E(G).
d,+d, -2

O

The next result, which follows directly from Theorem 2.7, demonstrates that imposing a condition
on the minimum degree leads to a substantially clearer understanding of the extremal configurations.
Under this condition, the class of graphs that attain equality in (2.18) can be described in a much more
explicit and structured manner, revealing the underlying simplicity of the extremal cases.

AIMS Mathematics Volume 11, Issue 7, 20007-20028.
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Corollary 2.1. Let G be a connected graph with size m > 2 and minimum degree 1. Then, the equality
in (2.18) holds if and only if either G is a star, or

(dy,dy) €{(1,2),(1,3),(2,4),(3,4)}

for every edge vu € E(G) with d, > d,. It is notable that all these graphs attaining the equality are
necessarily bipartite. All such graphs for the case where m = 10 are depicted in Figure 1.

Pa= SIS SN

Figure 1. All those non-isomorphic connected graphs of size 10 and minimum degree 1 that
attain the equality in (2.18).

Proof. By Theorem 2.7, the equality in (2.18) holds if and only if there exists a constant 4 > 0 such
that d> + d*> = A(d, + d, — 2) for every edge vu € E(G). In the rest of the proof, we use this criterion.
First, we assume that the equality holds. Then, it is sufficient to assume that G is not a star. Choose
a pendent vertex v € V(G), and let u be its unique neighbor. Set d,, = s. Since uv € E(G), the equality
condition gives
2+ 1

A= . (2.19)
s—1

Since G is not a star, u has at least one non-pendent neighbor, say w. Write d,, = x. Then, s* + x> =
A(s + x — 2), which together with (2.19) yields

(2.20)

Since x > 2 and s > 2 are integers, from (2.20) it follows that s — 1 must divide 2. Hence, s € {2, 3}.
Consequently, by utilizing (2.19) and (2.20), we obtained A = 5 and x = 4. Thus, every edge xy € E(G),
with d, > d,, must satisfy the Diophantine equation d2 + d§ = 5(d, +d, —2). The only integer solutions
of this Diophantine equation are (d,,d,) € {(1,2),(1,3),(2,4),(3,4)}.

AIMS Mathematics Volume 11, Issue 7, 20007-20028.
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Conversely, we assume that either (d,,d,) € {(1,2),(1,3),(2,4),(3,4)} for every vu € E(G) with
d,>d,or G = S,. Then, for every vu € E(G),

I+(n-1)2% . .
—— ifGisS§,,
a2+ d? _ P G
d,+d,—2

\5 otherwise.

Therefore,
2

This completes the proof. O

In the following result, which arises as a consequence of Theorem 2.7, we show that when the
minimum degree is at least 2, the structure of the extremal graphs achieving equality in (2.18) becomes
significantly more transparent.

We say that an edge in a graph is of type (p, r) if one of its end vertex has degree p and the other
has degree r.

Corollary 2.2. Let G be a connected graph with size m > 2 and minimum degree larger than 1. Then,
the equality in (2.18) holds if and only if one of the following holds:

(i). G is regular; or
(ii). G is bipartite with bipartition (A, B) such that all vertices in one part, say A, have the same degree
r, while every vertex in the other part B has degree p or q, where p, q, and r are some integers
satisfying2 < p < g <r, and
pr+rr g+
p+r—2 q+r-2

For the case where m = 12, all those graphs mentioned in (ii) that are different from K, ¢ and K5 4 are
depicted in Figure 2.

PR RN S
PO, IS

Figure 2. All those non-isomorphic non-regular connected graphs of size 12 and minimum
degree larger than 1 different from K, ¢ and K3 4 that attain the equality in (2.18).

AIMS Mathematics Volume 11, Issue 7, 20007-20028.
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Proof. We use the same criterion as utilized in Corollary 2.1; that is, the equality in (2.18) holds if and
only if there exists a constant A > 0 such that d> + d*> = A(d, + d, — 2) for every edge vu € E(G).
Step 1. Assume that equality holds. We distinguish two cases.
Case 1. There exists an edge joining two vertices of the same degree.

