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Abstract: Let f be a real-valued continuous function defined on the interval [0, 1], and let B, 1(f;-)
be the associated n-th degenerate Bernstein polynomial. We proved that, on any admissible interval,
|Bn.a(f5+) = f()| converges uniformly to 0 as n — co. We also established the uniform convergence
of the first derivative of the degenerate Bernstein polynomial. To support the theoretical results, we
tested the approximation theory on f(x) = sin(zrx) and its first-order derivative f’(x) = wcos(nx). These
showed that admissible pairs, and some formal pairs close to the admissible range, give better function
approximation than the classical Bernstein case, and the first-derivative approximation convergence
increases as 4, — 0.

Keywords: degenerate Bernstein polynomial; uniform convergence; modulus of continuity; forward
difference operator
Mathematics Subject Classification: 41A10, 41A36, 11B83

1. Introduction

The Weierstrass approximation theorem is a fundamental result in mathematical analysis. It
asserts that every continuous function defined on a closed interval can be uniformly approximated
as closely as desired by a polynomial function. The theorem can be proved by a transformation with
Bernstein polynomials [1]. By a linear substitution, the interval [a,b] can be transformed into the unit
interval [0, 1]; therefore, the original statement of the theorem holds if and only if it holds for every
continuous function f defined on the interval [0, 1].

The classical Bernstein polynomials, introduced by S. N. Bernstein [1, 2], play a fundamental role
in approximation theory by providing a constructive proof of the Weierstrass approximation theorem.
Since then, they have become fundamental tools in diverse areas of mathematics and computer science.
In particular, they provide a powerful method for approximating continuous functions on compact
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intervals [1]. For a continuous function f € C[0, 1], the classical Bernstein polynomial approximation
of f(x) is defined by [1-3]

Bu(f;x)= ) (1 —x*£(%).
k=0

It is well-known that B,,(f;x) — f(x) uniformly on [0, 1] as n — oo.

Theorem 1.1. ([2,3]) If f is a function of C[0, 1] and € > 0 is arbitrary, then there exists an integer N
such that
|f(x)_Bn(f;x)|<6, OSxSl,

foralln> N.

The following theorem concerns the uniform convergence of the m-th derivative of classical
Bernstein polynomials.

Theorem 1.2. ([2,3]) If f € C"[0,1], for some integer m > 0, then Bﬁlm)( f;x) converges uniformly to
f(x) on [0,1],

Several generalized versions of Bernstein-type operators have been studied, motivated by
applications in combinatorics, special functions, and g-calculus. In the g-setting, Kim [4] studied
identities on the g-integral representation of the product of several g-Bernstein-type polynomials.
Among them, the notion of degenerate polynomials, introduced by Carlitz [5], has attracted
considerable attention. Phillips [6] studied interpolation and approximation properties of Bernstein
polynomials. Kim and Kim [7-9] introduced and studied properties of degenerate Bernstein
polynomials, degenerate Euler polynomials, degenerate Stirling numbers of the second kind [10],
degenerate Bell and Dowling polynomials [11], and heterogeneous Stirling numbers and heterogeneous
Bell polynomials [12]. Wang, Ma, Kim and Kim [13] established probabilistic degenerate Bernstein
polynomials. Qian, Riedel and Rosenberg [14] investigated uniform approximation and Bernstein
polynomials with coefficients in the unit interval. Related contributions include the works of
Cichon [15], Su, Mutlu, and Cekim [16], Ustaoglu [3], Paltanea [17], and Li, Ma, Kim and Kim [18].

In this paper, we study a degenerate analogue of the Bernstein polynomials constructed via the
degenerate falling factorials (x),,. We investigate structural and approximation properties of the
corresponding operators. Kim and Kim [9] introduced a degenerate Bernstein operator of order
n. The primary objective of the present paper is to investigate whether the fundamental properties
of the classical Bernstein polynomial approximation—such as positivity, preservation of constants
(normalization), linearity, uniform approximation, and approximation of derivatives—remain valid in
the degenerate setting when A4 # 0. Motivated by this objective, we adopt a formulation that differs
slightly from the degenerate Bernstein operator introduced in Kim and Kim [9]. This modification
is designed to preserve the essential structural properties of the classical Bernstein operator while
allowing us to establish approximation results analogous to those in the classical theory. In particular,
the proposed normalization enables the basis functions to form a partition of unity and ensures the
preservation of constant functions, which play a crucial role in the development of the approximation
theory presented in this paper. In Section 2, we establish basic properties such as preservation
of constants, positivity, and linearity, compute the first and second moments, and prove uniform
convergence of the operator B, . We also derive a Korovkin-type theorem and establish Jensen’s

AIMS Mathematics Volume 11, Issue 7, 19824—-19854.



19826

inequality. In Section 3, we analyze structural identities of the operators and derive a A-Leibniz
rule, connecting the theory with discrete forward difference techniques, which provide effective tools
for approximation estimates. In Section 4, we obtain formulas for the m-th A-difference of the
basis functions and derive a representation formula for the m-th A-difference of degenerate Bernstein
polynomials. We further prove convergence of the first A,-difference to f’ under a vanishing-step
assumption. Finally, in Section 5, we present numerical results for the test function f(x) = sin(srx) and
provide symbolic formulas together with graphical comparisons for several choices of n and A.

2. Degenerate Bernstein polynomials

Let f be a real-valued continuous function on [0, 1]. Let A satisfy 0 < A < 5-— for integer n > 2,
and let
Iha=[n-1DA4, 1-(n-1)1].

We define the degenerate Bernstein operator B, ; : C([0, 1]) — C(I,,) by

Bua(fin=>"(}) (’“)k"g; Dkl (8 xel, @.1)
=0 nA

Here (x) a1 denotes the degenerate falling factorial defined by
(oa=1, (Dga=x(x-D(x=-22)---(x=(k—DA), k=1

We also define the associated basis polynomials

k=0,1,...,n, (2.2)

(O, a1 = X)p—r.2
(4)( )= () (D, ’

so that

By a(f;) = Zb( @f(%)-

The operator B, ; satisfies the following properties.

Proposition 2.1. ( [9]) Let f,g € [0, 1]. Assume that A satisfies 0 < A1 < ﬁ for integer n > 2, and let
x € Iy o. Then we have
(1) Preservation of constants:

Bpa(L;x) = 1.
(2) Linearity: forall a,B €R,

Bu(af +Bg;x) = aB, (f;x) + B, (8 ).

