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Abstract: The Lovász local lemma (LLL) is a central tool in probabilistic combinatorics, providing
a sufficient condition under which a finite collection of undesirable events with limited dependencies
can be simultaneously avoided with positive probability. This paper offers a self-contained expository
treatment of the lemma and its strengthened versions, emphasizing mathematical foundations, conceptual
clarity, and applications. We begin with a pedagogically motivated proof of the LLL based entirely
on unconditional probability inequalities. Particular attention is given to the symmetric form of the
lemma and several subsequent strengthenings. We also discuss a variety of classical applications of both
the symmetric and asymmetric forms of the LLL in combinatorics and graph theory, including bounds
for the edge-disjoint paths problem, satisfiability of Boolean formulas in conjunctive normal form,
lower bounds on diagonal and off-diagonal Ramsey numbers, hypergraph coloring results, structural
properties of directed graphs, and acyclic graph colorings. Additional observations and refinements are
provided throughout. We also introduce the algorithmic framework of Moser and Tardos, highlighting
its constructive counterpart to the LLL, together with an introduction to the entropy-compression
principle. The lopsided LLL, a refinement of the LLL, is presented along with an application to the Latin
transversal problem. We further discuss the cluster-expansion lemma and its relation to the LLL, and
present an alternative treatment of the Latin transversal problem from the cluster-expansion perspective
that yields an improved result. The exposition concludes with a high-level overview of the iterated LLL,
also known as the semi-random method.
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1. Introduction

In many applications of the probabilistic method, one considers a finite collection of undesirable
events {Ai}

n
i=1 and seeks to show that, with positive probability, none of them occurs. If the sum of their

probabilities is strictly less than one, then the union bound guarantees this. If, instead, the events are
independent and each occurs with probability strictly less than one, then the probability that none of the
events occurs equals the product of the probabilities of their complements, which is positive.

In typical combinatorial settings, however, the events exhibit significant dependencies and their
probabilities are often not sufficiently small for direct probabilistic estimates to be effective. Nevertheless,
in many applications, each event depends on only a limited number of others, and the event probabilities
are sufficiently small compared to the reciprocal of the maximum number of events on which any given
event depends. This observation underlies a fundamental result, namely the Lovász local lemma (LLL),
introduced by Erdős and Lovász [1]. The lemma provides a sufficient condition under which a finite
collection of events with limited dependencies can be simultaneously avoided with positive probability.

The LLL and its variants have become indispensable tools in probabilistic combinatorics and
theoretical computer science. Over the past several decades, they have found applications across a
broad spectrum of areas, including probabilistic and extremal combinatorics. Background on the
probabilistic method can be found in [2–4]; graph-theoretic aspects are also covered in [5–7]; extremal
combinatorics is treated in [8, 9]; and algorithmic aspects are discussed in [10]. Representative
combinatorial applications of the LLL and its variants to graph-theoretic problems include edge-
disjoint cycles [11–13], Ramsey theory [14–16], directed graphs [17, 18], graph coloring [19–21],
combinatorial arrays [22], and partially ordered sets [23, 24]. Further applications arise in satisfiability
and computational complexity. Classical SAT and computational complexity are treated in [25–27];
algorithmic aspects of the LLL for satisfiability are developed in [28–30]; and applications to constraint
satisfaction problems are discussed in [31, 32]. Quantum extensions of the LLL are considered in [33].
The LLL has also found numerous applications in information theory, coding theory, communication
networks, and group testing. Interactive communication is treated in [34–36]; communication-network
applications appear in [37, 38]; coding-theoretic applications include synchronization strings [39],
permutation and insertion–deletion codes [40–42], spatially-coupled codes [43, 44], multimedia and
IPP codes [45, 46], and separating codes [47–49]; group-testing applications are discussed in [50, 51];
and superimposed-code constructions and related combinatorial structures are studied in [52–54].
Connections between the LLL and statistical physics are explored in [55,56]; cluster-expansion methods
from statistical physics are used to strengthen the LLL in [57]. For surveys devoted to the LLL,
see [58, 59]; for broader expository accounts of the probabilistic method and its applications, including
the LLL, see [60–62].

In its classical form, the LLL is nonconstructive: It guarantees the existence of an assignment that
avoids all the undesirable events, yet does not, in general, provide an explicit method for finding such
an assignment. To describe the dependence structure among events underlying the LLL, we introduce
the following notions. Throughout, [n] := {1, . . . , n} for n ∈ N, with [0] := ∅.

Definition 1.1. (Mutual independence) Let (Ω,F ,P) be a probability space, n ∈ N, and A1, . . . , An ∈ F .
For i ∈ [n], the event Ai is independent of the σ-algebra σ

(
{A j : j ∈ [n] \ {i}}

)
if

P(Ai ∩ B) = P(Ai)P(B) for all B ∈ σ(A1, . . . , Ai−1, Ai+1, . . . , An). (1.1)
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If this holds for all i ∈ [n], then the events A1, . . . , An are said to be mutually independent.

Remark 1.2. For i ∈ [n], σ
(
{A j : j ∈ [n] \ {i}}

)
is called the σ-algebra generated by the events

A1, . . . , Ai−1, Ai+1, . . . , An, and it is defined as the smallest σ-algebra containing these events. Since the
family A1, . . . , Ai−1, Ai+1, . . . , An is finite, the σ-algebra it generates consists precisely of all events that
are obtained from these events by finitely many applications of unions, intersections, and complements.

Definition 1.3. (Dependency digraph) Let {Ai}
n
i=1 be events in a probability space. A directed graph

(digraph) D = ([n], E) is a dependency digraph for {Ai}
n
i=1 if, for all i ∈ [n], the event Ai is independent

of the σ-algebra generated by {A j : j , i, (i, j) < E}, where (i, j) denotes an arc from i to j.

Remark 1.4. Definition 1.3 requires more than pairwise independence: for each i ∈ [n], the event Ai

must be independent of the σ-algebra generated by the events {A j : j , i, (i, j) < E}.

Remark 1.5. (Nonuniqueness of the dependency digraph) In general, the dependency digraph for the
events {Ai}

n
i=1 is not unique. Indeed, if D = ([n], E) is a dependency digraph, then any digraph obtained

by adding arcs to E is also valid, since enlarging E weakens the independence requirement.

Theorem 1.6. (LLL) Let A1, . . . , An be events in a probability space (Ω,F ,P), and let D = ([n], E) be a
dependency digraph for these events. If there exist x1, . . . , xn ∈ [0, 1) such that

P(Ai) ≤ xi

∏
j:(i, j)∈E

(1 − x j), ∀ i ∈ [n], (1.2)

then,

P

 n⋂
i=1

Ai

 ≥ n∏
i=1

(1 − xi). (1.3)

In particular, the probability that none of the events {Ai}
n
i=1 occurs is positive.

To illustrate the power of the LLL beyond the settings covered by the union bound and independence,
suppose there exists an absolute constant c < 1/2 such that, for all i ∈ [n],

P(Ai) ≤ c,
∑

j:(i, j)∈E

P(A j) ≤ 1
4 .

Setting xi := 2P(Ai) yields xi ∈ [0, 1), and∏
j:(i, j)∈E

(1 − x j) ≥ 1 −
∑

j:(i, j)∈E

x j = 1 − 2
∑

j:(i, j)∈E

P(A j) ≥ 1
2 .

Consequently,
P(Ai) =

xi

2
≤ xi

∏
j:(i, j)∈E

(1 − x j), ∀ i ∈ [n].

By the LLL (Theorem 1.6), since 0 ≤ xi ≤ 2c < 1 for all i ∈ [n], it follows that

P

 n⋂
i=1

Ai

 ≥ n∏
i=1

(1 − xi) ≥ (1 − 2c)n,
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yielding an explicit positive lower bound on the probability that no event in {Ai}
n
i=1 occurs, with the

lower bound decaying exponentially in n. This extends a statement in [6, p. 12], restricted to the case
where c = 1

8 , where the positivity of this probability is noted.
We briefly review several major algorithmic and structural developments related to the LLL. Over

the years, a variety of important extensions and refinements of the lemma have been developed, many
of which address its historically nonconstructive nature. A central line of research, initiated in 1991
by Beck [63] and Alon [64], concerns algorithmic versions of the lemma. In this context, the variable
version of the LLL, where events are modeled as functions of independent random variables, plays a
fundamental role. A landmark breakthrough in this direction is due to Moser and Tardos [65], building
on the earlier breakthrough of Moser [66], who introduced an efficient randomized resampling algorithm
for avoiding all bad events in this variable setting. Subsequently, Kolipaka and Szegedy [67] showed
that the Moser–Tardos algorithm remains efficient throughout the full regime characterized by Shearer’s
bound [68].

This framework has also led to a refined understanding of dependency structures, including sharp
characterizations of feasibility boundaries. Recent developments have further revealed gaps between the
variable setting and the abstract dependency-graph formulation of the LLL [69, 70]. Moreover, [70]
established improved efficiency guarantees in the variable setting, thereby further separating it from the
abstract LLL framework, for which Shearer’s bound is optimal under dependency-graph formulations.

The analysis of these algorithms is closely related to the entropy-compression method, which provides
a unifying framework for bounding the probability of long resampling sequences and has evolved into a
powerful and widely used technique in probabilistic combinatorics [71–73]. Subsequent works have
further extended and refined this framework; see, e.g., the generalizations of the Moser–Tardos algorithm
by Pegden [74] and by Harvey and Vondrák [75]. Deterministic algorithms for the LLL have also been
developed [76, 77]. Another important direction concerns lopsided variants of the LLL, which replace
the classical mutual independence assumptions by weaker asymmetric dependency conditions [78].
Several strengthenings of the LLL, including the lopsided LLL and the cluster-expansion lemma, have
proven successful in applications where the standard LLL does not apply directly (see, e.g., [7, 57]).

This paper offers a self-contained expository treatment of the LLL and its strengthenings, emphasizing
mathematical foundations and applications and providing observations and refinements throughout. Its
main features are as follows:

(1) A reformulated proof of the LLL (Section 2), together with a pedagogical motivation in Remark 2.2.

(2) A treatment of the symmetric version of the LLL (Section 3), including strengthened guarantees
on the probability of avoiding all bad events (Corollaries 3.4 and 3.7, followed by Remark 3.8).

(3) A presentation of classical combinatorial applications of the symmetric and asymmetric LLL
(Section 4), together with several observations and refinements, including:

(a) Tightened results in Theorems 4.1 and 4.2, concerning the problems of edge-disjoint paths
and satisfiability of Boolean formulas, respectively.

(b) A slight tightening of Spencer’s lower bound on diagonal Ramsey numbers (Theorem 4.5),
together with a refined asymptotic formulation (Proposition 4.6 and Remark 4.7). A tightened
lower bound on off-diagonal Ramsey numbers, building on Spencer’s application of the
(asymmetric) LLL, is also presented (Theorem 4.9).
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(c) Strengthened results on hypergraph colorings (Theorems 4.17, 4.18, 4.20, and Remark 4.21).

(d) Strengthened bounds on cycle lengths in digraphs (Corollaries 4.24, 4.25, and Remark 4.26).

(e) An application of the classical LLL from [19] leads to a derivation of a tightened upper bound
on the acyclic chromatic number of a graph (Proposition 4.34).

(4) A presentation of the Moser–Tardos algorithm [65] for the constructive proof of the LLL in the
variable setting (Section 5), and an introduction to the entropy-compression principle (Section 6).

(5) A presentation of the lopsided LLL, together with its application to the existence of Latin
transversals in matrices (Section 7).

(6) A presentation of the cluster-expansion lemma, its implications, and an alternative treatment of the
Latin transversal problem by that lemma, which yields an improved result (Section 8).

(7) A presentation of the iterated LLL (Section 9) and a brief outlook on open directions (Section 10).

2. A reformulated proof of the LLL

This section presents a reformulated proof of the LLL in Theorem 1.6, followed by its pedagogical
motivation in Remark 2.2.

Proof. We present a proof based entirely on unconditional probability inequalities. In particular, no step
requires assuming that a conditioning event has positive probability.

Step 1: An auxiliary lemma. For S ⊆ [n], define

F(S ) :=
⋂
j∈S

A j. (2.1)

Lemma 2.1. Assume that the conditions of Theorem 1.6 hold. Then, for every S ⊂ [n] and i ∈ [n] \ S ,

P
(
Ai ∩ F(S )

)
≤ xi P

(
F(S )

)
. (2.2)

Proof of Lemma 2.1. We prove (2.2) by induction on |S |.

