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1. Introduction and definitions

Geometric function theory (GFT) is a main area of complex analysis that investigates and
analyzes geometric properties of analytic and univalent functions defined on the open unit disk.
Important directions in this field include coefficient estimates, Hankel determinants, Fekete–Szegö
inequalities, Zalcman-type functionals, and subordination theory. These problems play a useful role
in understanding the geometric behavior of analytic functions and continue to attract considerable
attention in contemporary research.

The study of special functions has played an important role in the study of GFT and its
applications. In particular, hypergeometric functions of a single complex variable have been
extensively analyzed due to their rich analytic structure and their close connection with coefficient
problems of univalent functions, including the Bieberbach conjecture proved by de Branges [1].
Motivated by this connection, many researchers have established the geometric properties of special
functions and their normalized forms. In particular, generalized hypergeometric functions have been
extensively investigated with respect to analyticity, univalence, starlikeness, convexity, and coefficient
inequalities [2–4]. Moreover, important contributions concerning generalized Lommel functions,
Lommel–Wright functions, and Fox–Wright functions have been obtained in the context of GFT and
differential subordinations [5–7]. In addition, several studies related to Struve functions and Bessel
functions have focused on close-to-convexity, coefficient estimates, and other geometric characteristics
of their normalized forms [8] and the references cited therein. These investigations have significantly
enriched the relation between special functions and GFT and continue to inspire the development of
new subclasses of analytic and univalent functions.

Very recently, the methods of quantum calculus (or q-calculus) have been successfully studied
under GFT. The introduction of the q-difference operator has led to a number of generalizations of
classical function classes and geometric operators. Such developments have given a new approaches for
studying coefficient problems, differential subordinations, and other geometric properties of analytic
and univalent functions. For further details on q-calculus and its applications in GFT, see [9–11].
Recent developments in generalized fractional operators have also led to useful and significant
advances in the numerical analysis of fractional differential equations. For example, Srivastava [12]
studied univalent functions, fractional calculus, and associated generalized hypergeometric functions
and Baroudi et al. [13] developed an efficient numerical scheme for integro-partial fractional diffusion
heat equations involving the tempered ψ-Caputo fractional derivative and discussed its stability via
Von Neumann analysis. Such investigations demonstrate the continuing impact of generalized calculus
operators in both theoretical and applied mathematics.

Motivated by these developments, Shaba et al. [14] introduced and studied a q-differential operator
which extends several previously known operators. This operator has proved useful in defining and
investigating new subclasses of analytic and univalent functions related to various geometric regions.
On the other hand, epicycloidal domains have recently gained considerable attention due to their rich
geometric structure and their connections with Ma–Minda subordination theory. Gandhi et al. [15, 16]
introduced a family of epicycloid associated functions that map the unit disk onto domains bounded
by epicycloidal curves.

Inspired by the above works, in this paper, we introduce and investigate a new subclass of analytic
functions, denoted by MS m,b,c

γ,ω (q, g), defined through the q-differential operator of Shaba et al. [14] and
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the epicycloidal mapping function ψgL(z). For this class, we obtain sharp coefficient bounds, investigate
Zalcman-type inequalities, determine the second and third Hankel determinants, investigate estimates
for inverse coefficients, derive Fekete–Szegö and prove a Krushkal-type inequality. Several known
results are proved as special cases of our findings.

Let U = {z ∈ C : |z| < 1} be the unit disk and if the condition 1 = f ′(0) = 0 = f (0) holds. Then the
class of analytic functions (AF s), symbolized byA, consists of functions written in the form

f (z) = z +

∞∑
k=2

akzk, (1.1)

and let the class S contain univalent functions (UF s) in U.
A locally closed and bounded class is also known as a compact class, with the proof relying on

distortion and growth theorems that regulate the distortion and derivative of any function in the class S
with precise limits. The function introduced by Koebe [17] is given as follows:

K(z) =

∞∑
k=1

kzk·

The series expansion ℘(z) =
∑∞

k=1 ℘kzk remains valid assuming ℘ ∈ A and ℘1 = 1, and ( f ? ℘)(z) =∑∞
k=1 ℘k fkzk, z ∈ U, represents the convolution of ℘ and f . It can be inferred from [17] that:

( f ? ℘)( 2eiΘ) = (2π)−1
∫ 2π

0
f ( ei(Θ−b))℘( eib)db,  < 1.

The present study concerns analytic functions possessing geometric properties such as starlikeness
and convexity. A function is said to be starlike if its image domain is starlike with respect to the origin,
whereas a function is convex if its image domain is a convex set. Let S? denote the class of functions
that are starlike in the open unit disk U. Recall that a domain Ω ⊂ C is called starlike with respect to
the origin if, for every point w ∈ Ω, the line segment joining 0 and w lies entirely in Ω. In this case, Ω

is referred to as a starlike domain.
If

f ∈ A and <

(
z f ′(z)
f (z)

)
> 0, z ∈ U,

then f ∈ S?.
Mathematically, convex functions in the setA have the following criteria:

< (N + 1) > 0, z ∈ U,

where N = [ f ′(z)]−1[z f ′′(z)]. Moreover, for α ∈ [0, 1], any function that satisfies

< (M) > α, z ∈ U

and
< (N + 1) > α, z ∈ U
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is classified as starlike and convex with order α, respectively, which is indicated as S?(α).
Function theory is an area of mathematics whose origins can be traced back to the nineteenth

century, when researchers first began to study analytic and univalent functions systematically. In 1916,
Bieberbach’s celebrated work [18] demonstrated the importance of this field and led to the formulation
of the famous Bieberbach conjecture, which was eventually proved by de Branges [1] in 1985. To
study the growth and geometric behavior of functions in various domains, it is important to understand
both the theory of univalent functions (UF s) and analytic functions (AF s). This theory involves the
investigation of Taylor coefficients and related functional inequalities. In 1933, Fekete and Szegö [19]
introduced the celebrated Fekete–Szegö problem, which is closely related to the Bieberbach conjecture
and the coefficient theory of univalent functions. The problem concerns the maximization of the
nonlinear functional |a3 − φa2

2| and has become one of the most important topics in geometric function
theory. Since its introduction, numerous researchers have investigated the Fekete–Szegö problem for
various subclasses of analytic and univalent functions and have obtained many significant results.
Consequently, the study of the Fekete–Szegö problem for different classes of analytic functions remains
an active and important area of research.

