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Abstract: Let H be a finite abelian group of order n ≥ 2 and let m > 1 be an integer. The m-graph
m-G(H) is the simple undirected graph on vertex set H in which two distinct elements a and b are
adjacent if and only if am = b or bm = a. Building on the structural characterization of connected
m-graphs established by Badawi, we investigated degree-based topological invariants of connected m-
G(H) in both the cyclic case H � Zn and the non-cyclic case H � Zn1 ⊕ · · · ⊕ Znr , r ≥ 2. Using an
edge-type decomposition arising from the degree structure of connected m-graphs, we derived explicit
formulas for the Sombor index, Sombor polynomial, reduced and modified Sombor indices, Euler
Sombor index, average Sombor index, and forgotten topological index. In the non-cyclic setting, the
parameter G =

∏r
j=1 gcd(d j, q j) governs the edge-type counts NBS = D − G and NAS = G − 1, which

cannot be expressed purely in terms of D and Q. We also determined closed-form expressions for the
Sombor energy in the cases Q = 1 (star graphs) and Q = 2 (two-hub trees). All theoretical results were
independently verified by exact symbolic computation using SageMath 10.3 and the SymPy library.
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1. Introduction

Graphs constructed from algebraic structures have been widely studied in recent years, revealing
deep connections between group theory and graph theory. A prominent example is the power graph of
a group, where two elements are adjacent if one is an integer power of the other.

Motivated by this construction, the notion of the m-graph associated with a finite abelian group H
was introduced by Badawi [1]. For a fixed integer m > 1, adjacency is defined by

a ∼ b ⇐⇒ am = b or bm = a, a , b.
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Restricting to a single fixed exponent m yields a more structured and parameter-dependent family of
graphs, whose combinatorial and spectral properties depend explicitly on the arithmetic of m and |H|.

Badawi [1] established several fundamental properties of the m-graph of H, namely m-G(H). In
particular, m-G(H) is connected if and only if every prime divisor of |H| divides m, and the connected
graph m-G(Zn) is always a tree. Exact degree formulas were derived for both cyclic and non-cyclic
groups, and the diameter and graph isomorphisms of m-graphs were also investigated.

The Sombor index, introduced by Gutman [2] as

SO(Γ) =
∑
uv∈E

√
d(u)2 + d(v)2,

and its degree-based variants—including the Sombor polynomial, reduced and modified Sombor
indices, Euler Sombor index, average Sombor index [3–6], and Sombor energy—are prominent
topological invariants with established correlations to physico-chemical properties [2, 4]. The present
paper derives closed-form expressions for all of these invariants on the algebraically defined graph
family m-G(H), together with exact spectral results for the Sombor matrix S.

Power graphs of finite groups have been extensively studied from a topological index perspective.
Eccentricity-based indices, Zagreb indices, and Hosoya properties of power graphs P(G) have been
computed for cyclic and non-cyclic groups of order p1 p2 [7, 8].

Recent years have witnessed growing interest in computing Sombor-type indices for graphs arising
from algebraic structures. Alimon et al. [9] computed the Sombor index and polynomial of power
graphs for several families of finite groups, obtaining results case by case for specific group orders.
Romdhini and Nawawi [10] investigated the Sombor energy and spectral radius of non-commuting
graphs of dihedral groups D2n, deriving formulas that depend separately on the parity of n rather than
a single unified expression. Rather and Imran [11] studied the Sombor index of total and unit graphs
of commutative rings Zn, providing numerical computations for specific values of n. Pratama
et al. [12] computed the Sombor index of power graphs of groups of prime power order, again through
case-by-case analysis. A common feature of these works is that they yield numerical results for
particular groups or group families, without providing unified closed-form expressions valid across all
parameter values. By contrast, the present paper derives exact closed-form formulas for the full range
of connected m-graphs m-G(H), expressed in terms of the parameters D, Q, and the newly introduced
G, covering both cyclic and non-cyclic finite abelian groups simultaneously.

A distinguishing feature of m-G(H) is that, under the connectivity condition of Theorem 2.1, it is
always a tree. This structural rigidity—absent in the classical power graph—makes m-G(H)
particularly amenable to exact closed-form analysis: vertex degrees take only three values, the
Sombor matrix has at most four distinct nonzero entries, and the characteristic polynomial factors
completely for Q ≤ 2.

Despite this elegant structure, deriving explicit formulas for degree-based invariants presents non-
trivial challenges. The central difficulty lies in counting the four edge types (B → S, B → A, A →
S, A → A) precisely. In the cyclic case H � Zn, the counts depend on the residue s = m mod q,
which captures the arithmetic interaction between m and the quotient structure of Zn. In the non-
cyclic case, the componentwise action of multiplication by m introduces a genuinely new parameter
G =

∏r
j=1 gcd(d j, q j), which does not appear in Badawi [1] and cannot be recovered from D and Q

alone.
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The main contribution of this work is a complete edge-type decomposition for connected m-graphs,
in which the entire edge set is partitioned into the four classes above, with each class carrying a constant
Sombor weight determined by D, Q, and G. The introduction of G and the rigorous justification of
its role in the edge-count formulas constitute the core theoretical innovation. As a consequence, all
degree-based Sombor-type indices follow by direct substitution into a single unified formula.

Several directions remain open for future investigation. First, the spectral analysis carried out here
for Q = 1 and Q = 2 does not extend directly to Q ≥ 3: when the number of hub vertices exceeds two,
the Sombor matrix no longer reduces to a low-rank perturbation, and new techniques—such as
equitable partition methods or interlacing inequalities—will be required to obtain closed-form energy
formulas. Second, the present work is restricted to finite abelian groups, where the componentwise
structure of the direct sum Zn1 ⊕ · · · ⊕ Znr is essential to the proofs. Extending the edge-type
decomposition to m-graphs over non-abelian groups would require a fundamentally different
approach, as the map a 7→ am need not act componentwise in that setting. Third, the parameter G
introduced here suggests a deeper algebraic invariant whose properties merit independent study,
particularly its relationship to the subgroup structure of H.

For convenience, let NXY denote the number of edges with one endpoint in X and the other endpoint
in Y , where X,Y ∈ {B,A,S}. In particular, NBS ,NBA,NAS ,NAA represent the numbers of edges of types
B–S, B–A,A–S, andA–A, respectively.

2. Background

All groups considered in this paper are finite abelian and the identity element is 0. For H = Zn1 ⊕

· · · ⊕ Znr (r ≥ 1) and integer m > 1, define

d j = gcd(m, n j), q j =
n j

d j
, D =

r∏
j=1

d j, Q =
r∏

j=1

q j, G =

r∏
j=1

gcd(d j, q j), n = |H| = DQ.

For the cyclic case r = 1, we write k = d1 and q = q1. In this case, we further define s = m mod q,
which appears in the edge-count formula for NAS (Theorem 4.3).

Theorem 2.1 ( [1, Theorem 2.2]). m-G(H) is connected if and only if every prime divisor of n also
divides m.

Theorem 2.2 ( [1, Theorems 3.1, 3.4, 4.1]). Assume m-G(H) is connected. Then:

(1) m-G(H) is a tree (connected, acyclic, chromatic number 2).
(2) The vertex degrees are:

d(v) =


D − 1, v = 0,

D + 1, v , 0 and d j | v j for all j,

1, d j ∤ v j for some j,

where v = (v1, . . . , vr) ∈ Zn1 ⊕ · · · ⊕ Znr and each v j denotes the value of the j-th component of v
in Zn j . For the cyclic case r = 1, the condition d1 | v1 reduces to k | a in Z, recovering Badawi’s
original formulation.
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(3) (Cyclic) m-G(Zn) � k-G(Zn).
(Non-cyclic) m-G(H) � k-G(H) � (d1, . . . , dr)-PG(H), where (d1, . . . , dr)-PG(H) denotes the
product graph of H with parameters (d1, . . . , dr), as defined in Badawi [1, Definition 4.1].