Base case. If S = ∅, then F(S ) = Ω, and (2.2) reduces to P(Ai) ≤ xi. Indeed, by (1.2),

P(Ai) ≤ xi

∏
j:(i, j)∈E

(1 − x j) ≤ xi,

where the last inequality holds since each factor satisfies 1 − x j ∈ [0, 1].

Induction hypothesis. Fix an integer m ≥ 1 and assume that (2.2) holds for every S ′ ⊂ [n] with |S ′| < m
and every i′ ∈ [n] \ S ′.

Induction step. Let S ⊂ [n] be an arbitrary set with |S | = m, and let i ∈ [n] \ S . Define

S 1 := { j ∈ S : (i, j) ∈ E}, S 2 := S \ S 1. (2.3)
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If S 1 = ∅, then (i, j) < E and j , i for all j ∈ S . By Definition 1.3, the event Ai is independent of the
σ-algebra generated by {A j : j ∈ S }, and in particular it is independent of

F(S ) =
⋂
j∈S

A j.

Therefore,
P
(
Ai ∩ F(S )

)
= P(Ai)P

(
F(S )

)
≤ xi P

(
F(S )

)
,

and (2.2) follows.
Assume now that S 1 , ∅. By (2.3), S 2 ⊆ { j : (i, j) < E}. Since i < S and S 2 ⊆ S , we have i < S 2.

Therefore, S 2 ⊆ { j : j , i, (i, j) < E}. By Definition 1.3, Ai is independent of the σ-algebra generated
by {A j : j ∈ S 2}; in particular, Ai is independent of F(S 2). As S 2 ⊆ S , we have F(S ) ⊆ F(S 2), so

P
(
Ai ∩ F(S )

)
≤ P

(
Ai ∩ F(S 2)

)
= P(Ai) P

(
F(S 2)

)
≤ xi

∏
j:(i, j)∈E

(1 − x j) P
(
F(S 2)

)
, (2.4)

where the last inequality holds by (1.2). We next derive a lower bound on P(F(S )) in terms of P(F(S 2)).
Let S 1 = { j1, . . . , jr} and, for t ∈ [r], let

Tt := S 2 ∪ { j1, . . . , jt−1}.

Note that |Tt| = |S 2| + t − 1 ≤ |S | − 1, hence, |Tt| < |S |. Define, for t = 0, 1, . . . , r, the events

Gt := F(S 2) ∩
t⋂

s=1

A js ,

so that G0 = F(S 2) and Gr = F(S ) (recall that S = S 1 ∪̇ S 2 is a disjoint union of S 1 and S 2). Then,
Gt = A jt ∩Gt−1, and therefore

P(Gt) = P(Gt−1) − P(A jt ∩Gt−1), t ∈ [r]. (2.5)

Since Gt−1 = F(Tt) and jt < Tt, the induction hypothesis applied to the pair (i′, S ′) = ( jt,Tt) gives

P(A jt ∩Gt−1) = P
(
A jt ∩ F(Tt)

)
≤ x jt P

(
F(Tt)

)
= x jt P(Gt−1).

Substituting into (2.5) yields

P(Gt) ≥ (1 − x jt)P(Gt−1), t ∈ [r]. (2.6)

Iterating for t = 1, 2, . . . , r, we obtain

P
(
F(S )

)
= P(Gr) ≥

r∏
t=1

(1 − x jt) P(G0) =
∏
j∈S 1

(1 − x j) P
(
F(S 2)

)
. (2.7)

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19665

Since S 1 ⊆ { j : (i, j) ∈ E} and each factor 1 − x j lies in [0, 1], it follows that∏
j∈S 1

(1 − x j) ≥
∏

j:(i, j)∈E

(1 − x j). (2.8)

Combining (2.4), (2.7), and (2.8) gives

P
(
Ai ∩ F(S )

)
≤ xi

∏
j:(i, j)∈E

(1 − x j) P
(
F(S 2)

)
≤ xi

∏
j∈S 1

(1 − x j) P
(
F(S 2)

)
≤ xi P

(
F(S )

)
,

which is (2.2). This completes the induction and proves Lemma 2.1. □

Step 2: Concluding the proof of the LLL. For k = 0, 1, . . . , n, define

Fk :=
k⋂

j=1

A j, with F0 = Ω. (2.9)

Let k ∈ [n] and S = {1, . . . , k − 1} (if k = 1, then S = ∅). By (2.1) and (2.9), we have F(S ) = Fk−1.
Applying Lemma 2.1 with this choice of S and i = k (noting that i ∈ [n] \ S ), we obtain

P(Ak ∩ Fk−1) ≤ xk P(Fk−1),

and therefore

P(Fk) = P(Fk−1) − P(Ak ∩ Fk−1)
≥ (1 − xk)P(Fk−1), (2.10)

with P(F0) = 1. Iterating (2.10) for k = 1, 2, . . . , n and using (2.9), we obtain

P

( n⋂
i=1

Ai

)
= P(Fn) ≥

n∏
i=1

(1 − xi),

which is (1.3). In particular, since xi ∈ [0, 1) for all i ∈ [n], it follows that

P

 n⋂
i=1

Ai

 > 0.

This completes the proof. □

Remark 2.2. (On avoiding conditioning assumptions) A common presentation of the LLL proves a
variation of Lemma 2.1, namely,

P

Ai

∣∣∣ ⋂
j∈S

A j

 ≤ xi, ∀ S ⊂ [n], i ∈ [n] \ S , (2.11)
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by manipulating conditional probabilities via identities such as

P (A | B ∩C) =
P (A ∩ B | C)
P (B | C)

, (2.12)

and expressing them in terms of conditional probabilities of the form

P

Ai ∩
⋂

j∈S \S ′
A j

∣∣∣ ⋂
j∈S ′

A j

 and P

Ai

∣∣∣ ⋂
j∈S ′

A j

 , S ′ ⊂ S .

See, for example, [1, pp. 616,617], [2, pp. 70–72], [3, pp. 147–150], [4, pp. 100–103], as well
as [5, pp. 21–23], [7, pp. 226–228], [8, pp. 30–31], [9, pp. 280–282], [10, p. 266], [14, 15], and [16,
pp. 111–114]. In standard proofs, such conditional probabilities are manipulated within an inductive
argument. However, their definition requires that the corresponding conditioning events have positive
probability, a fact whose validity is established only within the proof itself. Hence, intermediate steps
involve expressions whose validity depends on properties that are justified only a posteriori. The
approach adopted here avoids introducing conditional probabilities altogether. Instead, we work with
inequalities such as

P

Ai ∩
⋂
j∈S

A j

 ≤ xi P

⋂
j∈S

A j

 , (2.13)

which remain well-defined regardless of whether P(∩ j∈S A j) is positive or zero. This leads to a self-
contained argument in which the positivity of P(A1 ∩ · · · ∩ An) follows without requiring separate
justification of the positivity of intermediate conditioning events.

An alternative proof of the (asymmetric) LLL that does not rely on conditional probabilities, brought
to our attention by one of the anonymous referees, is presented in the lecture notes of Vondrák [79].

3. Symmetric LLL

In a wide range of applications, the events {Ai}
n
i=1 satisfy uniform bounds on their probabilities and

dependencies, allowing the conditions in Theorem 1.6 to be simplified. This gives the next result.

Theorem 3.1. (Symmetric version of the LLL) Let A1, . . . , An be events in an arbitrary probability
space. Suppose that, for every i ∈ [n], the event Ai is independent of the σ-algebra generated by all
the remaining events, except for at most d ≥ 1 of them, and assume that P(Ai) ≤ p for all i ∈ [n]. If
ep(d + 1) ≤ 1, then

P

 n⋂
i=1

Ai

 ≥ ( d
d + 1

)n

> e−
n
d . (3.1)

In particular, the probability that none of the events occurs is positive.

Remark 3.2. If d = 0, then the events {Ai}
n
i=1 are mutually independent, so

P

 n⋂
i=1

Ai

 = n∏
i=1

P(Ai) ≥ (1 − p)n > 0.
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Thus, the probability that none of the events {Ai}
n
i=1 occurs is positive whenever p < 1, in contrast to

the stronger condition p ≤ 1
e that would result from formally substituting d = 0 into the condition

ep(d + 1) ≤ 1.

Proof. Let d ≥ 1, and set x j := 1
d+1 for all j ∈ [n]. By the assumption of Theorem 3.1, there exists a

dependency digraph D = ([n], E) in which every vertex has outdegree at most d (see Definition 1.3).
Fix such a dependency digraph D for {Ai}

n
i=1. Then, for all i ∈ [n],

P(Ai) ≤
1

(d + 1)e
(3.2a)

≤
1

d + 1

(
1 +

1
d

)−d

(3.2b)

=
1

d + 1

(
1 −

1
d + 1

)d

(3.2c)

≤ xi

∏
j:(i, j)∈E

(1 − x j), (3.2d)

where (3.2a) holds by the assumption of the theorem; Eq (3.2b) follows from the fact that the sequence{(
1 + 1

k

)k}
k∈N is monotonically increasing and converges to e as k → ∞; Eq (3.2c) follows by

straightforward algebra; finally, Eq (3.2d) holds by the choice xi =
1

d+1 for all i ∈ [n] and since the
outdegrees of the considered dependency digraph are at most d. It then follows from Theorem 1.6 that

P

 n⋂
i=1

Ai

 ≥ n∏
i=1

(1 − xi) =
( d
d + 1

)n

> e−
n
d ,

where the last inequality holds since
(
1 + 1

d

)d
< e. □

By skipping inequality (3.2a) and starting instead from inequality (3.2b), the next sharper symmetric
criterion is obtained.

Corollary 3.3. (Spencer’s bound) Let A1, . . . , An be events in an arbitrary probability space. Suppose
that, for every i ∈ [n], the event Ai is independent of the σ-algebra generated by all the remaining events,
except for at most d ≥ 1 of them, and assume that P(Ai) ≤ p for all i ∈ [n]. If

p ≤
dd

(d + 1)d+1 , (3.3)

then

P

 n⋂
i=1

Ai

 ≥ ( d
d + 1

)n

> e−
n
d . (3.4)

Corollary 3.4. If ep
(
d + 1

2

)
≤ 1, then (3.4) holds.

Proof. The condition ep
(
d + 1

2

)
≤ 1 yields (3.3), as justified in Appendix A. Hence, Eq (3.4) holds by

Corollary 3.3. □
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Remark 3.5. The original version of the LLL, introduced by Erdős and Lovász in [1], asserts that

P
( n⋂

i=1

Ai

)
> 0

provided that 4pd ≤ 1, where p is an upper bound on the probability of each event Ai, and d is an
upper bound on the number of dependencies of each event. The standard sharpened formulation of the
symmetric LLL, stated in Theorem 3.1, establishes the condition ep(d + 1) ≤ 1. A further refinement,
due to Spencer [15, Theorem 1.4], shows that the same conclusion holds under the weaker condition
Eq (3.3). Theorem 3.1 and Corollary 3.3 also provide the explicit lower bound

(
d

d+1

)n
on the probability

that none of the events {Ai}
n
i=1 occurs, thereby strengthening the classical assertion that this probability

is merely positive. By Corollary 3.4, the lower bound in (3.4) holds, in particular, if ep
(
d + 1

2

)
≤ 1.

In [15], Spencer defined f (d) as the supremum of the set of all x ∈ [0, 1) such that, whenever
P(Ai) ≤ x for all i ∈ [n] and each event Ai is independent of the σ-algebra generated by all but at most
d ≥ 1 of the remaining events, then

P

 n⋂
i=1

Ai

 > 0.

He further asked whether the limit lim
d→∞

d f (d) exists, and if so, what its value is. The following theorem
of Shearer [68, Theorem 2] answers this question.

Theorem 3.6. (Shearer) For every integer d ≥ 1,

f (d) =


1
2 , if d = 1,

(d−1)d−1

dd , if d ≥ 2.
(3.5)

Consequently,

lim
d→∞

d f (d) =
1
e
, (3.6)

and the constant e in the condition ep(d + 1) ≤ 1 of Theorem 3.1 is asymptotically best possible.

Corollary 3.7. ([10, Problem 319]) Let A1, . . . , An be events in an arbitrary probability space. Suppose
that, for all i ∈ [n], the event Ai is independent of the σ-algebra generated by all the remaining events,
except for at most d ≥ 1 of them, and P(Ai) ≤ p. If epd ≤ 1, then

P

 n⋂
i=1

Ai

 > 0.

Proof. For every d ∈ N, we have 1
ed < f (d). Indeed, if d = 1, then 1

e <
1
2 = f (1), and if d ≥ 2, then

1
ed
<

1
d

(
1 +

1
d − 1

)−(d−1)

=
(d − 1)d−1

dd = f (d).

