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1. Introduction

The Jensen-Mercer operator inequality is a fundamental result in operator theory and functional
analysis. It has been widely investigated in the context of matrix inequalities, functional calculus,
and operator means. Recent research has focused on refining Jensen-Mercer type inequalities by
introducing correction terms, establishing tighter bounds, and extending them to broader classes of
functions and operator mappings. In particular, the concept of strong convexity is a powerful tool for
deriving sharper inequalities, as it introduces an additional quadratic term that captures deviation more
precisely.
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Recall that a function f: I — R is said to be strongly convex with modulus ¢ > 0 if

FQx+ (1 =) < Af(0) + (1 = Df ) = Al = D(x = ), (1.1)

forall x,y € I CRand A € [0,1]. If —f is strongly convex, then we say that a function f is strongly
concave. Setting ¢ = 0 in (1.1) recovers the usual notion of convexity.

Strong convexity obviously implies convexity, but the converse is not true. In fact, strongly convex
functions satisfy stronger versions of many properties enjoyed by convex functions.

The additional quadratic term in (1.1) can be effectively used to sharpen classical inequalities such
as Jensen, Jensen-Mercer, or Hermite-Hadamard, both in scalar and operator form.

Important characterizations of strongly convex functions can be found in [1-3], and the references
therein. We recall the following useful results.

Throughout, we use id to denote the identity function (that is, id(#) = ), and (.)" to denote the power
function (.)"(¢) = .

Lemma 1.1. A function f: I — R is strongly convex with a modulus ¢ > 0 if and only if the function
g: I — R, defined by g = f — c - (.)% is convex.

Lemma 1.2. Let f: [ — R be a twice differentiable function. Then f is strongly convex with a modulus
¢ > 0ifandonly if f"(x) > 2c forall x € I.

Remark 1.1. In Section 5, we are particularly interested in the power functions f(t) = t*, k € R,
defined on an interval [a,b] C (0,0). Note that f'(t) = k(k — 1)*=2. Hence, if k € (—00,0) U (1, 00),
then f"”(t) > 0 on [a,b), so f is strongly convex. By Lemma 1.2, its modulus of strong convexity is
controlled by ¢ = %k(k — 1) minyepqp) %72, with explicit cases
a2, k>2,
min 7% =
rela.b] b2, k<2

Therefore, the modulus can be chosen as
1
—k(k— a2, k> 2,
c=12

1
3 k(k — 1)b*2, k€ (=00,0) U (1,2).

The cases k = 0 and k = 1 correspond to a constant and an affine function, respectively, which are not
strongly convex. For 0 < k < 1, the function is strongly concave.

The Jensen inequality for a strongly convex function f: I — R takes the form
FE) <D AfG) = ¢ ) Aix = 5%, (1.2)
i=1 i=1

where x = (x1,...,x,) € I", A = (4,...,4,) is a non-negative n-tuple with >, A; = 1 and X, =
w1 Aix; (see [2]). Setting ¢ = 0 in (1.2) recovers the classical Jensen inequality

FED) < D Aif(x). (1.3)
i=1
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Since the additional term ¢ )7, A;(x; — %,)? is non-negative, inequality (1.2) provides a strictly tighter
upper bound for f(x,) than (1.3).
Motivated by (1.2) in the special case n = 2, 4, = A; = % x1 = x, and x, =y, we define

- —(y-x)> (1.4)

Tfin) = [0+ f0) =21 () - 5

Remark 1.2. If f is strongly convex with a modulus ¢ > 0, then

J(f;x,y) =0
for all x,y € I. Equality holds for the functions of the form f(t) = ct* + I(t), where [ is affine.

A notable variant of Jensen’s inequality is the Jensen-Mercer inequality [4]

fla+B=%) < fl@)+ fB) = D Aif (x), (1.5)
i=1

which holds for every convex function f: I — R, x = (x,...,x,) € [a,B]", witha,B € I, < 3, and
A= (4y,...,4,) anon-negative n-tuple such that 3", A, = 1 and X, = }\_; A;x;.

We also recall the following refinement of Jensen’s inequality for strongly convex functions
obtained in [1].

Theorem 1.1. Let f: I — R be strongly convex function with a modulus ¢ > 0, and x = (xy,...,Xx,) €
I". Let A = (Ay,...,4,) be a non-negative n-tuple with y,'_ A; = 1, X, = Y., 4ix;, and X = %Z:’zl X;.
Then

min {1} Zf (x) = nf () - cZ (xi = ) ] Zﬂif (x) = f (R0 - cza,- (i = %)

1<i<n

< max { [Zf (x;) —nf (%) — CZ (x; — X)° (1.6)

1<isn

In recent years, Jensen and Jensen-Mercer type inequalities have continued to attract considerable
attention due to their rich theoretical structure and numerous applications. Several recent studies
investigated generalized Jensen and Jensen-Mercer inequalities in the setting of operator convexity [5],
h-convexity [6, 7], and operator superquadracity [8]. Fractional and integral extensions of Jensen-
Mercer type inequalities were studied in [9], as well as in [10]. Further refinements and converse forms
of Jensen-type inequalities were obtained in [11-13]. Generalized convexity approaches, including m-
convexity and harmonic convexity, were considered in [14, 15]. Recent developments also include
inequalities for coordinated convexity and related applications (see [16]). Related improvements for
generalized (i, h)-convexity were recently obtained in [17]. These developments indicate a continuing
interest in obtaining sharper estimates, converse inequalities, and refined correction terms for Jensen
and Jensen-Mercer type inequalities.

The purpose of this paper is to develop a systematic framework for improved Jensen-Mercer
operator inequalities based on strong convexity and to demonstrate their applications to operator means,
particularly quasi-arithmetic means and their special cases given by operator power means.
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The paper is organized as follows. In Section 2, we recall basic definitions and notations related
to operator convexity, monotonicity, and positive linear mappings between unital C*-algebras. We
also review known forms of the Jensen and Jensen-Mercer operator inequalities, which present initial
results for our improvements. Section 3 contains the main results. We derive refined upper and lower
bounds for Jensen-Mercer type inequalities using strong convexity, both under operator convexity and
in cases where the function is not operator convex. In Section 4, we apply the results from Section 3
to obtain new estimates and refinements for operator quasi-arithmetic means of the Mercer type. In
Section 5, we discuss applications to operator power means, presenting improved bounds for important
special cases such as the arithmetic, geometric, and harmonic means. Section 6 concludes the paper
with an overview of our main results.

2. Preliminaries

We use the symbol B(H) for unital C*-algebra of all bounded linear operators defined on a complex
Hilbert space H with the identity operator 1. We let B, () denote a C*-subalgebra of all bounded
self-adjoint operators on H. The operator A € B,(H) is positive semidefinite or positive if (Ax, x) > 0
for all x € H, and we write A > 0. For the operators A,B € B,(H)is B > Aif B— A > 0. If, for
X € B,(‘H), the bounds are @y = infj=;(X?,¢) and By = supy 1 (Xt,0), t € H, then for the spectrum of
X, denoted S p(X), we have S p(X) C [ay,Bx]-

Let C([a, B]) denote the set of all real valued continuous functions on an interval [, 8] C R. By the
continuous functional calculus, for any self-adjoint operator X € B,(H) with a spectrum in [, 3], the
operator f(X) is well defined for every f € C([a,S]).

A function f € C([a,5]) is operator convex if

SAX+A-DY)<AfX)+A -DfY)

holds for all A € [0, 1] and every X, Y € B, (H) with S p(X), S p(Y) C [, B].
We say that a function f € C([a, (]) is operator increasing if it preserves the operator order, that is,

X <Y implies f(X) < f(Y)

forall X, Y € B, (H) with S p(X), S p(Y) C [, B]. We say that f is operator decreasing if —f is operator
increasing.

Remark 2.1. The power function f(t) =t",t>0,r € Ris
e Operator convex on (0, o) if and only if
-1<r<0 or 1<r<2.
e Operator increasing on (0, ) if and only if 0 <r < 1.