Definition 2.3 (Vertex types). For connected m-G(H), partition H into three types:

S = {0}, A = {v , 0 : d j | v j ∀ j}, B = {v : d j ∤ v j for some j},

where v j is the value of the j-th component of v in Zn j . By Theorem 2.2:

d(v) = D − 1 (v ∈ S), d(v) = D + 1 (v ∈ A), d(v) = 1 (v ∈ B).

Sizes: |S| = 1, |A| = Q − 1, |B| = n − Q.

Remark 2.4. The parameter G =
∏r

j=1 gcd(d j, q j) is introduced here to express the edge-type counts
NBS and NAS in closed form for the non-cyclic setting (Theorem 4.5), and to determine the inter-hub
edge type in the Q = 2 energy formula (Corollary 7.3).

The Sombor weight of each edge type is determined solely by the degree pair, which is constant
within each type by Theorem 2.2:

Type Degrees (d(u), d(v)) Weight w w2

B → S (1, D − 1)
√

D2 − 2D + 2 D2 − 2D + 2

B → A (1, D + 1)
√

D2 + 2D + 2 D2 + 2D + 2

A → S (D + 1, D − 1)
√

2D2 + 2 2D2 + 2

A → A (D + 1, D + 1)
√

2(D + 1) 2(D + 1)2

3. Sombor invariants

Definition 3.1 ( [2, 13]). Let Γ = (V, E) be a graph, where V is the vertex set and E ⊆
(

V
2

)
is the edge

set. For each vertex u ∈ V, let d(u) denote the degree of u, i.e., the number of vertices adjacent to u.
The Sombor index of Γ is defined as

SO(Γ) =
∑

uv∈E(Γ)

√
d(u)2 + d(v)2.

The generating function corresponding to the Sombor index (or the Sombor polynomial) is given by

SO(Γ; x) =
∑

uv∈E(Γ)

x d(u)2+d(v)2√
d(u)2 + d(v)2

.

Furthermore, the Sombor matrix of the graph Γ is denoted by S(Γ) = [Si j] and defined as

Si j =


√

d(vi)2 + d(v j)2, if vi ∼ v j,

0, otherwise,
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where vi ∼ v j indicates that the vertices vi and v j are adjacent.
Finally, if λ1(S), λ2(S), . . . , λn(S) are the eigenvalues of the matrix S(Γ), then the Sombor energy

is defined by

ES (Γ) =
n∑

i=1

|λi(S)|.

4. Edge-type counts

In this section, we establish an edge characterization of the considered structure using
Proposition 4.1. We then determine the edge counts for both the cyclic and non-cyclic cases. Since
the graph is simple and undirected, these are counts of distinct unordered edges.

Proposition 4.1. The edge set of m-G(H) is E =
{
{a, b} : a, b ∈ H, a , b, am = b or b = am}

, where
each unordered pair {a, b} with am = b or bm = a appears at least once. If am = b and bm , a (or vice
versa), the edge is generated by exactly one endpoint; if both am = b and bm = a hold simultaneously,
the edge is generated by both endpoints but still represents a single undirected edge.

Proof. {a, b} ∈ E iff am = b or bm = a. If am = b, the pair {a, am} is generated by a. If bm = a, the
pair {b, bm} = {a, b} is generated by b. Both conditions can hold simultaneously (e.g., H = Z3, m = 2:
12 ≡ 2 and 22 ≡ 1), in which case the same edge is generated by both endpoints. In either case, E
contains each such pair as a single undirected edge. □

Lemma 4.2. Let Φ : A → E, a 7→ {a, am}, be the map assigning to each vertex a ∈ A the unique edge
generated by Proposition 4.1. Then Φ is injective. Consequently, NAS + NAA = |A|.

Proof. By Proposition 4.1, every vertex a ∈ A generates exactly one edge, {a, am}, whose second
endpoint lies inA∪S. Hence the image of Φ consists precisely of all edges of typesA−S andA−A.
It remains to prove injectivity. Suppose {a, am} = {b, bm} for some a, b ∈ A.

If a = b, there is nothing to prove. Otherwise, since the unordered edges coincide, we must have
am = b, bm = a. Thus a and b form a two-cycle of the map x 7→ xm.

However, by Theorem 2.2, the connected graph m-G(H) is a tree, and therefore contains no cycles.
Indeed, otherwise, one would obtain am = b, bm = a, which gives the closed walk a → b → a of
length 2 with a , b. Since m-G(H) is a tree and therefore acyclic, it contains no nontrivial closed walk.
This is a contradiction.

Hence Φ is injective. Since every vertex of A generates exactly one distinct edge of type A−S or
A−A, we conclude that NAS + NAA = |A|. □

Theorem 4.3. Let H = Zn, k = gcd(m, n), q = n/k, where s = m mod q. We use the standard
convention gcd(0, q) = q, which corresponds to the case q | m. Then: NBS = k − gcd(k, q),NBA =

(n − q) − NBS ,NAS = gcd(s, q) − 1,NAA = (q − 1) − NAS .

Proof. Write m = km′, where k = gcd(m, n) and gcd(m′, q) = 1. We compute each edge-type count in
turn.

Count of NBS . An element x ∈ B satisfies mx ≡ 0 (mod n) if and only if q | x. The nonzero multiples
of q lying in Zn form the set {q, 2q, . . . , (k − 1)q}, which has cardinality k − 1. Among these, the
element iq belongs to A if and only if k | iq, equivalently k

gcd(k,q) | i, and this condition is satisfied for
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precisely gcd(k, q) − 1 indices i ∈ {1, . . . , k − 1}. Subtracting those that fall in A from the total gives
NBS = (k − 1) − (gcd(k, q) − 1) = k − gcd(k, q).

Count of NBA. By Theorem 2.2, every vertex x ∈ B has degree 1, so its unique edge is incident to either
S orA. Since |B| = n − q, it follows immediately that NBA = (n − q) − NBS .

Count of NAS . For a vertex v = ik ∈ A with i ∈ {1, . . . , q − 1}, one computes mv = mik ≡ k(mi mod q)
(mod n), so mv ≡ 0 (mod n) if and only if mi ≡ 0 (mod q), or equivalently si ≡ 0 (mod q), where
s = m mod q. The congruence si ≡ 0 (mod q) admits exactly gcd(s, q) solutions modulo q, one of
which is i = 0; hence the number of solutions in {1, . . . , q − 1} equals gcd(s, q) − 1. When s = 0, the
identity gcd(0, q) = q is consistent with the observation that q | m forces mv ≡ 0 for every v ∈ A.
Therefore, NAS = gcd(s, q) − 1.

Count of NAA. By Lemma 4.2, NAS + NAA = |A| = q − 1. Therefore, NAA = (q − 1) − NAS . □

Remark 4.4. In the cyclic case, NAS = gcd(s, q) − 1, s = m mod q, counts the nonidentity vertices
v ∈ A satisfying mv = 0 in Zn. Indeed, for v = ik ∈ A with i ∈ {1, . . . , q − 1}: mv ≡ 0 (mod n) ⇐⇒
q | mi ⇐⇒ q | si. The congruence si ≡ 0 (mod q) has exactly gcd(s, q) solutions modulo q, one
of which is i = 0 corresponding to the identity element 0. Hence the number of nonidentity solutions
equals gcd(s, q) − 1. In particular, when s = 0 (equivalently, q | m), we have mv ≡ 0 (mod n) for all
v ∈ A, so NAS = |A| = q − 1.