Noonan and Thomas, as reported in their 1976 work [20], brought forth the concept of the tth
Hankel determinant for functions in S, specifically formulated in Eq (1.1).

Ht,k(z) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ak ak+1 ak+2 . . . ak+t−1

ak+1 ak+2 ak+3 . . . ak+t

ak+2 ak+3 ak+4 . . . ak+t+1
...

...
... . . .

...

ak+t−1 ak+t ak+t+1 . . . ak+2(t−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, k ≥ 1, t ≥ 1, a1 = 1. (1.2)

Recent investigations have focused on obtaining bounds for Hankel determinants in various
subclasses of analytic functions; see [21–23]. Guangadharan [24] investigated a class of bounded
turning functions associated with three-leaf domains. The study of Hankel determinants for analytic
functions has attracted considerable attention in recent years and continues to be an active area of
research in geometric function theory.

Representing the AF s as τ and requiring a positive real part in C, τ transforms U into a starlike
domain centered at τ(0) = 1, where τ′(0) > 0 and is symmetric about the real axis. The class S ?(τ)
can be delineated.

S ?(τ) = { f ∈ S : M ≺ τ(z)} . (1.3)

Ma and Minda presented the class S ?(τ) [25]. Different results are obtained when the function τ(z)
is altered in Eq (1.3). Recently, numerous contributions in this direction have conducted thorough
investigations into this subject and achieved various findings that we may mention:

(a) The expression τ(z) = 2[1 + e−z]−1 is defined in [26].
(b) Extensive research on the function τ(z) = (1 + z)1/2 has been conducted in [27].
(c) The equation τ(z) = 1 + (4/3)z + (2/3)z2 was introduced in [28] and later analyzed in [29].
(d) The function τ(z) = ez was introduced and studied in [30].
(e) The set S?l refers to the group of functions τ(z) = (1 + z2)1/2 + z and was analyzed in detail in [31].
(f) Kumar and Arora [32] examined the set S?p = S?(1+sinh−1 z) with the function τ(z) = 1+sinh−1 z.
(g) Alotaibi et al. defined the set S?cosh as S?(τ(z)), where τ(z) = cosh z [33].
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Gandhi [16] introduced a particular group of starlike functions, labeled as S∗3l, that is defined in the
following manner:

S
∗
3l =

{
f ∈ S : M ≺ 1 +

4
5

z +
1
5

z4 (z ∈ U)
}
.

Simply put, this class consists of functions where the ratio M is contained in a three-leaf-shaped
area in the right half plane. Shi et al. [34] provided approximations for coefficients of functions in
the class S∗3l, specifically the third Hankel determinant coefficient. Arif et al. [35] created a type of
bounded turning functions denoted by

BT
∗
3l =

{
f ∈ S : f ′(z) ≺ 1 +

4
5

z +
1
5

z4 (z ∈ U)
}
.

A geometric curve known as an epicycloid is generated by tracing a point on the circumference of a
circle of radius h that rolls without slipping around the exterior of a fixed circle of radius y (see [36]).
The curve is described by the parametric equations

x(l) = −

[
h cos

(
kl
h

)
− k cos l

]
, y(l) = −

[
h sin

(
kl
h

)
− k sin l

]
,

where k = y + h, and −π ≤ l ≤ π. The number of cusps of the epicycloid depends on the ratio k/h.
In particular, when k/h is an integer, the curve possesses (k/h) − 1 cusps. Several special cases of
epicycloids are well–known. For example, when y = h, the resulting curve is a cardioid with one cusp;
when y = 2h, the curve is a nephroid with two cusps; and when y = 5h, it is called a ranunculoid, which
has five cusps. These curves represent important examples within the broader family of epicycloids.

Gandhi [16] investigated a class of analytic functions whose image domain is bounded by a curve
possessing three cusps, one located on the positive real axis and the other two situated at the angles π/3
and 5π/3. Subsequently, Gandhi et al. [15] generalized this geometric construction by introducing a
family of domains whose boundaries are parametrically represented by

x(l) = 1 +
g

g + 1
cos l +

1
g + 1

cos(gl), (1.4)

y(l) = 1 +
g

g + 1
sin l +

1
g + 1

sin(gl), (1.5)

where g ∈ N. They further introduced the function

ψgL(z) = 1 +
gz

g + 1
+

zg

g + 1
, z ∈ U,

which maps the unit disk U onto a domain bounded by the curve defined in (1.4).

Definition 1.1. [15] Gandhi et al. defined S∗gL = S∗(ψgL) to be the class of functions f : U −→ C
that satisfies

M ≺ 1 +
gz

g + 1
+

zg

g + 1
, (z ∈ U).

The condition is that g must be greater than or equal to 2, and the symbol ≺ is referred to as the
subordination principle. For a deeper grasp of the subordination principle, refer to [37].
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Quantum calculus, referred to as q-difference calculus, eliminates the need for derivatives when
finding the limit of a ratio as the increment approaches zero. Instead, it depends on the q-difference
operator, which is crucial for our subject matter. This calculus builds upon traditional mathematical
analysis concepts by incorporating the parameter q, which belongs to the interval (0, 1). The
comprehensive research by Gasper and Rahman [9] offers detailed explanations and real-world uses
of q-difference calculus in number theory, physics, and combinatorics. The q-calculus is commonly
employed in engineering for mass and heat transfer, as well as for solving nonlinear and fuzzy
differential equations in science and technology. In [10, 11], the q-difference operator Dq and the q-
calculus operator were groundbreaking advancements in the field. Ismail and colleagues were the first
to employ the q-difference operator to expand the range of S? in quantum calculus. Srivastava [12]
was a trailblazer in introducing basic (or q-) hypergeometric functions in GFT. Consequently, multiple
mathematicians carried out significant studies that impacted the domain of GFT.

Jackson [10, 11] provided a definition for the q-difference operator inUF s:

Dq f (z) =
− f (z) + f (qz)

z(−1 + q)
= 1 +

∞∑
k=2

[k]qakzk−1, z ∈ U,

where

[k]q =
1 − qk

1 − q
, k ∈ N.

