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Abstract: This paper investigates the spatial decay estimates for a coupled Moore-Gibson-Thompson
(MGT) and Fourier heat system defined on a semi-infinite cylindrical domain in R3. Under
homogeneous initial-boundary conditions and suitable decay assumptions at infinity, we derive a
second-order differential inequality satisfied by the total energy functional. By transforming this
inequality into a first-order form via operator factorization, we establish explicit exponential decay
estimates of the energy along the axial direction. The result generalizes the classical Saint-Venant
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stability and long-time behavior in such coupled systems.

Keywords: Moore-Gibson-Thompson equation; Fourier heat equation; spatial decay; Saint-Venant
principle; semi-infinite cylinder; energy functional
Mathematics Subject Classification: 35B30, 35K55, 35Q35

1. Introduction

The spatial behaviour of solutions to partial differential equations in unbounded domains has been a
recurring theme in applied mathematics. Among the various principles that describe such behavior, the
Saint-Venant principle occupies a distinguished position. Originating from elasticity theory, it asserts
that localized disturbances in a slender body produce effects that decay rapidly with distance from the
region of excitation. Over the years, this principle has been systematically refined and extended to
a wide class of dissipative systems. For a detailed historical account and mathematical formulations,
the reader is referred to the comprehensive surveys [1, 2] and the monograph [3]. In particular, for
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problems set on semi-infinite strips or cylindrical domains, it is now well-established that the total
energy decays exponentially as the axial coordinate increases, provided the solution is known to decay
sufficiently fast at infinity [4–6].

A distinct but related line of research concerns the Phragmén-Lindelöf alternative. Unlike the Saint-
Venant approach, which imposes decay conditions a priori, the Phragmén-Lindelöf theory investigates
possible asymptotic scenarios without assuming any decay beforehand. Within this framework, one
proves that as the spatial variable tends to infinity, the associated energy must either grow or decay
exponentially, and these two possibilities are mutually exclusive. This idea has been fruitfully applied
to higher-order partial differential equations. For instance, Li and Chen [7] derived alternative results
for time-dependent double-diffusive Darcy flows, and Lin and Payne [8] treated a class of quasilinear
second-order parabolic problems. Further contributions include the analysis of the Laplace equation
with dynamic boundary conditions [9], Stokes flow in semi-infinite cylinders [10], and harmonic
functions subject to nonlinear boundary conditions [11].

The Moore-Gibson-Thompson (MGT) equation has emerged as a fundamental model in nonlinear
acoustics, particularly for describing high-intensity ultrasound propagation. Its derivation traces
back to early studies of second-sound phenomena in viscous thermally relaxing fluids [12–14]. The
equation is third-order in time and captures both damping and thermal relaxation effects. Seminal
contributions include the proof of well-posedness and exponential stability for the nonlinear Jordan-
Moore-Gibson-Thompson equation [15], the incorporation of quadratic gradient nonlinearities [16],
the discovery of chaotic dynamics in MGT-type systems [17], and the development of an abstract
semigroup framework [18]. The long-time dynamics of the MGT equation in dissipative settings
have been rigorously analyzed in [19], and the Cauchy problem and asymptotic profiles have been
investigated in [20] and [21], respectively. For the most recent advances on the MGT equation, we
refer the reader to [22, 23].

When thermal effects are incorporated, the MGT equation must be coupled with a heat conduction
law. The simplest and most widely used choice is the Fourier law, leading to the MGT-Fourier
system. Such coupled models are mathematically challenging, especially when the spatial domain
is unbounded, because mechanical and thermal dissipation mechanisms interact in a nontrivial way.
Recent studies have addressed various aspects of these systems, including global existence, decay
estimates, and spatial behavior [24–26]. The specific system under consideration in this paper reads

u,ttt + au,tt − b∆u,t − c∆u = −d∆θ, θ,t − k∆θ = d∆u,tt + αd∆u,t, (1.1)

where u denotes the displacement field, θ is the temperature variation, and a, b, c, d, k, α are positive
constants. The first equation is an MGT-type wave equation that includes a third-order time derivative
accounting for thermal relaxation and a viscous dissipation term. The second equation is the Fourier
heat conduction law modified by mechanical source terms that describe heat generation due to
deformation. The system therefore captures the mutual interaction between mechanical waves and
heat transfer in a thermoviscoelastic medium. The supercritical (antidissipative) regime of this system
was examined in [27], where the authors analyzed energy transfer mechanisms.