For example, for H = Z27 and m = 3: k = 3, q = 9, s = 3, so NAS = gcd(3, 9) − 1 = 2. Indeed,
the vertices of A are 3, 6, 9, 12, 15, 18, 21, 24, and exactly v = 9 and v = 18 satisfy mv ≡ 0 (mod 27):
3 · 9 = 27 ≡ 0, 3 · 18 = 54 ≡ 0 (mod 27).

Theorem 4.5. Let H = Zn1 ⊕ · · · ⊕Znr with r ≥ 2, and use the parameters D,Q,G defined in Section 2.
Then: NBS = D − G,NBA = (n − Q) − NBS ,NAS = G − 1,NAA = (Q − 1) − NAS .

Proof. Define the multiplication-by-m map φ : H → H by φ(a) = ma. Since H = Zn1 ⊕ · · · ⊕ Znr is a
direct sum, the map φ acts componentwise as φ(a1, . . . , ar) = (ma1, . . . ,mar). For each index j, write
m = d jm′j, where d j = gcd(m, n j); the maximality of d j ensures gcd(m′j, q j) = 1. We determine each
edge-type count separately.

Count of NBS . An element (a1, . . . , ar) ∈ B satisfies φ(a) = 0 if and only if ma j ≡ 0 (mod n j)
for every j, which, in view of gcd(m′j, q j) = 1, is equivalent to requiring q j | a j for all j. Define
P = {a ∈ H : q j | a j for all j}. By the independence of components, |P| =

∏
j(n j/q j) =

∏
j d j = D.

Furthermore, a ∈ P ∩ (A ∪ S) if and only if q j | a j and d j | a j simultaneously for every j, that is,
lcm(d j, q j) | a j for all j. The number of such elements equals∏

j

n j

lcm(d j, q j)
=

∏
j

gcd(d j, q j) = G.

Consequently, NBS = |P ∩ B| = D − G.

Count of NBA. By Theorem 2.2, every vertex a ∈ B has degree 1, so its unique edge is incident to either
S orA. Since |B| = n − Q, it follows that NBA = (n − Q) − NBS .

Count of NAS . Let a = (a1, . . . , ar) ∈ A, so that d j | a j for every j. Setting a j = d jt j with t j ∈ {0, . . . , q j−

1}, the condition φ(a) = 0 reduces to ma j ≡ 0 (mod n j) for all j, which successively simplifies to
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d jq j | d jm′jd jt j, then to q j | m′jd jt j, and finally, since gcd(m′j, q j) = 1, to q j

gcd(d j,q j)
| t j. The number

of solutions t j ∈ {0, . . . , q j − 1} satisfying this condition is gcd(d j, q j). Invoking the independence of
components, the total number of elements a ∈ A ∪ S with φ(a) = 0 is

∏
j gcd(d j, q j) = G. Excluding

the identity element yields NAS = G − 1.

Count of NAA. By Lemma 4.2, NAS + NAA = |A| = Q − 1. Hence NAA = (Q − 1) − NAS . □

Remark 4.6. The edge-count formulas differ structurally between the two settings. For NBS , the cyclic
case yields k−gcd(k, q), whereas the non-cyclic case yields D−G. For NAS , the cyclic formula depends
on the residue s = m mod q, while the non-cyclic formula depends on G =

∏r
j=1 gcd(d j, q j).

Note that G = Q does not hold in general. For instance, H = Z9 ⊕ Z27 with m = 3 gives G = 9 ,
27 = Q. The equality G = Q holds if and only if q j | d j for all j; for example, H = Z4 ⊕ Z4 with m = 4
satisfies d j = 4, q j = 1, and G = 1 = Q.

For r = 1, the non-cyclic formula NAS = gcd(d1, q1) − 1 coincides with the cyclic formula NAS =

gcd(s, q) − 1, since gcd(d1, q1) = gcd(k, q) = gcd(m, q) = gcd(s, q).
The reason these two quantities govern NAS in their respective settings is the following. In the

cyclic case H = Zn, a vertex v = ik ∈ A satisfies mv ≡ 0 (mod n) if and only if q | si, so the
residue s = m mod q is the natural arithmetic datum. In the non-cyclic case H = Zn1 ⊕ · · · ⊕ Znr ,
define the multiplication-by-m map φ : H → H by φ(a) = ma, acting componentwise as φ(a1, . . . , ar) =
(ma1 mod n1, . . . , mar mod nr). A vertex a ∈ A generates an edge of type A → S if and only if
φ(a) = 0, that is, q j | ma j for every j. The number of elements in A ∪ S satisfying this condition
equals

∏r
j=1 gcd(d j, q j) = G, as established in the proof of Theorem 4.5. The two formulas are thus

manifestations of the same divisibility condition in different group-theoretic settings, and they agree at
r = 1 because gcd(d1, q1) = gcd(s, q).

5. Sombor index and its applications to Sombor-type invariants

Theorem 5.1. Let m-G(H) be a connected m-graph, and let IW(Γ) =
∑

uv∈E(Γ) W(d(u), d(v)) be a degree-
based edge invariant, where W : N × N→ R is a symmetric function. Then

IW(m-G(H)) = NBS W(1,D − 1) + NBAW(1,D + 1) + NAS W(D + 1,D − 1) + NAAW(D + 1,D + 1).

Proof. By Theorems 4.3 and 4.5, every edge of m-G(H) belongs to exactly one of the four edge classes
BS,BA,AS,AA. By Theorem 2.2, the endpoint degree pair is constant within each class, taking the
respective values (1,D−1), (1,D+1), (D+1,D−1), and (D+1,D+1). Since there are NBS ,NBA,NAS ,NAA

edges of these types, summing the weight W(d(u), d(v)) over each class gives

IW(m-G(H)) = NBS W(1,D − 1) + NBAW(1,D + 1) + NAS W(D + 1,D − 1) + NAAW(D + 1,D + 1).

This completes the proof. □

Corollary 5.2. For connected m-G(H), the Sombor index is:

SO = NBS

√
D2 − 2D + 2 + NBA

√
D2 + 2D + 2 + NAS

√
2D2 + 2 + NAA

√
2(D + 1),

where the counts are from Theorem 4.3 (cyclic) or Theorem 4.5 (non-cyclic).
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Proof. Applying Theorem 5.1 with W(x, y) =
√

x2 + y2 completes the proof. □

Corollary 5.3. For connected m-G(H), with zero-coefficient terms omitted, the Sombor polynomial is:

SO(H; x) =
NBS

√
D2 − 2D + 2

xD2−2D+2 +
NBA

√
D2 + 2D + 2

xD2+2D+2

+
NAS

√
2D2 + 2

x2D2+2 +
NAA

√
2(D + 1)

x2(D+1)2
.

Proof. Applying Theorem 5.1 with

W(x, y) =
xx2+y2√
x2 + y2

completes the proof. □

Definition 5.4 ( [14]). The forgotten topological index is defined as F(Γ) =
∑

v∈V d(v)3.

Corollary 5.5. For connected m-G(H):

F(m-G(H)) = (D − 1)3 + (Q − 1)(D + 1)3 + (n − Q) = Q(D + 1)3 − 6D2 − 2 + n − Q.

Proof. The vertex set admits the partition H = S ∪A ∪ B with |S| = 1, |A| = Q − 1, and |B| = n − Q,
where the corresponding degrees are D − 1, D + 1, and 1, respectively. Substituting into the definition
of the forgotten topological index gives

F = (D − 1)3 + (Q − 1)(D + 1)3 + (n − Q).

Expanding and collecting like terms yields the stated closed form. □

Corollary 5.6. Let S be the Sombor matrix of the m-graph (m-G(H)). The lower bound of the spectral
radius is

λ1(S) ≥

√
2F(m-G(H))

n
=

√
2
[
Q(D + 1)3 − 6D2 − 2 + n − Q

]
n

.