The deformation parameter q plays a essential role in the proposed framework. The coefficient
estimates and functional inequalities obtained in this paper depend explicitly on the q-numbers [k]q

and the operator coefficients [Φn(γ, ω, b, c)]m
q . Therefore, the parameter q controls the transition

between the quantum and classical settings. In particular, as q → 1−, the q-numbers converge to the
corresponding integers, and the derived results reduce to their classical parts. Thus, the present study
may be viewed as a continuous deformation of several known results in geometric function theory,
while simultaneously providing new estimates in the q-calculus setting.

In Geometric function theory (GFT), Shaba et al. [14] introduced a new q-differential operator,
denoted by DOq, in 2023. This operator provides a unified framework that extends several previously
studied operators. In this paper, we use DOq to define a new subclass of analytic functions and derive
various coefficient estimates and functional inequalities. The operator is defined as follows:

Definition 1.2. [14] For f ∈ A, c ∈ N, ω ∈ [0, b], γ ≥ 0, m ∈ N0, q ∈ (0, 1), z ∈ U, the DOq is
defined by:

f (z) = Dq

(
Sm−1,ω,b,c
γ,q f (z)

)
= z +

∞∑
r=2

[Φr(γ, ω, b, c)]m
q drzr,

where
Φr(γ, ω, b, c) = 1 + (r + b − ω − 1)Lc

s(γ),

and

Lc
s(γ) =

c∑
s=1

(
c
s

)
(−1)s+1γr.
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We can have the following:

Dq( f (z)) = 1 +

∞∑
r=2

[Φr(γ, ω, b, c)]m
q [r]qdrzr−1. (1.6)

zD2
q( f (z)) =

∞∑
r=2

[r − 1]q[Φr(γ, ω, b, c)]m
q [r]qdrzr−1. (1.7)

The present study extends and substantially generalizes the bounded turning class introduced by
Arif et al. [35]. Whereas the class studied in [35] is recovered as a special case when m = 0,
b = ω, c = 1, γ = 1, g = 4, and q → 1−, the proposed class MS m,b,c

γ,ω (q, g) incorporates the
recently introduced q-differential operator of Shaba et al. [14] along with the epicycloidal mapping
function ψgL(z). This additional structure introduces the parameter-dependent factors [Φr(γ, ω, b, c)]m

q

into the coefficient relations, which are absent in the classical setting. Consequently, the coefficient
bounds, Zalcman-type inequalities, Hankel determinant estimates, inverse coefficient bounds, Fekete–
Szegö inequalities, and Krushkal-type inequalities obtained in this paper depend simultaneously on
the q-deformation parameter and the operator parameters (m, γ, ω, b, c). Therefore, the present class
is not merely a formal q-extension of [35]; rather, it provides a unified framework containing several
previously studied subclasses as special cases while yielding new families of sharp coefficient estimates
and functional inequalities in the setting of quantum calculus.

Definition 1.3. A function represented as f from a setA is considered to be in the classMSm,b,c
γ,ω (q, g)

if it satisfies the specified subordination condition

∂timilehin f (z) ≺ ψgL(z), z ∈ U. (1.8)

In simpler terms, the classMSm,b,c
γ,ω (q, g) can be defined as:

MS
m,b,c
γ,ω (q, g) =

{
f (z) ∈ S : ∂timilehin f (z) ≺ ψgL(z)

}
.

Here, ψgL(z) is defined as 1 + (g/g + 1)z + zg/g + 1. The functions

f1(z) = z +
g

[2]q(g + 1)[Φ2(γ, ω, b, c)]m
q

z2 +
1

[5]q(g + 1)[Φ5(γ, ω, b, c)]m
q

z5, (1.9)

f2(z) = z +
g

[3]q(g + 1)[Φ3(γ, ω, b, c)]m
q

z3 +
1

[9]q(g + 1)[Φ9(γ, ω, b, c)]m
q

z9, (1.10)

f3(z) = z +
g

[4]q(g + 1)[Φ4(γ, ω, b, c)]m
q

z4 +
1

[13]q(g + 1)[Φ13(γ, ω, b, c)]m
q

z13, (1.11)

f4(z) = z +
g

[5]q(g + 1)[Φ5(γ, ω, b, c)]m
q

z5 +
1

[17]q(g + 1)[Φ17(γ, ω, b, c)]m
q

z17, (1.12)

belong to the category specified by MSm,b,c
γ,ω (q, g) and play a vital role by showcasing exceptional

characteristics in most of the issues discussed underMSm,b,c
γ,ω (q, g) in the ongoing study.

Remark 1.1. The extremal functions f1, f2, f3, and f4 defined in (1.9)–(1.12) belong to the
class MS m,b,c

γ,ω (q, g). Indeed, for each of these functions, a direct computation shows that
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Dq

[
S m,ω,b,c
γ,q fi(z)

]
= ψgL(zr),

for a suitable positive integer r. Because zr is a Schwarz function in U, it follows that

Dq

[
S m,ω,b,c
γ,q fi(z)

]
≺ ψgL(z),

and therefore, fi ∈ MS m,b,c
γ,ω (q, g), i = 1, 2, 3, 4.

Furthermore, equality is attained in the corresponding coefficient estimates and functional
inequalities established in this paper.

Geometric interpretation of figures: The image domains provided in Figures 1 and 2 correspond to
the extremal functions f1, f2, f3, and f4. The figures analyzed the geometric effect of the dominant
coefficients and show how the higher-order terms produce boundary deformations related with
epicycloidal mappings. The symmetry and boundedness of the images are consistent with the defining
subordination condition.

For f1(z) when m = 0, and q→ 1−. For f2(z) when m = 0, and q→ 1−.

Figure 1. The graphs of f1(z) and f2(z).

For f3(z) when m = 0, and q→ 1−. For f4(z) when m = 0, and q→ 1−.

Figure 2. The graphs of f3(z) and f4(z).

Remark 1.2. When m = 0, g = 4, b is represented as ω, γ is one, c is one, and as q approaches the
inverse of one, the operationMSm,b,c

γ,ω (q, g) simplifies to the class denoted as BT∗3l investigated by Arif
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et al. in [35].