Lemma 2.2. Let A satisfy 0 < A< ﬁ forinteger n > 2, and let x € 1, .
If f(t)y=00n[0,1], then
By a(f3x) 2 0.
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Proof. Fork=0,1,...,n, we have
(V)1 20, (1 =X)p—k,1 20,
whenever (n— 1)1 < x < 1-(n-1)A. Moreover,
(})20.  (Dua>0.
The basis functions

(Ora(l = X)p—r.a
(l)n,/l

B = ;)

satisfy
Vx>0,  k=0,1,...,n.

If f >0, then every summand in
n
Bua(f;0= ) f(5)p0 )
k=0

is non-negative, hence we have
By (f;x) > 0.

This proves that B, ; is a positive operator. O

Lemma 2.3. Let A satisfy 0 < A< ﬁ for integer n > 2, and let x € I, 5. If there exist constants
c,d € R such that
c<f()<d forall t €10,1],

then
¢ < Bya(fix) <d.

Proof. Define constant functions
o) =c, Y(r) =d,
and then clearly
p<f<y.
Since B, is positive by Lemma 2.2, it preserves order, so we have

By (@3 x) < By a(f5x) < By (s x).

Using the reproduction of constants

B}’l,ﬂ(‘p; x) = C? Bn,/l(‘k -x) = da

we have
c<Bpa(f;x)<d.

This completes the proof. O
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We now compute the first and second moments.
Lemma 2.4. Let A satisfy 0 < A< ﬁ for integer n > 2, and let x € I, ). Then we have

By a(t;x) = x.

Proof. For 0 < k < n, the degenerate Bernstein polynomial for f(¢) =t is given by

n
Bua(fix) = ) (1) 24t £(%),

k=0
so we have n
1 n—.
k=0
We get
n n_l
1- P
(k)k(x)k/l(l X)n—k,A ”XZ n 1 (x— )M(l Ot
o (D 1=0 (Dn.a

together with

k(Z) = ”(Z i) and (X = x(x— V-1
By the degenerate binomial identity

n

(X+ Y = Z (DA Gkt

k=0

we have

[

n—

("7 )= Va1 = 9n-120 = (1= Dy 2 = (D,
[

Il
o

thus we obtain
B a(t;x) = x,

which completes the proof.
Lemma 2.5. Let A satisfy 0 < A< ﬁfor integer n > 2, and let x € I, . Then we have

X n—lx(x—/l)
t = - .
n/l( x) n n 1-21

Proof. We have

By () = Zb%c) Z(I)AZkz a1 = Dt

Note that k2 = k(k— 1) + k, and we get

Zk2 (X)ea(l - x>nu—Zk<k D)@l - x»mZ ) a(1 = X0nsa

k=0
=L +1.
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By Lemma 2.4, we have

L= k() = Xpia=n ) S(Z) CUADZ Ok 1) = 2.3)

k=0 k=0 (Dn.a

For 1, since
kk=1(}) =n(m-D(}3).  Ona=x(x=D(x—2)u22

and by using the degenerate binomial identity

|
\S}

n

_ (Dn,a
()= Dea(l =214 = (1 =220 = 7.
=0
we have
n—2
I =n(n-Dx(x=2) Y (") =210l = D210
=0
=n(n—1Dx(x—)(1 =22 2.4)
Dy
=n(n—1)x(x— /l)(l)—’;.
By (2.3) and (2.4), we get
nn—1Dx(x—A4)
L+Dh)=nx+ ,
(D 1 H = -2
hence we obtain G- 2)
2.0 — -1 XX =
Bn,/l(t ax)_ﬁ-i-nT 1_/1 s
which is the desired conclusion. O

Remark 2.6. Let A =0, and then the classical Bernstein polynomials are

1—
Bno(t;x) = x, Bo(tx) = X* + X x).
n

Lemma 2.7. Let A satisfy 0 < A< ﬁ forinteger n > 2, and let x € I, ). Then we have

Bualt=2750) = =2 (1-2).

Proof. We begin with the identity (t — x)> = t> — 2xt + x*. Applying the linearity of B, ,, we get
Bya((t—x)%:x) = By a(t%: x) = 2x By a(1: %) + x* By a(1: ).
From Proposition 2.1(2) and Lemma 2.4, it follows that
Bya(l;x) =1, By (13 x) = x,
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and from Lemma 2.5,
x n—1x(x=2)

Boa(Px) ==+ ,
nAl75 %) n n 1-4

thus we have
n—1x(x—2) )

n 1-21 ol

B,M((t—x)z;x) . +
n

Write

and then we have

2 ol (x(x=d
Bualt=x%0) = 5 = 5+ 5L (S50 - )

_ x(d-x)  n-1Ax(1-x)
~ n n 1-4

~x1-n (b=l

_ x(1-») (1
- xl—/lx (E _’1)’
which completes the proof. O

Remark 2.8. By Lemma 2.2, let f(t) = (t— x)2 fort€R. Then f(t) >0, and hence, 0 < B, A(f;x). Also,
set g(x) = x(1 —x) on R and then maxg{g(x)} = 1/4. Therefore we have

0 < Bya((t—x)%x) < _4n(11 )R

Also, by Jensen’s inequality, we have

Buallt=x:x) < yBua((t =022 < =y 2.5)

Definition 2.9. ( [19]) Let f : [a,b] — R be continuous. The modulus of continuity of f is defined by

w(f;h) = sup{lf) = fWI : lu—v|<h}, h=0.

Proposition 2.10. ( [19]) Let f : [a,b] — R be continuous. Then
(1) w(f;-) is increasing,
(2) }lin(l)w(f sh) =0,

(3) w(f;h1+hy) < w(fih)+w(f;h),
@) w(f;Ah) < A+ Da(f:h) for all h,A > 0.

We now prove the uniform convergence for B, ;.

Theorem 2.11. Let f € C[0, 1]. Assume that {1,},>, is a sequence such that
Osﬂn<ﬁ and A,(n-1)—>0 as n— oo.

Then the degenerate Bernstein operator B, ) satisfies

lim sup [By,q,(f:2) = f(0)] = 0.

=% 0cx<1
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Proof. Note that if x € (0,1), then x € [(n—1)A,,1 —(n—1)A,] =: I,, 4, for all sufficiently large n. By the
positivity and linearity of the operator B, ,, it follows that, for any x € I, ;, withn > 2,

1B, (30 = F0l=| 3" (1)£(4) L 0 - £
k=0

n
n
<200
k=0
= By, (1 () = f(X)]; ).
On the other hand, by Proposition 2.10(4), we have

(2.6)

b ()

(%))

£ - F) < w(f30) (1+55). 2.7)
Therefore, by (2.6) and (2.7),
1Bt (f:%) = f()] < By, (w(£:0) (1+ 52 :x)
< W(f30)Ba, (1+ 5% x)
< w(f30)(1+3Bus, (1=l x).