The present work investigates the spatial decay properties of solutions to (1.1) on a semi-infinite
cylinder in R3. Our attention is focused on the initial-boundary problem (1.1) in the space-time region
R × (0,∞), where

R = {(x1, x2, x3)|(x1, x2) ∈ D, x3 ≥ 0},
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with the arbitrary cross section D being a bounded simply connected region in the (x1, x2)-plane with
piecewise smooth boundary ∂D. We also use the notations

Rz = {(x1, x2, x3)|(x1, x2) ∈ D, x3 > z ≥ 0},

Dz = {(x1, x2, x3)|(x1, x2) ∈ D, x3 = z ≥ 0}

for fixed z. Thus, in particular R0 = R, D0 = D.
The initial boundary conditions are

θ(x1, x2, x3, t) = u(x1, x2, x3, t) = u,t(x1, x2, x3, t) = u,tt(x1, x2, x3, t) = 0, on ∂D × (0,∞), t > 0. (1.2)

θ(x1, x2, 0, t) = g1(x1, x2, t), (x1, x2) ∈ D, t > 0, (1.3)

u(x1, x2, 0, t) = g2(x1, x2, t), (x1, x2) ∈ D, t > 0, (1.4)

u,t(x1, x2, 0, t) = g3(x1, x2, t), (x1, x2) ∈ D, t > 0, (1.5)

u,tt(x1, x2, 0, t) = g4(x1, x2, t), (x1, x2) ∈ D, t > 0, (1.6)

and
θ(x1, x2, x3, 0) = u(x1, x2, x3, 0) = u,t(x1, x2, x3, 0) = u,tt(x1, x2, x3, 0) = 0. (1.7)

We further impose the following asymptotic decay assumptions on the solution as x3 → ∞

uniformly in x1 and x2:

θ(x1, x2, x3, t), u(x1, x2, x3, t), u,tt(x1, x2, x3, t), u,t(x1, x2, x3, t)→ 0 as x3 → ∞. (1.8)

In this work, a comma-based subscript notation is adopted to signify partial differentiation.
Specifically, differentiation with respect to the spatial coordinate xk is denoted as k, and thus, v,i
denotes ∂v/∂xi, and θ,t denotes ∂θ/∂t. The usual summation convention is employed with repeated
Latin subscripts i summed from 1 to 3. Hence, u,iu,i = u2

,1 + u2
,2 + u2

,3.
The methodology employed here differs from that used in earlier works on similar models. Whereas

previous investigations often rely on first-order integral-differential inequalities and the introduction
of auxiliary functions, we adopt a different technical route. Specifically, we construct an energy
functional E(z, t) that incorporates a linear spatial weighting factor (ξ − z). This weighting serves
two purposes: It regularizes the energy, and more importantly, it leads naturally to a second-order
differential inequality for E(z, t). By applying an operator factorization technique, we transform this
second-order inequality into an equivalent first-order form, which can be integrated directly. This
approach avoids the construction of auxiliary integral functions and yields a compact derivation of
the exponential decay estimate. The exponential decay of mechanical disturbances (displacement)
and thermal disturbances (temperature) along the axial direction implies that perturbations localized
near the excited end of a cylindrical body attenuate rapidly with increasing distance from that end.
This result provides a quantitative characterization of the Saint-Venant principle for thermoviscoelastic
materials, demonstrating that end effects are confined to a boundary layer whose decay rate is governed
by the material’s dissipative properties.

The main result of the paper is an explicit bound of the form

G(z, t) ≤ E(0, t) e−bz,
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where G(z, t) is a non-negative quantity that controls various norms of the solution and its derivatives,
and b > 0 is a decay rate determined by the system parameters and the weighting constant ω. This
estimate confirms that the generalized Saint-Venant principle holds for the coupled MGT-Fourier
system in three dimensions.