2. Relevant lemmas

For a deeper understanding of our findings, we emphasize the significance of the lemmas presented.
Specifically, we introduce a set of functions denoted by P, which can be vividly described as:

℘(z) = 1 +

∞∑
k=1

℘kzk (z ∈ U, ℘(0) = 1 and <{℘(z)} > 0). (2.1)

This specific family, labeled asP, is associated with the well-known Carathéodory functions mentioned
in [38]. The lemmas mentioned can be used for any function ℘ within the set P.

Lemma 2.1. [39] Suppose ℘ belongs to P and has the form (2.1). Then

|℘k| ≤ 2 (k ∈ N). (2.2)

Additionally,
|℘k − ρ℘ j℘k− j| ≤ 2, k > j, ρ ∈ [0, 1], (2.3)

which gives
f (z) = (1 + z)(1 − z)−1.

Lemma 2.2. [40] Suppose ℘ belongs to P and has the form (2.1). Afterward,

|℘k+ j − ρ℘k℘ j| ≤

2 for ρ ∈ [0, 1],
2|2ρ − 1| elsewhere,

|℘k℘v − ℘ j℘ι| < 4 for k + v = ι + j,

|℘k+2 j − ρ℘k℘
2
j | ≤ 2(1 + 2ρ) for ρ ∈ R,

and ∣∣∣∣∣∣℘2 −
℘2

1

2

∣∣∣∣∣∣ ≤ 2 −
|℘1|

2

2
.

Lemma 2.3. [41] Suppose ℘ belongs to P and has the form (2.1). Afterward,

|℘2 − φ℘
2
1| ≤ 2 max{1, |2φ − 1|} (φ ∈ C). (2.4)

Lemma 2.4. [42] Suppose ℘ belongs to P and has the form (2.1). Afterward,

℘2 =
1
2

(4 − ℘2
1)s +

1
2
℘2

1,

℘2
2 =

1
4
℘4

1 +
1
2

(4 − ℘2
1)℘2

1s + (4 − ℘2
1)2s2,

℘3 =
1
4
℘3

1 +
1
2

(4 − ℘2
1)℘1s −

1
4

(4 − ℘2
1)℘1s2 +

1
2

(4 − ℘2
1)(1 − |s|2)z.

For s and z falling within the interval of -1 to 1, their absolute values must be less than or equal to 1.

AIMS Mathematics Volume 11, Issue 7, 19784–19807.



19793

Lemma 2.5. [43] Suppose ℘ is in the set P and has the form (2.1). Afterward,

|℘3 − 2Q℘1℘2 + C℘3
1| ≤ 2

if
0 ≤ Q ≤ 1, and Q(2Q − 1) ≤ C ≤ Q.

Lemma 2.6. [44] If σ ∈ (0, 1), % ∈ (0, 1), and ℘ belongs to the class P and is of the form (2.1), then

8σ(1 − σ)[(%ϕ − 2ν)2 + ((% + σ)% − ϕ)2] + %(1 − %)(ϕ − 2σ%)2

≤ 4%2σ(−% + 1)2(−σ + 1).

Therefore, ∣∣∣∣∣ν℘4
1 + σ℘2

2 + 2%℘1℘3 −
3
2
ϕ℘2

1℘2 − ℘4

∣∣∣∣∣ ≤ 2. (2.5)

The novelty of this paper lies in the introduction of a new subclass MS m,b,c
γ,ω (q, g) of analytic functions

defined via the recently introduced q-differential operator of Shaba et al. [14] and an epicycloidal
mapping function. The proposed class unifies and extends several previously known subclasses as
special cases. Within this framework, we derive sharp coefficient estimates, Zalcman-type inequalities,
Hankel determinant bounds, inverse coefficient estimates, Fekete–Szegö inequalities, and Krushkal-
type inequalities. The results explicitly depend on the deformation parameter q and the operator
parameters, thereby providing new contributions to the theory of analytic functions in the setting of
quantum calculus and epicycloidal image domains.

3. Coefficient bounds

Theorem 3.1. If g ≥ 2, and f ∈ MSm,b,c
γ,ω (q, g), then

|a2| ≤
g

(1 + g)[2]q[Φ2(γ, ω, b, c)]m
q
,

|a3| ≤
g

(1 + g)[3]q[Φ3(γ, ω, b, c)]m
q
,

|a4| ≤
g

(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q
,

|a5| ≤
g

(1 + g)[5]q[Φ5(γ, ω, b, c)]m
q
.

Moreover, the functions defined below attain their respective sharp bounds:

f1(z) = z +
g

[2]q(g + 1)[Φ2(γ, ω, b, c)]m
q

z2 +
1

[5]q(g + 1)[Φ5(γ, ω, b, c)]m
q

z5,

f2(z) = z +
g

[3]q(g + 1)[Φ3(γ, ω, b, c)]m
q

z3 +
1

[9]q(g + 1)[Φ9(γ, ω, b, c)]m
q

z9,

f3(z) = z +
g

[4]q(g + 1)[Φ4(γ, ω, b, c)]m
q

z4 +
1

[13]q(g + 1)[Φ13(γ, ω, b, c)]m
q

z13,

and f4(z) = z +
g

[5]q(g + 1)[Φ5(γ, ω, b, c)]m
q

z5 +
1

[17]q(g + 1)[Φ17(γ, ω, b, c)]m
q

z17.
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Proof. Let f ∈ MSm,b,c
γ,ω (q, g); then f satisfies (1.8), and we obtain that:

∂timilehin f (z) ≺ 1 +
gz

g + 1
+

zg

g + 1
.

By using subordination, it follows that

∂timilehin f (z) = 1 +
g

g + 1
w(z) +

1
g + 1

(w(z))g. (3.1)

Denote
ψgL(w(z)) = 1 +

g
g + 1

w(z) +
1

g + 1
(w(z))g,

and
u(z) = 1 + ℘1z + ℘2z2 + · · · =

1 + w(z)
1 − w(z)

.