By (2.5) in Remark 2.8, we have

B, (1 = 21:3) < B, (1= %)

and
Bua, (=070 < &

For some constant C > 0 independent of x, it follows that

Bat, (10— £ < w(f:0)(1+ €

Choosing ¢ = n~1/2, we obtain

Bus, (50~ f0l < 26 S).

Taking the supremum over I, ;, gives
sup. [B,,(/5) = (9] < 20 &) —0 -,
X€lp Ay
Together with Proposition 2.10(2), the proof is complete. O
Remark 2.12. In Theorem 2.11, B, 7(f;x) converges uniformly to f on the admissible interval.

Corollary 2.13 (Jensen inequality). Let A satisfy 0 < A < ﬁ for integer n> 2, and let x€ I, 5. If f
is convex on [0, 1], then

f(x) < Bpa(f;x).
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Proof. By assumptions, bff,z(x) > 0, and by (2) of Proposition 2.1,

n
D=1

k=0
Moreover, by Lemma 2.4,

By a(t:%) = Zb( ()% =

Since f is convex, it follows that

f) = f(Zb< %) Z”( @f () = Bua(f: ),

which proves

J(x) < Bpa(f;x).

3. Forward difference representation

Let D, denote the degenerate forward difference operator, E, the shift operator, and / the identity
operator. For f € C[0, 1], they are defined by

(Ea)x) = fx+), U)X := f(x),
and the degenerate forward difference operator is given by

D,f := WT_U (3.1)

Accordingly, for any function f, we have

! E - 1) —
DN = ( ﬂf f)() (Af)(x)ﬂ N _ flx+ A) f)

The composition of operators is denoted by “o”. In particular,

Di=D oD, E3=E, 0E, [I?=Iol, DyjoEy=D,E,, EyoD,=ED;.

More generally, for n € N, we define

D/,il:DﬂooD/l’ E/Iil:E/lo"'oE/l’ Dngg:I
N—————— ——————
n times n times

For m > 0, we have
(EYN@) = (B 0 E f)(x) = (B} x+2) = (B} 2 ))(x+22) = - = f(x+m).
Moreover, the identity operator satisfies the relations

EAOIZEAZIOEA.

The following properties hold for the operators.

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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Theorem 3.1. For n € N, we have

n

=" (1)1 e

k=0
and
n n
Bp= Y (k= Y (r-topt
k=0 k=0
Proof. From (3.1), we have
AD=E,—1I.

Taking the n-th power on both sides, we obtain
D = (E 1),

By the binomial theorem,

n n

D= (Ea=1"= )" () =D"FEE = 3" (1)1 EX.
k=0 k=0
Also, since
E,=1+AD,,
we get

E'=(I+D,)".

Again by the binomial theorem,
n

E'= Z () DE.

k=0
Replacing k by n—k, we also have
n
Ef= ) (Hrrprk.
k=0
m|
Remark 3.2. For any function h € C[0, 1] and integer n > 0, we have
n
h(x+nd) = (Ejh)x) = > (1)A5 Dk, (3.2)

k=0

and
n

(D3I = 35 3" (=D FhCe+ j).

J=0

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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Theorem 3.3. Form,n=0,1,2,---, we have
D/ oE| =EoDY.
Proof. We first show that D, and E,; commute. Indeed,

E2-E, _
/l/l :Elo(%):EﬁoDﬁ,

E —1
DAOEA = (AT)OE/l =
Since commuting operators preserve commutativity under powers, it follows that
DY oEY=E}oDY, mn>0.
This completes the proof. O

Theorem 3.4. (The A-Leibniz rule) For n € N and for f,g € C[0, 1], we have

n

(D) = D~ (A)DEA@D; ™ @)+ k),

k=0

or equivalently,
n

(DL = " (DI HNDEI e+ (= k)).

k=0
Proof. We prove the theorem by mathematical induction on n. For the case n = 1, we have

S+ Vgt ) = f(0)8(x)

(Da(fe)x) = y

Adding and subtracting f(x)g(x+ 1), we obtain

(Da(f2))(x) = J()g(x+ /13 —f0s(x) | flr+ Dglx+ /1; —f()gx+4) .

= f)Dg)(x) +(Daf)(x) - g(x+A).

Since
DY) = fx),  (DYg)(x) = g(x),

we may rewrite the above equality as

(Da(f)(x) = ()(DINEDIE) + (1 )(DLAD)g)(x + ).

Hence the statement is true for n = 1. Assume now that the formula holds for some fixed integer n > 1;

namely,
n

Dy(f) = D ()DEND] )+ k). (3.4)

k=0
We shall prove that the identity also holds for n + 1. Applying the operator D, to both sides of (3.4),

we obtain
n

D5 (F)) = D (1)Da((DAHD )0+ k).

k=0

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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Using the product rule for D, with
FO)=DiNH@, G =Dy +ka),
we have by using (3.3)

Da((DA YD g)(x+ k)
= D)(FG)(x) = F(x)(DaG)(x) + (DaF)(x)- G(x + )
= (DX H) (0D * @) (x+ (k+ 1)) + (DX H)DEFH g)(x + k).

Therefore,

n

D (Fen) = Y (DS HEWDE )+ (k+ D)+ - (DANHEDE g)(x+ k).

k:O k:()

Next, we reindex the first summation by setting j = k+ 1. Then, as k runs from O to n, the index j runs
from 1 to n+ 1. Hence,

n n+l1
D (D5 HEDE e+ e+ DD = Y ([ )DIH@DL )+ ).
k=0 j=1

Substituting this into the previous expression yields

n+l n
D (e = Y ()PP T+ j+ Y (AN F )0+ k.
j=1 k=0

Since the dummy indices are arbitrary, we rename j by k in the first sum:

n+l n
D) = Y (1 )DENDL )+ k) + > (D@D )+ k).
k=1 k=0

Combining the two sums term-by-term, we obtain

D (fen) = DY D5 90+ ) (1) + () DANGID )0+ k)
k=1

+(DI ) (g + (n+ 1)A).

() + ()= (%)

n+1

D5 () = D (") DENHDE )+ k).

k=0

Applying Pascal’s identity

we deduce that

Thus the statement holds for n + 1. Therefore, by the principle of mathematical induction, the formula
is valid for all integers n € N. This completes the proof. O

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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Corollary 3.5. ( [20]) For n € N and for f,g € C[0, 1], we have

(D)) = Z Z (@i D))

= 1=0

n k
Z Z () DD} ) ().