Hence, if epd ≤ 1, then p < f (d), and the result follows from Theorem 3.6. □
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Remark 3.8. Corollary 3.4 is not implied by Corollary 3.7. Indeed, under the condition epd ≤ 1 of
Corollary 3.7, the probability that none of the events {Ai}

n
i=1 occurs is only guaranteed to be positive

for a dependency digraph with maximum degree at most d. By contrast, under the stronger condition
ep

(
d + 1

2

)
≤ 1 of Corollary 3.4, this probability is lower-bounded by e−n/d whenever d ≥ 1. For

an undirected dependency graph on n vertices, where the maximum degree and its upper bound d
may exceed those of a corresponding dependency digraph, Vaccaro recently communicated to us an
unpublished proof that if epd ≤ 1, then the probability that none of the events occurs is at least e−n/d

whenever d ≥ 1 (personal communication, June 22, 2026).

4. Combinatorial applications of the LLL

This section presents several classical applications of the symmetric and asymmetric LLL in
probabilistic combinatorics and graph theory. These applications include bounds for the problem of
edge-disjoint paths (Section 4.1), the satisfiability problem for Boolean formulas in conjunctive normal
form (Section 4.2), lower bounds on diagonal and off-diagonal Ramsey numbers (Sections 4.3 and 4.4,
respectively), hypergraph coloring results (Section 4.5), the existence of directed cycles with prescribed
modular length (Section 4.6), and an upper bound on the acyclic chromatic number of graphs
(Section 4.7). These applications highlight the versatility of the LLL as a tool for probabilistic existence
proofs, and strengthened results and additional observations are incorporated throughout this section.

4.1. Edge-disjoint paths

Assume that in a communication network, n pairs of users need to communicate via edge-disjoint
paths, and that for each pair there are at least a given number of candidate paths. Using the symmetric
version of the LLL, one can show that if, for every two distinct pairs of users, each candidate path of
one pair intersects (in an edge) only a limited number of candidate paths of the other pair, then there
exists a choice of edge-disjoint paths connecting all n pairs. The following result makes this statement
precise and provides a strengthened version of [3, Theorem 6.12].

Theorem 4.1. (Edge-disjoint paths) Let G = (V, E) be a graph, and let {{xi, yi}}
n
i=1 be different unordered

pairs of distinct vertices. For each i ∈ [n], let Qi be a set of paths connecting xi and yi, where |Qi| ≥ m
for some fixed m ∈ N. Assume that for all distinct i, j ∈ [n], each path in Qi shares an edge with at most
k paths in Q j. If k < m, n = 2,

e · k
m · (2n − 4) ≤ 1, n ≥ 3,

(4.1)

then there exist paths Pi ∈ Qi, for all i ∈ [n], such that P1, . . . , Pn are pairwise edge-disjoint.

Proof. For each i ∈ [n], let the path Pi be chosen independently and uniformly at random from Qi.
Consider the bad events Ai, j = {Pi and P j share an edge}, for all pairs (i, j) such that 1 ≤ i < j ≤ n.

Step 1: Bounding the probability of a bad event. Fix i, j ∈ [n] with i < j. Once the path Pi is chosen, it
shares an edge with at most k paths in Q j. Since P j is chosen independently and uniformly at random
from Q j, where |Q j| ≥ m, it follows that

P(Ai, j) ≤
k
m
. (4.2)
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For n = 2, there is only one bad event, namely that the two selected paths share an edge. Since
P(A1,2) ≤ k

m , the sharp sufficient condition for the existence of a choice of two edge-disjoint paths in this
case is k < m. Conversely, if k = m, then the conclusion may fail; for example, this occurs if every path
in Q1 intersects every path in Q2.

We next consider the case where n ≥ 3.

Step 2: The dependency structure. Each event Ai, j depends only on the random choices Pi and P j.
Since the random paths P1, . . . , Pn are mutually independent, it follows that Ai, j is independent of the
σ-algebra generated by all the remaining bad events, except possibly for those events Ar,s for which
{r, s} ∩ {i, j} , ∅. These excluded events are precisely those of the form Ai,ℓ or Aℓ,i, and A j,ℓ or Aℓ, j,
where ℓ ∈ [n] \ {i, j}. Other than Ai, j, there are exactly n − 2 bad events involving the index i, and
similarly n − 2 bad events involving the index j. Hence, every bad event Ai, j is independent of the
σ-algebra generated by all but at most 2n − 4 of the remaining bad events.

Step 3: Applying the symmetric LLL. For n ≥ 3, we apply Corollary 3.7 with

p =
k
m
, d = 2n − 4. (4.3)

If epd ≤ 1, then with positive probability no bad event Ai, j (for 1 ≤ i < j ≤ n) occurs. This condition
coincides with (4.1), which holds by assumption. Therefore, there exist pairwise edge-disjoint paths
Pi ∈ Qi for all i ∈ [n]. □

4.2. Satisfibability problems

The k-satisfibability (k-SAT) problem is a fundamental object in probabilistic combinatorics,
concerned with the satisfiability of Boolean formulas in conjunctive normal form, where a formula is
expressed as an AND of clauses, each clause being an OR of literals (variables or their negations), and
each clause contains exactly k literals. In this setting, each clause can be associated with a bad event,
namely that the clause is not satisfied. By endowing the space of assignments with a suitable probability
measure, one obtains a collection of (typically dependent) bad events, making k-SAT a natural
framework for applications of the LLL. The lemma then provides sufficient conditions under limited
dependency to guarantee the existence of an assignment that avoids all such events, and hence satisfies
the formula. The following result strengthens a result appearing in [3, Theorem 6.13], [6, Theorem 3.1]
and [9, Lemma 19.8].

Theorem 4.2. (Satisfiability criterion for a k-SAT formula) A k-SAT formula is satisfiable if no variable
appears in more than 2k

ek clauses. Furthermore, for such a k-SAT formula with n clauses, a uniformly
random assignment satisfies the formula with probability at least exp

(
−en2−k).

Proof. Consider a k-SAT formula in which each variable appears in at most 2k

ek clauses, and choose a
random assignment by setting each variable independently to 0 or 1, each with probability 1

2 . For each
clause C, let AC be the bad event that C is not satisfied. Since C contains k literals, all of which must
evaluate to 0 for AC to occur, we have

p := P(AC) = 2−k. (4.4)

Each event AC is independent of the σ-algebra generated by all the remaining bad events, except for
those events whose clause shares a variable with C. Each of the k variables appearing in C appears in at
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most 2k

ek clauses. Hence, excluding C, the number of clauses sharing at least one variable with C is at
most

d ≤ k ·
2k

ek
− 1 =

2k

e
− 1. (4.5)

Therefore, AC is independent of the σ-algebra generated by all but at most d of the remaining bad events.
By Theorem 3.1, since ep(d + 1) ≤ 1, it follows that with positive probability no bad event occurs. This
implies that there exists an assignment that satisfies all clauses.

Finally, we apply the asymmetric LLL (Theorem 1.6) to derive the claimed lower bound on the
probability that a uniformly random assignment satisfies a k-SAT formula with n clauses. Let x := 1−e−a

with a := ep = e2−k. Consider the dependency graph whose vertex set consists of all bad events, and
where any two vertices are adjacent if and only if their corresponding clauses share at least one variable.
Then, the degree of every vertex is at most d ≤ 2k

e − 1 = 1
a − 1. Consequently,

p = 2−k =
a
e
≤

ea − 1
e
= (1 − e−a) e−1+a = x(1 − x)

1
a−1 ≤ x(1 − x)d. (4.6)

Thus the hypotheses of the LLL are satisfied, and therefore

P

⋂
C

AC

 ≥ (1 − x)n = exp(−en2−k). (4.7)

This completes the proof. □

4.3. Lower bounds on the diagonal Ramsey numbers

A fundamental principle of combinatorics is that complete disorder cannot persist in sufficiently
large systems. Ramsey theory provides a precise formulation of this phenomenon, and Ramsey numbers
measure the threshold beyond which prescribed structures must inevitably appear (see, e.g., [16]).

Definition 4.3. (Ramsey numbers) Let k, ℓ ≥ 2 be integers. The Ramsey number R(k, ℓ) is the smallest
integer n ≥ 2 such that every 2-coloring of the edges of the complete graph Kn contains either a
monochromatic copy of Kk in the first color or a monochromatic copy of Kℓ in the second color.

• The diagonal Ramsey numbers are the numbers R(k, k); equivalently, R(k, k) is the smallest integer
n ≥ 2 such that every graph on n vertices contains either a clique or an independent set on k
vertices.
• The off-diagonal Ramsey numbers are all the remaining numbers R(k, ℓ) with k , ℓ.

This subsection revisits the lower bound on the diagonal Ramsey numbers derived in [14], relying
on the symmetric version of the LLL (Theorem 3.1). Theorem 4.4 restates [14, Theorem 2]. A slight
sharpening, based on the same argument, is presented in Theorem 4.5, and the identical asymptotic
behavior of the two lower bounds is analyzed in Proposition 4.6, which refines [14, Corollary 1].

Theorem 4.4. Let k ≥ 2 be an integer. If

e
(
k
2

) (
n − 2
k − 2

)
21−(k

2) ≤ 1, (4.8)

for some integer n ≥ 2, then R(k, k) > n.
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Proof. Color the edges of the complete graph Kn using two colors, uniformly at random and
independently. For a set S of k vertices, let AS be the event that all edges with both endpoints in S are
monochromatic. Then, P(AS ) = 21−(k

2). Moreover, AS is independent of the σ-algebra generated by the
events {

AT : T ⊆ [n], |T | = k, |T ∩ S | ≤ 1
}
,

since, whenever |T ∩ S | ≤ 1, the events AS and AT depend on disjoint sets of independent edge-color
variables. Thus, the only events AT , with T , S , that may depend on AS are those for which |T ∩ S | ≥ 2.
Their number is at most

(
k
2

) (
n−2
k−2

)
− 1. Indeed, for each pair {i, j} ⊆ S , let

F{i, j} :=
{
T ⊆ [n] : |T | = k, {i, j} ⊆ T

}
.

Then,

|F{i, j}| =
(
n − 2
k − 2

)
.

Clearly, {
T ⊆ [n], |T | = k, |T ∩ S | ≥ 2, T , S

}
=

 ⋃
{i, j}⊆S

F{i, j}

 \ {S },
so, by the subadditivity of cardinality,

d :=
∣∣∣∣{T ⊆ [n], |T | = k, |T ∩ S | ≥ 2, T , S

}∣∣∣∣ ≤ ∑
{i, j}⊆S

|F{i, j}| − 1

=

(
k
2

) (
n − 2
k − 2

)
− 1.

Finally, by Theorem 3.1 with

p = 21−(k
2), d′ =

(
k
2

) (
n − 2
k − 2

)
− 1, (4.9)

and d ≤ d′, it follows that if ep(d′ + 1) ≤ 1, or equivalently, if (4.8) holds, then

P

 ⋂
S⊆[n]: |S |=k

AS

 > 0. (4.10)

In other words, with positive probability, the random coloring of Kn does not contain any monochromatic
copy of Kk. Hence, R(k, k) > n, which proves Theorem 4.4. □

A variation of Theorem 4.4, which gives a slightly better lower bound on the diagonal Ramsey
numbers is given as follows.

Theorem 4.5. Let k ≥ 2 be an integer. If, for some integer n ≥ 2,

e
[(

n
k

)
−

(
n − k

k

)
− k

(
n − k
k − 1

)]
21−(k

2) ≤ 1, (4.11)

then R(k, k) > n.
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Proof. The proof follows the same argument as that of Theorem 4.4, except that we evaluate the exact
value of d instead of using the upper bound d′ in (4.9).

For an arbitrary k-subset S ⊆ [n], d is the (fixed) number of k-subsets T ⊆ [n], distinct from S , that
satisfy |T ∩ S | ≥ 2. Since there are

(
n
k

)
k-subsets of [n], of which

(
n−k

k

)
are disjoint from S and k

(
n−k
k−1

)
intersect S in exactly one element, it follows that

d =
(
n
k

)
−

(
n − k

k

)
− k

(
n − k
k − 1

)
− 1. (4.12)

Thus, applying Theorem 3.1 with p = 21−(k
2) (see (4.9)) and d given by (4.12), we conclude that

if ep (d + 1) ≤ 1, or equivalently, if (4.11) is satisfied, then (4.10) holds. Therefore, with positive
probability, the random coloring of Kn contains no monochromatic copy of Kk, and so R(k, k) > n. □

Numerical experiments comparing the lower bounds on the diagonal Ramsey numbers R(k, k) given
in Theorems 4.4 and 4.5 suggest that the fractional improvement provided by Theorem 4.5 decreases
with k, and tends to zero as k → ∞.