For more details on operator convex and operator increasing functions, see [18, 19].

In the context of operator inequalities of the Jensen-Mercer type, it is crucial to work with positive
linear mappings between unital C*-algebras. Recall that a linear map ®: B,(H) — B,(K) from the
unital C*-algebra B, (H) into another unital C*-algebra B,(K) is said to be positive if

X >0 implies @O(X) >0,
and unital if ®(1) = 1.

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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Example 2.1. Two standard examples of positive linear unital maps are the following.

e The identity map
OX) =X, XeBy(H),

is trivially linear, positive, and unital.
e Let U be a unitary operator on a Hilbert space H and define

O(X)=U'XU, XeBy(H).

Then @ is linear, positive, and unital, since ®(1) = U*1U = 1.

When dealing with several positive linear mappings @;: B,(H) — B,(K), i = 1, ...,n, we consider

those that satisfy the condition ), , ®; (1) = 1.

Example 2.2. Let
¢(X) = 5Tr(X), X € My(C),

be the normalized trace and
D(X) = p(X)E 1, D, (X) = (X)Ep,

where E|; and E,, are the standard matrix units, that is,

10 00

Each ®@; is positive and their sum is

(@) + D)(X) = e(X)(E11 + Ep) = p(X)1.

Since ¢(1) = %Tr(l) = 1, it follows that (®; + @,)(1) = 1. Thus, (®; + D,) is a unital positive map.

Example 2.3. Let e; = (1,0)7, e, = (0, 1)7, and P;, P, be orthogonal projections

Pi=texl=(y o) Pr=letel=(g 7).

The vector state (evaluation at e;) is given as
w(X) = (e, Xey) = Xq1, X € M>(C).
Define maps

1 0

O(X) = wX)P; = Xy (O 0

) o0 =oor=xafg {).

Clearly, each @; is linear and positive (if X > 0 then X;; = w(X) > 0 so ®;(X) > 0) and
(1) =Py, Dy(A)=Ps.

Their sum is
(D) + O)(X) = X11(P + Pp) = X 1.

Since (O + ®,)(1) = 1, the sum ® = @, + O, is a unital positive map.

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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For every operator convex function f: [a,] — R, the Jensen operator inequality

1o <X,->] <@ (X) @.1)
i=1 i=1

holds, where X1, ..., X, € B,(H) are self-adjoint operators such that S »(X;) C [a,8],i = 1,...,n, and
®;: By(H) - By(K), i =1,...,n, are positive linear mappings with ;7 ®; (1) = 1 (see [20]).
Under the same conditions, the Jensen-Mercer inequality

f[(a +P1- ) @ (X)) [ <(f@+FE1- ) &;(f(x))) (2.2)
J=1 j=1
holds (see [21]). More precisely, we have
f[(a+,8)1—ztl)j(X,) < Y 0 (f(@+p)1-X,)) (2.3)
J=1 J=1
A Zﬁ?il ) gy Zin q; )zat

<@+ fBN1- Zcb (x5))-

If we replace the operator convexity condition with ordinary convexity, that is, if f € C([a,]) is
a convex function, then inequality (2.2) still holds. However, the series of inequalities (2.3) shortens
(see [22]) to
n p1-3"_,D;(X; D 0i(X) -l
f((a+,3)1—zq)j(Xj < =1 J( J) =1 J( J)
=1

B-a fB) + 5-

fl@) 2.4)

< (f(a)+f(ﬁ))1—zq>j(f(xf))'
j=1

Further, under the same assumptions on the self-adjoint operators X, ..., X, € B, () and positive
linear mappings @, ..., ®, : B,(H) — B,(K) as for (2.1), in [23], it is shown that for every continuous
twice differentiable function f: [a, 8] — R with f” > 2¢ > 0, a refinement of (2.2) in the form

fla+p1->. d>,-(xi>] <(f@+FBN1- D | Of (X)) - 20K(@. X, ®)  (2.5)
i=1 i=1

<(f@+ FBN1= ) Oi(f (X))
i=1
holds, where

(2.6)

n n n 2
1
K@.B.X.®) = (@+p) ) ®(X) - apl-3 [Z O,(X7) + (Z @(X»] .
i=1 i=1 i=1
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Recall that the assumption f” > 2¢ > 0 is equivalent to the twice differentiable function f being
strongly convex with a modulus ¢ > 0 (Lemma 1.2).

Refined operator inequalities play an important role in matrix analysis, quantum information theory,
optimization, and numerical analysis, where sharper estimates improve stability bounds and error
analysis (see, for example, [24-26]). Operator Jensen inequalities and their refinements on C*-algebras
and operator means have also been investigated in several recent papers, including [7].

Motivated by these recent advances, in this paper, we establish new refinements of Jensen-
Mercer type operator inequalities by using strongly convex scalar functions and additional correction
terms. Our approach relies on the notion of strongly convex functions. By combining ordinary
strong convexity with functional calculus techniques under suitable operator assumptions, we obtain
refinements and improvements of previously known Jensen-Mercer operator inequalities established
in [22] and later in [23]. More precisely, under the same assumptions on self-adjoint operators and
positive linear mappings as in [23], in the present paper, we establish a further refinement of (2.5) of
the form

fla+pr-)] cDI-(Xl-)) < (fl@) + BN = Y D f(X) = 2¢K (@, B, X, D) = A (@, B. X, f)
i=1 i=1
< (fl@) + BN = ) B f(X) = 2cK (@, B, X, D)
i=1

< (f@) + fBI1 = )" D(FX,)), 2.7)
i=1

where the additional correction term

Ala,B, X, f) =0

is explicitly determined in terms of the strong convexity modulus and the operator’s deviation from the
midpoint of the interval [a, S].

Therefore, inequality (2.7) provides strictly sharper upper and lower bounds than those previously
obtained in [22,23]. The additional correction term A.(a, 3, X, f) represents the main novelty of the
paper and enables further refinements for operator quasi-arithmetic means and operator power means
of the Mercer type.

Furthermore, under the additional assumption that the comapping g(f) = f(t) — ct* is operator
convex on [a,B], we obtain refined Jensen-Mercer type operator inequalities which improve the
results established by Matkovié, Pecari¢, and Peri¢ [21]. More precisely, by combining the operator
convexity of the auxiliary function g with the strong convexity of f, we derive sharper upper and
lower bounds containing additional non-negative correction terms. Consequently, our approach
simultaneously extends the refinement obtained by Moradi, Furuichi, and Sababheh [23] and improves
the Jensen-Mercer operator inequalities from [21]. This demonstrates that the introduced correction
term A.(a,f, X, f) provides an effective quantitative sharpening of previously known Jensen-Mercer
operator inequalities.

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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3. Improvement of the Jensen-Mercer operator inequality

In the next remark, we consider a direct consequence of Theorem 1.1, which will be very useful for
obtaining our goal.

Remark 3.1. The first inequality in (1.6) can be rewritten in the form

1<isn

FE) < Y Af () =) A (xi = %) — min {4 Zf(x,) —nf(®) - cz (x; — x>2], (3.1)
i=1 i=1

i=1
where

min {4, [Zf(x» ~nf - (- x)zl > 0.

i=1
If we setn = 2 and, for A € [0,1] take 11 = A, 1, =1 - A, x; = x, and x, =y, then, from (3.1), we get
more accurate version of (1.1) in the form

F QU+ (=) € AF (0 + (1= DF) = el = Dy = xP (32)
- min (4, 1= 2} |£ 0+ fO) - 2f(“y)—§<y—x>2],

where
. A, 0<A
mm{/l,l—/l}—{l_/l, <
We also have |
min{d,1 - A} = 5(1 -11-24)),

so we can write (3.2), using the notation in (1.4), in the form

1
fQx+ (1 =y) <A () + (1 = DfQ) = Al = Dy = x)° - S U= =2A)J(fsx3).  (33)

First, we prove the following lemma.