= =0
Proof. From (3.2) in Remark 3.2, we have

k
g +k) = (N1 (D) g)x)

=0

and

(D} @) +kd) = D kz () D)0 = Z (@ o),
=0

hence
n

DN = Y (DANHED ) x+kA)
k=0

k
(Ene > (DA oo

=0

bl

S |

=]

k
D (DA D).

=0

T
S

We also have

BN

M)~

DiegH@ =) (1)) (A DEHEWD; ),

=~
(e

l

Il
o

together with

DM~

gx+kd) = ) () (D o)),

l

Il
o

which is the desired conclusion.

4. A-difference representation of degenerate Bernstein polynomials

The following lemma presents a formula for the first derivative of the basis polynomials.

Lemma 4.1. Let A satisfy 0 < A< I )for integer n > 2, and let x € I,, 5. Set

1\ (D a(1=X)p—k.a
— 0<k<nm
(BRI = B0 = {(k) R .
, otherwise.
Then, forO<k<n+1,
+1
(Dbl ()0 = T (b (0 =B (x+ D).

(4.1)

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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Proof. From the above definition and (2.2) in Section 2, it follows that

Ok = X)ns1-k2
b(/l) (x) — n+1 B >
n+lk ( k ) (Dns12

By Theorem 3.4, the A-Leibniz rule yields
(Da(uv))(x) = (Dau)(x) v(x + ) + u(x) (Dav)(x).
Viewing (x)i 1 and (1 —x),,. 1 as the functions
x> (ea(x) and  x = (1=)pa(x),
respectively, we have
(DA, )(x) = k(X)k-1,25 (D1 = )m)(x) = =m(l = X = V1,25

and we obtain

(DAOal = Dns1-5.2))(®) = k(o121 =X = D1 = Diea(r+ 1=k = x = Dyga.

From the factorization property (a);+1,.1 = (@)m .1(a —mAa), we have
(I=x=Dn+1-ka =T =x=(n+ 1=K = x=Dp—t.a-
Substituting this into (4.2) gives
(DAOra(1 = Ins142))®) = k(-2 (L= x = (n+ 1= (1 = x = D1
—(n+ 1 =k)(r (1 = x = Dn-k.a,
and hence, by (4.3)

(Db, () = (”zl)m
X [k(k-1.4(0 = x = 4+ 1= )1 = x = )0
—(n+ 1= K) @)l = x = Vi,

Next, use the combinatorial identities

(" e=m+D(). (F)e+1-0=@+D(}),
and also the normalization relation

(Dn+1.2 =1 =nD) 1)y 0.
Then (4.4) becomes
(Db, ()W)

_ n+1 (1—x—/l),,_k’/1
T 1-na (D

(1) 140 = x= (0 + 1 =)D = (}) )i |-

4.2)

4.3)

4.4)

4.5)

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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For the first term of (4.5), since

==y = =X)ps1-ka =1 =) (1 =x = Dp—.a,

we have
(") @12l = x= 1+ =)D = X = Dy
= (") @ko1.a(1 =00 = x = Dgea = () @14+ 1= A = x= D
= (1) @141 = Dty = (@1 a1 = X = Vi o
= (Dbl () = (eA-1.a(1 = X = Vi,
together with

(")) + 1=k = (k.
It follows that the first part of (4.5) equals

Dby () = (D,AC1.4(1 = X = Vg
For the second term of (4.5), we use the shift identity
(x+ Dia = k2 +kAOk-1.4,
which gives
(1) @+ kA1) (1 = x= Dyien = (1) + Dl = x = Dpiea = Dua by (x+2). (A7)
Combining (4.6) and (4.7) in (4.5) yields
Db, (D) = T (B @ =B+ ),

which is exactly (4.1). O

The following lemma gives the first derivative representation of the degenerate Bernstein
polynomial.

Lemma 4.2. Let A satisfy 0 <A< 5 1) forinteger n > 2, and let x € 1, .. Then we have

(DBys1,4(f3)(x) = & MZAJ‘ (755) 60 ﬂf";?Zf () (DB (N0, (4.8)

Proof. 1t follows from (2.1) of Section 2 that

N S (kA (1-x)
Braatri0 = 9 0 ) = 21 ).

AIMS Mathematics Volume 11, Issue 7, 19824-19854.
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By the linearity of B,1 1, we obtain
n+l

(DaBus1 a(f3))(x) = Zf (755) (Dab) ).

It follows from Lemma 4.1 that

n+l1

(DBt a(f:))(x) = £ Zf(;m (B @ -b N+ D)

D (00 () - 0 (55)

k=0
_ nl kel ) ) “ k
= 151 2 () = A(750) 0+ (500 = b3 e + D) (57))
k=0
n
= 2L A () B0 + 1"252 F(E5) (B0 - b+ )
k=0
n
= b > Af(Gh) b - Zf (77) (PbH ),
k=0
together with
) = b+ ) = —ADBY) ()(),
which establishes the formula. O

The following lemma provides a formula for the second derivative of the basis polynomials.

Lemma 4.3. Let A satisfy 0 < 1< 5 )for integer n > 2, and let x € I,, . Then we have

(n+1Dn
(1 —n/l)(l—(n—])/l)( ﬁz/l)lk (X) = 219“)1,{ [+ )+ Lx+20).

Proof. From Lemma 4.1 and the linearity of D,, we have

(D3BY, (D) =

(D3, (D) = ((Dﬁb(?,l_l(-»(x) — (DB (x+D)):

We show that for 1 <k <n,

(Db (D) = m(bfj)l (=5 (D), (4.9)
(DA + ) = W( W @+ )= (x+20)). (4.10)

For (4.9), it follows from the definition that

(=101 = X)p—+1,2
5’/2 0= ( ) (D, ’
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and we obtain

(Db (D@ = () = (DA ko141 = Inis1.2))(X)

(1)n,/l
1
= (" )(1>M | (k= D@21 = Dnkr1.2
—(n=k+ D0+ Vi1 = x= D,
together with
(DA(f))(x) = (Daf)(x)- g(x) + f(x+ ) (Dag)(x).
Using (1),.1 = (1 —=(n—1)2)(1),-1.1 and the binomial coefficient identities
(=Dl =n(i2) =k (L) =n()

we rewrite the two terms as

n (n_l) (k2,01 = X)p—+1,2

1-(n—1)A\k2 (Dp-1.4

_ n (,,_1) (x+ Dp—1,2(1 = x = Dyt 2
1—(n— 1A\l (Dp=1.2 '

Recognizing these as bfl’l_)l k_z(x) and bf{l_)l k—l(x + A), we obtain (4.9).
To prove (4.10), we apply (4.9) with the index shift £ — k+ 1, which gives the general identity

(Dab()(x) =

W( (=Bl D)

Replacing x by x+ A yields

(DALY x+ ) = W(M] i ) =bY (x+20)),
which is (4.10). Combining (4.9) and (4.10), we obtain
(n+Dn
(Dibil)fl’k(-))(x) = (b “w ROE 26, PRCEVIE: b, Lx+20),

(1 =nA)(1-(n-1)1)

which completes the proof.