Proof. Since S is real symmetric,
∑

i λ
2
i = tr(S2) = 2

∑
uv∈E(d(u)2 + d(v)2) = 2F(m-G(H)). Since

λ2
1 ≥

1
n

∑
i λ

2
i , the result follows. □

Example 5.7 (Z2 ⊕ Z4, m = 2). D = 4, Q = 2, n = 8: F = 33 + 1 · 53 + 6 = 27 + 125 + 6 = 158;
λ1 ≥

√
39.5 ≈ 6.285. Since the only prime divisor of |H| = 8 = 23 is 2, and 2 | m = 2, Theorem 2.1

ensures that m-G(H) is connected.

Example 5.8 (Z9⊕Z27, m = 3). D = 9, Q = 27, n = 243: F = 83+26 ·103+216 = 512+26000+216 =
26728; λ1 ≥

√
2 · 26728/243 ≈ 14.83. Since the only prime divisor of |H| = 243 = 35 is 3, and

3 | m = 3, Theorem 2.1 ensures that m-G(H) is connected.

Definition 5.9. Recall from [2] and [15], respectively, that the reduced Sombor index and the modified
Sombor index are defined as

SOred(Γ) =
∑

uv∈E(Γ)

√
(d(u) − 1)2 + (d(v) − 1)2,

and
mSO(Γ) =

∑
uv∈E(Γ)

1√
d(u)2 + d(v)2

.
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Lemma 5.10. For connected m-G(H) with D ≥ 2, the reduced Sombor weights are:

Type Degrees Reduced weight

B → S (1,D − 1) D − 2

B → A (1,D + 1) D

A → S (D + 1,D − 1)
√

2D2 − 4D + 4

A → A (D + 1,D + 1) D
√

2

Proof. Substituting each degree pair directly into the reduced Sombor weight formula√
(d(u) − 1)2 + (d(v) − 1)2, we obtain:

B → S :
√

(1 − 1)2 + (D − 1 − 1)2 =
√

(D − 2)2 = D − 2,

B → A :
√

(1 − 1)2 + (D + 1 − 1)2 =
√

D2 = D,

A → S :
√

(D + 1 − 1)2 + (D − 1 − 1)2 =
√

D2 + (D − 2)2 =
√

2D2 − 4D + 4,

A → A :
√

(D + 1 − 1)2 + (D + 1 − 1)2 =
√

2D2 = D
√

2.

□

Corollary 5.11. For connected m-G(H) with D ≥ 2, the reduced Sombor index is:

SOred(m-G(H)) = NBS (D − 2) + NBA · D + NAS

√
2D2 − 4D + 4 + NAA · D

√
2.

Proof. Applying Theorem 5.1 with W(x, y) =
√

(x − 1)2 + (y − 1)2 completes the proof. □

Remark 5.12. When D = 2, the B → S edges contribute zero weight (D − 2 = 0), reflecting that S
has degree D − 1 = 1 and the reduced weight of a (1, 1)-edge vanishes.

Corollary 5.13. For connected m-G(H), the modified Sombor index is:

mSO(m-G(H)) =
NBS

√
D2 − 2D + 2

+
NBA

√
D2 + 2D + 2

+
NAS

√
2D2 + 2

+
NAA

√
2(D + 1)

.

Proof. Applying Theorem 5.1 with W(x, y) = 1√
x2+y2

completes the proof. □

Remark 5.14. By the Cauchy–Schwarz inequality, SO(Γ) · mSO(Γ) ≥ |E|2, with equality if and only if
Γ is regular. For a connected m-G(H), the vertex degrees belong to {1, D − 1, D + 1}. Thus the graph
can be regular only if 1 = D − 1 = D + 1, which is impossible, or if only one degree value occurs.
In the connected setting, this happens precisely when D = 2, yielding the graph K2 (corresponding to
H � Z2). Therefore equality holds only for K2, and the inequality is strict for all connected m-G(H)
with more than two vertices.

Definition 5.15 ( [5]). The Euler Sombor index is defined as follows:

EUS(Γ) =
∑
uv∈E

√
d(u)2 + d(v)2 + d(u) d(v).
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Lemma 5.16. For connected m-G(H) graphs with D ≥ 2, the Euler Sombor weights are as follows:

Type Degree pair Euler Sombor weight wEUS

B → S (1,D − 1)
√

D2 − D + 1

B → A (1,D + 1)
√

D2 + 3D + 3

A → S (D + 1,D − 1)
√

3D2 + 1

A → A (D + 1,D + 1) (D + 1)
√

3

Proof. By Proposition 4.1 and Definition 2.3, every edge belongs to exactly one of the four types, and
the weight

√
d(u)2 + d(u)d(v) + d(v)2 is constant within each type by Theorem 2.2(2). Substituting the

respective degree pairs into this formula gives

B → S :
√

1 + (D − 1) + (D − 1)2 =
√

D2 − D + 1,

B → A :
√

1 + (D + 1) + (D + 1)2 =
√

D2 + 3D + 3,

A → S :
√

(D + 1)2 + (D + 1)(D − 1) + (D − 1)2 =
√

3D2 + 1,

A → A :
√

(D + 1)2 + (D + 1)2 + (D + 1)2 = (D + 1)
√

3.

Grouping the summation according to edge type and substituting these weights yields the stated
expression. □

Corollary 5.17. For connected m-G(H):

EUS(m-G(H)) = NBS

√
D2 − D + 1 + NBA

√
D2 + 3D + 3 + NAS

√
3D2 + 1 + NAA(D + 1)

√
3,

where edge counts are from Theorem 4.3 or Theorem 4.5.

Proof. Applying Theorem 5.1 with W(x, y) =
√

x2 + y2 + xy completes the proof. □

Remark 5.18. Since D2 −D+ 1 > D2 − 2D+ 2 for all D ≥ 2, we have EUS > SO whenever the graph
contains B → S edges. A symmetric comparison holds for each remaining edge type.

Definition 5.19 ( [6]). Let Γ be a graph with n′ vertices and m′ edges. The average Sombor index is

SOavr(Γ) =
∑
uv∈E

√(
d(u) −

2m′

n′
)2
+

(
d(v) −

2m′

n′
)2
.

Proposition 5.20. Since connected m-G(H) is a tree (Theorem 2.2), |E| = n− 1, so the average degree
of m-G(H):

µ :=
2|E|
|V |
=

2(n − 1)
n

= 2 −
2
n
.

Proof. By Theorem 2.2, the connected graph m-G(H) is a tree on |V | = n vertices. Every tree on n
vertices has exactly n − 1 edges, so |E| = n − 1. Substituting into the standard formula for the average
degree gives

µ =
2|E|
|V |
=

2(n − 1)
n

= 2 −
2
n
. □
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Lemma 5.21. For connected m-G(H) with D ≥ 2 and µ = 2 − 2
n :

Type Degree pair Average Sombor weight wavr

B → S (1,D − 1)
√

(1 − µ)2 + (D − 1 − µ)2

B → A (1,D + 1)
√

(1 − µ)2 + (D + 1 − µ)2

A → S (D + 1,D − 1)
√

(D + 1 − µ)2 + (D − 1 − µ)2

A → A (D + 1,D + 1)
√

2|D + 1 − µ|

Proof. By definition, the average Sombor weight of an edge uv is given by

wavr(uv) =
√

(d(u) − µ)2 + (d(v) − µ)2,

where µ = 2 − 2
n is the average degree established in Proposition 5.20. By Theorem 2.2, the degree

pair is constant within each edge type. Substituting the respective degree pairs (1,D − 1), (1,D + 1),
(D + 1,D − 1), and (D + 1,D + 1) directly into this formula gives

B → S :
√

(1 − µ)2 + (D − 1 − µ)2,

B → A :
√

(1 − µ)2 + (D + 1 − µ)2,

A → S :
√

(D + 1 − µ)2 + (D − 1 − µ)2,

A → A :
√

(D + 1 − µ)2 + (D + 1 − µ)2 =
√

2|D + 1 − µ|,

which are precisely the weights recorded in the table. □

Corollary 5.22. For connected m-G(H) with µ = 2 − 2
n :

SOavr(m-G(H)) = NBS

√
(1 − µ)2 + (D − 1 − µ)2 + NBA

√
(1 − µ)2 + (D + 1 − µ)2

+ NAS

√
(D + 1 − µ)2 + (D − 1 − µ)2 + NAA

√
2|D + 1 − µ|,

where the edge counts are from Theorem 4.3 or Theorem 4.5.