Lemma 3.1. Let X € B,(H) be a selfadjoint operator with S p(X) C [a,B]. Then for every function
f € C(la, B]) that is strongly convex with a modulus ¢ > 0, we have

Bl-X X-al

JX) < 5 f( )+ 5 f(ﬁ) — (X — a)(B1 - X). (3.4)
Moreover, the series of inequalities
f(X)<'81_Xf(a)+X — (X — al)(B1 - X) (3.5)
B-a B-
—(%1—ﬂ 1a‘x ‘”ﬁ ')Jc(faﬁ)
R @+ L) - - alp - X)

holds, where
a+p

) CB-ay. (3.6)

TP = f @+ fB) -2/ () - 5

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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Proof. Substituting Ax+ (1 —A)y=t,x=a,y=8,1-1="2%and 1 = 5 ; in (3.3), for every ¢, such

p-a B
that @ < t < 3, we get
FO<E @)+ 22 @) - iy (£ - ‘r OHﬂ‘J(faﬁ) 3.7
T B-a B-a 2 B-a ‘ '
<Ll f @+ = - - -1,

ﬁ —a B
where J.(f,a,p) is defined by (3.6). Now, by utilizing the functional calculus, from (3.7), we
obtain (3.4) and (3.5).

Remark 3.2. Note that inequalities (3.4) and (3.5) are obtained by applying the continuous functional
calculus to the scalar inequality (3.7). Since the scalar inequality holds pointwise for every t € [, ],
the spectral theorem implies the corresponding operator inequalities for every self-adjoint operator X
with spectrum contained in [, B). Therefore, no operator convexity assumption on f oron g = f—c-(.)?
is required at this stage.

Remark 3.3. Note that inequality (3.5) is equivalent to

1-—
fX) < ﬁﬁ—f (@) + ﬁ —c((@+pX - apl - X?) (3.8)
1 1 a+ ﬁ
- (51 - ‘x ])fo )
ﬁﬁl ﬁ — c((a + B)X — afl — X?).

This reformulation is useful in later derivations of our results.

We now present an improvement of inequality (2.4), that is, we get the series of inequalities that
hold without the operator convexity assumption on a given function.

Theorem 3.1. Let Xy, ..., X, € B,(H) be such that S p(X;) C [a,B],i = 1,...,n, and let Oy, ..., D, be
positive linear mappings from the unital C*-algebra B,(H) to the unital C*-algebra B, (K) such that
® =", ©;isunital. Let f € C([a,B]) be strongly convex with a modulus ¢ > 0. Then

flla+p1-) cbl-(Xl-)] (3.9)
i=1
<(f(@)+ fBN1= D Of (X)) - 2cK(@, 8, X, ®) = A, . X, )
i=1
<(f @+ FBN1= D O(f (X)) - 2cK (@, 5, X, ®)
i=1

<(f@+fBN1= D Of (X))
i=1

holds, where K(a, 3, X, @) is defined by (2.6),
+p
2

1 )jc(f; @, p),

_ 1 1|
AC(Q’,ﬁ, X, f) = [51 - IB——Q
i=1

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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and J.(f, a,p) is defined by (3.6).

Proof. We have ol < X; < f1,i = 1,..,n, and ® = } ., ®; is unital. Then by applying linear
mapping ®; and summing over i,i = 1, ...,n, we have a1 < )\, ®;(X;) < S1 and also a1l < (@ + )1 -
S DX <Bli=1,..,n If we substitute X by (@ + )1 - X7, ®;(X;) in (3.8), we get

Z?:] D;(X;) - alf(oz) + Bl - Z?:] D,(X;)
B-a B-a

Z(Di(Xi)
i=1

1 1 . a+p
_[51-m;®i(xi)— 1

Since al < X; < 1, we have —%1 <X - %1 < ﬂ_Tal. Hence,

flla+p1-> <I>l-<x,-)) < f® (3.10)
i=1

2

—c [(a +B) ) ®i(X) - apl-
i=1

Jf, . p).

3 ,x) - 28] < ’B%Il,
i=1
and consequently,
“ 1
0<— ;q>,~(x,) #1 <5l
Hence,
1 1 -
Sl ; o,x) - 2P| s 0.

Since J.(f; a,B) > 0, it follows that
Ada,B.X, f) = 0.

Thus, the additional correction term appearing in our refinement is always a non-negative operator. On
the other side, by (3.4), we have

1-X; X;—al
700 < =t @+ =S 8) - (o + BX - apt - X0)
X;—al 1-X;
~ (f @+ f B 1- [ =@ %f(ﬁ)] ~ c((a+ BX; - al - XD).

Applying the linear mappings ®@; and summing over i,i = 1, ..., n, we get

Z?:l D,(X;) - alf(a) + Bl - Z?:] D;(X;)

= e L2)] BERCRE)

N 0 X)) < (f @)+ F B - [
i=1

—-C

(@+p) Z O:X; — a1 - Z D(X7)
i=1 i=1

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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Further, by summarizing (3.10) with (3.11), we get
f [(a +p1-] cb,-(Xi)) + D O(f (X))
i=1 i=1

<(f@+fPBHl-c

n n n 2
2Aa+p) ) DiX) ~ 2aB1- Y D,(X))~ (Z /(X))
i=1 i=1 i=1

: ﬁ
- Z Dy(X) —

)jc(f a,p).

Moreover, the series of inequalities in (3.9) holds.

Example 3.1. We now compare numerically the upper bounds from the Jensen-Mercer inequality (2.2)
with the refinement (2.4) obtained by Matkovié-Pecarié¢-Peri¢ in [22], the refinement (2.5) due to
Moradi-Furuichi-Sababheh [23], and our refinement (3.9).

Let
10 20
1= (o 2)’ %= (0 3)’
and define positive linear mappings
1
O(T) = 0ao(T) = 5T

Take a = 1 and 8 = 3, and consider the function f(¢) = ¢, which is strongly convex on [1, 3] with a
modulus ¢ = 6. We first compute

iq) X1+X2_ 1.5 0
Z 0 25)

Hence,

(@+p1 - Z@(X)—(zs )

and therefore,

2 39.0625 0
f((a+,8)1—ZCD,-(X,~)]:( 0 50625).
i=1 ’

Next,
4 (10 4 (16 0O
X‘_(O 16)° X2_0 81)’
so that
85 0
4y _ Lova 4
Z:@(X)_ X!+ X3 = (0 48.5).
Since

fl@)+ f(B)=1+81 =82,

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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the classical Jensen-Mercer upper bound becomes

2
735 0
Ry = 821-2@,-()(?):( 0 a3 5).
i=1 )

The Matkovié-Pecari¢-Peri¢ refinement (2.4) gives

Bl - Y ©i(Xy)

O;(X) —al
Ryvpp1 = ,BTf(ﬁ) + Z;#f(a/)-
Since
BlL-Y0(X;) (075 0
p-a B ( 0 0.25) ’
and
Z q)l(X,) —al _ 0.25 0
B—a a ( 0 0.75)’
we obtain
Rwvipp1 = (601 201)-

Further, we now compute the Moradi-Furuichi-Sababheh refinement (2.5). We have

2

1

K@B.X,®)=(@+p) ) Oi(X)~apl - >
i=1

Since )
25 0
(X =
;cbl(m ( 5 6.5),
and
2 Y25 0
(Z cD,-(Xi)] = ( 0 6'25),
we obtain
0.625 0
K= ( 0 0.625)'
Therefore,
75 0
2cK = 12K = ( 0 7'5).
Hence,
66 0
RMFS_RJM_2CK_(O 26)

At the end, we compute our refinement (3.9). Since f(2) = 16, we obtain

J(f:1,3) =)+ f3) -2fQ2) - %(3 -1 =1+81-32-12=38.