O

The following theorem gives the second derivative representation of the degenerate Bernstein

polynomial.

Lemma 4.4. Let A satisfy 0 < A< #_1) for integer n > 2, and let x € I, ). Then we have

(D3Bus1.4(f3)(X) = caCy IZ AF(E)BY, ()= Af () Db, (D)

n— 1
—cncnr ) (Af(GE )P, o+ D) = Af (757 ) Db, (D + D),
k:O
where
n+1 J n
= Cp1=—""—7—.
T B P Iy
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Proof. From Lemma 4.2, we already know that

n

(DaBusra(f: D) = e Y (B0 (K1) = b0+ O f (7)) - (4.11)

k=0
Applying D, once more to (4.11), we get

n

(D3Buera(f3 0@ = cn > (£(555) (DB — £ (75) (Dab AN+ ). (4.12)

k=0

Similar to that in the proofs of (4.9) and (4.10), for 1 <k <n,

(Db = car (B} (0 =B (x+ ),

n—1,k—
DO+ ) = (B0, e+ D=bD) (1 +20)).

Substituting these into (4.12), we get
(D3Bur1.4(f3)(0)

k 1 (o)) @) k (@) @)
= CnCn— 12 nil b 1k—l(x)_bn—l,k(x-'_/l))_f(m)(bn—l,k—l(x-l_/l)_bn—l,k(x+2/l))) 4.13)

= CpCnoi Z B2, () -2f(55)6, (x+ D)+ f(%)bff_)], Lx+22)),

together with the boundary conditions. Note that we have

FERBD, 0 =27 () B, e+ D+ (G B2, 20)
= (7(553) ~ (), o+ S (5 ) (B2 0 = B2, )
— (&) - AR, e+ = () (Y, e+ ) =B, (x+20) (4.14)
= (S0 00 = A () (Dabl, ()
= Af(G )2 Gt D+ A (7 )(Daby, )+ ).

Substituting (4.13) into (4.14), we obtain

1

(D3Bus1a(f3 D) = encumr ) (AF(E )6, 0= A () DabLY, ()
0

— Af(7E b2, (e D+ Af (7 Db, )+ D),

S
|

>~
Il

which proves the theorem. O

The following lemma provides a formula for the m-th derivative of the basis polynomials.
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Lemma 4.5. Let n > 2 be an integer and suppose that 0 < A < ( . Let x € I, . Then, for every
integer m > 1 with n > m, we have

DB, (D) = Anme( "I i (= D),

where
m-l n+l—j
Anm/1 =CnCp-1"""Cpn—m-1— PN
m(A) = CnCnt** Cpom-1 “1—(n—])/1
j=0
and
n+1 n n-m+?2
Ch=—, Cpl = —————""", Cn—(m—1) = .
- "' T 1-m-1 =) T = m—1))A

Proof. Apply D, repeatedly to the identity
(Dab') (NG = cum1 (B () = b (x+ ).
As in Lemma 4.3, we obtain
(DI, () = cuenor (B2, (1) =260 (x+ D)+, (x+20)).

Proceeding by induction on m, we observe that each application of D, contributes a factor c¢,—, and
increases the alternating binomial sum by one. O
The following theorem gives the m-th derivative representation of the degenerate Bernstein

polynomial.

Theorem 4.6. Let n > 2 be an integer and suppose that 0 < A < ﬁ Let m € N with n > m, and let
x € Iy o. Then, for every f € C[0,1], we have

m—1

(D Bus1 a f3 )0 = B (1) = Ann) (D7)

n+l-m

x (AR, (i)
k=0

—Af(Be==DY D™, O)x+id)),

n+l n+1-m,

where Ap () is in Lemma 4.5.

Proof. From Lemmas 4.2—4.4, we have
(DaBus1 a(f; ))(x)—anAf (5 by = anf (555) (Db (N () (4.15)
and

n—1
(D3Bus1,4(f3))(X) = Cucnmi Z B, ) = Af (B )DabD, (D)
(4.16)

,_.

—CnCno (Af(%)bfﬁl,km@—Af(ﬁ)(DAbff}ch))<x+A)),
k=0
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where ¢, and ¢;,— are in Lemma 4.5. By the same method as in Lemmas 4.1 and 4.3, we have

(D3BS) (@) = cncnrcna|bl, , (0)=35,, (x+ )

n+1,k
(4.17)
+3bﬁghﬁx+zu—bﬁggx+au}

and hence, in the same manner as in Lemmas 4.2 and 4.4, we can see that

n—1

2
(D3Bus1 aCF3 D) = Cncnmrcnma ) (~1P7(3) D (AF(BEE2)bLY, (x+id)
i=0 k=0 (4.18)

— (B DY, (D +id)).

By the same argument as in Lemmas 4.1-4.3 and (4.17), we have, for m € N and n > m,
DT, ((O)E) = Cnlnot ** Cnmm-1) Z( D)) i O+ (m= ).

From (4.15), (4.16) and (4.18), we argue by induction on m > 1:

m—1

(DTBn+1,/l(f; N(X) = CnCn—1Cn-2""* Cn—(m-1) Z(_l)i(mi_l)
i=0
n+l-m

Z (Af(m((;:;ll) z))bfi)l mk(x”/l)—/lf(W)(D bu)l e ))(x+z/l))
k=0

which is our claim. O

The following theorem establishes the uniform convergence of the first derivative of degenerate
Bernstein polynomials.

Theorem 4.7. Let f € C'[0,1]. Assume that {1,},>» is a sequence such that

and A,(n—1)—>0 as n— oo.