The next result, which follows from Theorem 4.4, refines the asymptotic lower bound on the diagonal
Ramsey numbers in [14, Corollary 1].

Proposition 4.6. For every ε ∈ (0, 1), there exists k0 = k0(ε) ∈ N such that

R(k, k) > (1 − ε)
( √

2
e

)
k2

k
2 , ∀ k ≥ k0. (4.13)

Remark 4.7. An explicit closed-form expression for a valid k0 = k0(ε) is derived in the proof of
Proposition 4.6 (see (4.17)), and its behavior is then analyzed as ε→ 0+ (see (4.19a)).

Proof. Let cε := (1 − ε)
√

2
e . We show that there exists k0 = k0(ε) ∈ N such that

R(k, k) > cε k 2k/2, ∀ k ≥ k0.

Fix n :=
⌊
cε k 2k/2⌋. By Theorem 4.4, it suffices to show that inequality (4.8) holds for all sufficiently

large k. Since n ≤ cεk2k/2 and
(

n−2
k−2

)
≤ nk−2

(k−2)! , we get

e
(
k
2

) (
n − 2
k − 2

)
21−(k

2) ≤ e
(
k
2

)
(cεk)k−2

(k − 2)!
21−k/2, (4.14)

By Stirling’s inequality, asserting that n! ≥
√

2πn (n/e)n for all n ∈ N, together with the inequality(
k

k−2

)k−2
≤ e2 that holds for all k ≥ 3, it follows from (4.14) that

e
(
k
2

) (
n − 2
k − 2

)
21−(k

2) ≤

√
3

8π
e3 k3/2 (1 − ε)k−2, ∀ k ≥ 3. (4.15)

Since ε ∈ (0, 1), the right-hand side of (4.15) tends to zero as k → ∞. Consequently, there exists
k0 = k0(ε) ∈ N such that (4.8) holds for all k ≥ k0. By Theorem 4.4, R(k, k) ≥ n + 1 for all k ≥ k0, and
therefore

R(k, k) > cε k 2k/2, ∀ k ≥ k0,

which proves (4.13) by the expression for cε. □
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The proof of Proposition 4.6 enables one to get an explicit closed-form expression for a suitable
choice of k0 = k0(ε). Let ε ∈ (0, 1). From (4.15), together with the requirement to satisfy (4.8) for all
k ≥ k0, it follows that k0 can be selected to be the smallest integer k ≥ 3 that satisfies the inequality√

3
8π

e3 k3/2 (1 − ε)k−2 ≤ 1. (4.16)

A suitable choice of k0 = k0(ε) is obtained by solving inequality (4.16) subject to the constraint k ≥ 3,
as detailed in Appendix B. This gives

k0 = max
{

3,
⌈
3W−1

(
β ln(1 − ε) (1 − ε)4/3)

2 ln(1 − ε)

⌉}
, (4.17)

where W−1(·) denotes the secondary branch of the Lambert W-function, and

β =
4

3e2
3

√
π

3
≈ 0.183242. (4.18)

We have

W−1(x) = ln(−x) − ln
(
− ln(−x)

)
+ o(1) as x→ 0−,

ln(1 − x) = −x + O(x2) as x→ 0,

which, applied to the right-hand side of (4.17), yields

k0(ε) ≈
3
2ε

[
ln

( 1
βε

)
+ ln ln

( 1
βε

)]
(4.19a)

= Θ

(1
ε

ln
1
ε

)
. (4.19b)

We close this subsection by noting that the lower bounds on the diagonal Ramsey numbers R(k, k)
given in Theorems 4.4 and 4.5 are well below the state-of-the-art bounds for small values of k. For
example, the resulting lower bounds on R(10, 10) are 99 and 105, respectively, whereas the current
best lower bound is 798, due to [80] (see also [81, Table 1a]). The significance of the LLL-based
analysis in this subsection lies instead in Proposition 4.6 and (4.17)–(4.19b), which provide a refinement
of the LLL-based analysis underlying the asymptotically best known lower bound on R(k, k) due
to [14, Corollary 1].

4.4. Lower bounds on the off-diagonal Ramsey numbers

As a continuation of Section 4.3, we now apply the asymmetric LLL (Theorem 1.6) to derive lower
bounds on off-diagonal Ramsey numbers. This extends the use of the symmetric LLL in the preceding
subsection to derive lower bounds on diagonal Ramsey numbers. This presentation follows Spencer’s
analysis in [14, 15].

Theorem 4.8. (Lower bound on off-diagonal Ramsey numbers) Let k, ℓ ≥ 2 be distinct integers, and
define a :=

(
k
2

)
and b :=

(
ℓ
2

)
. If, for some integer n ≥ 2, there exist numbers p, x, y ∈ (0, 1) such that

pa ≤ x (1 − x)ε (1 − y)ϑ, (4.20)
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(1 − p)b ≤ y (1 − x)φ (1 − y) ρ, (4.21)

where

ε :=
(
k
2

) (
n − 2
k − 2

)
, ϑ :=

(
k
2

) (
n − 2
ℓ − 2

)
, φ :=

(
ℓ

2

) (
n − 2
k − 2

)
, ρ :=

(
ℓ

2

) (
n − 2
ℓ − 2

)
. (4.22)

Then, R(k, ℓ) > n.

Proof. Color the edges of the complete graph Kn independently at random, assigning each edge the
color blue with probability p and the color red with probability 1 − p. For a set S ⊆ [n] with |S | = k, let
AS be the event that all edges with both endpoints in S are colored blue; likewise, for a set T ⊆ [n] with
|T | = ℓ, let BT be the event that all edges with both endpoints in T are colored red. Then, P(AS ) = pa

and P(BT ) = (1 − p)b. Any two of these events are independent whenever their corresponding sets share
at most one element (i.e., their corresponding cliques share no edge).

Let x, y ∈ (0, 1), and set xAS = x and xBT = y for all such subsets S ,T ∈ [n] with |S | = k and |T | = ℓ.
Consider an associated dependency graph, whose vertex set is the above family of events, and where
any two of them are adjacent if and only if they intersect in at least two elements.

(1) The total number of edges linking AS with any of the events in {AS ′}, where S ′ ∈ [n], |S ′| = k, and
|S ∩ S ′| ≥ 2, is at most ε. Likewise, the total number of edges linking AS with any of the events in
{BT ′}, where T ′ ∈ [n], |S ∩ T ′| ≥ 2, and |T ′| = ℓ, is at most ϑ.

(2) The total number of edges linking BT with any of the events in {AS ′}, where S ′ ∈ [n], |S ′| = k, and
|T ∩ S ′| ≥ 2, is at most φ. Likewise, the total number of edges linking BT with any of the events in
{BT ′}, where T ′ ∈ [n], |T ∩ T ′| ≥ 2, and |T ′| = ℓ, is at most ρ.

By the LLL (Theorem 1.6), it follows that if the conditions in (4.20) and (4.21) hold, then

P

 ⋂
S⊆[n]: |S |=k

AS ∩
⋂

T⊆[n]: |T |=ℓ

BT

 > 0. (4.23)

This implies that, with positive probability, the complete graph Kn contains neither a blue copy of Kk

nor a red copy of Kℓ, which implies that R(k, ℓ) > n. □

In analogy with the tightened lower bound for diagonal Ramsey numbers in Theorem 4.5, we next
present a tightened version of Theorem 4.8. As in the proof of Theorem 4.5, the improvement is obtained
by replacing the upper bounds on the numbers of edges in each of the four cases in the same dependency
graph with their exact values.

Theorem 4.9. (Lower bound on off-diagonal Ramsey numbers) Let k, ℓ ≥ 2 be distinct integers, and
define a :=

(
k
2

)
and b :=

(
ℓ
2

)
. If, for some integer n ≥ 2, there exist numbers p, x, y ∈ (0, 1) such that

pa ≤ x (1 − x)ε
′

(1 − y)ϑ
′

, (4.24)

(1 − p)b ≤ y (1 − x)φ
′

(1 − y) ρ
′

, (4.25)

where

ε′ :=
(
n
k

)
−

(
n − k

k

)
− k

(
n − k
k − 1

)
− 1, ϑ′ :=

(
n
ℓ

)
−

(
n − k
ℓ

)
− k

(
n − k
ℓ − 1

)
, (4.26)
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φ′ :=
(
n
k

)
−

(
n − ℓ

k

)
− ℓ

(
n − ℓ
k − 1

)
, ρ′ :=

(
n
ℓ

)
−

(
n − ℓ
ℓ

)
− ℓ

(
n − ℓ
ℓ − 1

)
− 1. (4.27)

Then, R(k, ℓ) > n.

Remark 4.10. Following the proof of Theorem 4.8, the subtraction of 1 in the definitions of ε′ and
ρ′ in Eqs (4.26) and (4.27), respectively, accounts for the fact that, in the corresponding same-type
counts, the event itself must be excluded. In contrast, no subtraction of 1 appears in the mixed counts
corresponding to ϑ′ and φ′, since the events AS and BT are distinct for all sets S and T with |S | = k and
|T | = ℓ (even when S = T and k = ℓ).

The next asymptotic lower bound on off-diagonal Ramsey numbers is a consequence of Theorem 4.8
(see [15, Theorem 2.2] for a proof).

Theorem 4.11. (Asymptotics) For every fixed integer k ≥ 3, there exists a constant ck > 0 such that

R(k, ℓ) ≥ ck

(
ℓ

log ℓ

) k+1
2

(4.28)

for all sufficiently large ℓ.

We close this subsection by noting that several recent works (see [82–85]) derive improved lower
bounds on off-diagonal Ramsey numbers using probabilistic techniques that do not rely on the LLL.

4.5. Coloring hypergraphs

Using the LLL, the seminal work [1] established the existence of hypergraphs with a prescribed
chromatic number. Their approach highlights the power of probabilistic methods in demonstrating the
existence of sparse hypergraphs with nontrivial coloring properties.

This subsection concerns the coloring of hypergraphs and is based in part on [1] and [2, Section 5.2],
together with some reformulated proofs and strengthened results on hypergraph colorings
(Theorems 4.17, 4.18, 4.20, and Remark 4.21).

Definition 4.12. A hypergraph H = (V, E) consists of a set of vertices V and a collection E of subsets
of V . Each element h ∈ E is called a hyperedge. A hypergraph H = (V, E) is k-colorable if there is a
k-coloring of V such that no hyperedge is monochromatic.

Theorem 4.13. Let H = (V, E) be a hypergraph in which every hyperedge has size at least r, and each
hyperedge intersects at most d other hyperedges. If ed ≤ kr−1, with k ≥ 2, then H is k-colorable.

Proof. Assign to each vertex v of H a random color chosen independently and uniformly from [k]. For
each hyperedge h ∈ E, let Ah be the bad event that h is monochromatic. By assumption |h| ≥ r, which
implies that

P(Ah) = k
(
1
k

)|h|
≤ k1−r for all h ∈ E. (4.29)

Moreover, due to the independent coloring of the vertices, Ah is independent of the σ-algebra generated
by all bad events Ah′ such that h ∩ h′ = ∅. Since h intersects at most d other hyperedges, it follows
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that Ah is independent of the σ-algebra generated by all other bad events except for at most d of them.
Hence, there exists a dependency graph for the family of events {Ah}h∈E whose maximum degree is at
most d. Applying Corollary 3.7 with p = k1−r, it follows that if edk1−r ≤ 1, then

P

⋂
h∈E

Ah

 > 0. (4.30)

This shows that if ed ≤ kr−1, then H admits a k-coloring in which no hyperedge is monochromatic. By
definition, H is k-colorable. □

Definition 4.14. A hypergraph H is r-uniform if each hyperedge has size r, and it is b-regular if every
vertex in V is contained in exactly b hyperedges of H.

Corollary 4.15. Let H be an r-uniform and b-regular hypergraph with b, r ≥ 2, and let k ≥ 2. If
er(b − 1) ≤ kr−1, then H is k-colorable.

Proof. Each hyperedge h ∈ E contains exactly r vertices, and each of these vertices belongs to exactly b
hyperedges. Therefore, for every h ∈ E, the number of hyperedges intersecting h is at most r(b − 1).
Hence, Theorem 4.13 applies with d = r(b − 1), yielding the desired result. □

Corollary 4.16. Let H be an r-uniform and r-regular hypergraph. Then, H is 2-colorable if r ≥ 9,
and 3-colorable if r ≥ 5, 4-colorable if r ≥ 4, 5-colorable if r ≥ 3, and 6-colorable if r ≥ 2.