Suppose vu € E(G) and d, = r = d,,. Then, r > 2 as the minimum degree of G is larger than 1, and
hence A = . We claim that every neighbor of u and v has degree r. Indeed, let uw € E(G), and write
d,, = s. Since uw also satisfies the same equality condition,

r2+s2 }"2

r+s—2 r—1

b

which yields (r — s)((r — 1)(s — 1) — 1) = 0. Thus, either (r — 1)(s — 1) = 1 (which gives r = s = 2 as
r,s > 2) or r = 5. Therefore, every neighbor of v and u has degree r.

Because G is connected, it follows that every vertex of G has degree r. Hence, G is regular, which
means condition (i) of the corollary holds.

Case 2. No edge joins two vertices of the same degree.

In this case, G is not regular. Let r be the maximum degree of G. Let x be the degree of a neighbor
of a maximum-degree vertex. Then, *> + x*> = A(r + x — 2). For fixed r, this is a quadratic equation in
x: x% — Ax + (r* = Ar + 24) = 0. Hence, there are at most two possible values of x. Thus, every vertex
of degree r is adjacent only to vertices whose degrees belong to either {p, g} or {p}, where p and ¢ are
some positive integers.

We now show that vertices of degree p or g can be adjacent only to vertices of degree r. Take one
of these values, say p, and consider an edge ab € E(G) of type (p,r), where d, = pand d, = r. Lety
be the degree of a neighbor, say c, of the vertex a € V(G). Since ab € E(G) is an edge of type (p, r), r
is a root of the following quadratic equation in y: y> — Ay + (p> — Ap + 21) = 0. By the Vietas formulas,
the other root of this quadratic equation equals A — r := ¢. Since

B R
Cp+r=2
we have
t_pz—pr+2r
 op+r=2 7
We claim that ¢ < 2. Indeed,
1<2 & p*—pr-2p+4<0.

Since r > p + 1 (because r is the maximum degree and p # r), we have
pPP-pr=2p+4<p’—p(p+1)-2p+4=4-3p<0

because p > 2. Hence, ¢ < 2, as claimed.
But, the minimum degree of G is at least 2, so no vertex of G can have degree t < 2. Therefore,
every vertex of degree p is adjacent only to vertices of degree r. The same argument applies to g.
Consequently, every edge of G joins a vertex of degree r to a vertex of degree p or g. Hence, G is
bipartite: one bipartition class A consists of all vertices of degree r, and the other class B consists of

AIMS Mathematics Volume 11, Issue 7, 20007-20028.
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all vertices of degrees p or g. Since edges of both types (p, r) and (g, r) (Whenever present) satisfy the
same equality condition, we have

pr+rr g+t

p+r—2 q+r-2

This means condition (ii) of the corollary holds.
Step 2. Assume that either condition (i) or condition (ii) holds.

If G is regular, then
2

ASO(G)
Now, suppose G satisfies (i1). Then, every edge of G has degree pair either (p,r) or (¢,r), and by
assumption,

RASO(G) =

pr+r? q* + r?
p+r—2 - g+r-2
Hence, (d? + d?)/(d, + d, — 2) is constant for all edges uv € E(G). Therefore,
2
ASOG)’
This completes the proof. O

RASO(G) =

Theorem 2.8. For every non-trivial connected graph G possessing maximum degree A,

2(A-1)

RAS O(G) < Xx(G), (2.21)

where x(G) represents the sum-connectivity index [37] defined by
1

WEZE(G) vd, +d,

Equality in (2.21) is achieved if and only if G is regular.

x(G) =

Proof. For an edge uv of G, since 2(d> + d*) > (d, + d,)* with equality if and only if d, = d,,, we get

d,+d, -2 _ N2d,+d,=2) _ (4 2 1
L+d2 - d,+d, d,+d,) ~d,+d,

2A-1) 1
. . 2.22
*N"2 Viid 2:22)