<A,
=SS =1
Then
: (D L (D _
lim sup Bnﬁn(f,x) /)| =0

=% g<x<1

Proof. Note that if x € (0, 1), then x € I, ,, for all sufficiently large n. Set g := f(l) € C[0,1]. It follows
from Lemma 4.2 that, for x€ 1, ,

B\ (f3x) = ca- 1ZAf (£)64) ()= ducn- IZf ) (D4, (D), (4.19)

where
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By the mean-value theorem, for each &, there exists &, € [%, ’%1] such that

Af(%) = %g(‘fk,n)-

Hence the first term in (4.19) becomes

n—1
Cne 1ZAf )R (0 = 2N e b ()
k=0 k=0
n—1 n—1
=2t 3 () 1)+ L Y (gen) - (£) oS ()
k=0 k=0
. n—1
= LB 1,60+ 2L > (2 - o(£) o (),
k=0

where

n—1
Bu1,(g:0)= > g(£)bM) ().

k=0
Since g is uniformly continuous on [0, 1], by Definition 2.9 and Proposition 2.10(1), we have

18Ekn) — 85 < w(gs l€kn — £ < wigs 1),

together with
=kl <L for all &, e[k 0],

n

which gives, by using positivity and the fact that )| bgﬁ’l L(0=1,

n—1 -1
D (s —g(4) i) ()| < Z\g(fk,» g(5) o) ) < w(g: ).
k=0 k=0
Therefore,
n—1
Cae1 ;Af(s)b;{"f,ku) = T B4, 0 + 02 ofg: 1)), (4.20)

uniformly in x € I, .
We estimate the second sum in (4.19). By the linearity of D,, we have

—_

n—1
DALY DAL (NG =D Y A(E) B ()0 = (D, Buet a, (3 D),
k=0

N

=~
1l
o

and hence

(5Y Db D = [t (D, Bt 1, (F5 D)
= |Cn—1 (En—l,/l,,(f;x + ) = Bt 0, (f; x)) |
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Since En_l, 1,(f5+) 1s continuous on [0, 1] and f is fixed, it is uniformly continuous, that is,

Sup|B_1.,(f:x+ ) = Bp_ia,(f:)] = 0 as n— oo,
X

and therefore

sup ‘/1 Cne IZ FE) D1, ))(x)‘ 0. @.21)

xel, An

Combining (4.19)—(4.21), we obtain

sup |B) (F0) = %= By10,(g0] O[22 w(gi 1)) +o(1) — 0 as n— o, (422)
xel, An
together with
Gt L__ 5] as n—o oo, (4.23)

n 1-(n—-1)4,

under the assumptions 0 < 4, < 2(n ) and (n—1)4,, — 0 as n — oo, and the fact from Proposition 2.10(2)
that w(g;1/n) — 0 as n — co. Using the triangle inequality, we write

sup |B!) (f:)=g(0)| < sup B} (f:) = P By, (50)
x€ly a, xX€lp
+ sup (2= 1) By (0| + sup [Buiagn-go] 429
XEIn,/ln EIn An
=: Hi(n) + Hy(n) + H3(n).

For H(n), it follows immediately from (4.22) that H{(n) — 0 as n — oo.
For H,(n), since g is continuous on [0, 1], we have |g(x)| < ||g]|l« for all x € [0,1]. By the positivity of
B, 1,4, and the identity 3~ 1b(’l”) (%) =1, we obtain

1Br-1.4,(2:201 < Buo1.2, (11 X) < B4, (Iglleos X) = |I]lco-
Hence, by (4.23),

cnl

sup
xel, An

(Cnl_l) n1,1(gx)‘ 1|||g||oo—>0 as n — oo,

For H3(n), by Theorem 2.11, the operator B n—1,1 approximates the identity uniformly on 7, ,; that is,

sup [By-1,0,(8:)—g(x)| — 0 asn— .
x€ly a,

Combining the above three estimates in (4.24), we conclude that

sup |B(1) (fsx)— g(x)| — 0 asn— oo,

x€lp a,
that is,
1
lim, sup [, (£10- V0] =0
This completes the proof. O
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Remark 4.8. Let

m—1

n+1
s Anm Ap) = n—js
-y m(An) !—[c j

Cn =

where m is a fixed positive integer, {A,} satisfies the admissibility condition 0 < (n— 1)1, < 1/2
and 4,(n—1) - 0 as n — oo. The coefficients A, m(A,) describe the leading growth of the m-th
A-difference structure in the derivative of the degenerate Bernstein polynomials. Their asymptotic
behavior is

. Ay m(/ln) L, m=1,

lim ——— =

nmee o n +o0, m>2.

Hence, let f € C™|0, 1], and then the uniform convergence

lim sup B%) (f;0)— f™x)| =0

n—oo xelp, »An
holds only for the case m = 1 (Theorem 4.7). Consequently, the degenerate Bernstein operator
preserves first-order differentiability in the limit, but higher-order differentiability is not automatically
guaranteed without further normalization or structural conditions.

5. Numerical results

In this section, we present numerical examples for the degenerate Bernstein operator and its first A-
difference. The purpose of this section is to show both numerically and graphically that the degenerate
Bernstein operator shows better convergence for approximation as compared to the classical Bernstein
operator as explained in earlier sections. To show the convergence results, we take a test function f(x)
and its first derivative f’(x) defined in (5.1).

Example 5.1.
f(x) = sin(rx), f'(x) = mcos(mx), (5.1)

and we will use the following values of the scale levels n and A,
n=3,5,7, and9 1=0,0.1,0.2,0.3, and 0.4. (5.2)

Case 1 =0in (5.2) corresponds to the classical Bernstein polynomials.

In this example, we will use the results defined in (2.1), (2.2), and Lemma 4.2. Before explaining
and showing the results, we first explain some terminologies that we will use in discussions.
We say that a pair (n, A) is admissible when

1
<A<—,
R TS

so that the interval I, ; is nonempty and the operator in (2.1) and the first A-difference in (4.19) are
considered on their natural domain.

We say that a pair (n, A) is formal when the algebraic expression is still defined but the admissibility
conditions fail.
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We call a pair (n, 1) undefined when
(Dpa=0 or 1-(m-1)2=0,

so the operator or its first A-difference cannot be evaluated.
In both numerical and graphical interpretations, we will present both admissible and formal cases
to test their impact on the results. The pairs (7,0.2) and (9,0.2) are undefined because

(1)702=0, (1)9,02=0.

Therefore, we will not do the numerical calculations and graphical representations for these two pairs.
Now we first calculate the numerical expressions for the test function f(x), defined in (5.1). All the

cases of the values of the scale levels n and A are considered.