The paper is organized as follows. Section 2 introduces the weighted energy functionals E1, E2, E3,
and their combination E = E1 + E2 + E3, and it provides explicit representations. Section 3 derives
the fundamental inequalities, including lower bounds for −∂E/∂z and upper bounds for the remaining
boundary terms, culminating in a second-order differential inequality for E. Section 4 applies operator
factorization to reduce this inequality to the first order and obtains the exponential decay estimate.
Section 5 concludes the paper with a discussion of possible extensions, including structural stability
and the incorporation of biharmonic operators.

2. The energy functional E(z, t)

Before constructing the energy functionals, we note that exponential weighting in the axial
direction is essential to capture the spatial decay properties of the coupled MGT-Fourier system. The
following propositions introduce three auxiliary functionals, whose combination leads to a second-
order differential inequality governing the spatial evolution of the total energy. In the following, A is
an area element on x1 − x2 plane. dA = dx2dx1.
Proposition 2.1. Let (u, θ) be the classical solution of Eq (1.1) and satisfy the initial boundary value
problems (1.2)–(1.8). We define a function

E1(z, t) = − b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3ηdxdη − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη

+ d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηθ,3dxdη.
(2.1)

E1(z, t) can also be expressed as

E1(z, t) =
(
ω

2
+ a

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη

+

(
bω
2
− c

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη

+
cω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,tt

)2dx

+
b
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,itdx + c
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,idx

− d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηθ,idxdη +
cω
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx.

(2.2)

Proof. Multiplying (1.1)1 by exp(−ωη)(ξ − z)u,ηη and integrating, we have

0 =
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηη
(
u,ηηη + au,ηη − bu,iiη − cu,ii + dθ,ii

)
dxdη. (2.3)
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The first term on the right-hand side of (2.3) can be expressed as∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηηu,ηηηdxdη

=
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,tt

)2dx.
(2.4)

The third term on the right-hand side of (2.3) can be expressed as

− b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηηu,iiηdxdη

= b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηu,iηdxdη + b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3ηdxdη

=
bω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη +
b
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,itdx

+ b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3ηdxdη.

(2.5)

The fourth term on the right-hand side of (2.3) can be expressed as

− c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηηu,iidxdη

= c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηu,idxdη + c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη

= − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη + cω
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,idxdη

+ c
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,idx + c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη

= − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη +
cω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη

+
cω
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx + c
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,idx

+ c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη.

(2.6)

The last term on the right-hand side of (2.3) can be expressed as

d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηηθ,iidxdη

= − d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηθ,idxdη − d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηθ,3dxdη.
(2.7)

We define E1(z, t) as (2.1). Combining (2.3)–(2.7), we can easily get that E1(z, t) has another
expression (2.2).
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Proposition 2.2. Let (u, θ) be the classical solution of Eq (1.1) and satisfy the initial boundary value
problems (1.2)–(1.8). We define a function

E2(z, t) =
b
2

∫ ∞

z

∫
Dξ

exp(−ωη)
(
u,3

)2dx − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3dxdη

+ d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηθ,3dxdη.
(2.8)

E2(z, t) can also be expressed as

E2(z, t)

= −

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη +
ω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη

+

(
ω

2
+

a
2

) ∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,t

)2dx +
ωa
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη

+ b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη +
cω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη

+
c
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx − d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηθ,idxdη

+

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,tu,ttdx.

(2.9)

Proof. Multiplying (1.1)1 by exp(−ωη)(ξ − z)u,η and integrating, we have

0 =
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,η
(
u,ηηη + au,ηη − bu,iiη − cu,ii + dθ,ii

)
dxdη. (2.10)

The first term on the right-hand side of (2.10) can be written as∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηu,ηηηdxdη

= −

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη + ω
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηu,ηηdxdη

+

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,tu,ttdx

= −

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη +
ω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη

+
ω

2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,t

)2dx +
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,tu,ttdx.