Proof. By Corollary 4.15, applied with r = b, it follows that if er(r − 1) ≤ kr−1, then H is k-colorable.
This inequality holds if and only if r ≥ 9, 5, 4, 3, and 2 for k = 2, 3, 4, 5, and 6, respectively. □

The next two results restate [1, Theorems 2 and 3], respectively, and present reformulated proofs that
yield slightly stronger conclusions, based on Corollary 3.7 and on replacing the constant 4 in [1] by e.
Moreover, these proofs are somewhat simpler, as they do not rely on the line graph of H, but instead
work directly with H.

Theorem 4.17. Let k, r ≥ 2, and let H be an r-uniform hypergraph. If every hyperedge of H intersects
at most 1

e kr−1 other hyperedges, then H is k-colorable. In particular, if every vertex of H has degree at

most kr−1

er , then H is k-colorable.

Proof. The first assertion is a direct restatement of Theorem 4.13. Since every hyperedge of H intersects
at most 1

e kr−1 other hyperedges, it follows that H is k-colorable.
The second assertion follows immediately from the first. Indeed, every hyperedge contains r vertices,

each of degree at most kr−1

er . Therefore, the number of hyperedges intersecting a given hyperedge is at
most r · kr−1

er =
1
e kr−1, where we rely on the subadditivity of cardinality. Applying the first assertion

completes the proof. □

Theorem 4.18. Let r ≥ k ≥ 2, and let H be an r-uniform hypergraph. If every hyperedge of H intersects
at most

⌊
kr−1

e(k−1)r

⌋
other hyperedges, then H admits a k-coloring in which each hyperedge contains all

colors.

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19678

Proof. As in the proof of Theorem 4.13, assign to each vertex of H a color chosen independently and
uniformly at random from [k]. For each hyperedge h ∈ E, let Ah denote the bad event that h does not
contain all k colors. Since the event Ah is the union of the k events that a particular color is missing from
h, it follows by the union bound that

P(Ah) ≤ k
(
1 −

1
k

)r

:= p for all h ∈ E. (4.31)

Since Ah depends only on the colors assigned to the vertices of h, and the vertices of H are colored
independently, Ah is independent of the σ-algebra generated by all bad events Ah′ such that h ∩ h′ = ∅.
Let

d :=
⌊

kr−1

e(k − 1)r

⌋
. (4.32)

Since h intersects at most d other hyperedges, it follows that Ah is independent of theσ-algebra generated
by all other bad events except for at most d of them. Hence, there exists a dependency graph for the
family of events {Ah}h∈E with maximum degree at most d. This implies that

epd ≤ ek
(
1 −

1
k

)r

·
kr−1

e(k − 1)r = 1. (4.33)

By Corollary 3.7, with positive probability, no bad event Ah (h ∈ E) occurs. Therefore, there exists a
k-coloring of the vertices of H in which every hyperedge contains all k colors. □

In the following, we propose a stronger version of Theorem 4.18. To derive an exact closed-form
expression for the probability P(Ah) in place of the upper bound on the right-hand side of (4.31), we
recall the definition of the Stirling numbers of the second kind.

Definition 4.19. Let n, k ∈ N. The Stirling number of the second kind, denoted by S (n, k), is the number
of ways to partition the set [n] into k nonempty and pairwise disjoint subsets. If k > n, then S (n, k) = 0.

In the proof of Theorem 4.18, the r vertices of a hyperedge h ∈ E are independently assigned colors
chosen uniformly at random from [k]. Hence, all kr colorings of h are equally likely. By Definition 4.19,
the number of colorings of h that use all k colors is k! S (r, k). Therefore, the probability of the bad event
Ah, namely, that h does not contain all k colors, is

P(Ah) = 1 −
k! S (r, k)

kr . (4.34)

By [86, Eq (6.19)], which gives a closed-form expression for S (r, k), it follows that if r ≥ k ≥ 2, then

P(Ah) = 1 −
1
kr

k∑
j=0

{
(−1)k− j

(
k
j

)
j r

}
, h ∈ E. (4.35)

This allows one to sharpen the result of Theorem 4.18 through an application of Corollary 3.7, replacing
the upper bound p on P(Ah) in (4.31) with the exact value given by (4.35). Consequently, the following
result holds:
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Theorem 4.20. Let r ≥ k ≥ 2, and let H be an r-uniform hypergraph. If every hyperedge of H intersects
at most

1

e
(
1 − 1

kr

k∑
j=0

{
(−1)k− j

(
k
j

)
j r
})

other hyperedges, then H admits a k-coloring in which each hyperedge contains all colors.

The following remark shows that the improvement afforded by the sharpened result in Theorem 4.20
over Theorem 4.18 allows one to increase the number of hyperedges intersecting any given hyperedge
by at most 1.

Remark 4.21. Let r ≥ k ≥ 2, and define

Dr,k := k
(
1 −

1
k

)r

, Nr,k := 1 −
k! S (r, k)

kr . (4.36)

Furthermore, set

Ar,k :=
⌊

1
eDr,k

⌋
, Br,k :=

⌊
1

eNr,k

⌋
. (4.37)

Then, Ar,k and Br,k represent, respectively, the largest number of hyperedges that may intersect a given
hyperedge in an r-uniform hypergraph such that Theorem 4.18 or Theorem 4.20 guarantees the existence
of a k-coloring in which every hyperedge contains all k colors.

The quantity Dr,k is the expected number of empty boxes when r balls are thrown independently
and uniformly into k boxes, and Nr,k is the probability that at least one box is empty. Indeed, Dr,k is
the sum of the probabilities that the individual boxes are empty, and therefore, by the union bound,
Nr,k ≤ Dr,k. Consequently, Br,k ≥ Ar,k, and we next show that their difference is at most one. Let X
denote the number of empty boxes, i.e.,

X =
k∑

i=1

Ii, Ii := 1{box i is empty} for all i ∈ [k],

where 1E denotes the indicator function of an event E. Then,

E[Ii] =
(
1 −

1
k

)r

, E[X] = Dr,k, P(X ≥ 1) = Nr,k,

E[IiI j] =
(
1 −

2
k

)r

, for all i , j,

so

Cov(Ii, I j) =
(
1 −

2
k

)r

−

(
1 −

1
k

)2r

< 0,

thus the indicators {Ii} are negatively correlated. Therefore,

Var(X) =
k∑

i=1

Var(Ii) +
∑
i, j

Cov(Ii, I j) ≤
k∑

i=1

Var(Ii).
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Since each Ii is a Bernoulli random variable with mean p =
(
1 − 1

k

)r
, it follows that

Var(Ii) = p(1 − p) ≤ p,

Var(X) ≤ kp = Dr,k.

By the Cauchy–Schwarz inequality, and since X is a nonnegative integer-valued random variable,

(E[X])2 = (E[X1{X≥1}])2

≤ E[X2] E[1{X≥1}]
= E[X2] P(X ≥ 1), (4.38)

and therefore

Nr,k = P(X ≥ 1) ≥
(E[X])2

E[X2]
. (4.39)

Since
E[X2] = Var(X) + (E[X])2 ≤ Dr,k + D2

r,k,

we get

Nr,k ≥
D2

r,k

Dr,k + D2
r,k

=
Dr,k

1 + Dr,k
.

Consequently,

0 ≤
1

eNr,k
−

1
eDr,k

≤
1
e
< 1,

and therefore, by (4.37),

Br,k − Ar,k ∈ {0, 1}. (4.40)

The equality Br,k = Ar,k + 1 can hold for some pairs (r, k) with r ≥ k ≥ 2, and Table 1 provides several
such numerical examples.

Table 1. Examples of pairs (r, k) with r ≥ k ≥ 2 for which the equality Br,k = Ar,k + 1 holds.

(r, k) Ar,k Br,k

(21, 5) 7 8

(22, 5) 9 10

(19, 6) 1 2

(28, 7) 3 4

(35, 8) 4 5

(41, 8) 10 11

(48, 8) 27 28
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4.6. Length of cycles in directed graphs

The following result, due to Alon and Linial [17], provides an insightful application of the symmetric
version of the LLL (Theorem 3.1). Unlike the three preceding applications in Sections 4.3–4.5, the next
theorem is not directly concerned with graph coloring, although its proof relies on coloring arguments.

Theorem 4.22. ([17]) Let D = (V, E) be a finite, simple, and directed graph with minimum out-degree
δ ≥ 1 and maximum in-degree at most ∆ ≥ 1. If, for some k ∈ N,

e
(
δ∆ + 1

) (
1 −

1
k

)δ
≤ 1, (4.41)

then D contains a directed cycle whose length is divisible by k.

Remark 4.23. By Corollary 3.7 and the proof of Theorem 4.22, the condition in (4.41) can be relaxed
to

eδ∆
(
1 −

1
k

)δ
≤ 1. (4.42)

For completeness, we present a more detailed version of the proof appearing in [2, p. 88] and [17,
Theorem 2.3].

Proof. We may assume that all out-degrees are equal to δ. Indeed, by deleting arcs if necessary, we
obtain a spanning subgraph of D in which every vertex has out-degree δ, and the maximum in-degree
remains at most ∆. Any directed cycle in this spanning subgraph is also present in D; in particular, so is
any directed cycle whose length is divisible by k.

We use the LLL to show that there exists a vertex coloring c: V → [k] such that every vertex v ∈ V
has an out-neighbor u with c(u) ≡ c(v) + 1 (mod k).

We first show that the existence of such a k-coloring implies the theorem. Let c : V → [k] be such
a coloring. Since D is finite and every vertex has out-degree at least 1, we may construct a directed
walk as follows. Start at some vertex v1 ∈ V , and for each i ≥ 1, choose an out-neighbor vi+1 of vi with
c(vi+1) ≡ c(vi) + 1 (mod k). Since D is finite, some vertex must repeat. Let j be the smallest index such
that v j = vℓ for some ℓ < j. Consider the directed cycle

vℓ → vℓ+1 → · · · → v j = vℓ.

Then,

c(v j) ≡ c(v j−1) + 1 ≡ · · · ≡ c(vℓ) + ( j − ℓ) (mod k),

and therefore
( j − ℓ) ≡ 0 (mod k).

Hence, the constructed directed cycle in D has length j − ℓ, which is divisible by k.
Next, we use the LLL to prove the existence of such a k-coloring. Let N+(v) and N−(v) denote the

sets of out-neighbors and in-neighbors of a vertex v in a directed graph D, respectively. These are
referred to as the open out-neighborhood and open in-neighborhood of v. Furthermore, define

N+[v] := N+(v) ∪ {v}, N−[v] := N−(v) ∪ {v},
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which are the closed out-neighborhood and closed in-neighborhood of v, respectively.
We next show that there exists a coloring c : V → [k] such that every vertex v ∈ V has an out-neighbor

u ∈ N+(v) satisfying c(u) ≡ c(v) + 1 (mod k). Consider a random coloring c : V → [k], where each
vertex of D is assigned a color independently and uniformly at random (each color with probability 1

k ).
For each v ∈ V , let Av denote the event that c(u) . c(v) + 1 (mod k) for all u ∈ N+(v). We show, using
Theorem 3.1, that

P

⋂
v∈V

Av

 > 0, (4.43)

which gives the desired result. For each v ∈ V , since the colors are assigned independently and uniformly,
we have

P(Av) =
(
1 −

1
k

)δ
, (4.44)

where, by assumption, δ = |N+(v)| for all v ∈ V . Moreover, for every v ∈ V , if the colors of all vertices

outside N+(v) are fixed, then the conditional probability of Av remains
(
1 − 1

k

)δ
. It therefore follows that

Av is mutually independent of the collection{
Au : N+(v) ∩ N+[u] = ∅

}
. (4.45)

The condition in (4.45) fails if and only if one of the following holds:

(1) u ∈ N+(v);

(2) N+(u) ∩ N+(v) , ∅ and u , v.

The number of vertices u satisfying Condition 1 is δ. Also, for each z ∈ N+(v), there are at most ∆ − 1
vertices u , v such that u ∈ N−(z). Since there are δ such vertices z, the number of vertices satisfying
Condition 2 is at most δ(∆ − 1). Therefore, the number of vertices u ∈ V for which N+(v) ∩ N+[u] , ∅
is at most

δ + δ(∆ − 1) = δ∆.

Consequently, by the symmetric version of the LLL (Theorem 3.1) with parameters

p =
(
1 −

1
k

)δ
, d = δ∆,

it follows that (4.43) holds provided that (4.41) is satisfied, which completes the proof. □

A d-regular digraph is a directed graph in which the in-degree and out-degree of every vertex are
equal to d. The next corollary is a general result that includes regular digraphs as a special case, whereas
the subsequent corollary is stated exclusively for regular digraphs.