Summing over all edges in (2.22) yields (2.21). We note that the equalities throughout in (2.22) hold
if and only if d, = d,, = A for every edge uv € E(G). O

Theorem 2.9. For every connected non-trivial graph G possessing maximum degree A,
RASO(G) £ VA -1 H(G),

where equality holds if and only if G is regular. Here, H(G) is the harmonic index [14] defined as

2
d,+d,

H(G) =
vueE(G)

AIMS Mathematics Volume 11, Issue 7, 20007-20028.
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Proof. For any edge vu € E(G), using (2.22) and Vd, + d, < V2A, we obtain

du+dv—2 /2(A—1) /2(A—1)
a2 + d? d,+ d (223)

where equalities throughout in (2.23) hold if and only if d, = A = d,,. Summing over all edges in (2.23)
yields the desired conclusion. m|

We know that (for instance, see [36]) for any non-trivial connected graph, H(G) < n/2, where the
equality holds if and only if G is regular. Hence, Theorem 2.9 has the following consequence.

Corollary 2.3. For every connected non-trivial n-order graph G possessing maximum degree A,

A1
RASO(G) < HT

where equality holds if and only if G is regular.

Theorem 2.10. For every connected non-trivial graph G possessing maximum degree A and minimum
degree 0,
2A6(6 - 1)
v
where the equality in either case holds if and only if G is regular. Here, R(G) is the Randic index [23,28]
defined as

R(G) < RASO(G) < VA—1 R(G),

1
R(G) = .
MVGZE(G) 'd”dv
Proof. Since H(G) < R(G) with equality if and only if G is regular (for example, see [36]), the upper
bound follows from Theorem 2.9.
For the lower bound, using the inequalities d, + d, —2 > 2(6 — 1) and

A* + 62
d+d < i i
we have
d”dg fv 7 \/ Azzfz_dg ZAAi(i ;21) \/%. (2.24)
Summing over all edges in (2.24) yields
RASO(G) > % R(G).

We note that the equalities throughout in (2.24) hold if and only if d, = A = 6 = d, for any edge
vu € E(G). O
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3. Extremal results

In this section, we investigate extremal problems for the RASO index over several well-studied
graph classes. In particular, we characterize graphs that minimize or maximize the RASO index among
fixed-order (i) trees, (i1) unicyclic graphs, and (iii) connected graphs.

Theorem 3.1. Among all n-order connected graphs, S, and K, uniquely minimize and maximize,
respectively, the RASO index for every n > 5, and these minimum and maximum values are given,
respectively, as follows:
n—2 nvVn—2
— 1)y |[—————— d ———.
=D\ Gorrr @ 2

Proof. Let G be an n-order connected graph with n > 5. Let A and m be the maximum degree and size
of G. Then, by Theorem 2.4 and Corollary 2.3, we have

n—2 n—2 nVA-1 nvn-2
RN R 1/—<RASOG< < ,
=D\ " o e1 S G <=7

where the left two equalities hold simultaneously if and only if G is S ,,, whereas the right two equalities
hold simultaneously if and only if G is K,,. Here, we remark that the conclusion regarding K,, can also
be obtained using Theorem 2.5. O

By Theorem 3.1, S, uniquely minimizes the RASO index in the class of all n-order trees for each
n > 5; in order to characterize trees maximizing the RASO index over this class, we need to establish
three lemmas first.

Lemma 3.1. Let vu be a non-pendent edge in a graph G. Then,

d,+d, -2

<1
a2+ d2 2
where the equality holds if and only if d, = d, = 2.

Proof. Since min(d,,d,) > 2 and
. (d,+d,)
2 S

d>+d , 3.1
Ly = 3.1)
we obtain
d,+d, -2 N2, +d,-2)
< , 3.2
d+d d,+d, (3-2)

where the equality in (3.1), and hence in (3.2), holds if and only if d, = d,. We note that the expression
given in the right-hand side of (3.2) strictly decreases in d, + d, for d, + d, > 4, and hence, this
expression attains its maximum (which is 1/2) at d, + d, = 4. O

Lemma 3.2. Let vu be a pendent edge in a graph G such that at least one of v and u is non-pendent.