(2.11)

The second term on the right-hand side of (2.10) can be written as

a
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηu,ηηdxdη

=
ωa
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη +
a
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,t

)2dx.
(2.12)
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The third term on the right-hand side of (2.10) can be written as

− b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηu,iiηdxdη

= b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη + b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3ηdxdη.
(2.13)

The fourth term on the right-hand side of (2.10) can be written as

− c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηu,iidxdη

= c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,idxdη + c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3dxdη

=
cω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη +
c
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx

+ c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3dxdη.

(2.14)

The last term on the right-hand side of (2.10) can be written as

d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,ηθ,iidxdη

= −d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηθ,idxdη − d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηθ,3dxdη.
(2.15)

We define E2(z, t) as (2.8). Combining (2.10)–(2.15), we can also get another expression of
E2(z, t) (2.9).
Proposition 2.3. Let (u, θ) be the classical solution of Eq (1.1) and satisfy the initial boundary value
problems (1.2)–(1.8). We define a function

E3(z, t) = −k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θθ,3dxdη − d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηθ,3dxdη

+ d
∫ t

0

∫
Dz

exp(−ωη)u,ηηθdAdη − ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θu,3ηdxdη.
(2.16)

E3(z, t) can also be expressed as

E3(z, t) =
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ2dxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)θ2dx

+ k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iθ,idxdη

+ d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηθ,idxdη

+ ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iu,iηdxdη.

(2.17)
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Proof. Multiplying (1.1)2 by exp(−ωη)(ξ − z)θ and integrating, we have

0 =
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ
(
θ,η − kθ,ii − du,iiηη − adu,iiη

)
dxdη. (2.18)

The first term on the right-hand side of (2.18) can be expressed as

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θθ,ηdxdη

=
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ2dxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)θ2dx.
(2.19)

The second term on the right-hand side of (2.18) can be expressed as

− k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θθ,iidxdη

= k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iθ,idxdη + k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θθ,3dxdη.
(2.20)

The third term on the right-hand side of (2.18) can be expressed as

− d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θu,iiηηdxdη

= d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηθ,idxdη + d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,3ηηθdxdη

= d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηηθ,idxdη + d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηθ,3dxdη

− d
∫ t

0

∫
Dz

exp(−ωη)u,ηηθdAdη.

(2.21)

The last term term on the right-hand side of (2.18) can be expressed as

− ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θu,iiηdxdη

= ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iu,iηdxdη + ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θu,3ηdxdη.
(2.22)

If we define E3(z, t) as (2.16), a combination of (2.18)–(2.22) gives another expression of E3(z, t)
as (2.17).
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Proposition 2.4. If we define E(z, t) = E1(z, t) + E2(z, t) + E3(z, t), we have

E(z, t) =
b
2

∫ ∞

z

∫
Dz

exp(−ωη)
(
u,3

)2dAdη + d
∫ t

0

∫
Dz

exp(−ωη)u,ηηθdAdη

− b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3ηdxdη − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη

− c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3dxdη + d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηθ,3dxdη

− k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θθ,3dxdη − ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θu,3ηdxdη.

(2.23)

We can also get

E(z, t) =
(
ω

2
+ a − 1

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη

+

(
bω
2
+ b − c

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη

+
cω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,tt

)2dx

+
b
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,itdx + c
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,idx

+

(
ω2

2
+
ωa
2

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη

+

(
ω

2
+

a
2

) ∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,t

)2dx

+
cω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη

+

(cω
2
+

c
2

) ∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx

+ (ad − d)
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηθ,idxdη

+

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,tu,ttdx +
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ2dxdη

+
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)θ2dx + k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iθ,idxdη.

(2.24)

Proof. A combination of Propositions 2.1–2.3 can give the desired results of Proposition 2.4.