2
Zzl i(X7) + (22: (Di(Xi)] ] .
i=1 i=1

AIMS Mathematics Volume 11, Issue 7, 19952-17982.
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Moreover,
2
05 0
;cp,.(x,-)—zl = ( 0 0.5).
Therefore,
1 1{05 O 95 0
Ae = (51_ 5( 0 0.5))38 - ( 0 9.5)'
Consequently,
565 0
ROUI‘] - RMFS - A() - ( () 165) .

Finally, we obtain the operator comparison

Rour1 < Rmppi < Rurs < Ry

565 0 <61 0 <66 0 <73.5 0
0 165 0 21 0 26 0 335/

Thus, our refinement provides the sharpest upper bound among all considered inequalities.

That is,

Remark 3.4. Let us show that the refinement term in Theorem 3.1
2cK(a, 5, X, ®) + A, 8, X, f)

is increasing in the modulus c, that is, it is maximal for the maximal ¢ > 0 (obviously, if a function is
strongly convex for some modulus ¢ > 0, then it is strongly convex for every ¢’, 0 < ¢’ < ¢). To prove
this, we rewrite the refinement term as

20K (a, 8, X, @) + Aa, 8, X, f) (3.12)

n n 2
D ox)) + (Z dx(&-)] )
i=1 i=1

=cC

2(a+p) ) BilX,) - 2aB1-
i=1

i=1
. [%1 - o) - 2 )(f(a) + 18 -2 (*5F)
i=1
C R+ [%1 _[ﬁ Z@(X,-)— #1)@‘(@) v -2f(“3F)).

where the expression R that multiplies the modulus ¢ can be written in the following form:

n n +
> i) > o) - F
i=1 i=1

2
F@+p) ) DX - apl- Y OXD).
i=1 i=1

(B - a)
4

2

R=(a+p) Y ®/(X) - apl- 1+ﬁ;“
i=1
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19965

Since
1
(ﬁ—a)Z[/l—/lz— Emin{/l,l —/1}] > 0,

that is,

1

(,B—a/)z[/l—/lz—E(%(l—ll—ﬂl))]20,

substituting A = g_;; (where t € [a, 8]), it follows

1 5 2 a+p
(t—a)(ﬁ—t)—z(ﬁ—a) (l—ﬂ_a’t— > DZO.

Now, since al < (e +B)1 - Y7L, ®i(X;) < B1, we can substitute t by (@ + )1 — X, ©i«(X;), and we

obtain

B—a
2

2
1
- Z(B —a)’1+ >0. (3.13)

(@+B) ) ®i(X;) - apl-
i=1

S o)
i=1

Moreover, al < X; < Bl implies (X; — al)(B1 — X;) > 0, so we have

- a+f
g;@aw— 1

(@+B) ) ®i(X;) - apl- > D(X?) > 0. (3.14)
i=1 i=1

Adding (3.13) and (3.14), we find that the term with c is greater or equivalent to 0.

This remark highlights an important structural property of the refinement term. Namely, its
monotonicity in the modulus ¢ ensures that the improvement becomes sharper as the strength of
convexity increases.

If we add the operator convexity assumption, then we derive the following results.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold. If. in addition, the function g = f — c - ()* is
operator convex, then

flla+p1-> ox) (3.15)
i=1

<§}mqmmﬁn—x»
=1

< Zi=1 D;(X;) —al

1->° D;(X; &
P @+ PSR ) - ¢ ) (- a1 - X)) - Al X, )
i=1
< e DXy - alf(a/) N )2 D (Di(Xi)f(ﬁ)
B—a B-

<@+ FBN1= D Of (X)) =€ D 0 ((X; = aD)(BL = X)) — Ac(@, B, X, )
i=1 i=1
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< fl@l+ fB1= ) di(f (X)) — ¢ ) @i (X; — al)(B1 - X))
i=1 i=1

< fl@l+ fB1- > O(f (X)),
i=1

where
a

BB X. ) = [%1 - o[- 222 1\)] VALY
i=1

and J.(f, a,p) is defined by (3.6).

Proof. Suppose that all the assumptions of the previous theorem hold. Recall that the function f is
strongly convex with a modulus ¢ > 0 if and only if the function g = f —c-(.)? is convex (Lemma 1.1).
If, in addition, g = f — c - (.)? is operator convex, then, by (2.1), we have

g ((a /L= Y di(X) | =g (Z (e +p)1 - xo] <> 0ig@+pI-X).  (.16)
i=1 i=1 i=1

Returning back to f, we get

f [(a +p1-> (Di(Xi)] (3.17)
i=1

n n 2
D0 (@ +B)1 - X)) - [(a INEDY cb,-(x,-)]
i=1 i=1

<) O (fla+BL-X)—c
i=1

<O (f (@ +B)1 - X)),
i=1

where we use the fact that
2

>0

D 0 ((@+B)1- X)) - ((a +P1- D B(X)
i=1 i=1

as the consequence of (2.1) applied to the square function (.)*>. Next, if we substitute X with (o + ) 1—
X; in (3.5), we have
Xl' —al 1- X,'
£ @+ B2 ) — e, - al)(p1 - )
B-a B-a

1 1 a+pB
_(El_ﬁ—aix"_ > 1‘)jc(f,a,ﬁ). (3.18)

fla+p)1-X) <

We denote
a+p

T IDJ'C(f,a,,B).

Since al < X; < B1, we have —ﬁ%’l <X;— %1 < ’%1. Hence,

1
Ac(a’ﬁ’ Xi9 f) = (51 -

a+p B—«a
X — 1| < 1.
‘ 2 ‘ 2
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Dividing both sides by 8 — @ > 0, we obtain [ﬁ |X,- - #1| < %1. Therefore,

1 1 a+p
El_ﬁ—a’Xi_ 2 120
That is, Ac(a B, X,~, f) > 0. Furthermore, we have
,3 'Bﬁ—f(ﬁ) c(X; —al)(B1 = X;) — A, B, X;, f)
—(f@+ [N~ »ﬁ; Fl+ T
—c(Xi — DBl - X)) — Ala, B, Xi,f)
<(f@+f @1~ »ﬂ; fl@)+ 2

=(f(a) + f(ﬁ)) 1- f(X-) — c(Xi — a1)(B1 - X)) - Aa. B, Xi. f)
_|B1=

@ — al)(B1 - X) - Ada,B X, £
where, by (3.5), we have
@+ ) = (X — aD)(BL - X) - A5, X, /) > 0
Now, combining (3.18) and (3.19), we get
Fa+BL=X) < =2 £ @)+ 2L (5) e~ @Bl - X) = Al fiXe )
<(f@+fBN1- ‘%fm) P2
);_ f@+2 /; £)

S(f@+fP)1- f(X)—cX; —al)(Bl - X;) — A, B, Xi, )
S (f@+fP)1- f(X)—c(X; —a)(B] - X))
< (f(@)+ fB)1 - f(X)).

(3.19)

Applying linear mapping ®; and summing over i,i = 1,...,n, we get (3.15), where the first inequality

follows by (3.17).

Remark 3.5. Consequently, the sequence of inequalities in (3.15) provides a strict improvement

of (2.3).

Remark 3.6. Notice that in the previous Theorem 3.2, we have additional condition that f — c - ()* is

Operator convex.

Obviously, if f — c - (.)? is operator convex, then f is strongly convex with a modulus ¢ > 0, and f

is also operator convex (since (.)* is operator convex).

In the next section, we demonstrate how the obtained results can be applied to derive new bounds for
operator quasi-arithmetic means of the Mercer type, as well as for operator power means, illustrating

the practical impact of our theoretical contributions.
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4. Applications to operator quasi-arithmetic means

In this section, we apply the previously obtained results to derive new inequalities involving operator
quasi-arithmetic means, which are fundamental tools in the theory of operator inequalities. To begin,
we recall the notion of the operator quasi-arithmetic mean and refer the reader to [22] for further details.