Corollary 4.24. Let D = (V, E) be a finite, simple, and directed graph with minimum out-degree δ ≥ 1
and maximum in-degree at most ∆ ≥ 1. If

∆ ≤
2δ

eδ
, (4.46)

then the digraph D contains an even-length directed cycle. In particular, this holds for every d-regular
digraph with d ≥ 8.
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Proof. The first part follows from Theorem 4.22 and Remark 4.23 with k = 2. The second part holds
since, for a d-regular digraph, δ = ∆ = d, and

2x

ex2 ≥ 1 ⇐⇒ x ≥ 7.09719 . . . ,

so the condition in (4.46) holds for every d-regular digraph if and only if d ≥ 8. □

The next result is an improved version of [2, Corollary 2.5].

Corollary 4.25. For every finite, simple, and d-regular digraph D with d ≥ 1, and for every integer k
satisfying

k ≤
d√
ed2

d√
ed2 − 1

, (4.47)

there exists a directed cycle in D whose length is divisible by k.

Proof. For a d-regular digraph, we have ∆ = δ = d. By Theorem 4.22 and Remark 4.23, there exists a
directed cycle of length divisible by k if

ed2
(
1 −

1
k

)d

≤ 1.

Taking the d-th root of both sides and rearranging terms gives the condition in (4.47). □

Remark 4.26. Since the digraph D is, by assumption, finite and every vertex in D has an out-degree
at least 1, it follows that D contains a directed cycle. Corollary 4.25 is therefore nontrivial if and
only if the right-hand side of (4.47) is at least 2; this occurs if and only if d ≥ 8. Moreover, it
strengthens [2, Corollary 2.5], which asserts the same conclusion under the stronger condition

k ≤
d

1 + ln(d2 + 1)
, (4.48)

whose right-hand side is strictly smaller than that of (4.47). For comparison, the right-hand side of
Eq (4.48) is at least 2 if and only if d ≥ 12. It can be verified that the difference between the right-hand
sides of (4.47) and (4.48) converges to 1

2 as d → ∞. Indeed, let xd := 1+2 ln d
d , then

d√
ed2 = exd and

xd → 0 as we let d → ∞. Hence, the right-hand side of (4.47) is

d√
ed2

d√
ed2 − 1

=
exd

exd − 1
=

1
1 − e−xd

=
1
xd
+

1
2
+ o(1),

and the right-hand side of (4.48) is

d
1 + ln(d2 + 1)

=
d

1 + 2 ln d + ln(1 + d−2)
=

1
xd
+ o(1).

Subtracting yields

lim
d→∞

( d√
ed2

d√
ed2 − 1

−
d

1 + ln(d2 + 1)

)
=

1
2
. (4.49)

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19684

As an illustration of the improvement in Corollary 4.25, if d ∈ {17, 18, 19, 20, 21}, then (4.47) allows
k ∈ {2, 3}, whereas (4.48) permits only k = 2. Consequently, every finite, simple, and d-regular digraph
with 17 ≤ d ≤ 21 not only contains a directed cycle of even length, but also contains a directed cycle
whose length is divisible by 3.

We conclude this section by quoting a result on directed cycles in regular digraphs from [11,
Theorem 2], whose proof relies on the symmetric version of the LLL (Theorem 3.1).

Theorem 4.27. ([11]) Let G be a d-regular digraph without parallel edges. Then, G contains at least εd2

pairwise edge-disjoint directed cycles for some absolute constant ε > 0. In particular, ε = 3
219 suffices.

4.7. Acyclic coloring of graphs

This last subsection presents a sophisticated application of the LLL (Theorem 1.6), in the context of
graph coloring, appearing in a paper by Alon, McDiarmid, and Reed [19].

Let G = (V, E) be a finite, simple, and undirected graph. For v ∈ V , let N(v) =
{
u ∈ V : {u, v} ∈ E

}
denote the neighborhood of v, let d(v) = |N(v)| denote its degree, and let

∆ = ∆(G) := max
v∈V

d(v)

denote the maximum degree of G. For vertices u, v ∈ V , let λ(u, v) := |N(u) ∩ N(v)| denote the number
of common neighbors of u and v in G. Recall that a k-coloring f : V → [k] is called proper if {u, v} ∈ E
implies that f (u) , f (v) (i.e., no two adjacent vertices are assigned the same color). A coloring of G is
called acyclic if it is proper and contains no bichromatic cycle (equivalently, every cycle in G receives
at least three colors). The minimum number of colors required for an acyclic coloring, denoted by A(G),
is called the acyclic chromatic number of G. Clearly, A(G) ≥ χ(G), where χ(G) denotes the chromatic
number of G, i.e., the minimum number of colors required for a proper coloring. Equality holds, for
example, if G is an odd cycle, a complete graph, or a forest.

Introduced by Grünbaum in the study of planar graphs [87], the acyclic chromatic number has
become an important topic in graph coloring and structural graph theory. Borodin settled Grünbaum’s
conjecture by proving that A(G) ≤ 5 for every planar graph G [88]. A major reason for the importance
of acyclic colorings is their close connection to sparse graph classes. These connections have led to
numerous applications in structural and algorithmic graph theory, including graph decompositions,
graph homomorphisms, and efficient algorithms for sparse graphs. Acyclic colorings also play a role in
the study of graph layouts, graph drawing, and graphs embedded on surfaces (see, e.g., [89]).

In [19], it is proved that there exists an absolute positive constant C such that every graph of maximum
degree ∆ admits an acyclic coloring with at most C∆4/3 colors (in [19, Theorem 1.1], C = 50, though no
attempt was made to optimize that constant). The main tool in proving this result in [19] is the LLL
(Theorem 1.6), and a key innovation in [19] is the introduction of special pairs of vertices and a carefully
chosen family of bad events that allow the LLL to yield an upper bound of order ∆4/3. This order of
growth in ∆ is shown to be nearly optimal. More concretely, letting B(∆) := sup

{
A(G) : ∆(G) = ∆

}
, for

∆ ∈ N, [19, Theorem 1.2] establishes the asymptotic lower bound

B(∆) = Ω

 ∆
4
3

3
√

log∆

 . (4.50)
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Following standard notation, let the complete bipartite graph with vertex classes of sizes a and b be
denoted by Ka,b. The proof of (4.50) relies on a probabilistic construction that gives, almost surely, a
graph G with maximum degree ∆, containing no copy of K2,γ, where γ = O(∆2/3 3

√
log∆), and whose

acyclic chromatic number A(G) scales as ∆4/3(log∆
)−1/3. This contrasts with planar graphs, which may

have arbitrarily large maximum degree, yet whose acyclic chromatic number is at most 5.
The next result is derived in [19] via an application of the LLL, and the presentation here follows the

main ideas of the proof.

Theorem 4.28. ([19, Theorem 1.1]) For every graph finite, simple, and undirected graph G of maximum
degree ∆, its acyclic chromatic number satisfies

A(G) ≤ ⌈50∆
4
3 ⌉. (4.51)

Proof. Let each vertex in G be assigned a color from [k] independently and uniformly at random, where
k := ⌈50∆4/3⌉. The central idea is to distinguish pairs of nonadjacent vertices having many common
neighbors. A pair of nonadjacent vertices, {u, v} < E, is called a special pair if λ(u, v) > ∆2/3.

Lemma 4.29. For every vertex u ∈ V ,∣∣∣{v : {u, v} is a special pair in G}
∣∣∣ < ∆ 4

3 . (4.52)

Proof. The number of all length-2 paths in G is at most ∆(∆−1) < ∆2, and every special pair contributes
more than ∆2/3 such paths. Let u ∈ V and let s = s(u) denote the number of special partners of u. Since
each special partner of u contributes more than ∆2/3 paths of length 2 having u as an endpoint, we have
s∆2/3 < ∆2, and therefore s < ∆4/3. □

To apply the LLL, four types of bad events are introduced for such a coloring f : V → [k].

(1) Monochromatic edges. Let e = {u, v} ∈ E. Define A = Ae :=
{
f (u) = f (v)}, whose probability is

P(A) = 1
k .

(2) Bichromatic induced paths of length four. Let u1 − u2 − u3 − u4 − u5 be an induced 4-path. Define
B :=

{
f (u1) = f (u3) = f (u5), f (u2) = f (u4)

}
, whose probability is P(B) = 1

k3 .

(3) Bichromatic induced cycles of length four. Let u1 − u2 − u3 − u4 − u1 be an induced 4-cycle
such that neither of the opposite pairs, {u1, u3} or {u2, u4}, is a special pair. Define the event
C := { f (u1) = f (u3), f (u2) = f (u4)}, whose probability is P(C) = 1

k2 .

(4) For every special pair p = {u, v} (recall that p < E), define D = Dp := { f (u) = f (v)}. Then,
P(D) = 1

k .

The next lemma shows that excluding these four types of bad events guarantees that the coloring is
acyclic.

Lemma 4.30. If none of the bad events of types 1–4 occurs, then the coloring is acyclic.

Proof. Since no Type 1 event occurs, the vertex coloring in G is proper.
Suppose, for the sake of contradiction, that there exists a bichromatic cycle, and let C be a shortest

such cycle. Since the coloring is proper, C has even length. Hence it suffices to consider the cases
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|C| = 4 and |C| ≥ 6. Furthermore, C is induced; otherwise, a chord of C together with a subpath of C
would yield a shorter bichromatic cycle, contradicting the choice of C. We next consider the following
possibilities and rule out each of them.

(a) Suppose that C is of length at least 6. Take five consecutive vertices u1 – u2 – u3 – u4 – u5 on the
cycle. Since the cycle is bichromatic, f (u1) = f (u3) = f (u5) and f (u2) = f (u4). Since C is induced,
these vertices form an induced path. Thus a Type-2 event occurs, which leads to a contradiction.

(b) Suppose that C is a cycle of length 4, denoted by u1 – u2 – u3 – u4 – u1. Since C is bichromatic,
we have f (u1) = f (u3) and f (u2) = f (u4). If one opposite pair is special, then a Type 4 event
occurs. Otherwise, neither opposite pair is special and a Type 3 event occurs, leading again to a
contradiction.

Hence, no bichromatic cycle exists, so the coloring is acyclic. □

The next lemma appears as [19, Lemma 2.4], and its proof is omitted here.

Lemma 4.31. ([19, Lemma 2.4]) A vertex in V belongs to at most ∆ events of type 1, 3∆4 events of
type 2, ∆8/3 events of type 3, and ∆4/3 events of type 4.

Consider a dependency graph whose vertices are the types 1–4 bad events, where two such events
are adjacent whenever their corresponding subsets of vertices of G intersect. In light of Lemma 4.31,
consider the asymmetric matrix

M =


2∆ 6∆4 2∆8/3 2∆4/3

5∆ 15∆4 5∆8/3 5∆4/3

4∆ 12∆4 4∆8/3 4∆4/3

2∆ 6∆4 2∆8/3 2∆4/3

 , (4.53)

whose (i, j) entry, with 1 ≤ i, j ≤ 4, is an upper bound on the number of type j events that are adjacent
to a fixed type i event in the dependency graph (see [19, Lemma 2.5]).

For the purpose of using the LLL, the following values are assigned to the four types of events as
above:

xA = xD =
2
k
, xB =

2
k3 , xC =

2
k2 . (4.54)

Recall that the probabilities of these bad events are given by P(A) = 1
k = P(D), P(B) = 1

k3 , and P(C) = 1
k2 .

By replacing the exact dependency counts with the upper bounds given by the matrix M in (4.53), the
conditions in (1.2) are implied by the following three inequalities:

1
k
≤

2
k

(
1 −

2
k

)2∆+2∆4/3 (
1 −

2
k3

)6∆4 (
1 −

2
k2

)2∆8/3

, (4.55)

1
k3 ≤

2
k3

(
1 −

2
k

)5∆+5∆4/3 (
1 −

2
k3

)15∆4 (
1 −

2
k2

)5∆8/3

, (4.56)

1
k2 ≤

2
k2

(
1 −

2
k

)4∆+4∆4/3 (
1 −

2
k3

)12∆4(
1 −

2
k2

)4∆8/3

. (4.57)
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These inequalities are verified in [19, p. 282] to hold for k = ⌈50∆4/3⌉. By the LLL, with positive
probability, none of the types 1–4 bad events occurs. Hence, by Lemma 4.30, there exists an acyclic
coloring of G. □

Remark 4.32. (Key idea in the proof of Theorem 4.28) The heart of the argument is the introduction of
the threshold ∆2/3 for the number of common neighbors for special pairs. By Lemma 4.29, the number
of special pairs incident to a vertex is at most ∆4/3, and every nonspecial pair of nonadjacent vertices
has at most ∆2/3 common neighbors by definition, and therefore participates in at most ∆2/3 relevant
induced 4-cycles. The equality ∆2/3 · ∆4/3 = ∆2 is exactly what makes the LLL inequalities compatible
with a color set of size that scales as ∆4/3, producing the celebrated bound in (4.51).