3. Some basic inequalities

Having constructed the energy functionals, we proceed to derive the fundamental inequalities that
relate the spatial derivative of E(z, t) to the dissipative terms in the system. Through a combination
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of integration by parts, weighted estimates, and elementary inequalities, we obtain lower bounds for
−∂E/∂z and upper bounds for the remaining boundary contributions. The results are summarized in
the propositions below.
Proposition 3.1. For the functional E(z, t) defined in (2.24), we have the following estimates:

−
∂E(z, t)
∂z

≥

(
ω

2
+ a − 1

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)
(
u,ηη

)2dxdη

+

(
bω
2
+ b − c −

(ad + d)2

2k

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,iηu,iηdxdη

+
cω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,iu,idxdη +
1
4

∫ ∞

z

∫
Dξ

exp(−ωt)
(
u,tt

)2dx

+
b
4

∫ ∞

z

∫
Dξ

exp(−ωt)u,itu,itdx +
(
ω2

2
+
ωa
2

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)
(
u,η

)2dxdη

+

(
ω

2
+

a
2
− 1

) ∫ ∞

z

∫
Dξ

exp(−ωt)
(
u,t

)2dx

+
cω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,iu,idxdη

+

(
cω
2
+

c
2
−

c2

b

) ∫ ∞

z

∫
Dξ

exp(−ωt)u,iu,idx

+
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θ2dxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)θ2dx

+
k
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θ,iθ,idxdη,

(3.1)

and

∂2E(z, t)
∂z2 ≥

(
ω

2
+ a − 1

) ∫ t

0

∫
Dz

exp(−ωη)
(
u,ηη

)2dAdη

+

(
bω
2
+ b − c −

(ad + d)2

2k

) ∫ t

0

∫
Dz

exp(−ωη)u,iηu,iηdAdη

+
cω2

2

∫ t

0

∫
Dz

exp(−ωη)u,iu,idAdη +
1
4

∫
Dz

exp(−ωt)
(
u,tt

)2dA

+
b
4

∫
Dz

exp(−ωt)u,itu,itdA +
(
ω2

2
+
ωa
2

) ∫ t

0

∫
Dz

exp(−ωη)
(
u,η

)2dAdη

+

(
ω

2
+

a
2
− 1

) ∫
Dz

exp(−ωt)
(
u,t

)2dA +
cω
2

∫ t

0

∫
Dz

exp(−ωη)u,iu,idAdη

+

(
cω
2
+

c
2
−

c2

b

) ∫
Dz

exp(−ωt)u,iu,idA +
ω

2

∫ t

0

∫
Dz

exp(−ωη)θ2dAdη

+
1
2

∫
Dz

exp(−ωt)θ2dA +
k
2

∫ t

0

∫
Dz

exp(−ωη)θ,iθ,idAdη.

(3.2)
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Proof. We now bound terms in (2.24). Using the Schwarz inequality, we have∣∣∣∣∣∣c
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,idx

∣∣∣∣∣∣ ≤ b
4

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,itdx

+
c2

b

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx,
(3.3)

∣∣∣∣∣∣(ad − d)
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηθ,idxdη

∣∣∣∣∣∣
≤

k
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iθ,idxdη

+
(ad + d)2

2k

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη,

(3.4)

and ∣∣∣∣∣∣
∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,tu,ttdx

∣∣∣∣∣∣ ≤ 1
4

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,tt

)2dx

+

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u2
,tdx.

(3.5)

Combining (2.24) and (3.3)–(3.5), we obtain

E(z, t) ≥
(
ω

2
+ a − 1

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,ηη

)2dxdη

+

(
bω
2
+ b − c −

(ad + d)2

2k

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iηu,iηdxdη

+
cω2

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη +
1
4

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,tt

)2dx

+
b
4

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,itu,itdx +
(
ω2

2
+
ωa
2

) ∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)
(
u,η

)2dxdη

+

(
ω

2
+

a
2
− 1

) ∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)
(
u,t

)2dx

+
cω
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)u,iu,idxdη

+

(
cω
2
+

c
2
−

c2

b

) ∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)u,iu,idx

+
ω

2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ2dxdη +
1
2

∫ ∞

z

∫
Dξ

exp(−ωt)(ξ − z)θ2dx

+
k
2

∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)(ξ − z)θ,iθ,idxdη

= G(z, t).
(3.6)
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If we choose