Let @ and 8 be real numbers with 0 < @ < . Consider an n-tuple of self-adjoint operators X =
(Xi, ..., X,), where each X; belongs to B, (/) and has a spectrum § p(X j) contained in [«,B]. Let
® = (Dy,...,D,) be a family of positive linear mappings from the unital C*-algebra B, () to another
unital C*-algebra B,(K), such that ® = Z?:] ®; is unital.

For a continuous strictly monotone function ¢ defined on [a, 5], the operator quasi-arithmetic mean
of the Mercer type is defined as

M, X, ®) = ¢ |[(p@+9@EN1- > 0;(¢(X)))]. (4.1)
=1
In the previous notation, we derive the following results.
Theorem 4.1. Let o, € Rand 0 < a < B. Let X = (X4,...,X,) be n-tuple of self-adjoint operators
X;eB,(H), j=1,..,n, with Sp(Xj) C [a,B] Let ® = (®y,...,D,) be n-tuple of positive linear
mappings from the unital C*-algebra B,(H) to the unital C*-algebra B,(K) such that ® = Z’}: L D; is
unital. Let ¢, g € C([a, B]) be two strictly monotone functions such that ¢~' is operator increasing and

¢ o g is a strongly convex function with a modulus ¢ > 0 on [mg, M,], where m, = min{g(a), g(B)},
M, = max{g(@), g(B)}. Then

M(X. ®) < ¢ (o (My(X, @) = 2cK(mg, My, g(X).®) —A(mg, My, g(X), 00 g7")) (4.2)
< o7 (¢ (Mo(X, ®)) - 2¢K(my, M, 3(X).0))

< My(X, @),
where .
M(X,®) =g ((mg + M) 1= > Di(g(X,) (4.3)
i=1
and
K(mg, My, g(X),®) = (mg + M) > i(g(X) = myM,1 (4.4)
i=1
n n 2
1
5[ 2 (g7 X0) + [Z <I>l-<g<xi>>) ] ,
i=1 i=1
while
_ (1,1 "_ W mg+ M, o
Aclme, My R0 0087 = | 31 = 37— Z] Pi(g(X) ~ ——5—1 ) X Jelpo gl me, M) (4.5)
with Iy
+
Jelpo g™ me, My) = ¢(a) +¢(B) = 2Apog™) (mT) - (M- m,)"
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Proof. Obviously, if Y¥; = g(X;), then S p (Y;) C [mg, Mg] .
Applying Theorem 3.1 to the operators ¥; = g(X;) with f = ¢ o g”!, we obtain

(pog™)|(me+M)1=>" c1>,~<g(X,~>>] (4.6)
i=1

<((pog™)(me)+(pog ) MP1- > @i((pog™) (X))
i=1
— 2cK(myg, My, g(X), ®) — A(mg, My, g(X), 00 g™")

<((pos) @@ +(pog)@BNI- D ®i((pog™) (X)) — 20K (mg, My, g(X), @)

i=1

<((pos)g@)+(pog™)@BNI- Y Bi((pog™)(gX)),
i=1

where K(mgy, M,, g(X), ®) and A.(m,, M,, g(X), ¢ o g7!) are defined by (4.4) and (4.5), respectively.
Moreover, since

{mga Mg} = {g(a)’ g(ﬁ)},
we have
(0o g Hmy) + (po g H(My) = p(a) + ¢(B),

independently of whether g is increasing or decreasing.
Hence,

(pog™)|(me + M) 1= ) Pi(e(X)
i=1

< (p(@) + ¢(B) 1- Z Dy(p(X;)) — 2cK (g, Mg, g(X), ®) — Ac(mg, My, g(X), 0 0 g7")
i=1

< (9(@) + 9(B) 1= ) Bilp(X)) = 2K (mg, My, g(X), ®)
i=1

< (@) + 9(B) 1= ) Dilp(X;).

i=1

Finally, since ¢! is operator increasing, applying ¢! to both sides yields inequality (4.2).

Theorem 4.2. Let o, € Rand 0 < a < B. Let X = (X4, ...,X,) be n-tuple of self-adjoint operators
X;eB,(H),j=1,...n,withSp (Xj) C |a,B]. Let ® = (®y,...,D,) be an n-tuple of positive linear
mappings from the unital C*-algebra B,,(H) to the unital C*-algebra B;,(K) such that ® = ¥, ®; is
unital. Let ¢, g € C([a, B]) be two strictly monotone functions such that ¢~' is operator increasing and

@ o g ! is an operator convex function on [mg, M, ], where m, = min{g(@), g(B)}, M, = max{g(a), g(B)}.
Then

M(X, @) <! | > di((pog) ((gl@) + g(BN1 - g(X,)) 4.7
i=1
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<o (Zizl CD];;g(Xi)) - mgl(p(a/) N M1 -3, q)i(g(Xi))()D(ﬁ)
g — My Mg —myg

—c Y ((8(X0) = m)(M,1 - g(X0))) = Ac(mg, My, g(X), ¢ 0 g“))]
i=1
< 90_1 (Z?:] (I)l(g(Xl)) - mgl(p(a) + Mgl - Z?:] q)l(g(Xl))

M, —m, M, —m,

X

w(ﬂ))

< (9 (MoX, @) —c > ;((2(X) = my1)(M,1 = g(X))) = Aclrmg, Mg, 9(X), ¢ 0 g-1)>]

i=1

<¢”! (cp (M (X, ®)) - ¢ Z @, ([g(X) = me1)| [ M1 - g(Xi)])]

i=1
S MX, D),

where M(X, ®) and A.(mg, M,, 2(X), ¢ o g7") are defined by (4.3) and (4.5), respectively.
Proof. If we substitute f by ¢ o g7', X; by ¥; = g(X,), @ by m,, and 8 by M, in (3.15), we have

o (M(X, @) < > (¢ 087") (g(@) + (BN - g(X1))) (4.8)
i=1
ZL O —ml M- B A

M, —m, M, —m,

- ) 0;((8(X) — m (M, 1 = g(X) = Ac(g(@), 2(B), g(X), 0 0 g7

i=1
Yy Di(g(X)) — myl M1 -3, @i(g(X)
< 1 = g (@) + g 1 o
g~ My M, —m,

B)

< [g@) + @B 1= Y 0p(X) — ¢ 3 0 ((g(X:) — m)(M,1 - g(X,)))
i=1 i=1
- Ac(g(a/)a g(ﬁ)’ g(X)’ po g_l)

< [g(@) + ¢B)] 1= ) Bilp(X) — ¢ Y d; ((8(X0) — m)(M1 - g(X)))
i=1 i=1

<[p@ + @B 1= ) Bilp(X).

i=1

Moreover, since ¢! is operator increasing, then (4.7) follows immediately from (4.8).

5. Applications to operator means

A particularly important subclass of Mercer-type quasi-arithmetic means (4.1) is obtained by
choosing the generating function ¢ as follows:

(1) = 5, s#0,
= Nogr, s=o0.
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In this case, the corresponding quasi-arithmetic mean M, (X, ®) reduces to the operator power mean
of the Mercer type, given explicitly by

{(awﬂm—i@j(x;) g0,
M(X, @) = s (5.1)
exp [(log aB)1 - Z(Dj (long) , s=0.
j=1

We list important special cases arising from specific values of s as follows.

e Arithmetic mean (s = 1)

Mi(X, ®) = (@ +B)1 - Y DX,
=1

e Geometric mean (s = 0)

Mo(X, ®) = exp(log(e)1 - Z ®,(log X))).

j=1
e Harmonic mean (s = —1)
- -1
ML(X.®) = (@ +p7)1 - Z 0,(X;h)
j=1
Specifically, for n = 2 and the mappings
O(T) =1 -wT, Oy(T) = wT, w € [0, 1],

we obtain the weighted two-variable version

1/s
b

(e + )1 = (1 = W)X + wX3)) s #0,

MS(XI’XZ, W) =
exp(log(aB)l — (1 —w)logX; —wlogX,), s=0,

and the particular cases
Mi(X1, Xz, w) = (@ + )1 = ((1 = w)X; +wX>),
Mo(X1, X2, w) = exp(log(eB)l — (1 — w)log X; — wlog X>),
MoK Xaow) = (@ 481 = (1 - wX;" +wXs ) .