Then,

d,+d,—2 1
Z+d2 T 5
where the equality holds if and only if either {d,,d,} = {1,2} or {d,,d,} = {1, 3}.

IA
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Proof. Without loss of generality, we assume d, = 1. Then, the expression

d,+d, -2  |d,—1
E2+d2  \N&+1

strictly decreases for d, > 3. Also, the mentioned expression has the same value (which is 1/ V/5) for
each d, € {2, 3}. Hence, the desired result holds. O

Lemma 3.3. Let G be a graph without any isolated edge (that is, an edge with both pendent end
vertices). If G has m edges, from which p are pendent ones, then

p m-p
RASOG) < — + :
\5 2

where the equality holds if and only if every non-pendent edge has both end vertices of degree 2 and
every pendent edge is incident with either a vertex of degree 2 or a vertex of degree 3.

Proof. The required conclusion is deduced directly from Lemmas 3.1 and 3.2. O

Theorem 3.2. Among all n-order trees, only the path P, maximizes the RASO index, where n > 4.

Also, ; 5
n —
RASO(P,) = — + —,
2 V5
Proof. Let T be an n-order tree possessing p pendent vertices, where n > 4. Then, p > 2, and hence,
by Lemma 3.3, we obtain

p n—-1-p n-3 2
RASO(T) < — < — 33
SO()_\/§+ T =5 NG (3.3)

where the equalities throughout in (3.3) hold iff

e p=2,
e every non-pendent edge has both end vertices of degree 2, and
e cvery pendent edge is incident with either a vertex of degree 2 or a vertex of degree 3.

If p = 2, then no pendent edge can be incident with a vertex of degree 3. Therefore, equalities
throughout in (3.3) hold if and only if T is P,. O

We now turn to the problem of characterizing fixed-order unicyclic graphs that minimize/maximize
the RASO index. Let S represent the graph obtained from the star S, by inserting an edge.

Theorem 3.3. Let C, denote the class of all n-order unicyclic graphs with constraint n > 6. Then, only
C, (S}, respectively) maximizes (minimizes, respectively) the RASO index in C,. Also,

_ V=2  2vVn-1 1
(n=3)Vn-2 " = and RASO(C,) ==

Jo-1)7+1 \/(n—1)2+4+2 2

RASO(S}) =

Proof. The maximal case of the result is a direct consequence of Theorem 2.1, whereas the minimal
case was proved in [7]; see Table 2.1 in [7]. O
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4. Edge-addition effects

In this section, we investigate whether the RASO index exhibits monotonic behavior under the
addition of edges. More precisely, we consider the following natural question: given a graph G and
two non-adjacent vertices u,v € V(G) such that at least one of them has a positive degree, does the
inequality

RAS O(G + uv) > RAS O(G) 4.1

always hold? Here, G + uv denotes the graph obtained from G by adding the edge uv.

We first note that if both u and v are isolated vertices, then adding the edge uv produces a single
edge whose each end vertex has degree one. In this case, the contribution of this edge to the RASO
index is zero, and therefore RAS O(G + uv) = RAS O(G). Consequently, the assumption that at least
one of u# and v has a degree greater than zero is necessary when investigating strict monotonicity.

To gain insight into this question, we performed an exhaustive computational search over all non-
isomorphic graphs of order up to 10. The results obtained indicate that inequality (4.1) holds for all
tested graphs whenever at least one of the vertices u and v has a positive degree. Therefore, at first
glance, it was natural to expect that inserting an edge would not decrease the value of the RASO
index; nevertheless, repeated attempts to prove this statement were unsuccessful. Indeed, we present
an example demonstrating that inequality (4.1) does not hold in general.