The LLL (Theorem 1.6) has another noteworthy application in [19], leading to the following result.

Theorem 4.33. ([19, Theorem 1.3]) Let G be a finite, simple, and undirected graph with maximum
degree ∆ ≥ 1, and suppose that for some integer γ ≥ 1, the graph G contains no copy of K2,γ+1 in which
the two vertices in the class of size 2 are nonadjacent. Then,

A(G) ≤
⌈

32
√
γ∆

⌉
. (4.58)

The reader is referred to [19, Section 3] for a proof of Theorem 4.33. In its setting, A(G) scales at
most linearly with ∆. Hence, if the girth (length of shortest cycle) of G is at least 5, then A(G) = O(∆).

We close this subsection by presenting a tightened version of the upper bound on the acyclic
chromatic number in Theorem 4.28.

Proposition 4.34. For every finite, simple, and undirected graph G of maximum degree ∆, its acyclic
chromatic number satisfies

A(G) ≤ ⌈ 20.571 ∆(
3√
∆ + 1) ⌉. (4.59)

Proof. The proof of Theorem 4.28 is not affected by the value of k, up to the derivation of
inequalities (4.55)–(4.57). We modify the last part of this proof to obtain a smaller value of k
than ⌈50∆4/3⌉. Let k := ⌈C∆( 3√

∆ + 1)⌉, for some constant C > 0. The validity of inequality (4.56)
clearly implies that the other two inequalities in (4.55) and (4.57) hold. Inequality (4.56) is equivalent
to (

1 −
2
k

)5∆+5∆4/3 (
1 −

2
k3

)15∆4 (
1 −

2
k2

)5∆8/3

≥
1
2
. (4.60)

Referring to the left-hand side of (4.60), we have(
1 −

2
k

)5∆+5∆4/3 (
1 −

2
k3

)15∆4 (
1 −

2
k2

)5∆8/3

≥

(
1 −

10(∆4/3 + ∆)
k

) (
1 −

30∆4

k3

) (
1 −

10∆8/3

k2

)
>

(
1 −

10
C

) (
1 −

30
C3

) (
1 −

10
C2

)
, (4.61)
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where the first inequality follows from Bernoulli’s inequality (1 − x)n ≥ 1 − nx for x ∈ [0, 1] and n ∈ N,
and the last inequality follows from the definition k = ⌈C(∆4/3 + ∆), for some C > 0, which implies that
k ≥ C(∆4/3 + ∆), k2 > C2∆8/3, and k3 > C3∆4. It therefore suffices that the right-hand side of (4.61)
be at least 1

2 to imply that (4.60) holds. The smallest C for which the latter condition is satisfied is
Cmin = 20.5707 . . . , which yields inequality (4.59). □

The tightened upper bound in (4.59) improves upon the bound in (4.51), and the improvement
increases from 16% for ∆ = 1 to a limiting value of 58.9% as ∆→ ∞.

5. The Moser–Tardos algorithm and the LLL in the variable setting

In this section, we present a constructive version of the LLL in the variable setting, due to Moser and
Tardos [65]. In this framework, the bad events depend on a family of mutually independent random
variables, and dependencies among events arise through shared variables.

While the LLL guarantees the existence of an assignment avoiding all bad events under suitable
conditions, its standard form is nonconstructive. The Moser–Tardos algorithm provides an efficient
randomized procedure for finding such an assignment by iteratively resampling the variables associated
with violated events.

The analysis relies on the dependency structure among events, captured by proper witness trees,
and yields an explicit upper bound on the expected number of resampling steps in the algorithm. This
implies that the algorithm terminates almost surely and provides quantitative control over its expected
running time.

5.1. The variable setting

Let {Xi}
n
i=1 be mutually independent discrete random variables, where each Xi takes values in a finite

set. Let A = {A1, . . . , Am} be a finite family of bad events, where each event A ∈ A depends only on
a subset of {Xi}

n
i=1. Denote by vbl(A) the set of variables on which A depends. The dependency graph

forA is the graph with vertex setA, in which two distinct events A, B ∈ A are adjacent if and only if
vbl(A) ∩ vbl(B) , ∅. In that case, we write B ∼ A.

5.2. The LLL in the variable setting

The following result specializes Theorem 1.6 to the variable setting, providing a sufficient condition
under which none of the events inA occurs with positive probability.

Theorem 5.1. (LLL: Variable setting) Suppose there exist numbers x(A) ∈ [0, 1) for each A ∈ A such
that

P(A) ≤ x(A)
∏

B: B∼A

(1 − x(B)) ∀ A ∈ A. (5.1)

Then,

P

⋂
A∈A

A

 > 0. (5.2)
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The importance of the variable setting of the LLL stems from the observation that many of its
applications are naturally formulated in terms of underlying independent random variables. Notable
examples include conjunctive normal form satisfiability (Section 4.2), Ramsey numbers (Sections 4.3
and 4.4), and hypergraph coloring (Section 4.5). The Moser–Tardos algorithm gives a constructive
counterpart of the LLL in this setting.

5.3. The Moser–Tardos algorithm

The Moser–Tardos algorithm proceeds as follows [65]:

• Sample all variables independently.
• While there exists an event A ∈ A that occurs, select such an A and resample all the variables in

vbl(A).

The procedure terminates when no event inA occurs.

5.4. Performance of the Moser–Tardos algorithm

Theorem 5.2. ([65]) Under the condition in (5.1), the Moser–Tardos algorithm terminates almost
surely. Moreover, for each A ∈ A, the expected number of resamplings of A during the execution of the
algorithm is at most x(A)

1−x(A) . Consequently, the expected total number of resamplings until termination is
at most ∑

A∈A

x(A)
1 − x(A)

,

and the assertion in (5.2) also holds.

Corollary 5.3. (Symmetric Moser–Tardos criterion) Suppose that P(A) ≤ p for all A ∈ A, and that each
event in A is adjacent to at most d other events in the dependency graph. If ep(d + 1) ≤ 1, then the
Moser–Tardos algorithm terminates almost surely. Moreover, if d ≥ 1, then the expected total number
of resamplings is at most |A|d .

Proof. We apply Theorem 5.2 with

x(A) =
1

d + 1
, A ∈ A.

As in the proof of Theorem 3.1, the condition ep(d + 1) ≤ 1 implies that

P(A) ≤ x(A)
∏
B∼A

(1 − x(B)), ∀ A ∈ A.

Hence, Theorem 5.2 applies, and for each A ∈ A,

E[NA] ≤
x(A)

1 − x(A)
=

1
d
,

where NA denotes the number of times A is selected for resampling (equivalently, the number of times
all the variables in vbl(A) are resampled due to the selection of A) during the execution of the algorithm.
Some variables in vbl(A) may also be resampled when other events are selected (due to overlaps among
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the variables of distinct events), and such resampling may cause A to occur again. Summing over all
A ∈ A, we obtain

E
[
total number of resamplings

]
=

∑
A∈A

E[NA] ≤
|A|

d
.

In particular, the Moser–Tardos algorithm terminates almost surely. □

5.5. Proper witness trees

We introduce the notion of a proper witness tree, which is used in the proof of Theorem 5.2. We
consider rooted trees whose vertices are labeled by events inA, writing [u] ∈ A for the label of vertex u.

Definition 5.4. A proper witness tree is a rooted tree T whose vertices are labeled by events inA with
the following properties:

(1) For every edge (u, v), where v is a child of u, the labels of u and v share a common variable, i.e.,

vbl([u]) ∩ vbl([v]) , ∅.

(2) For every vertex u, the children of u have pairwise distinct labels.

In Definition 5.4, the labels need not be globally unique: The same event may label multiple vertices
in a proper witness tree, as distinctness is only required among the children of any vertex.

Remark 5.5. The first condition in Definition 5.4 reflects the dependency structure: A child corresponds
to an earlier resampling of an event that shares a common variable with its parent, and is therefore
relevant to the dependency chain leading to the root. Resamplings of events depending on disjoint sets
of variables may occur during the execution of the algorithm, but they are included in the proper witness
tree only if they are connected to the root through a chain of overlapping events. In particular, every
vertex in the tree is connected to the root via a path of overlapping events. The second condition ensures
that no event appears more than once among the children of the same vertex.

Let TA be the set of finite, proper witness trees whose root is labeled by A ∈ A, that is, all rooted
trees that may arise from the backward construction in some execution, where each vertex is connected
to the root via a path of overlapping events.

Fix a random execution of the Moser–Tardos algorithm, and let A(1), A(2), A(3), . . . be the sequence of
resampled events. For each resampling step t, the proper witness tree Wt is uniquely determined by the
prefix A(1), . . . , A(t) via the following backward construction.

Starting from a root labeled A(t), the indices t − 1, t − 2, . . . , 1 are processed in decreasing order. A
vertex labeled A(s) is added to the tree if and only if A(s) shares a common variable with the label of
a vertex already present in the tree; in that case, it is attached as a child of the deepest (i.e., farthest
from the root) such vertex. If there is more than one such deepest vertex, then a fixed deterministic
tie-breaking rule is used to select one of them.

Every edge in Wt connects two events that share a common variable, so every vertex in Wt is
connected to the root by a path of overlapping events. Hence, Wt is a proper witness tree with root
labeled A(t).

We next relate resampling steps to proper witness trees. In counting the number of resamplings of an
event, each proper witness tree can appear at most once during a single execution; this is established in
the following lemma.
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Lemma 5.6. (Distinct proper witness trees) In a fixed execution, for every pair of distinct resampling
steps s < t, we have Ws , Wt. In particular, each proper witness tree τ appears at most once in the
execution.

Proof. Fix two distinct resampling steps s < t. The proper witness tree Wt is constructed by processing
the sequence A(1), . . . , A(t) in reverse order, and its root is labeled A(t). When the construction reaches
step s, either A(s) is inserted into Wt, or it is skipped.

(1) If A(s) is inserted into Wt, then the construction creates a vertex labeled A(s) in Wt. Since s < t, this
vertex is not the root of Wt. On the other hand, the root of Ws is labeled A(s). Therefore, Ws and Wt

cannot coincide as rooted labeled trees, and hence Ws , Wt.

(2) If A(s) is not inserted into Wt, then A(s) does not overlap any label already present in the partial
proper witness tree. In particular, it does not overlap the root label A(t). Hence A(s) , A(t), so Ws

and Wt have different root labels, and therefore are distinct.

Thus, in both cases Ws , Wt. □

By Lemma 5.6, distinct resamplings of A produce distinct proper witness trees in TA. Hence, the
number of resamplings of A equals the number of proper witness trees in TA that occur during the
execution.

Let NA denote the number of resamplings of A during this execution, i.e., the number of times A is
selected for resampling. Then,

NA =
∑
τ∈TA

1{∃ t such that Wt=τ},

and therefore, by linearity of expectation,

E[NA] =
∑
τ∈TA

P (∃ t such that Wt = τ) . (5.3)

5.6. Witness tree lemma

A proper witness tree τ is said to appear if there exists a resampling step t such that Wt = τ. We now
derive an upper bound on the probability that a fixed proper witness tree appears during an execution of
the Moser–Tardos algorithm. This bound is a key ingredient in the analysis, as it controls the expected
number of resamplings via the summation over all proper witness trees on the right-hand side of (5.3).

Lemma 5.7. (Witness tree lemma) For every proper witness tree τ,

P(τ appears) ≤
∏

v∈V(τ)

P([v]), (5.4)

where [v] denotes the label of vertex v.

Proof. We use the standard resampling-table representation of the algorithm. For each variable Xi,
let X(0)

i , X
(1)
i , X

(2)
i , . . . be an infinite sequence of samples, each distributed as Xi, and assume that all

these samples are mutually independent over all i and all indices. The Moser–Tardos algorithm may be
viewed as a deterministic procedure on these tables: initially the value of Xi is X(0)

i , and whenever an
event A is resampled, the algorithm advances by one step in the table of each variable in vbl(A).
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Fix a proper witness tree τ, and let Av := [v] denote the label of vertex v ∈ V(τ). We shall show that

P(τ appears) ≤
∏

v∈V(τ)

P(Av). (5.5)

Consider the following checking procedure for τ. Initially, for each variable Xi, the current table entry
is X(0)

i . Process the vertices of τ in any order v1, . . . , vm such that each vertex is processed before its
children. Processing a vertex vr means that we inspect the current table entries of the variables in
vbl(Avr ) and check whether the event Avr occurs under these entries. If Avr occurs, advance by one step
in the table of each variable in vbl(Avr ) and continue; otherwise, the checking procedure fails.