Proof. Applying Theorem 5.1 with W(x, y) =
√

(x − µ)2 + (y − µ)2 completes the proof. □

Corollary 5.23. Let Q = 1. Then the graph m-G(H) is isomorphic to the star graph K1,D−1.

Consequently, all Sombor-type indices considered in this section reduce to their corresponding values
on a star graph. In this case, we have NBS = D − 1,NBA = NAS = NAA = 0. Moreover, the following
results hold:

SOred(m-G(H)) = (D − 1)(D − 2),

SOavr(m-G(H)) = (D − 1)
√

(1 − µ0)2 + (D − 1 − µ0)2, µ0 = 2 −
2
D
,

mSO(m-G(H)) =
D − 1

√
D2 − 2D + 2

,

EUS(m-G(H)) = (D − 1)
√

D2 − D + 1.
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Proof. When Q = 1, it was shown in Corollary 5.2 that |A| = Q − 1 = 0 and NBS = D − 1, while
NBA = NAS = NAA = 0. Since all edges are of type B → S, the graph consists of D − 1 vertices of
degree 1 each connected to the single vertex S of degree D−1, which is precisely the star graph K1,D−1.
In this case, the average degree reduces to µ0 = 2 − 2

D , since n = D. Substituting NBS = D − 1 and
NBA = NAS = NAA = 0 into the respective index formulas established in this section, and using the
Sombor weight

√
D2 − 2D + 2 for the B → S edge type, gives

SOred(m-G(H)) = (D − 1)(D − 2),

SOavr(m-G(H)) = (D − 1)
√

(1 − µ0)2 + (D − 1 − µ0)2,

mSO(m-G(H)) =
D − 1

√
D2 − 2D + 2

,

EUS(m-G(H)) = (D − 1)
√

D2 − D + 1,

which completes the proof. □

Remark 5.24. The average Sombor index measures how far vertex degrees deviate from the mean
µ ≈ 2 for large n. For large D, the dominant contribution comes from B → A and A → A edges,
whose endpoints are far from the mean.

Example 5.25 (Cyclic: Z12, m = 6). D = 6, Q = 2, n = 12, NBS = 4, NBA = 6, NAS = 1, NAA = 0,
µ = 11

6 . Since the prime divisors of |H| = 12 = 22 · 3 are 2 and 3, and both satisfy 2 | m = 6 and
3 | m = 6, Theorem 2.1 ensures that m-G(H) is connected.
Euler Sombor index:

EUS = 4
√

31 + 6
√

57 +
√

109 ≈ 22.27 + 45.30 + 10.44 = 78.01.

Average Sombor index:

SOavr =
4
√

386 + 6
√

986 +
√

1322
6

≈ 13.10 + 31.40 + 6.06 = 50.56.

Example 5.26 (Non-cyclic: Z2 ⊕ Z4, m = 2). D = 4, Q = 2, n = 8, G = 2, NBS = 2, NBA = 4, NAS = 1,
NAA = 0, µ = 7

4 . Since the only prime divisor of |H| = 8 = 23 is 2, and 2 | m = 2, Theorem 2.1 ensures
that m-G(H) is connected.
Euler Sombor index:

EUS = 2
√

13 + 4
√

31 + 7 ≈ 7.21 + 22.27 + 7.00 = 36.48.

Average Sombor index:

SOavr =
2
√

34 + 4
√

178 +
√

194
4

≈ 2.92 + 13.34 + 3.48 = 19.74.

Example 5.27 (Non-cyclic, G , Q: Z9 ⊕ Z27, m = 3). D = 9, Q = 27, n = 243, G = 9, NBS = 0,
NBA = 216, NAS = 8, NAA = 18, µ = 484

243 . Since the only prime divisor of |H| = 243 = 35 is 3, and
3 | m = 3, Theorem 2.1 ensures that m-G(H) is connected.
Euler Sombor index:

EUS = 216
√

111 + 16
√

61 + 180
√

3 ≈ 2275.70 + 124.96 + 311.77 = 2712.43.
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Comparison of all Sombor-type indices for m-G(H)

Table 1 summarizes all six Sombor-type indices, and Table 2 gives numerical values for selected
test cases.

Table 1. Edge-type Sombor weights for connected m-G(H). Here µ = 2 − 2/n.

Type Degrees SO SOred mSO EUS SOavr

B → S (1,D − 1)
√

D2 − 2D + 2 D − 2 1
√

D2−2D+2

√
D2 − D + 1

√
(1 − µ)2 + (D − 1 − µ)2

B → A (1,D + 1)
√

D2 + 2D + 2 D 1
√

D2+2D+2

√
D2 + 3D + 3

√
(1 − µ)2 + (D + 1 − µ)2

A → S (D + 1,D − 1)
√

2D2 + 2
√

2D2 − 4D + 4 1
√

2D2+2

√
3D2 + 1

√
(D + 1 − µ)2 + (D − 1 − µ)2

A → A (D + 1,D + 1) (D + 1)
√

2 D
√

2 1
(D+1)

√
2

(D + 1)
√

3
√

2|D + 1 − µ|

Table 2. Comprehensive numerical verification of Sombor-type indices and energy for
connected m-graphs.

H m D Q |E| SO SOred mSO EUS SOavr ES

Z6 6 6 1 5 25.49 20.00 0.981 27.84 17.00 22.80
Z12 6 6 2 11 71.42 59.21 1.749 78.01 50.56 57.66
Z9 3 3 3 8 33.68 24.32 1.902 38.08 18.59 33.36
Z8 2 2 4 7 24.30 15.66 2.053 28.42 10.82 28.36
Z27 3 3 9 26 117.10 85.78 5.874 134.64 62.63 114.69

Z2 ⊕ Z4 2 4 2 7 32.55 24.47 1.588 36.48 19.74 31.57
Z3 ⊕ Z9 3 9 3 26 254.88 226.80 2.691 272.15 203.36 166.47
Z4 ⊕ Z8 4 16 2 31 505.61 473.26 1.915 525.41 444.75 252.83
Z6 ⊕ Z6 6 36 1 35 1225.50 1190.00 1.000 1242.87 1157.42 414.29
Z9 ⊕ Z27 3 9 27 242 2527.80 2264.30 23.390 2712.43 2026.94 1580.03
Z2 ⊕ Z4 ⊕ Z8 2 8 8 63 584.28 515.25 6.886 630.28 455.29 394.99

Remark 5.28. For all connected m-G(H) with D ≥ 2, EUS(m-G(H)) > SO(m-G(H)), since d(u)2 +

d(v)2 + d(u)d(v) > d(u)2 + d(v)2 edge-by-edge. By Cauchy–Schwarz, SO · mSO > |E|2 strictly. The
index SOavr is not directly comparable to SO without further assumptions.