Using the previous two theorems for appropriate functions ¢ and g, we can derive the corresponding
inequalities for operator power means as follows.

Theorem 5.1. Let o, € Rand 0 < a < B. Let X = (X1, ..., X,,) be an n-tuple of self-adjoint operators
X;eBy(H), j=1,..,n, with Sp(Xj) C |a,B]. Let ® = (®y,...,D,) be an n-tuple of positive linear
mappings from the unital C*-algebra B,,(H) to the unital C*-algebra B,,(K) such that ® = ¥, ®; is
unital. Let r, s € R, s > 1. Then we have the following:
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(1)

M (X, @) < [(M(X, D)) = 2c1K(e/, . X', ®) -A,, (/.. X", ()7)]’ (5.2)

< [(M (X, @) - 2¢,K(, 8, X, ®)]*
< M(X, D),

where
S (S s—2r 1
clz—(——l)of ,f0r0<r<§sorf0rr<0,

c1 = i(k—Y - l)ﬁ"'_zr, forO<r<s<2r

], (5.3)

n 2
> @)
i=1

r r T — r 7 - T r pr 1
K@, B, X, ®) = (a +ﬁ);®,~(Xi)—a/ﬁ 1-5

an 0; (X7) +
i=1

) 1 1
cl(a' ﬁ X ()) (E _wr_a’rl

n a + 8
oo -

i=1

] X T ()., B, (5.4)

and

(ﬂr _ a/r)Z )

Sr pry — o8 s ar+ﬁr%_ﬁ
jcl((')r’a’»ﬁ)_a’ +ﬁ 2( 2 ) 2
(2)

My(X, ®) < [(My(X, ®))’ —2c;K(log a,log B, log X, @) (5.5)

1
-A,, (log a,logB,log X, exp (s - id))] '
< [(M(X, @) — 2¢,K(log a,log B, log X, @)]
<

AT,

where

1
¢ = =s*a’,

2
K(log a,logB,log X, @)

n 2
1
=log(ap) ) @,(log(X)) ~ log alog 13 Z ®; (log” (X)) (Z ®;(log(X; ))]

i=1

A, (loga logB,log X, exp (s - id))

3 1
2 loga
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Proof. (1) We apply inequality (4.2) to ¢(f) = t*, g(t) = t", where ¢ € [a, 8]. Using Remarks 1.1 and 2.1,
we get (5.2).
(2) Analogously to case (1), for the functions ¢(t) = %, g(¢) = logt.

Example 5.1. Consider the functions ¢(t) = t°, g(t) = ', t € [, ], and 0 < @ < 8, where r, s € R and
0 < r < s. Then ¢~'(x) = x'/* and (¢ o g7)(x) = x+. Since

@og !y =2(2-1)22,

r\r

the function ¢og™! is strongly convex on the corresponding interval [In a, In 8]. Hence, the assumptions
of Theorem 5.1 are satisfied.
The modulus of strong convexity is given by

¢l = i(f_ 1)015‘2’, forO<r< lsorforr<0,
2r \r 2

and

c = i(E - 1)ﬁs_2’, forO<r<s<2r
2r \r

Choosing r = 1 and s = 3, we have f =3and0<r< %,and

Cy 2 (E - l)as_zr = %(3 — Da = 3a.

:2rr

The corresponding Mercer-type operator power mean becomes

M(X, @) = (@+p1- > O(X),
j=1

Ms(X, ®) = [(cf +AHL - DX |

J=1

Now inequality (5.2) reduces to

Mi(X, ®) < [ Ms(X, ®)* - 2¢,K(a. 8. X, ®) - A,, ] (5.6)

< Ms(X, ®)° - 2K (a. 8, X, @)
< Ms(X, ®),

where

Z),

C 1
K(@.B.X.®) = (@+p) ) O/(X) ~ apl-3
i=1

3 0,(x) +
i=1

a+p
2

3 o) - 225
a |& 2

5}M&)
i=1

) -9,

xixwﬁaﬁﬁuf+ﬁ—2(

] X jcl((')?’ » a’ﬁ)'
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For numerical illustration, take @ = 2 and 8 = 4, and then (¢ o g7)(r) = £ with

Consequently,

Consider

C1:6.

T (@, 8) = Ts((-),2,4) = 6.

22 0 30 0
X“(o 3.8)’ XZ‘(O 3.0)’

and positive linear mappings

1
DO(T)=D(T) = ET.

Furthermore, we calculate

and

Then

and

2
1[22 0) (30 0\] (26 0
;‘DJ’(XJ‘)‘EKO 3.8)+(0 3.0)]‘(0 3.4)’
2
1(222 0\ 1(30° 0)_ (692 0
) =L ! -
2, ) 2( 0 3.82)+2( 0 3.02) (o 11.72)’
- " 26 0\ (676 0
(Z (D"(X")] :( 0 3.42):( 0 11.56)’

1222 0) 1(30° 0) (18824 0
o) = 4 ! _
2,0/ 2( 0 3.83)+ 2( 0 3.03) ( 0 40.936)

2 1, 1
D, XD = 2K+ X, =
=1

18.824 0
> .

0 40.936

M (X, ®) = (6 O) 3 (2.6 0 ) _ (3.4000 0 )’

06/ \0 34 0 26000
s (72 0) (18824 0 )\ _(53.176 0
M(X, ) ‘(0 72) ( 0 40.936)‘( 0 31.064)

V53.176 0 37605 0
Mi(X, ®@) = ( 0 \ 31.064) - ( 0 3.1436)'

Now we compute

AIMS Mathematics

26 0) (8 0\ 1[(692 0 6.76 0
K(“’ﬁ’X’q))‘6(o 3.4)_(0 8)_5[(0 11.72)+(0 11.56)]_

2

b

|

0.76
0

0
0.76

|
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and

201K, B8, X, ®) = 12K (e, 5, X, ®) = (9'12 0 )

0 9.12

We also have

A (3 O\ _,|26 0\ (3 0)_(18 ©
“~\o 3 0 34/ \0 3| (o 18)

Now,
53176 0 912 0\ (18 0
3 _ _ — _ _
Ms(X, )"~ 2e1K(@. 5, X, @) — A ( 0 31.064) (o 9.12) (0 1.8)
(42256 0
o 20144)
and then
L (34831 0
3 _ 3 _
| Ma(X. ®)° - 2¢,K(a. 8. X. ®) - A, | ( 0 2'7205).
Moreover,

M3(X,<I>)3—ZC1K(a,,3,X,<I>):(53'176 0 )_(9-12 0 ):(44-056 0 )

0 31064/ {0 912 0  21.944
and then
I (35319 0
3 3 _
[Ms(X, ®)° - 2¢,K (. 5. X, @) ( N 2'8000).

So finally, we have

3.4000 0 < 3.4831 0 < 3.5319 0 < 3.7605 0
0 2.6000 0 2.7205 0 2.8000 0 3.1436)°

Thus, inequality (5.6) is numerically verified.

Example 5.2. Let @ = 2, 8 = 4. As a special case of Theorem 5.1, setting r = —1, s = 1 in (5.5), we
have ¢(¢) = t, g(t) = + ! and
Cc = 8.