It is evident that the function u(z) is a member of the set P, and w(z) = (u(z) − 1)/(u(z) + 1). This
leads to

w(z) =
u(z) − 1
u(z) + 1

=
℘1z + ℘2z2 + ℘3z3 + · · ·

2 + ℘1z + ℘2z2 + ℘3z3 + · · ·

and
1 +

g
g + 1

w(z) +
1

g + 1
(w(z))g

= 1 +
g℘1

2(1 + g)
z +

[
g℘2

2(1 + g)
−

g℘2
1

4(1 + g)

]
z2 +

[
g℘3

1

8(1 + g)
−

g℘2℘1

2(1 + g)
+

g℘3

2(1 + g)

]
z3

+

[
(1 − g)℘4

1

16(1 + g)
+

3g℘2℘
2
1

8(1 + g)
−

g℘3℘1

2(1 + g)
−

g℘2
2

4(1 + g)
+

g℘4

2(1 + g)

]
z4 + · · · ; (3.2)

also,

∂timilehin f (z) = 1 + [2]q[Φ2(γ, ω, b, c)]m
q a2z + [3]q[Φ3(γ, ω, b, c)]m

q a3z2

+ [4]q[Φ4(γ, ω, b, c)]m
q a4z3 + [5]q[Φ5(γ, ω, b, c)]m

q a5z4 + · · · . (3.3)

When we contrast (3.2) with (3.3), we note that

a2 =
g℘1

2(1 + g)[2]q[Φ2(γ, ω, b, c)]m
q
, (3.4)

a3 =
g

2(1 + g)[3]q[Φ3(γ, ω, b, c)]m
q

[
℘2 −

℘2
1

2

]
, (3.5)

a4 =
g

2(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q

[
℘3 − 2

(
1
2

)
℘2℘1 +

1
4
℘3

1

]
, (3.6)

a5 =
1

(1 + g)[5]q[Φ5(γ, ω, b, c)]m
q

[
−(g − 1)

16
℘4

1 +
3g
8
℘2℘

2
1 −

g
2
℘3℘1 −

g
4
℘2

2 +
g
2
℘4

]
. (3.7)
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Applying Lemma 2.1 in relation to Eq (2.2) yields

|a2| ≤
g

(1 + g)[2]q[Φ2(γ, ω, b, c)]m
q
.

By applying Lemma 2.3 to Eq (2.4), we get

|a3| ≤
g

(1 + g)[3]q[Φ3(γ, ω, b, c)]m
q
.

After considering Eq (3.6), we get

a4 =
g

2(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q

∣∣∣∣∣∣℘3 − 2
(
1
2

)
℘2℘1 +

1
4
℘3

1

∣∣∣∣∣∣ .
Given that Q = 1/2, and C = 1/4, which satisfy Q(2Q − 1) ≤ C ≤ Q, when g ≥ 2, and q ∈ (0, 1),
Lemma 2.5 implies that

|a4| ≤
g

(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q
.

Considering Eq (3.7), we conclude

a5 =
2g

4(1 + g)[5]q[Φ5(γ, ω, b, c)]m
q

[
g − 1

8g
℘4

1 −
3
2

(
1
2

)
℘2℘

2
1 + 2

(
1
2

)
℘3℘1 +

1
2
℘2

2 − ℘4

]
.

By using Lemma 2.6 with ν = (g− 1)/8g, σ = 1/2, % = 1/2, and ϕ = 1/2 as parameters, we can verify
that all conditions of Lemma 2.6 are satisfied, thereby confirming that

|a5| =
−2g

4(1 + g)[5]q[Φ5(γ, ω, b, c)]m
q

∣∣∣∣∣∣g − 1
8g

℘4
1 −

3
2

(
1
2

)
℘2℘

2
1 + 2

(
1
2

)
℘3℘1 +

1
2

a2
2 − ℘4

∣∣∣∣∣∣
≤

2g
4(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
× 2 =

g
(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
,

and hence,
|a5| ≤

g
(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
.

�

Remark 3.1. When m equals zero, b is represented as ω, γ = 1, and c = 1, g = 4, and q → 1−. The
statement in Theorem 3.1 corresponds to the result shown earlier in [35].

4. The Zalcman conjecture and its extended version

Zalcman came up with a result in 1960 regarding univalent functions, which suggests that any
function f (z) in class S and defined by Eq (1.1) must satisfy a certain inequality:

|a2
k − a2k−1| < (k − 1)2, k ≥ 2. (4.1)
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In 1999, Ma expanded on the Zalcman conjecture, which was previously mentioned in [45], with
additional details. He claimed that for any single-valued function belonging to the set S, a specific
inequality holds true:

|aka j − ak−1+ j| ≤ (k − 1)(−1 + j) for any i, r ∈ N, k ≥ 2, j ≥ 2. (4.2)

Setting k to be 2, Eq (4.1) transforms into another expression. The absolute difference between the
square of a2 and a3 should be less than or equal to 1.

Theorem 4.1. Assuming that f ∈ MSm,b,c
γ,ω (q, g), and it has the structure shown in Eq (1.1), then

|a2
2 − a3| ≤

g
(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
. (4.3)

The maximum strictness of Inequality (4.3) is reached when used with the function f2(z) as defined
in (1.10).

Proof. Examining Eqs (c1) and (c2) reveals

|a2
2 − a3| =

∣∣∣∣∣∣ g
2(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q

[
℘2 −

1
2
℘2

1

]
−

g2℘2
1

4(1 + g)2[2]2
q([Φ2(γ, ω, b, c)]m

q )2

∣∣∣∣∣∣
=

g
2(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q

∣∣∣∣∣∣℘2 −
1
2

[
1 +

g[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

]
℘2

1

∣∣∣∣∣∣
=

g
2(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
|℘2 − ρ℘

2
1|,

where

ρ =
1
2

[
1 +

g[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

]
.

Given that 0 < q < 1, and g ≥ 2, it can be inferred that ρ falls between the inclusive range of 0 and 1.
Using Lemma 2.1 from Eq (2.3) with k = 2 and j = 1 leads to the derivation of Eq (4.3).

To validate the result, we have

f2(z) = z +
g

[3]q(g + 1)[Φ3(γ, ω, b, c)]m
q

z3 +
1

[9]q(g + 1)[Φ9(γ, ω, b, c)]m
q

z9.

�

Remark 4.1. When m = 0, b is represented as ω, γ = 1, c = 1, g = 4, and q → 1−, the statement in
Theorem 4.1 coincides with the finding presented in [35].