6. Sombor matrix and characteristic polynomial

Recall from the Definition 3.1 that the Sombor matrix of Γ is S(Γ) = (si j), where
si j =

√
d(vi)2 + d(v j)2 if vi ∼ v j, and 0 otherwise. The Sombor eigenvalues are λ1 ≥ · · · ≥ λn and

ES (Γ) =
∑

i |λi|.

Proposition 6.1. For connected m-G(H), the Sombor matrix S takes exactly four distinct nonzero
values:

wBS =
√

D2 − 2D + 2, wBA =
√

D2 + 2D + 2, wAS =
√

2D2 + 2, wAA = (D + 1)
√

2.
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Proof. The Sombor matrixS is defined bySuv =
√

d(u)2 + d(v)2 for adjacent vertices u, v, andSuv = 0
otherwise. By Proposition 4.1 and Definition 2.3, every edge belongs to exactly one of the four types,
and the degree pair is constant within each type by Theorem 2.2(2). Substituting the respective degree
pairs (1,D − 1), (1,D + 1), (D + 1,D − 1), and (D + 1,D + 1) into the Sombor weight formula gives

wBS =
√

12 + (D − 1)2 =
√

D2 − 2D + 2,

wBA =
√

12 + (D + 1)2 =
√

D2 + 2D + 2,

wAS =
√

(D + 1)2 + (D − 1)2 =
√

2D2 + 2,

wAA =
√

(D + 1)2 + (D + 1)2 =
√

2(D + 1),

which are the only nonzero entries of S. □

Theorem 6.2. When Q = 1, m-G(H) � K1,D−1 with r = D− 1 pendant vertices φ(λ) = λr−1(λ2 − r(D2 −

2D + 2)
)
. The nonzero eigenvalues are ±wBS

√
r, each simple; λ = 0 has multiplicity r − 1.

Proof. When Q = 1, it follows from Corollary 5.23 that m-G(H) � K1,D−1, a star graph with r = D − 1
pendant vertices. The Sombor matrix S of a star K1,r has the block form

S =

(
0 wBS 1⊤

wBS 1 0

)
,

where 1 ∈ Rr is the all-ones vector and wBS =
√

D2 − 2D + 2 is the unique nonzero entry by
Proposition 6.1. The characteristic polynomial of S is computed as follows. Since S has rank 2,
exactly r − 1 eigenvalues are zero. The remaining two nonzero eigenvalues satisfy

λ2 = w2
BS · r = r(D2 − 2D + 2),

giving λ = ±wBS
√

r, each with multiplicity 1. Combining these observations, the characteristic
polynomial is

φ(λ) = λr−1(λ2 − r(D2 − 2D + 2)
)
,

which completes the proof. □

Proposition 6.3. Let m-G(H) be connected and suppose that Q =
∏r

j=1 q j = 2. Then
G =

∏r
j=1 gcd(d j, q j) = 2.

Proof. Since Q =
∏r

j=1 q j = 2, there exists a unique index k such that qk = 2, q j = 1( j , k). Hence

G =

r∏
j=1

gcd(d j, q j) = gcd(dk, 2).

Because m-G(H) is connected, Theorem 2.1 implies that every prime divisor of |H| divides m. Since
Q = 2, we have 2 | |H|, and therefore 2 | m.Moreover, qk =

nk
dk
= 2, so nk = 2dk. Since 2 | m and 2 | nk,

it follows that 2 | gcd(m, nk) = dk. Consequently, gcd(dk, 2) = 2. Therefore, G = 2. □

Example 6.4. We verify Proposition 6.3 on two instances with Q = 2.
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(1) H = Z12, m = 6: Here, r = 1, d1 = gcd(6, 12) = 6, q1 = 2. Since d1 = 6 is even,G = gcd(6, 2) = 2.
Since the prime divisors of |H| = 12 = 22 · 3 are 2 and 3, and both satisfy 2 | m = 6 and 3 | m = 6,
Theorem 2.1 ensures that m-G(H) is connected.

(2) H = Z2 ⊕ Z4, m = 2: We have d1 = 2, q1 = 1, d2 = 2, q2 = 2, so k = 2. Since d2 = 2 is even,
G = gcd(2, 2) = 2. Since the only prime divisor of |H| = 8 = 23 is 2, and 2 | m = 2, Theorem 2.1
ensures that m-G(H) is connected.

Theorem 6.5. Suppose that Q = 2. By Proposition 6.3, G = 2, hence NAS = G − 1 = 1 and NAA = 0,
so the unique edge joining the two hub vertices S and v∗ ∈ A is of type A → S with Sombor weight
w01 =

√
(D + 1)2 + (D − 1)2 =

√
2D2 + 2. Define A = NBS w2

BS , B = NBAw2
BA,C = w2

01 = 2D2 + 2. Then
the characteristic polynomial of the Sombor matrix is

φS(λ) = λn−4
(
λ4 − (A + B +C)λ2 + AB

)
.

Let

u1,2 =
(A + B +C) ±

√
(A + B +C)2 − 4AB
2

.

The spectrum consists of 0 with multiplicity at least n − 4, together with ±
√

u1 and ±
√

u2. If u2 = 0,
which occurs if and only if NBS = 0 or NBA = 0, the pair ±

√
u2 coincides with zero and the number of

nonzero eigenvalues reduces to two.

Proof. When Q = 2, the vertex set partitions as S = {0},A = {a}, where A consists of a single vertex
of degree D+ 1, and B = V(G) \ {0, a} consists of the remaining n− 2 vertices of degree 1. Among the
vertices ofB, letBS denote the subset adjacent to S andBA the subset adjacent toA, with cardinalities
NBS and NBA, respectively. The unique edge between S andA carries weight w01.

With respect to the ordering (S,A,BS,BA), the Sombor matrix S has the block form

S =


0 w01 wBS 1⊤ 0⊤

w01 0 0⊤ wBA1⊤
wBS 1 0 0 0

0 wBA1 0 0

 ,
where 1 denotes the all-ones vector of suitable dimension.

Since all vertices in BS (respectively, BA) are pendant, have identical neighborhoods, and carry
identical edge weights, the corresponding rows of S are linearly dependent. Define

V0 = span{ev − ev′ : v, v′ ∈ BS} ⊕ span{ev − ev′ : v, v′ ∈ BA},

where ev denotes the standard basis vector corresponding to the vertex v. Since every vertex v ∈ BS
has the unique neighbor S with edge weight wBS , the rows ofS indexed by BS are identical, and hence

S(ev − ev′) = 0 for all v, v′ ∈ BS.

Similarly,
S(ev − ev′) = 0 for all v, v′ ∈ BA.

Therefore V0 ⊆ ker(S), and

dim(V0) = max(NBS − 1, 0) +max(NBA − 1, 0).
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The orthogonal complement V⊥0 is spanned by the four vectors

gS = eS , gA = eA, gBS =
1
√

NBS

∑
v∈BS

ev, gBA =
1
√

NBA

∑
v∈BA

ev,

which form an orthonormal basis of V⊥0 whenever NBS ≥ 1 and NBA ≥ 1. When NBS = 0 (respectively,
NBA = 0), the vector gBS (respectively, gBA) is absent and V⊥0 is spanned by the remaining three vectors.

The action of S on these vectors is

SgS = w01gA +
√

NBS wBS gBS , SgA = w01gS +
√

NBA wBA gBA,

SgBS =
√

NBS wBS gS , SgBA =
√

NBA wBA gA.

Hence the restriction of S to V⊥0 , with respect to the ordered basis (gS , gA, gBS , gBA), is represented by
the real symmetric matrix

M =


0 w01

√
NBS wBS 0

w01 0 0
√

NBA wBA√
NBS wBS 0 0 0

0
√

NBA wBA 0 0

 .
Since Rn = V0 ⊕ V⊥0 is an orthogonal decomposition and S|V0 = 0, S|V⊥0 = M, the characteristic

polynomial factors as
φS(λ) = λdim(V0) det(λI − M),

where
dim(V0) = max(NBS − 1, 0) +max(NBA − 1, 0).