Example 4.1. Let K, , be the complete bipartite graph with degree set {2, q}, where q > 3. Let u and
v be the two vertices in the partite set of size 2. Then,

Vg q+1 q
RA K —RA Kyy)=——+2 T w g .
SOKzq +uv) = RAS O(Ks.) g+1 M \g+1y2+a g +4

We claim that
RAS O(K,, +uv) > RASO(K,,) for3 <gq <39,

while
RAS O(K,, + uv) < RASO(K,,) for q > 40.

Since the proofs for both cases are similar, we prove the claim only for the case where g > 40. Let

Va q+1 q
Fay=YL 1o - d g > 40.
@D= "2\ Ggrired \g+a| ez

Since
q q+1 q2+q—4
_ - > 0,
F+4 (g+1)P+4 (FP+DH(g+1)?+4)
we have
qg+1
(g+1)2+4

Therefore, F(q) < 0 is equivalent to

2
q q+1 (V4 ’
g +4 (g+1)?+4 2g(g+ 1))’
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that is,

< + -
(@+dHg+1)2+4) ¢ +4 (@+1)*+4 4dgg+1)?
_ 8¢°+28¢° + 674" + 98¢ + 59¢° + 8q — 20
- 4q(q + 12 (q* +4) (¢* + 2 + 5)

which, after squaring and simplification, yields

2\/ q(g +1) q g+1 1

8¢° — 279¢° — 1420q" — 3290¢° — 44204° — 45434* — 42564° — 22964* — 320g + 400 > 0.  (4.2)
Hence, F(q) < 0 if and only if (4.2) holds. But, (4.2) is equivalent to

8(g — 40)° + 2601(g — 40)® + 370100(g — 40)’ + 30107910(g — 40)° + 1532037980(g — 40)°
+49961751457(q — 40)* + 1021099748864(g — 40)° + 12005191074184(g — 40)*
+ 63374944379200(g — 40) + 22104445850000 > 0,

which holds because g > 40.

Next, we show that if one of the vertices u,v is isolated and the other is not isolated, then
inequality (4.1) holds. For a vertex v in a graph G, let Ns(v) denote the set of neighbors of v. In the
rest of this section, we use the following notation:

la+b-2
f(avb):: a2+b2 N Cl,b21.

Proposition 4.1. Let G be a graph, and let u,v € V(G) be two non-adjacent vertices such that d,, = 0
andd, =k > 1. Then,
RAS O(G + uv) > RAS O(G).

Proof. Let Ng(v) = {xi,...,x}and d,,(G) =a; > 1 fori =1, ..., k. Then,

k
RASO(G + uv) — RASO(G) = f(1,k+ 1) + Z( fle+1,a) = flk.a). (4.3)
i=1

If flk+1,a;) > f(k,a;) for every i € {1,2,...,k}, then the desired inequality is immediate. In what
follows, we assume that f(k + 1,a;) < f(k,a;) for atleast one i € {1,2,...,k}. In the following, for the
sake of simplicity, we write f(a,8) in place of [ f(a,8)]*>. Here,

fk,a)* = flk +1,a) PG a)’ - flk+1,a)’
fk,a) + f(k+ 1,a;) 2f(k+1,a)

flk,a) — fk+1,a;) =
and
—a? + Qk + Da; + K — 3k -2
(K + a})((k + 1)> + a})
Since (2k + 1)a; < k* + 3a7, we have —a? + (2k + D)a; + k* — 3k — 2 < 2(k* + a?), and hence
2
k+12+a>

f(k’ ai)2 - f(k + 1,(1,')2 =

flk,a)® = flk+1,a)* <
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Consequently,
1
flk,a) = fk+1,a;) < ((k+ 12 +a>)flk+ 1,a;)
1
¢m+m—1Mk+DLHﬂ

1 f(k+1)

<
k[(k+ 1)2 + 1] k

Hence, for any j € {1,2,...,k}, whether f(k+ 1,a;) > f(k,a;) or f(k+1,a;) < f(k,a;), in either case,

we have FLka D)
ftk+1,a;) - fk,a;) > —’T,

which together with (4.3) yields the desired inequality. O

Proposition 4.2. Let G be a graph possessing an order larger than 2. Let v,u € V(G) be non-adjacent
vertices such that 1 < d, < |2d,,/5] for every v; € Ng(v) and 1 < d, < |2d,,/5] for every u; € Ng(u),
then

RAS O(G + uv) > RAS O(G).