Setting k as 3 and j as 2 in Inequality (4.2) gives us the requirement that |a4 − a2a3| ≤ 2. Next,
we have:

Theorem 4.2. Assuming that f ∈ MSm,b,c
γ,ω (q, g), and it has the structure shown in Eq (1.1), then

|a4 − a2a3| ≤
g

(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q
. (4.4)

Inequality (4.4) is most stringent when used with the function f3(z) as defined in (1.11).
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Proof. With Eqs (3.4)–(3.6) in mind, we find

|a4 − a2a3| =
g

2(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q

∣∣∣∣∣∣℘3 − 2
[
1
2

+

g[4]q[Φ4(γ, ω, b, c)]m
q

4(1 + g)[2]q[3]q[Φ2(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q

]
℘1℘2 +

[
1
4

+

g[4]q[Φ4(γ, ω, b, c)]m
q

4(1 + g)[2]q[3]q[Φ2(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q

]
℘3

1

∣∣∣∣∣∣.
Considering the value gives that

Q =
1
2

+
g[4]q[Φ4(γ, ω, b, c)]m

q

4(1 + g)[2]q[3]q[Φ2(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q
,

C =
1
4

+
g[4]q[Φ4(γ, ω, b, c)]m

q

4(1 + g)[2]q[3]q[Φ2(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q
.

We observe that
Q(2Q − 1) −C < 0,when g ≥ 2,

which demonstrates that
Q(2Q − 1) ≤ C ≤ Q.

As a result of using Lemma 2.5, we obtain the following outcome:

|a4 − a2a3| ≤
g

(1 + g)[4]q[Φ4(γ, ω, b, c)]m
q
.

In order to attain clarity, consider the function f3(z) that meets the requirements:

f3(z) = z +
g

[4]q(g + 1)[Φ4(γ, ω, b, c)]m
q

z4 +
1

[13]q(g + 1)[Φ13(γ, ω, b, c)]m
q

z13.

�

Remark 4.2. When m = 0, b is represented as ω, γ = 1, c = 1, g = 4, and q → 1−, Theorem 4.2
corresponds to the result previously shown in [35].

When the value of k is 3, Eq (4.1) is represented as follows:

|a2
3 − a5| ≤ 4.

Theorem 4.3. Suppose f ∈ MSm,b,c
γ,ω (q, g) and has the structure shown in Eq (1.1); then

|a2
3 − a5| ≤

g
(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
. (4.5)

When applied to the function f4(z) as specified in (1.12), the strictest level of inequality (4.5) is attained.
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Proof. Using (3.5) and (3.7) yields

|a2
3 − a5| =

∣∣∣∣∣∣ g2

4(1 + g)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2

[
℘2

2 − ℘
2
1℘2 +

℘4
1

4

]
−

g
4(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q

[
g − 1

4g
℘4

1 −
3
2
℘2℘

2
1 + 2℘3℘1 + ℘2

2 − 2℘4

]∣∣∣∣∣∣
=

g
2[5]q[Φ5(γ, ω, b, c)]m

q (1 + g)

∣∣∣∣∣∣
( [5]q[Φ5(γ, ω, b, c)]m

q

32(1 + g)[3]2
q([Φ3(γ, ω, b, c)]m

q )2 +
g − 1

8g

)
℘4

1

+

( g[5]q[Φ5(γ, ω, b, c)]m
q

2(g + 1)[3]2
q([Φ3(γ, ω, b, c)]m

q )2 +
1
2

)
℘2

2 + 2
(
1
2

)
℘1℘3

−
3
2

(
1
2

+
g[5]q[Φ5(γ, ω, b, c)]m

q

3(1 + g)[3]2
q([Φ3(γ, ω, b, c)]m

q )2

)
℘2

1℘2 − ℘4

∣∣∣∣∣∣.
Applying Lemma 2.6 using the specified parameters implies that

ν =
[5]q[Φ5(γ, ω, b, c)]m

q

32(1 + g)[3]2
q([Φ3(γ, ω, b, c)]m

q )2 +
g − 1

8g
, σ =

g[5]q[Φ5(γ, ω, b, c)]m
q

2(g + 1)[3]2
q([Φ3(γ, ω, b, c)]m

q )2 +
1
2
,

% =
1
2
, ϕ =

1
2

+
g[5]q[Φ5(γ, ω, b, c)]m

q

3(1 + g)[3]2
q([Φ3(γ, ω, b, c)]m

q )2 ;

we can verify that all the conditions required for Lemma 2.6 are satisfied. Therefore,

|a2
3 − a5| = |a5 − a2

3| ≤
g

(1 + g)[5]q[Φ5(γ, ω, b, c)]m
q
.

�

Remark 4.3. When m = 0, b is represented as ω, γ = 1, c = 1, g = 4, and q → 1−. The result shown
in [35] is consistent with Theorem 4.3.

5. The Hankel determinant

Theorem 5.1. Assuming f (z) ∈ MSm,b,c
γ,ω (q, g), then

|a2a4 − a2
3| ≤

g2

(g + 1)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2 . (5.1)

Inequality (5.1) is most strict when used with the function f2(z) as defined in (1.10).

Proof. Through the use of the formulas denoted as (3.4)–(3.6), we obtain the following outcome:

a2a4 − a2
3 =

g2℘4
1

16(1 + g)2[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q

−
g2℘2

1℘2

4(1 + g)2[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
+

g2℘2
1℘2

4(1 + g)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2
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+
g2℘1℘3

4(1 + g)2[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
−

g2℘2
2

4(1 + g)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2

−
g2℘4

1

16(1 + g)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2 .

After simplifying the process, we get

a2a4 − a2
3 =

g2

16(1 + g)2

[
4

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘1℘3 −

4
[3]2

q([Φ3(γ, ω, b, c)]m
q )2℘

2
2

+

(
4

[3]2
q([Φ3(γ, ω, b, c)]m

q )2 −
4

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q

)
℘2

1℘2

+

(
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
−

1
[3]2

q([Φ3(γ, ω, b, c)]m
q )2

)
℘4

1

]
.