For convenience, set
A = NBS w2

BS , B = NBAw2
BA, C = w2

01.

A direct computation gives

det(λI − M) = λ4 − (A + B +C)λ2 + AB.

When NBS ≥ 1 and NBA ≥ 1, one has dim(V0) = n − 4, so that

φS(λ) = λn−4
(
λ4 − (A + B +C)λ2 + AB

)
.

In the degenerate cases NBS = 0 or NBA = 0, one has dim(V0) < n − 4; nevertheless, since A = 0
(respectively, B = 0), the polynomial λ4− (A+B+C)λ2+AB acquires an additional factor of λ2, which
compensates the deficit, and in all cases,

φS(λ) = λn−4
(
λ4 − (A + B +C)λ2 + AB

)
.

The nonzero eigenvalues are obtained by solving the quadratic equation in λ2:

λ2 = u1,2 =
(A + B +C) ±

√
(A + B +C)2 − 4AB
2

.

Thus, the nonzero eigenvalues are ±
√

u1 and ±
√

u2. If u2 > 0, all four values are nonzero and simple.
If u2 = 0, which occurs if and only if AB = 0, that is, NBS = 0 or NBA = 0, the pair ±

√
u2 coincides

with zero, reducing the number of nonzero eigenvalues to two. This completes the proof. □
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Theorem 6.6. Let λ1 = λ1(S(m-G(H))) be the Sombor spectral radius of connected m-G(H). Then:√
2F(m-G(H))

n
≤ λ1 ≤

√
2(D + 1)2,

where F(m-G(H)) = (D − 1)3 + (Q − 1)(D + 1)3 + (n − Q).

Proof. Lower bound. For any real symmetric matrix M of order n,

λ2
1 ≥

tr(M2)
n
=

2
∑

uv∈E(d(u)2 + d(v)2)
n

=
2F(m-G(H))

n
,

which gives λ1 ≥
√

2F(m-G(H))/n.
Upper bound. For any real symmetric matrix M with nonnegative entries, the Perron–Frobenius

row-sum estimate [16, Chapter 2] gives

λ1 ≤ max
v∈V

∑
u∼v

suv,

where suv =
√

d(u)2 + d(v)2 is the Sombor weight of edge uv. By Theorem 2.2, vertex degrees take
values in {1,D − 1,D + 1} and the maximum possible Sombor edge weight is wAA =

√
2(D + 1). For

any vertex v, ∑
u∼v

suv ≤ d(v) · wAA ≤ (D + 1) ·
√

2(D + 1) =
√

2(D + 1)2.

Taking the maximum over all v yields λ1 ≤
√

2(D + 1)2. □

Proposition 6.7. (1) Q = 1: λ1 = wBS
√

D − 1 =
√

(D − 1)(D2 − 2D + 2).
(2) Q = 2: λ1 =

√
u1.

(3) General: λ1 ≤
√

2(D + 1)2 and λ1 ≥
√

2F(m-G(H))/n.

Proof. Case (1): Q = 1. By Theorem 6.2, the nonzero eigenvalues of S are ±wBS
√

r with r = D − 1.
Since the spectral radius is the largest absolute eigenvalue, we obtain

λ1 = wBS

√
D − 1 =

√
(D − 1)(D2 − 2D + 2).

Case (2): Q = 2. By Theorem 6.5, the four nonzero eigenvalues are ±
√

u1 and ±
√

u2, where

u1,2 =
(A + B +C) ±

√
(A + B +C)2 − 4AB
2

.

The discriminant of this quadratic is non-negative, since

(A + B +C)2 − 4AB = (A − B)2 +C2 + 2C(A + B) ≥ 0,

with strict inequality whenever C > 0, which holds as w01 > 0. Moreover, u1 ≥ u2 ≥ 0. The inequality
u1 ≥ u2 is immediate from the non-negative square root, and u2 ≥ 0 follows from

(A + B +C)2 −
[
(A + B +C)2 − 4AB

]
= 4AB ≥ 0,
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so that A + B+C ≥
√

(A + B +C)2 − 4AB. Equality u2 = 0 occurs if and only if AB = 0, that is, when
NBS = 0 or NBA = 0. Hence the spectral radius is

λ1 =
√

u1 =

√
(A + B +C) +

√
(A + B +C)2 − 4AB
2

.

Case (3): General bounds. The upper and lower bounds follow directly from Theorem 6.6, where
F(m-G(H)) = (D − 1)3 + (Q − 1)(D + 1)3 + (n − Q) is given by Theorem 5.5. □

7. Sombor energy

Proposition 7.1. The Sombor matrix S(m-G(H)) is real symmetric, and its spectrum is symmetric
about zero. Consequently,

ES = 2
∑
λi>0

λi.

Proof. Real symmetry follows immediately from the definition Suv =
√

d(u)2 + d(v)2. By
Theorem 2.2, m-G(H) is a tree and hence bipartite; it is classical that the spectrum of any bipartite
graph is symmetric about zero [17]. Pairing positive and negative eigenvalues then gives
ES =

∑
i |λi| = 2

∑
λi>0 λi. □

Theorem 7.2. When Q = 1, ES = 2
√

(D − 1)(D2 − 2D + 2).

Proof. When Q = 1, Corollary 5.23 gives m-G(H) � K1,r with r = D − 1, and Proposition 6.1 ensures
that every edge carries the uniform Sombor weight wBS =

√
D2 − 2D + 2. Therefore,

S(m-G(H)) = wBS · A(K1,r),

where A(K1,r) denotes the adjacency matrix of the star K1,r. The eigenvalues of A(K1,r) are ±
√

r, each
simple, and 0 with multiplicity r − 1 [17]. Scaling by wBS , the nonzero eigenvalues of S are ±wBS

√
r.

Applying Proposition 7.1 then yields

ES = 2 wBS
√

r = 2
√

(D2 − 2D + 2)(D − 1),

which completes the proof. □

Applying Theorem 6.5 to the Sombor weights of m-graphs yields the following explicit energy
formula.

Corollary 7.3. Let m-G(H) be a connected m-graph with Q = 2.
Define

A = NBS (D2 − 2D + 2), B = NBA(D2 + 2D + 2), C = 2D2 + 2.

Let

µ1,2 =
(A + B +C) ±

√
(A + B +C)2 − 4AB
2

.

Then the Sombor energy is ES = 2
(√
µ1 +

√
µ2

)
. If µ2 = 0, this reduces to ES = 2

√
µ1.
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Proof. Since Q =
∏r

j=1 q j = 2, we have |A| = Q − 1 = 1, so there exists a unique non-identity element
v∗ ∈ A. The graph therefore has exactly two hub vertices,

h0 = 0 ∈ S with degree D − 1, h1 = v∗ ∈ A with degree D + 1,

together with NBS pendant vertices adjacent to h0 and NBA pendant vertices adjacent to h1. The
corresponding pendant edge weights are

wBS =
√

D2 − 2D + 2, wBA =
√

D2 + 2D + 2.

Since Q = 2, Proposition 6.3 yields G = 2, hence NAS = G − 1 = 1 and NAA = 0. The unique edge
joining the two hub vertices is of typeA → S with Sombor weight

w01 =
√

(D + 1)2 + (D − 1)2 =
√

2D2 + 2.

Define

A = NBS w2
BS = NBS (D2 − 2D + 2), B = NBAw2

BA = NBA(D2 + 2D + 2), C = w2
01 = 2D2 + 2.