We then get a refinement of the operator harmonic-arithmetic inequality of the Mercer type
M_(X, @) < Mi(X, ®) - 20°K — A, < Mi(X, @) - 20°K < Mi(X, ®), (5.7)

where

3 n . 1 1 n ) n ) 2
K= 2 DX - gl - 5[; ; (Xi 2) + [; ;(X; 1)] ]’

i=1

1
A, =|1-4
1 (2

- 3
2, ®ilgx) - 21 J X Jer»
i=1
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with

For numerical validation, consider
2 0 30

We calculate

X! (05 0 ) X2_1:(0.3333 O)

0 03333 0 025
025 0 0.1111 0
-2 _ -2 _
% ‘( 0 0.1111)’ %2 ‘( 0 0.0625)
and
1(0.1806 0 | 1{01736 0
_ 1 1 Z
Z‘D (x ;(D(Xi )) _2( 0 0.0868)+2( 0 0.0851)
{01771 0
| o o008s9)

Furthermore, we have

3 v 1 04167 0 0125 0 0.1875 0
Y oXH--1=07 - =
72 m0h = -07s( (5 )| |

0 0.2917 0 0.125 0 0.0938
and
:(0.1875 0 )_(0.1771 0 ):(0.0104 0 )
0 0.0938 0 0.0859 0 0.0079/)"
Moreover,
A, :[%1— —gl]qu
:(0'3332 0.1%68)'0'4167:(0.1388 0.0%95)‘
The arithmetic mean is
M‘(X’q)):(365 2(.)5)'
The harmonic mean is
MaX. ®) = (3.(())00 2.?82)'
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We now have

s a _(35 0) . (00104 0 )\ (0138 0
MXD) =207k A“_(O 25)71%\ 0 00079 0 0.0695

(31948 0
| 0o 23041

and

35 0 0.0104 0 33336 0
ME. @) 20K (o 2.5) 16( 0 0.0079) ( 0 2.3736)'

Finally, we obtain the strict operator inequalities

3.000 O < 3.1948 0 < 3.3336 0 < 35 0
0 2182 0 2.3041 0 2.3736 0 25)

That is, inequality (5.7) is numerically verified.

Example 5.3. Let « = 2 and 8 = 4. As a special case of Theorem 5.1, for ¢(¢) = t, g(t) = logt, we
have

6'1:1.

We get a refinement of the operator geometric-arithmetic inequality of the Mercer type
My(X, ®) < Mi(X,®) —aK - A, < Mi(X, D) — aK < M|(X, D), (5.8)

where

K =1log8 Z ®;(log(X;)) — log 2 log 41——

i=1

Zcp log? (X)) +

" 2
> cDiaog(Xi))) ,
i=1

I

1
A, _(5 og3 Z(D(logX)——logSI

Je, =6-2V8 - E1og22 =0.1029.

For numerical validation, consider

20 30
X, = (0 3), X, = (0 4), Q(T)=Dx(T) = =
We calculate

loga = log'[j =log2 =0.6931, logp =log4 = 1.3863,
a
logapB =log8 = 2.0794, logalogp = 0.9609
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and
_flog2 0\ (06931 0 ., (04805 0
logX“( 0 10g3)~( 0 1.0986)’ log Xl‘( 0 1.2069)’
_(log3 0\ (10986 0 o (12069 0
logXZ‘( 0 1og4)"( 0 1.3863)’ log XZ‘( 0 1.9218)'

Furthermore, we have

2
1 0.8959 0
S —;(Dl-(logX,-)— E(logX1+long)—( 0 1.2425),

i
2

2

0.8026 0
Z‘Di(logxf)] :( 0 15438)’
i=1 ’

(0.4805 0 ) 1(1.2069 0 ) (0.8438 0 )
L. B

S?=

2
1
2, ®ilog’ X 2\ o 2069/

- 2l 0o 19218 0  1.5644
and
= 2 N 08232 0
— . 2 . . . — :
5 ;]@,(log <Xl>)+[;d>l(1og<xl») ( 0 1_5541),
1 1| 1
—1-— ) ®log X)) — = log 81
AT Z] {log X)) - > log8 )
(05 0\ 1 |(08959 0 | (10397 0
L0 05/ Tog2|\ 0 12425 0  1.0397
(02925 0
| o 02074)

Furthermore, the correction terms satisfy

0.078 0 0.030 0
K‘( 0 0.061)’ Aq—( 0 0.021)'

The arithmetic mean is

35 0
0 25)

Mi(X,®) = (

Therefore,

3314 O

3344 0
0 2357 ’

Ml(X,(I))—ozK—Ac]:( ) Ml(X’q’)‘“K:(o 2378

The geometric mean is

3266 O
0 2309/

Mo(X, @) ~ (
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Finally, we obtain the strict operator inequalities

3266 O < 3314 O < 3344 0 - 35 0
0 2309 0 2357 0 2378 0 25)°

Thus, inequality (5.8) is numerically verified.

In a similar way to Theorem 5.1, with additional assumption on ¢og~!, we obtain further inequalities
for the operator power means.

Remark 5.1. Denote m, = min{a’, 8}, M, = max{a’,8"}. Taking Remark 3.6 into account, and under
the assumptions of Theorem 5.1, from Theorem 4.2, we obtain the following inequalities:

1

M(X, ®) < [Z ¢ (" +B)1) - X,-’)f] (5.9)
i=1
[Z,*;l XD -md o M1-FE, XD
< a +
M, —m, M, —m,

— e )0 ((XF = m ) (M1 - X)) - A, (X, ('):)} |

i=1

N

SLOXD-ml | MA-YL ex)
a’ + B
M, —m, M, —m,

N

M) — e Y 0, ((X] ~m 1) (M1~ X)) A, (8. X".OF)]
L i=1

1
n

< (Ms(X’ q)))s —C Z (Di ((er - mrl) (Mrl - er))}
L i=1

< My(X, @),
where
S (S s=2r
ci =—(——1)a , for s < -, (5.10)
2r \r
) = i(E - 1),8S_2’, forO <r<s<2r,
2r \r

and where, additionally, function (¢ o g7')(t) — c11*> = t* — ¢11? is operator convex.

We are not aware of the general conditions on s,r € R such that t — t — ¢, is operator convex.
But obviously, c, is less than or equivalent to the one in (5.10). A complete characterization of the
admissible parameter range would require a separate and more detailed analysis.

Further, notice that we do not have the case when ¢(t) = t°,g(t) = logt (as in Theorem 5.1),
because (p o g~')(t) = exp(st) is not an operator convex function, and from Remark 3.6, it follows that
(@ o g (1) — c11* = exp(st) — ¢ is not operator convex.

In addition, under the condition r = 1s we get ¢, = 1. But under this condition, we have

2
2
a +p 1 )
=Y Zipr_ o :0,

and we do not obtain the refinement of already known results, so we omit this case.

T, ((.)2, m,. MR) — o+ - 2(
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6. Conclusions

In this paper, we develop several new and sharper series of Jensen-Mercer type inequalities for
self-adjoint operators on unital C*-algebras. Our approach is based on the concept of strong convexity,
which enables us to introduce additional correction terms and derive refined upper and lower bounds.
The obtained results significantly generalize and strengthen the classical Jensen-Mercer operator
inequalities for convex functions, both in the setting of operator convex functions and beyond operator
convexity. As applications, we derive new estimates for operator quasi-arithmetic means of the
Mercer type and obtain the corresponding refinements for operator power means, including important
special cases such as the arithmetic, geometric, and harmonic means. These applications illustrate the
effectiveness of our method and highlight its relevance to the theory of operator means and matrix
inequalities.

Author contributions

S. Iveli¢ Bradanovi¢, A. Matkovi¢ and J. Perié¢: Conceptualization, methodology, validation. All
authors have read and agreed to the published version of the manuscript.

Use of Generative-Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

This work is partially supported by the European Union (NextGenerationEU) under the Croatian
Recovery and Resilience Plan 2021-2026 (NRRP), through the University of Split institutional projects
“Geoinformatics framework for sustainable coastal and island development (GEORAZ), project 1D
165497, “IP-UNIST-11 (SYMPHA)”, and “IP-UNIST-44 (ITPEM)” approved by the Ministry of
Science, Education and Youth of the Republic of Croatia.

Conflict of interest

The authors declare no conflicts of interest.