By substituting the values of ℘2 and ℘3 according to Lemma 2.4, and then simplifying, we get

a2a4 − a2
3 =

g2

16(1 + g)2

[(
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
−

1
[3]2

q([Φ3(γ, ω, b, c)]m
q )2

)
℘4

1

+
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘1

[
℘3

1 + 2℘1(4 − ℘2
1)s − ℘1(4 − ℘2

1)s2

+ 2(4 − ℘2
1)(1 − |s|2)z

]
+

(
2

[3]2
q([Φ3(γ, ω, b, c)]m

q )2 −
2

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q

)
℘2

1

[℘2
1 + (4 − ℘2

1)s] −
1

[3]2
q([Φ3(γ, ω, b, c)]m

q )2

[
℘2

1 + (4 − ℘2
1)s

]2
]
.

By replacing |s| with δ and ℘1 with ℘ in the module, it follows that

|a2a4 − a2
3| ≤

g2

16(1 + g)2

[
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘2(4 − ℘2)δ2

+
2

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘(4 − ℘2)δ2 +

1
[3]2

q([Φ3(γ, ω, b, c)]m
q )2 (4 − ℘2)2δ2

+
2

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘(4 − ℘2)

]
= F(℘, δ).

Hence, we have

∂F(℘, δ)
∂δ

=
g2

16(1 + g)2

[(
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘2

+
2

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘ +

1
[3]2

q([Φ3(γ, ω, b, c)]m
q )2 (4 − ℘2)

)
2δ(4 − ℘2)

]
.

It is clear that the partial derivative of F(℘, δ) with respect to δ is positive. The data indicates that the
function F of the variables ℘ and δ gradually increases as δ moves within the interval from 0 to 1. It
follows that the largest value of F occurs when δ = 1. Consequently, we can conclude that

max{F(℘, δ)} = F(℘, 1) = G(℘).
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At this moment, we are observing that

G(℘) =
g2

16(1 + g)2

[(
1

[3]2
q([Φ3(γ, ω, b, c)]m

q )2 −
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q

)
℘4

−
4

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘3 +

8
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q
℘

+

(
4

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
−

8
[3]2

q([Φ3(γ, ω, b, c)]m
q )2

)
℘2

+
16

[3]2
q([Φ3(γ, ω, b, c)]m

q )2

]
. (5.2)

Differentiating (5.2) with respect to ℘ results in

G′(℘) =
g2

16(1 + g)2

[
4
(

1
[3]2

q([Φ3(γ, ω, b, c)]m
q )2 −

1
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q

)
℘3

−
12

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q
℘2 +

8
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q

+ 2
(

4
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q
−

8
[3]2

q([Φ3(γ, ω, b, c)]m
q )2

)
℘

]
.

By differentiating again with respect to ℘ the equation provided, we get

G′′(℘) =
g2

16(1 + g)2

[
12

(
1

[3]2
q([Φ3(γ, ω, b, c)]m

q )2 −
1

[2]q[4]q[Φ2(γ, ω, b, c)]m
q [Φ4(γ, ω, b, c)]m

q

)
℘2

+ 2
(

4
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q
−

8
[3]2

q([Φ3(γ, ω, b, c)]m
q )2

)
−

24
[2]q[4]q[Φ2(γ, ω, b, c)]m

q [Φ4(γ, ω, b, c)]m
q
℘

]
.

When ℘ is zero, the highest value of G(℘) within the range [0, 2] is found at ℘ = 0. As a result, we can
conclude that

|a2a4 − a2
3| ≤

g2

(g + 1)2[3]2
q([Φ3(γ, ω, b, c)]m

q )2 .

Therefore, the proof of Theorem 5.1 has been completed. �

Remark 5.1. When m = 0, b is represented as ω, γ = 1, c = 1, g = 4, and q → 1−. The statement in
Theorem 5.1 is consistent with the finding shown earlier in [35].

Theorem 5.2. If the function f (z) satisfies Eq (1.1) and belongs to the classMSm,b,c
γ,ω (q, g), then

|H3(1)| ≤
g3

(1 + g)3

[
1 + g

g[5]q[3]q[Φ5(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q
+

1 + g
g[4]2

q([Φ4(γ, ω, b, c)]m
q )2

+
1

[3]3
q([Φ3(γ, ω, b, c)]m

q )3

]
.
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Proof. Using (1.2) and a1 = 1, we obtain

H3(1) =

∣∣∣∣∣∣∣∣∣
1 a2 a3

a2 a3 a4

a3 a4 a5

∣∣∣∣∣∣∣∣∣ . (5.3)

Expanding the determinant of (5.3), we get

|H3(1)| ≤ |a3| |a2
3 − a2a4| + |a4| |a2a3 − a4| + |a5| |a2

2 − a3|. (5.4)

Using the Theorems 3.1, 4.1, 4.2 and 5.1 in Inequality (5.4), we have

|H3(1)| ≤
g3

(1 + g)3

[
1 + g

g[5]q[3]q[Φ5(γ, ω, b, c)]m
q [Φ3(γ, ω, b, c)]m

q
+

1 + g
g[4]2

q([Φ4(γ, ω, b, c)]m
q )2

+
1

[3]3
q([Φ3(γ, ω, b, c)]m

q )3

]
.

Therefore, the proof of Theorem 5.2 has been completed. �

6. Disparities in coefficients of the inverse function f −1(z)

Theorem 6.1. The functions f (z) and its inverse f −1(κ) = κ +
∑∞

r=2 erκ
r, both defined according

toMSm,b,c
γ,ω (q, g), can be extended analytically to the region ∆, assuming that the absolute value of κ is

bounded by a specific value,
|e2| ≤

g
(1 + g)[2]q[Φ2(γ, ω, b, c)]m

q

|e3| ≤
2g2

(1 + g)2[2]2
q([Φ2(γ, ω, b, c)]m

q )2 ,

and

|e3 − φe2
2| ≤

g
(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
max

{
1,

g(2 − φ)[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

}
.

Proof. Let

f −1(κ) = κ +

∞∑
r=2

erκ
r

be the inverse of f (z) and thus,

z = z + (a2 + e2)z2 + (a3 + 2a2e2 + e3)z3 + · · · . (6.1)

By equating the coefficients of z2 and z3 in Eq (6.1), we get the following result:

e2 = −a2 (6.2)

and
e3 = −a3 − 2a2e2 = 2a2

2 − a3. (6.3)
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By utilizing Eqs (3.4), (3.5), (6.2), and (6.3), we can obtain the following results:

e2 = −
g℘1

2(1 + g)[2]q[Φ2(γ, ω, b, c)]m
q

and

e3 =
−g

2(1 + g)[3]q[Φ3(γ, ω, b, c)]m
q

[
℘2 −

( g[3]q[Φ3(γ, ω, b, c)]m
q

(g + 1)[2]2
q([Φ2(γ, ω, b, c)]m

q )2 +
1
2

)
℘2

1

]
.