For n = 3. The degenerate Bernstein basis polynomials, defined in (2.2), can be written as

k=0,1,2,3. (5.3)

(/1) b = (X)k,/l(l —X)3-k,A
1-D(1-22) "

The degenerate Bernstein operator B, 1(f;x) (defined in (2.1)) for the test function f(x) = sin(srx) and
n =3 is given by
V3

1 3
Bs.a(sin(r0:x) = 530011 - x)z,AT‘f +3Wa(l =D

[S—

(5.4)

We evaluate (5.4) for all A values given in (5.2) as

B0, (5in(r; 0 = o 9)(0 8)[3(X)1,0.1(1—X)2,0.1§+3(x)2,0.1(1—X)l,o ?],
B3 2(sin(rx);0) = 8)(0 6)[3(X)1,0.2(1—X)z,o.zg+3(X)2,o.2(1—X)1,02g], s
B0 (sin(r; 0 = o 7) OTom 3@t x)z,o.373 +3(0203(1 - 10, 3§],
Bsoa(sin(rxi) = mem 2)[3(x)104( —x)20473+3(x)204(1 x)lmg]

The graphical representation of all the numerical calculations in (5.5) is shown in Figure 1(a).
For n =5, the degenerate Bernstein basis polynomials, defined in (2.2), for n = 5 can be written as

(4) (kA1 = X)5-1 2
k=0,1,2,3,4,5. 5.6
W= ( )(1 (1 =201 =32)(1 -42)’ (5:6)
The degenerate Bernstein operator B, i(f;x) for n =35 is given by
1
Bs ;(si ;X) = 5 1- 0.5878
SASINGE); ) = T e A)[ (0)1.4(1 = X)3.1(0.5878) 59

+10(0)2,4(1 = 1)3,2(0.9511) + 10(x)3,2(1 = ¥)2,2(0.9511) + 5(x)a.2(1 — 1)1.2(0.5878) .
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We evaluate (5.7) for all A values given in (5.2) as

Bs .1(sin(rrx); x) = [5(36)1,0.1(1 —x)4,0.1(0.5878)

(0.9)(0.8)(0.7)(0.6)
+10(x)2,0.1(1 = x)3,0.1(0.9511) + 10(x)3,0.1(1 = x)2,0.1(0.9511)

+5(x)4,01(1 =x)1,0.1 (0-5878)],
5(%)1,02(1 = x)4,0.2(0.5878)

BS,Q.Z(Sin(ﬂx);x) = (08)(06)(04)(02)[

+10(x)2,0.2(1 = x)3,0.2(0.9511) + 10(x)3,0.2(1 = x)2,02(0.9511)

+5(x)402(1 = 1)1,02(0.5878)], 55

|5(0)1.03(1 = x)4,03(0.5878)

Bs03(In(m0:2) = (65230 80.1(=02)

+10(x)2,03(1 = x)3,03(0.9511) + 10(x)3,03(1 —x)2,03(0.9511)

+5(x)4,03(1 = x)1,0.3(0-5878)],

1
(0.6)(0.2)(-0.2)(-0.6)
+10(x)2,0.4(1 = x)3,0.4(0.9511) + 10(x)3,0.4(1 — x)2,0.4(0.9511)

+5(x)4,04(1 = x)1,0.4(0-5878)]~

Bs .4(sin(mx); x) = [5(:)1,04(1 = x)4,0.4(0.5878)

The graphical representation of all the numerical calculations in (5.8) is shown in Figure 1(b).

Similarly, the test function f(x) can be represented in terms of degenerate Bernstein polynomials
for n =7,9 and 4 =0,0.1,0.2,0.3,0.4. However, for brevity, we are showing just the graphical
interpretations for cases n =7 and n = 9 in Figure 1(c) and Figure 1(d), respectively.
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(a) (b)
1k
0.8+ _ e — h‘
0.6
0.4} —
NE— ; WYY, (J' x) (o I.«u.au al) ool frx) (classical)
02l 4 - = Byl fir) (mmmmljh . .-(J':J':- (admissible)
' ' —— e Bz fix) (admissible) ——— e By e( fi ) (Formal)
---------- By sl fra) (formal) venmnenes By fia) (Formal)
0 By ol frx) (formal) 0 Byl fix) (formal) |
0 0.2 0.4 T 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(c) (d)
1.5}
15¢
1+ 1l
0.5+ x) =sin(mr) 0.5+ x) = sin(mx)
f:) (elassical) By ool frx) (classical)
J Srx) (formal) = = =Fyp (formal)
7 o f:x) (undefined ) 0 ——meem Byl fix) (undefined)
0 X o fix) (formal) S, | | acseneane H.,.,. o frx) (formal)
((frx) (formal) | Byl fix) (formal) |
0 0.2 04 . 08 0.8 1 0 0.2 04 . 06 0.8 1

Figure 1. The test function and its approximation for n = 3,5,7,9 and 1 = 0,0.1,0.2,0.3,0.4,
where A = 0 denotes the classical Bernstein polynomials.

We now express the first-order derivative f’(x) = mcos(nx) of the test function in terms of degenerate
Bernstein polynomials for different cases of scale level n and A values. For this, we will use the result
defined in Lemma 4.2.

Case n = 3. For n = 3, we can write (4.8) as

3
By (sin(rx);x) =~ ﬂ[ib(”( )~ ib@( |-

Tyl 2/1[§D b (x )+£D ph®]. 59

We evaluate (5.9) for all A values given in (5.2) as

3(V3 0.1); V3 V3

By, (sin(ma):n) = oo == b(o D(x b<°“ ] 8 [TD b5 (@) + =D ()],
. V3 0.2)r V3 \/_

B ,(sin(mx); x) = ﬁ[ b“’ e b<° 2 )] 6 [71) 2by () + == Do2b %y ().

BY) (sin(ux);x) = ﬂ[ V3 HO(x (03) ] - 43)[7‘/_13 OV + \/_D B,
3 0.4) 3

By (i) = o= | == b(o Dx )——b(04) ] [7‘/_ ab), 4)(x)+£Do 4b35 ().

(5.10)

The graphical representation of all the numerical calculations in (5.10) is shown in Figure 2(a).

AIMS Mathematics Volume 11, Issue 7, 19824-19854.