ω > max

2,
2b + 2c + (ad+d)2

k

b
,

2c
b

 , (3.7)

we can easily get that all coefficients on the right-hand side of (3.6) are positive.
Differentiating (2.24) with respect to z and using the same procedure as deriving (3.6), we can also

obtain the desired results (3.1) and (3.2).
Proposition 3.2. For the functional E(z, t) defined in (2.24), we have the following estimate:

E(z, t) ≤ k1
∂2E(z, t)
∂z2 − k2

∂E(z, t)
∂z

, (3.8)

where k1 and k2 are positive constants to be determined later.
Proof. We now bound terms in (2.24). Using the Schwarz inequality, we have

d
∫ t

0

∫
Dz

exp(−ωη)u,ηηθdAdη ≤
d
2

∫ t

0

∫
Dz

exp(−ωη)
(
u,ηη

)2dAdη

+
d
2

∫ t

0

∫
Dz

exp(−ωη)θ2dAdη.
(3.9)

We thus obtain

b
2

∫ t

0

∫
Dz

exp(−ωη)
(
u,3

)2dAdη + d
∫ t

0

∫
Dz

exp(−ωη)u,ηηθdAdη ≤ k1
∂2E(z, t)
∂z2 , (3.10)

with

k1 = max
{

d
ω + 2a − 2

,
d
ω
,

b
cω + c

}
.

Following the same procedures, we can also set

− b
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3ηdxdη − c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηηu,3dxdη

− c
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηu,3dxdη + d
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)u,ηθ,3dxdη

− k
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θθ,3dxdη − ad
∫ t

0

∫ ∞

z

∫
Dξ

exp(−ωη)θu,3ηdxdη

≤ k2

(
−
∂E(z, t)
∂z

)
,

(3.11)

with

k2 = max

 b + c
ω + 2a − 2

,
b + ad

bω + 2b − 2c − (ad+d)2

k

,
2
ω2 ,

c + d
ω2 + ωa

,
d + k

k
,

k + ad
ω

 .
Combining (2.24), (3.1), (3.2), (3.10), and (3.11), we can obtain the desired result (3.8).
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4. Spatial decay estimate

In this section, we aim to establish a spatial decay estimate for the energy functional E(z, t) defined
in (2.24). To this end, we first rewrite inequality (3.8) in a more convenient form. After rearranging
the terms, we obtain the following second-order differential inequality:

∂2E(z, t)
∂z2 −

k2

k1

∂E(z, t)
∂z

−
1
k1

E(z, t) ≥ 0. (4.1)

This inequality is not directly solvable in its present form. However, because first-order differential
inequalities are generally easier to handle, we seek to transform (4.1) into an equivalent first-order
system. By applying an operator factorization technique, we can rewrite the above inequality in a form
that allows direct integration, as shown below.

Applying operator theory, we observe that inequality (4.1) can be expressed in the following
operator formulation: (

∂

∂z
− a

) (
∂E(z, t)
∂z

+ bE(z, t)
)
≥ 0. (4.2)

For inequalities (4.1) and (4.2) to be equivalent, the parameters a and b are required to satisfy the
following relationships:

b − a = −
k2

k1
, ab =

1
k1
. (4.3)

The solutions to Eq (4.3) can be readily obtained:

a =

√
( k2

k1
)2 + 4

k1
+ k2

k1

2
, b =

√
( k2

k1
)2 + 4

k1
−

k1
k1

2
.

Inequality (4.2) may be equivalently expressed as follows:

∂

∂z

{
e−az

(
∂E(z, t)
∂z

+ bE(z, t)
)}
≥ 0. (4.4)

Integrating (4.4) with respect to z from z to ∞ and invoking the property that the solution vanishes
at infinity, we arrive at

−

{
e−az

(
∂E(z, t)
∂z

+ bE(z, t)
)}
≥ 0. (4.5)

From (4.5), we can easily obtain

∂E(z, t)
∂z

+ bE(z, t) ≤ 0. (4.6)