Furthermore, we can calculate for every complex number φ:

|e3 − φe2
2| =

g
2(g + 1)[3]q[Φ3(γ, ω, b, c)]m

q

∣∣∣∣∣∣℘2 −

( g(2 − φ)[3]q[Φ3(γ, ω, b, c)]m
q

2(g + 1)[2]2
q([Φ2(γ, ω, b, c)]m

q )2 +
1
2

)
℘2

1

∣∣∣∣∣∣ . (6.4)

Using a previously established result (Lemma (2.3)) and applying the modulus to both sides of the
Eq (6.4), we can obtain

|e3 − φe2
2| ≤

g
(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
max

{
1,

g(2 − φ)[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

}
.

�

7. Functional coefficients related to the ratio of ξ divided by f (ξ)

We have the condition for the ratio as:

N(z) = z · f −1(z) =

∞∑
r=1

przr + 1. (7.1)

In this case, the function f is a member of the class represented byMSm,b,c
γ,ω (q, g).

Theorem 7.1. We have f ∈ MSm,b,c
γ,ω (q, g) and N(z) given in (7.1); then the following is true:

|p2 − φp2
1| ≤

g
(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
max

{
1,

∣∣∣∣∣∣ g(1 − φ)[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

∣∣∣∣∣∣
}
.

Proof. By simple calculation, it can be shown that

N(z) = 1 − a2z + (a2
2 − a3)z2 + · · · .

Hence, we get
p1 = −a2 (7.2)

and
p2 = a2

2 − a3. (7.3)

By making use of (3.4) and (3.5) in Eqs (7.2) and (7.3), we derive the subsequent outcome:

|p2 − φp2
1| =

g
2(g + 1)[3]q[Φ3(γ, ω, b, c)]m

q

∣∣∣∣∣∣℘2 −

( g(1 − φ)[3]q[3]m
q

(g + 1)[2]2
q([2]m

q )2 +
1
2

)
℘2

1

∣∣∣∣∣∣ .
By utilizing Lemma 2.3, we obtain

|p2 − φp2
1| ≤

g
(1 + g)[3]q[Φ3(γ, ω, b, c)]m

q
max

{
1,

∣∣∣∣∣∣2q(1 − φ)[3]q[Φ3(γ, ω, b, c)]m
q

(1 + g)[2]2
q([Φ2(γ, ω, b, c)]m

q )2

∣∣∣∣∣∣
}
.

�
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8. Krushkal inequality

Krushkal [46] initiated and demonstrated (8.1) for the set S. Hence, we have

|aςk − aς(k−1)
2 | ≤ 2ς(k−1) − kς. (8.1)

The following theorem shows that Inequality (8.1) is valid when ς = 1, and k = 5 in the class.

Theorem 8.1. If f ∈ MSm,b,c
γ,ω (q, g). Therefore

|a5 − a4
2| ≤

g
(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
. (8.2)

Inequality (8.2) is most strictly enforced when applied to the function f4(z) outlined in (1.12).

Proof. Using Eqs (3.4) and (3.7), it can be derived that

|a5 − a4
2| =

∣∣∣∣∣∣ g4℘4
1

16(1 + g)4[2]4
q([Φ2(γ, ω, b, c)]m

q )4 +

g
4(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q

[
g − 1

4g
℘4

1 −
3
2
℘2℘

2
1 + 2℘3℘1 + ℘2

2 − 2℘4

]∣∣∣∣∣∣
=

g
2[5]q[Φ5(γ, ω, b, c)]m

q (1 + g)

∣∣∣∣∣∣
 g3[5]q[Φ5(γ, ω, b, c)]m

q

8(1 + g)3[2]4
q([Φ2(γ, ω, b, c)]m

q )4 +
g − 1

8g

℘4
1

+

(
1
2

)
℘2

2 + 2
(
1
2

)
℘1℘3 −

3
2

(
1
2

)
℘2

1℘2 − ℘4

∣∣∣∣∣∣.
Applying Lemma 2.6 using the specified parameters gives

ν =
g3[5]q[Φ5(γ, ω, b, c)]m

q

8(1 + g)3[2]4
q([Φ2(γ, ω, b, c)]m

q )4 +
g − 1

8g
, σ =

1
2
, % =

1
2
, ϕ =

1
2
,

we can verify that all the conditions for Lemma 2.6 have been satisfied. Therefore

|a5 − a4
2| ≤

g
(1 + g)[5]q[Φ5(γ, ω, b, c)]m

q
.

�

9. Conclusions

In Section 1, we reviewed the necessary background material and introduced the fundamental
concepts required throughout the paper. We also discussed number of subclasses of univalent functions
related with domains in the right-half plane and presented the fundamental properties of the q-
derivative along with the q-differential operator introduced by Shaba et al. [14]. Using this new
operator and an epicycloidal mapping function, we introduced a new subclass of analytic and univalent
functions. Section 2 provided the auxiliary lemmas that serve as the foundation for the proofs of
our main results. In Section 3, sharp estimates for the first five Taylor coefficients were obtained.
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Section 4 investigated Zalcman-type inequalities and their generalized forms, which extends several
existing results. In Section 5, estimates for the second and third Hankel determinants were established.
Section 6 was devoted to inverse coefficient estimates for the inverse function f −1(z), which generalize
a number of previously known results. In Section 7, we established coefficient estimates related with
the function z/ f (z) and derived corresponding Fekete–Szegö type inequalities. Finally, in Section 8, a
Krushkal-type inequality was established for the proposed class. Several known special cases of our
main findings were discussed.

There are several directions for future research. One may investigate the newly defined class by
using subordination, alternative q-calculus operators, or newly developed differential and integral
operators. The techniques employed in this research may also be extended to harmonic, multivalent,
meromorphic, and bi-univalent function subclasses. Furthermore, the interaction between epicycloidal
domains and quantum calculus remains a promising area for future investigation and may lead to the
discovery of new classes.
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