19850

Case n = 5. For n =5, we can write (4.8) as
5
B (sin(rx); x) = — ——[0.5878b5(x) +(0.9511 - 0.5878)b'} () — (0.9511 - 0.5878 )55 (x)
51
—0.5878b}") (x )] 0 ——0.5878D,5) (x) (5.11)

+09511Dﬁb< (x)+09511D,1b( (x)+05878D/1b( (x)]

We evaluate (5.11) for all A values given in (5.2) as

5
BY) | (sin(mx);x) = ) 6[0 5878bY ) (x) +(0.9511-0.5878)by;"(x) - (0.9511 - 0.5878)b ;" (x)

5(0.1
05878b(01)( )] ( 6)[0 5878D01b(01)(x)

+0.9511D0_1b(0 D(x)+0.9511D, 1b(0 D (x)+0.5878Dy, 1b(0 ”(x)]

5
BY) (sin(rx);x) = 5 2[0 587855 (x) +(0.9511 - 0.5878)b} " (x) - (0.9511 - 0.5878)b;” (x)

5,0.2
2
~0.58786P ()| - g[0 587800261 (x)

+0.9511Dy, zb(o D(x)+0.9511D, zb(o 2)(x) +0.5878Do, zb(o 2)(x)]

()
BSO3

0.58785%(x) + (0.9511 - 0.5878)6%(x) - (0.9511 - 0.5878)6% ()
5(0.3)
02

+0.9511Dy, 3b(0 3)(x) +0.9511Dy, 3b(0 ) (x) +0.5878Do, 3b<° 3)(x)]

(sin(mx):x) = — 2[

—0. 5878b(0 e )] [0 5878D, b(o D(x)

5
B 4(sinGra)ix) = ——[0.58785, 7 x) + (0.9511-0.5878 )b (x) ~ (09511 - 0.5878)b ;" (x)
5(0.4)

~0. 5878b(0 (x )] Y

+0.9511Dy, 4b(0 4)(x) +0.9511Dy, 4b(0 D (x) +0.5878Dg 4b' 4)(x)]

[0 5878D, 4b<° (x)

(5.12)

The graphical representation of all the numerical calculations in (5.12) is shown in Figure 2(b).

Similarly, the function f’(x) can be represented in terms of degenerate Bernstein polynomials for
n=7,9and 1=0,0.1,0.2,0.3,0.4. However, we are showing just the graphical interpretations for cases
n="7and n =9 in Figure 2(c) and Figure 2(d), respectively.
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Figure 2. Graphical interpretation of the first order derivative f’(x) = mcos(zx) and its

approximations for n = 3,5,7,9 and 4 =0,0.1,0.2,0.3,0.4, where A = 0 denotes the classical

Bernstein polynomials.

Discussion

In Figures 1 and 2, test function and its first derivative, defined in (5.1), and their approximations in
terms of degenerate Bernstein polynomials for scale levels n = 3,5,7,9 and 4 = 0,0.1,0.2,0.3,0.4 are
shown. In Figure 1, the solid black curve shows the exact test function f(x), the curve for the pair (n,0)
corresponds to its approximation with classical Bernstein polynomials, and all other curves show its
approximations with degenerate Bernstein polynomials at selected scale level n and A values. Similarly,
in Figure 2, the solid black curve shows the exact first derivative f’(x) of the test function, where the
curve for the pair (n,0) corresponds to its approximation with classical Bernstein polynomials, and all
other curves show its approximations with degenerate Bernstein polynomials.

In Figure 1(a), the approximation results for the test function f(x) are shown at n = 3 and for selected
A values. For n = 3, the pairs (3,0.1), (3,0.2) are admissible, the pairs (3,0.3), (3,0.4) are formal, and
the pair (3, 0) corresponds to approximation with classical Bernstein polynomials. We can observe that
the approximation for the classical case (1 =0) is weak compared to admissible and formal pairs, which
shows the effectiveness of degenerate Bernstein polynomials. It is also shown that the approximation
results for the classical case A = 0 are even weaker than the formal cases.

In Figure 1(b), the approximation results are shown for scale level n = 5, and all the considered A
values. In this case, only the pair (5,0.1) is admissible, and the remaining cases are formal. We see the
different pattern in this case: The approximation results are good for the admissible pair and the formal
pair where A = 0.2, which is closer to the admissible value. The formal pairs (5,0.3) and (5,0.4) do
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not show good approximation for n = 5 because in these pairs, the A values are significant larger than
admissible A values. We can also see that the approximation with classical Bernstein polynomials for
n =35 is better than the scale level (n = 3).

In Figure 1(c), the approximation results are shown for scale level n = 7, and all the selected A
values. In this case, there is no admissible pair, three pairs are formal, and the pair (7,0.2) is undefined.
No curve is shown for the undefined case. The formal pair (7,0.1) shows better results than all other
pairs including the classical one.

In Figure 1(d), the approximation results are shown for scale level n = 9, and all the selected A4
values. In this case, there is also no admissible pair, three pairs are formal, and the pair (9,0.2) is
undefined. The formal pair (9,0.1) shows better results than all other pairs including the classical one.

From this result, we conclude that the admissible pairs and those formal pairs in which the A value
is closer to the admissible case show better approximation results than classical Bernstein polynomials.
The test function approximation results are consistent with Theorem 2.11, which shows that B, » (f;x)
converges uniformly to f(x) under the admissibility assumptions.

In Figure 2(a), we have the approximation results for the first-order derivative f’(x) at n = 3 for
selected A values. For n = 3, the pairs (3,0.1), (3,0.2) are admissible, the pairs (3,0.3), (3,0.4) are
formal, and the pair (3,0) corresponds to approximation with classical Bernstein polynomials. We can
see that the results are consistent with Theorem 4.7, which gives the corresponding convergence for the
first derivative when (n—1)4,, — 0. Therefore, we can observe that the approximation of the first-order
derivative is more accurate than all other cases. The reason is that as A increases, according to the
convergence condition (3 — 1)4, the convergence becomes weaker. The same pattern can be observed
for all other cases for n =5,7,9 as shown in Figures 2(b)—(d). All these results show that the first-order
derivative approximation with classical Bernstein polynomials is better than with degenerate Bernstein
polynomials.

6. Conclusions

In this paper, we studied the approximation behavior of degenerate Bernstein polynomials on
the admissible interval. We established the basic properties of the operator, including positivity,
linearity, and moment formulas, and then proved the uniform convergence of B, (f;x) to f(x). We
also developed forward-difference and A-difference representations for the basis functions and the
corresponding degenerate Bernstein polynomials. Uniform convergence of the first derivative under
the condition that 4, — 0 with the admissibility assumptions was also proved.

The numerical examples for f(x) = sin(zrx) and f’(x) = wcos(xx) support the theoretical results.
The function approximation shows that admissible pairs, and some formal pairs close to the admissible
range, can provide better results than the classical Bernstein case. On the other hand, for the first
derivative, the degenerate approximation becomes weaker as A increases.
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