Proof. Let Ng(u) = {uy,...,u,} and Ng(v) = {vi,...,v,}. We set
0;:=d,G) (1<i<a), f;:=d (G (<j<b).

Then,

a

b
RASO(G +uv) = RASO(G) = ) (fla+1,a) - fla,a)) + D (£(b+1,8) - £(b, )
=1

i=1 j
+ fla+1,b+1),

By the given constraints, we have a < |2«;/5] for each i € {1,...,a} and b < [28,/5] for every
J €1{1,...,b}. Under these conditions, we note that f(a, a;) (f(b,3,), respectively) strictly increases in
a (b, respectively). Hence, RAS O(G + uv) — RAS O(G) > f(a+1,b+ 1) > 0, as required. O

If both u, v are pendent, each of whose neighbors has degree at least 3, then inequality (4.1) holds by
Proposition 4.2. Next, we establish a similar result without imposing any restriction on the neighbors
of u and v.

Proposition 4.3. Let G be a graph, and let u,v be two non-adjacent pendent vertices of G. Then,
RAS O(G + uv) > RAS O(G).

Proof. Let Ng(u) = {u'} and Ng(v) = {v'}. Since, for every ¢ > 1,

3\2 7
2 2 _ (t_i) ty
f2,0] = [f(1,D] = CErhHET]) > 0,

we have RAS O(G + uv) — RASO(G) = [f(2,d,) — f(1,d)] + [f2.d,) — f(1,d,)] + £2,2) >0. O

AIMS Mathematics Volume 11, Issue 7, 20007-20028.



20025

Proposition 4.4. Let G be a graph, and let u,v € V(G) be non-adjacent vertices such that these vertices
and all their neighbors have the same degree r > 1. Then,

RAS O(G + uv) > RAS O(G).

Proof. 1f r = 1, then the required conclusion holds due to Proposition 4.3. In the remainder of the
proof, let r > 2. Here,

V2r -1 Vr—1
RASOG + uv) - RASOG) = Y, +2r( d Y ) (4.4)
r+1 V2r2 +2r+ 1 r
We note that
r—1 2r—1 B rr—r-1 - r(r—=1) 3 r—1
2 2r+2r+ 1 2R +2r+ 1) 222 +2r+1)  rQrr+2r+1)
Hence, 1
Vr-1__ N2r-1 _ Z-siam _wonn V-l
r V22 IRV V-1 Nt 2724 2r+ 1
2r-+2r+1 . +m .
which yields
z(m V2r—1 )< 2rvr—1 5 2rvr—1 \r “45)
r - = :
r V224 2r+1) 20 +2r+1 20+ DVrr=1) r+1

because 27> + 2r + 1 > 2(r + 1) Vr(r — 1). Now, the required inequality follows from (4.4) and (4.5).
O

5. Conclusions

In this paper, we initiated the systematic study of the RASO index. We have obtained sharp bounds
for this index in terms of several basic graph parameters, including the order, size, minimum degree,
and maximum degree. We have also determined the extremal graphs with respect to the RASO index
among fixed-order connected graphs, trees, and unicyclic graphs. Furthermore, we have investigated
the behavior of the RASO index under edge addition and derived sufficient conditions ensuring that
this operation increases the index. These results provide a foundation for the further study of the
RASO index and suggest several possible directions for future research. For example, establishing
extremal results regarding this index for n-order connected graphs of a given size m > n+1, or deriving
relationships between the RASO index and other graph invariants, including the subpath number [22]
and invariants associated with subtrees [33,34], seem to be interesting directions for future research on
this index.
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