By Theorem 6.5, the characteristic polynomial of S is

φS(λ) = λn−4
(
λ4 − (A + B +C)λ2 + AB

)
,

and the nonzero eigenvalues are ±
√
µ1 and ±

√
µ2, where

µ1,2 =
(A + B +C) ±

√
(A + B +C)2 − 4AB
2

.

Since S is real symmetric and m-G(H) is bipartite (Proposition 7.1), the spectrum is symmetric about
zero. Hence

ES =
∑

i

|λi| = 2
(√
µ1 +

√
µ2

)
.

If µ2 = 0, which occurs if and only if AB = 0, that is, NBS = 0 or NBA = 0, this reduces to

ES = 2
√
µ1.

This completes the proof. □

Remark 7.4. By Proposition 6.3, every connected m-graph with Q = 2 satisfies G = 2. Hence

NAS = G − 1 = 1, NAA = 0.

Therefore the unique inter-hub edge is always of type A→ S , and its Sombor weight is

w01 =
√

(D + 1)2 + (D − 1)2 =
√

2D2 + 2.

Consequently,
C = w2

01 = 2D2 + 2.
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8. Worked examples

Example 8.1 (Cyclic: Z12, m = 6). k = 6, q = 2, s = 0, D = 6, Q = 2, gcd(s, q) = gcd(0, 2) = 2.
Since the prime divisors of |H| = 12 = 22 · 3 are 2 and 3, and both satisfy 2 | m = 6 and 3 | m = 6,
Theorem 2.1 ensures that m-G(H) is connected.

NBS = 6 − gcd(6, 2) = 4, NBA = 6, NAS = 1, NAA = 0.

SO = 4
√

26 + 6
√

50 +
√

74 ≈ 71.424,

SO(Z12; x) =
4
√

26
x26 +

6
√

50
x50 +

1
√

74
x74.

Energy (Q = 2, G = 2 subcase): A = 104, B = 300, C = 74, α = 478, ∆ = 103684. Roots:
λ2 ∈ {400, 78}, so ES = 40 + 2

√
78 ≈ 57.663.

Example 8.2 (Non-cyclic: Z2 ⊕ Z4, m = 2). d1 = 2, d2 = 2, q1 = 1, q2 = 2, D = 4, Q = 2,
G = gcd(2, 1) · gcd(2, 2) = 2. Since the only prime divisor of |H| = 8 = 23 is 2, and 2 | m = 2,
Theorem 2.1 ensures that m-G(H) is connected.

NBS = 4 − 2 = 2, NBA = 4, NAS = 1, NAA = 0.

SO = 2
√

10 + 4
√

26 +
√

34 ≈ 32.552,

SO(Z2 ⊕ Z4; x) =
2
√

10
x10 +

4
√

26
x26 +

1
√

34
x34.

Energy (Q = 2, G = 2 subcase): A = 20, B = 104, C = 34, α = 158, ∆ = 16644.

ES = 2
(√

(158 +
√

16644)/2 +
√

(158 −
√

16644)/2
)
≈ 31.573.

Example 8.3 (Non-cyclic, G , Q: Z9 ⊕ Z27, m = 3). d1 = 3, d2 = 3, q1 = 3, q2 = 9, D = 9, Q = 27,
G = gcd(3, 3) · gcd(3, 9) = 3 · 3 = 9 , Q. Since the only prime divisor of |H| = 243 = 35 is 3, and
3 | m = 3, Theorem 2.1 ensures that m-G(H) is connected.

NBS = 0, NBA = 216, NAS = 8, NAA = 18.

SO = 216
√

101 + 8
√

164 + 180
√

2 ≈ 2527.73.

This example illustrates that G , Q is possible and the formula NBS = D − G is essential.

9. Numerical verification

To demonstrate the consistency of our theoretical results, we provide a comprehensive numerical
analysis in which all indices were computed using a specialized script in SageMath 10.3, ensuring
high precision for both cyclic and non-cyclic structures. All numerical values presented in Table 2
have been independently verified via exact symbolic computation using the SymPy library (Python),
confirming full consistency with the theoretical closed-form expressions to within standard floating-
point rounding.

All groups and parameters in Table 2 satisfy the connectedness criterion of Theorem 2.1: in each
case, every prime divisor of |H| divides m, as verified below.
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• H = Z6, m = 6: prime divisors {2, 3}, 2 | 6, 3 | 6.
• H = Z12, m = 6: prime divisors {2, 3}, 2 | 6, 3 | 6.
• H = Z9, m = 3: prime divisor {3}, 3 | 3.
• H = Z8, m = 2: prime divisor {2}, 2 | 2.
• H = Z27, m = 3: prime divisor {3}, 3 | 3.
• H = Z2 ⊕ Z4, m = 2: prime divisor {2}, 2 | 2.
• H = Z3 ⊕ Z9, m = 3: prime divisor {3}, 3 | 3.
• H = Z4 ⊕ Z8, m = 4: prime divisor {2}, 2 | 4.
• H = Z6 ⊕ Z6, m = 6: prime divisors {2, 3}, 2 | 6, 3 | 6.
• H = Z9 ⊕ Z27, m = 3: prime divisor {3}, 3 | 3.
• H = Z2 ⊕ Z4 ⊕ Z8, m = 2: prime divisor {2}, 2 | 2.

10. Conclusions

In this paper, we established a complete edge-type decomposition for connected m-graphs m-G(H)
of finite abelian groups and used this structure to derive closed-form expressions for a broad family of
degree-based graph invariants. Exploiting the fact that every connected m-graph is a tree and that its
vertices belong to exactly three degree classes S,A, and B, we reduced all computations to four edge
categories B–S, B–A,A–S, andA–A.

The principal contributions of the paper may be summarized as follows.

• We derived exact formulas for the edge counts NBS , NBA, NAS , and NAA in both cyclic and non-
cyclic settings. In particular, the parameter

G =

r∏
j=1

gcd(d j, q j),

introduced in this work, was shown to govern the non-cyclic edge counts through

NBS = D − G, NAS = G − 1.

This demonstrates that the non-cyclic case cannot be described solely in terms of D and Q.
• We established a unified edge-weight framework (Theorem 5.1) under which every degree-based

edge invariant can be expressed as a linear combination of the four edge-type counts. As direct
consequences, explicit formulas were obtained for the Sombor index, Sombor polynomial,
reduced Sombor index, modified Sombor index, Euler Sombor index, average Sombor index,
and the forgotten topological index.
• For the Sombor matrix, we proved that only four distinct nonzero weights occur and derived exact

spectral results for the cases Q = 1 and Q = 2. When Q = 1, the graph is the star K1,D−1 and the
Sombor energy is

ES = 2
√

(D − 1)(D2 − 2D + 2).

When Q = 2, connectedness implies G = 2, yielding NAS = 1 and NAA = 0, which allows
the characteristic polynomial and the complete spectrum of the Sombor matrix to be determined
explicitly.
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• Using the forgotten index, we obtained a closed-form lower bound for the spectral radius of the
Sombor matrix, linking structural parameters of m-G(H) directly to its spectral behavior.
• The theoretical formulas were verified by extensive symbolic and numerical computations using

SageMath and SymPy, showing complete agreement with all tested examples.
• The results provide a unified treatment of connected m-graphs of finite abelian groups and

complement recent studies on topological indices of algebraic graphs by supplying exact
closed-form expressions rather than case-by-case computations.

Several problems remain open. The most immediate is the determination of the Sombor spectrum
and energy for Q ≥ 3, where the Sombor matrix no longer reduces to a low-rank structure. Equitable
partitions, interlacing techniques, and refined spectral methods may provide a route toward closed-
form formulas in this setting. Further directions include the extension of the edge-type decomposition
to m-graphs of finite non-abelian groups and a deeper investigation of the algebraic parameterG, whose
role appears to extend beyond the edge-count formulas derived here.
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