Solving inequality (4.6), we easily get

E(z, t) ≤ E(0, t)e−bz. (4.7)
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From (3.6), we have

G(z, t) ≤ E(0, t)e−bz. (4.8)

Inequality (4.8) implies that the energy can decay as z→ ∞. We thus have proved the following:
Theorem 4.1. Assuming that (u, θ) constitutes the classical solution to the initial-boundary value
problems governed by Eqs (1.1)–(1.8), we proceed to establish that the corresponding decay estimates
for the energy G(z, t) as defined in (3.6) satisfy the following estimate:

G(z, t) ≤ E(0, t)e−
√

(
k2
k1

)2+ 4
k1
−

k2
k1

2 z.
(4.9)

Remark 4.1. With the exponential decay estimate (4.9) established, we have achieved the main goal of
this paper, namely, to verify the generalized Saint-Venant principle for the coupled MGT-Fourier system
in a semi-infinite cylinder. The coupling introduces additional dissipation channels: Mechanical waves
generate heat via the d∆u,tt and d∆u,t source terms, and temperature gradients feed back into the MGT
equation through d∆θ. This mutual interaction enhances the overall decay rate compared to decoupled
systems, as both mechanical viscosity (b∆ut) and thermal diffusivity (k∆θ) jointly contribute to energy
attenuation. The decay rate depends on the weighting parameter ω and the system constants, reflecting
the combined dissipative mechanisms of mechanical and thermal origin. The weighting parameter
ωis a mathematical tool that selects which spatial modes contribute most to the energy functional.
In practice, it allows engineers to tune the decay estimate by emphasizing near-field versus far-field
behavior. Larger ω accelerates the apparent decay but requires stricter positivity conditions, offering
flexibility in designing numerical simulations or experimental validations.
Remark 4.2. We clarify that G(z, t) is not an artificial auxiliary quantity but an explicit weighted
energy functional defined directly from the solution (u, θ) and its derivatives (Eq (3.6)), controlling
physically meaningful norms such as weighted L2-integrals of |∇u|, |u,t| θ, and |∇θ| . Because we prove
E(z, t) ≥ G(z, t) and E(z, t) ≤ E(0, t)e−bz, the decay of G(z, t) directly implies the corresponding spatial
decay of the original solution. The decay rate b is explicitly determined by the system parameters and
the weight ω, transparently reflecting the combined mechanical and thermal dissipation.

5. Conclusions

In this paper, we establish a generalized Saint-Venant principle for the coupled MGT-Fourier
system on a semi-infinite cylinder in R3. Under homogeneous initial-boundary conditions and decay
assumptions at infinity, we construct a weighted energy functional and prove that it satisfies a second-
order differential inequality. By applying operator factorization, we reduce this inequality to first-order
form and obtain an explicit exponential decay estimate G(z, t) ≤ E(0, t)e−bz, where the decay rate b
depends explicitly on the system parameters and the weighting constant. To the best of our knowledge,
this is the first decay result of its kind for such coupled higher-order thermoviscoelastic models in
unbounded domains.

This work makes three theoretical contributions. First, it extends the classical Saint-Venant
principle to a higher-order coupled dissipative system involving both mechanical and thermal effects.
Second, the weighted energy functional method and the second-order differential inequality technique
provide a systematic framework adaptable to other coupled partial differential equations with similar
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dissipative structures. Third, the explicit decay rate quantifies how the combined dissipation from
the MGT equation and the Fourier heat equation influences spatial decay. Consider the propagation
of high-intensity ultrasound in a thermoviscoelastic rod. The MGT-Fourier system governs the
coupled mechanical vibrations and heat generation arising from acoustic attenuation. The exponential
decay estimate establishes that both the displacement amplitude and the temperature rise attenuate
monotonically along the axial direction. This result is of practical significance for transducer design,
thermal hotspot mitigation, and the safe operation of medical and industrial ultrasonic devices.

Future research directions include unweighted energy estimates; structural stability analysis of
the coupled system in unbounded domains; and extensions to biharmonic operators, higher-gradient
theories, and nonlinear versions of the system. These directions will be addressed in forthcoming work.
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