References

1. S. I. Bradanovi¢, Improvements of Jensen’s inequality and its converse for strongly convex
functions with applications to strongly f-divergences, J. Math. Anal. Appl., 531 (2024), 127866.
https://doi.org/10.1016/j.jmaa.2023.127866

2. K. Nikodem, On strongly convex functions and related classes of functions, In: Handbook of
functional equations, New York: Springer, 2014, 365-405. https://doi.org/10.1007/978-1-4939-
1246-9_16

3. A. W. Roberts, D. E. Varberg, Convex functions, New York: Academic Press, 1973.

AIMS Mathematics Volume 11, Issue 7, 19952-17982.


https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2023.127866
https://dx.doi.org/https://doi.org/10.1007/978-1-4939-1246-9_16
https://dx.doi.org/https://doi.org/10.1007/978-1-4939-1246-9_16

19981

A. M. Mercer, A variant of Jensen’s inequality, J. Inequal. Pure Appl. Math., 4 (2003), 73.
S. S. H. Karouei, M. S. Asgari, M. S. Hosseini, N. G. Adl, On the h-Jensen’s operator inequality,

J. Linear Topol. Algebra, 11 (2022), 77-83.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

M. Abbasi, A. Morassaei, F. Mirzapour, Jensen-Mercer type inequalities for operator s-convex
functions, Bull. Iranian Math. Soc., 48 (2022), 2441-2462. https://doi.org/10.1007/s41980-021-
00652-1

S. Y. Chang, Y. M. Wei, Generalized Choi-Davis-Jensen’s operator inequalities and their
applications, Symmetry, 16 (2024), 1176. https://doi.org/10.3390/sym16091176

M. W. Alomari, C. Chesneau, A. Al-Khasawneh, Operator Jensen’s inequality for operator
superquadratic functions, Axioms, 11 (2022), 1-20. https://doi.org/10.3390/axioms11110617

B. Bayraktar, P. Kérus, J. E. N. Valdés, Some new Jensen-Mercer type integral inequalities via
fractional operators, Axioms, 12 (2023), 517. https://doi.org/10.3390/axioms 12060517

C. Yildiz, T. i§leyen, L. 1. Cotirla, New results on majorized discrete Jensen-
Mercer inequality for Raina fractional operators, Fractal Fract., 9 (2025), 343.
https://doi.org/10.3390/fractalfract9060343

F. P. Mohebbi, M. Hassani, M. E. Omidvar, H. R. Moradi, S. Furuichi, Further Jensen-
Mercer’s type inequalities for convex functions, J. Math. Inequal., 18 (2024), 719-737.
https://doi.org/10.7153/jmi-2024-18-39

L. Nasiri, A. Zardadi, H. R. Moradi, Refining and reversing Jensen’s inequality, Oper. Matrices, 16
(2022), 19-27. https://doi.org/10.7153/0am-2022-16-03

Y. Quintana, R. Reyes, J. M. Rodriguez, J. M. Sigarreta, Improvements on Jensen’s functional,
Holder’s inequality and Hadamard’s inequality, Integr. Transf. Spec. Funct., 2026, 1-18.

P. Bosch, Y. Quintana, J. M. Rodriguez, J. M. Sigarreta, Jensen-type inequalities for m-convex
functions, Open Math., 20 (2022), 946-958. https://doi.org/10.1515/math-2022-0061

I. A. Baloch, A. A. Mughal, Y. M. Chu, A. U. Haq, M. De La Sen, A variant of Jensen-type
inequality and related results for harmonic convex functions, AIMS Math., 5 (2020), 6404—6418.
https://doi.org/10.3934/math.2020412

M. Toseef, M. A. Ali, Jensen-Mercer and related inequalities for coordinated convex functions
with their computational analysis and applications, Int. J. Theor. Phys., 64 (2025), 234.
https://doi.org/10.1007/s10773-025-06085-4

A. Gourty, M. A. Ighachane, D. Q. Huy, M. Boumazgour, Improved Jensen’s Dragomir type
inequality for (¢, h)-convex functions, Appl. Set Valued Anal. Optim., 8 (2026), 205-222.
https://doi.org/10.23952/asvao.8.2026.2.05

R. Bhatia, Operator monotone and operator convex functions, In: Matrix analysis, New York:
Springer, 1997, 112—151. https://doi.org/10.1007/978-1-4612-0653-8_5

T. Furuta, J. M. Hot, J. PecCari¢, Y. Seo, Mond-Pecari¢ method in operator inequalities, Zagreb:
Element, 2005.

F. Hansen, J. Pecarié, 1. Perié, Jensen’s operator inequality and its converses, Math. Scand., 100
(2007), 61-73. https://doi.org/10.7146/math.scand.a-15016

AIMS Mathematics Volume 11, Issue 7, 19952-17982.


https://dx.doi.org/https://doi.org/10.1007/s41980-021-00652-1
https://dx.doi.org/https://doi.org/10.1007/s41980-021-00652-1
https://dx.doi.org/https://doi.org/10.3390/sym16091176
https://dx.doi.org/https://doi.org/10.3390/axioms11110617
https://dx.doi.org/https://doi.org/10.3390/axioms12060517
https://dx.doi.org/https://doi.org/10.3390/fractalfract9060343
https://dx.doi.org/https://doi.org/10.7153/jmi-2024-18-39
https://dx.doi.org/https://doi.org/10.7153/oam-2022-16-03
https://dx.doi.org/https://doi.org/10.1515/math-2022-0061
https://dx.doi.org/https://doi.org/10.3934/math.2020412
https://dx.doi.org/https://doi.org/10.1007/s10773-025-06085-4
https://dx.doi.org/https://doi.org/10.23952/asvao.8.2026.2.05
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-0653-8_5
https://dx.doi.org/https://doi.org/10.7146/math.scand.a-15016

19982

21. A. Matkovi¢, J. Pecarid, 1. Peri¢, Refinements of Jensen’s inequality of Mercer’s type for operator
convex functions, Math. Inequal. Appl., 11 (2007), 113—126. https://doi.org/10.7153/mia-11-07

22. A. Matkovi¢, J. Pecari¢, 1. Peri¢, A variant of Jensen’s inequality of Mercer’s
type for operators with applications, Linear Algebra Appl., 418 (2006), 551-564.
https://doi.org/10.1016/j.1aa.2006.02.030

23. H. R. Moradi, S. Furuichi, M. Sababheh, On the operator Jensen-Mercer inequality, In:
Operator theory, functional analysis and applications, Cham: Birkhiuser, 2021, 483-493.
https://doi.org/10.1007/978-3-030-51945-2 24

24. L. L. Xue, J. L. Wu, Matrix operator inequalities based on Mond, Pecaric, Jensen and Ando’s, J.
Inequal. Appl., 2012 (2012), 148. https://doi.org/10.1186/1029-242X-2012-148

25.J. C. Bourin, F. Hiai, Jensen and Minkowski inequalities for operator means and anti-norms, Linear
Algebra Appl., 456 (2014), 22-53. https://doi.org/10.1016/j.1aa.2014.05.030

26. X. Li, W. Wu, Operator Jensen’s inequality on C*-algebras, Acta Math. Sin. Engl. Ser., 30 (2014),
35-50. https://doi.org/10.1007/s10114-013-2065-8

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 11, Issue 7, 19952-17982.


https://dx.doi.org/https://doi.org/10.7153/mia-11-07
https://dx.doi.org/https://doi.org/10.1016/j.laa.2006.02.030
https://dx.doi.org/https://doi.org/10.1007/978-3-030-51945-2_24
https://dx.doi.org/https://doi.org/10.1186/1029-242X-2012-148
https://dx.doi.org/https://doi.org/10.1016/j.laa.2014.05.030
https://dx.doi.org/https://doi.org/10.1007/s10114-013-2065-8
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Improvement of the Jensen-Mercer operator inequality
	Applications to operator quasi-arithmetic means
	Applications to operator means
	Conclusions