Let Fr be the event that the check at vr succeeds. At the moment vr is processed, conditioned on
F1 ∩ · · · ∩ Fr−1, the table entries inspected for the variables in vbl(Avr ) are fresh, independent samples
with the same joint distribution as the variables on which Avr depends. Hence,

P
(
Fr | F1 ∩ · · · ∩ Fr−1

)
= P(Avr ), (5.6)

where the conditioning on the left-hand side of (5.6) is omitted for r = 1. Therefore, by the chain rule,

P(the checking procedure for τ succeeds) = P

 m⋂
r=1

Fr


=

m∏
r=1

P
(
Fr | F1 ∩ · · · ∩ Fr−1

)
=

∏
v∈V(τ)

P(Av), (5.7)

where the last equality holds by (5.6).
We next show that

{τ appears} ⊆ {the checking procedure for τ succeeds}. (5.8)

Suppose that τ appears during an execution of the Moser–Tardos algorithm, say τ = Wt. The backward
construction of Wt associates each vertex of τ with a resampling step at which the corresponding event
occurred. Moreover, when the sequence is processed in reverse order, if two resampled events share
a common variable, then the earlier resampling is attached as a descendant of the later one. We now
run the checking procedure on τ. Since the vertices are processed from the root towards the leaves,
the advances of the table indices before processing a vertex v account exactly for the later resamplings
involving the same variables, represented by the ancestors of v. Therefore, when v is processed, the table
entries inspected are precisely those corresponding to the occurrence of Av at its associated resampling
step in the execution. Since the algorithm resamples an event only when it occurs, each such check
succeeds. Hence, if τ appears, then the checking procedure for τ succeeds, which proves (5.8).

Finally, combining (5.7) and (5.8), it follows that

P(τ appears) ≤ P(the checking procedure for τ succeeds) =
∏

v∈V(τ)

P(Av),

which proves inequality (5.5). □
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5.7. Bounding the expected number of resamplings

Combining (5.3) and (5.4) implies that, for all A ∈ A,

E[NA] ≤
∑
τ∈TA

∏
v∈V(τ)

P([v]). (5.9)

We next bound this sum using a branching process.

5.8. Branching process

A Galton–Watson branching process is a stochastic process in which each vertex independently
generates a random number of children according to a common offspring distribution, thereby generating
a random rooted tree.

Here and throughout, B ∼ C denotes that the events B and C depend on a common variable, i.e.,
vbl(B) ∩ vbl(C) , ∅. For an event B ∈ A, let

Γ(B) := {C ∈ A \ {B} : C ∼ B}

be the set of events, excluding B itself, that share at least one variable with B; equivalently, Γ(B) is the
set of neighbors of B in the dependency graph. Furthermore, let Γ+(B) := Γ(B) ∪ {B}.

Fix A ∈ A. We define a branching process that generates proper witness trees rooted at A.

• Start with a root labeled A.
• For each node labeled B and each event C ∈ Γ+(B), independently include a child labeled C with

probability x(C).

The process continues until it becomes extinct, i.e., until no new vertices are generated in some
generation (depending on the probabilities, this may occur with probability strictly less than one). This
randomized process generates labeled rooted trees in which every edge connects overlapping events and
children have distinct labels. In particular, every tree produced by this process is a proper witness tree
(though not every such tree necessarily arises from an execution of the algorithm). In this randomized
process, each node labeled B generates a random subset S ⊆ Γ+(B) with probability∏

C∈S

x(C)
∏

C∈Γ+(B)\S

(1 − x(C)).

We now compute the probability that this process generates a given proper witness tree.

Lemma 5.8. Let τ be a proper witness tree rooted at A. Then, the probability that the branching process
produces τ is

pτ =
1 − x(A)

x(A)

∏
v∈V(τ)

x([v])
∏

C∈Γ([v])

(1 − x(C))

 . (5.10)

Proof. Fix a proper witness tree τ rooted at A. We compute the probability that the branching process
produces exactly τ.

In the branching process, each vertex independently selects its set of children. Therefore, the
probability of generating the tree τ is equal to the product, over all vertices v ∈ V(τ), of the probabilities
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that each vertex selects precisely its children as prescribed by τ. For a vertex v ∈ V(τ), let children(v)
denote the set of labels of the children of v in the tree τ.

Let v ∈ V(τ) be a vertex with label [v]. The set of its children in τ is a subset of Γ+([v]), i.e.,
children(v) ⊆ Γ+([v]). By the construction of the branching process, each vertex C ∈ Γ+([v]) is included
as a child independently with probability x(C). Hence, the probability that v selects exactly its children
in τ is ∏

C∈ children(v)

x(C)
∏

C∈Γ+([v])\ children(v)

(1 − x(C)).

Multiplying these probabilities over all vertices v ∈ V(τ), we obtain

pτ =
∏

v∈V(τ)

 ∏
C∈ children(v)

x(C)
∏

C∈Γ+([v])\ children(v)

(1 − x(C))

 .
For each vertex v, we rewrite the second factor as

∏
C∈Γ+([v])\ children(v)

(1 − x(C)) =

∏
C∈Γ+([v])

(1 − x(C))∏
C∈ children(v)

(1 − x(C))
.

Substituting this identity gives

pτ =
∏

v∈V(τ)

 ∏
C∈Γ+([v])

(1 − x(C))

 · ∏
v∈V(τ)

∏
C∈ children(v)

x(C)
1 − x(C)

.

Let r denote the root of τ. Then, [r] = A. Since each nonroot vertex appears exactly once as a child of
its parent, ∏

v∈V(τ)

∏
C∈ children(v)

x(C)
1 − x(C)

=
∏

v∈V(τ)\{r}

x([v])
1 − x([v])

.

Rewriting this as a product over all vertices gives∏
v∈V(τ)\{r}

x([v])
1 − x([v])

=
1 − x(A)

x(A)

∏
v∈V(τ)

x([v])
1 − x([v])

,

and therefore

pτ =
1 − x(A)

x(A)

∏
v∈V(τ)

 x([v])
1 − x([v])

∏
C∈Γ+([v])

(1 − x(C))

 .
Finally, since Γ+([v]) = Γ([v]) ∪ {[v]} and the union is disjoint, equality (5.10) follows. □

Since the Galton–Watson branching process produces at most one tree (not necessarily from TA, as it
can produce an infinite tree), we have ∑

τ∈TA

pτ ≤ 1.

Therefore, by Lemma 5.8 and since x([v]) ∈ [0, 1),∑
τ∈TA

∏
v∈V(τ)

x([v])
∏

C∈Γ([v])

(1 − x(C))

 ≤ x(A)
1 − x(A)

. (5.11)
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5.9. Completion of the proof of Theorem 5.2

By condition (5.1), for every vertex v ∈ V(τ),

P([v]) ≤ x([v])
∏

C∈Γ([v])

(1 − x(C)).

Hence, for every τ ∈ TA with A ∈ A,

∏
v∈V(τ)

P([v]) ≤
∏

v∈V(τ)

x([v])
∏
C∼[v]

(1 − x(C))

 . (5.12)

Combining (5.9), (5.11), and (5.12), we obtain

E[NA] ≤
∑
τ∈TA

∏
v∈V(τ)

P([v]) ≤
x(A)

1 − x(A)
,

and summing over all events A ∈ A implies that

E[total resamplings] ≤
∑
A∈A

x(A)
1 − x(A)

< ∞.

Consequently, because the expected total number of resamplings is finite, the algorithm terminates
almost surely after finitely many resampling steps and produces an assignment in which none of the
events inA occurs. Consequently, inequality (5.2) holds.

5.10. Shearer’s bound and beyond for the Moser–Tardos algorithm

We close this section by noting that, in the variable setting considered here, recent works [67, 69, 70]
have shown that the efficient region of the Moser–Tardos algorithm reaches, and in some cases exceeds,
Shearer’s bound (Theorem 3.6). This does not contradict the optimality of Shearer’s criterion in the
abstract LLL (Theorem 1.6), where only the dependency graph and the event probabilities are taken
into account. In the variable model, however, one retains additional structural information beyond the
dependency graph. Specifically, the variable model is described by a bipartite variable–event graph
whose vertices are the variables and bad events, with an edge joining a variable to a bad event whenever
the latter depends on the former. The corresponding dependency graph is then obtained by projecting
this bipartite graph onto the event vertices, linking two events whenever they depend on a common
variable.

The connection between Shearer’s criterion and the Moser–Tardos algorithm was established by
Kolipaka and Szegedy [67], who showed that, when only the dependency graph and event probabilities
are taken into account, the efficient region of the algorithm coincides with the Shearer region.

Building on the additional structure available in the variable setting, the authors in [69] developed a
refined analysis of the Moser–Tardos algorithm and showed that the efficient region extends beyond the
Shearer region if the dependency graph is nonchordal, that is, if it contains an induced cycle of length at
least four. By contrast, for chordal dependency graphs (i.e., graphs in which every cycle of length at
least four has a chord), Shearer’s bound still exactly characterizes the efficient region.
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Subsequently, [70] clarified the role of nonchordality by studying the relationship between the
abstract-LLL and variable-LLL boundaries. In particular, it showed that the two boundaries coincide
for trees, whereas the presence of an induced cycle of length at least four gives rise to a genuine gap
between them. Thus, while Shearer’s criterion remains the optimal threshold in the abstract dependency-
graph setting, the variable model retains structural information that is discarded when passing to the
dependency graph and that can be exploited algorithmically to obtain convergence guarantees beyond
the Shearer threshold.

6. The entropy-compression principle

The entropy-compression principle, commonly attributed to Moser [66] and whose name was coined
by Tao [71], is closely related to the Moser–Tardos resampling framework for the LLL. The basic idea
is to analyze a randomized correction algorithm through suitably defined execution logs that record the
bad events encountered and the corresponding resampling steps. Suppose that every execution surviving
at least t steps can be associated with a pair consisting of an execution log and the state of the algorithm
after step t, and that this correspondence is injective. If, moreover, the total number of such log–state
pairs grows at a strictly smaller exponential rate than the number of possible random input sequences,
then the proportion of inputs generating long executions decays exponentially with t. Consequently, the
algorithm terminates almost surely.

This viewpoint has proved particularly fruitful in probabilistic combinatorics [72, 73], where it often
yields constructive existence proofs and quantitative bounds through direct counting arguments on the
possible execution histories of randomized algorithms.

The following theorem abstracts the counting argument underlying the entropy-compression method
introduced by Moser [66]; see also Tao [71].

Theorem 6.1. (Entropy-compression principle) LetΩ be a finite set of size q, and consider a randomized
algorithm whose random choices are independent and uniformly distributed over Ω. Assume that once
the sequence of random choices is fixed, the execution of the algorithm is uniquely determined. For
each integer t ≥ 1, let Bt be defined as

Bt :=
{
R ∈ Ωt : the execution determined by R reaches step t

}
, (6.1)

which is a deterministic subset of Ωt. For every R ∈ Bt, let Lt(R) ∈ Lt be a record (or log) of the
information collected during the first t steps of the execution, and let S t(R) ∈ St be the state after step t.
Assume that for every t ≥ 1, the mapping

Φt : Bt → Lt × St, Φt(R) = (Lt(R), S t(R)), (6.2)

is injective, and that

|Lt × St| ≤ Cαt, (6.3)

for some constants C > 0 and α < q, independent of t. Then,

P(the algorithm reaches step t) ≤ C
(
α

q

)t

. (6.4)

Consequently, the algorithm terminates almost surely.
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Proof. Since, by assumption, the mapping Φt : Bt → Lt × St is injective, it follows that

|Bt| ≤ |Lt × St| ≤ Cαt. (6.5)

Therefore, for every integer t ≥ 1,

P(the algorithm lasts at least t steps) =
|Bt|

qt

≤ C
(
α

q

)t

. (6.6)

Since α < q, the right-hand side of (6.6) tends to 0 as t → ∞. Let T denote the execution time of the
algorithm. Then,

lim
t→∞
P(T > t) = 0. (6.7)

Hence P(T < ∞) = 1, and therefore the algorithm terminates almost surely. □

Remark 6.2. (Connection to the Shannon entropy) The terminology entropy compression stems from
the following information-theoretic interpretation. Since the entries of the random vector R = (r1, . . . , rt)
are independent and uniformly distributed over an alphabet Ω of size q, the Shannon entropy of R equals

H(R) = t log q. (6.8)

Furthermore, since the map R 7→ (Lt, S t) is injective, the pair (Lt, S t) uniquely determines the random
input vector R. This implies that the conditional entropy of R given (Lt, S t) satisfies

H(R | Lt, S t) = 0. (6.9)

Consequently, by the chain rule for the entropy (see [90, Theorem 2.5.1]), it follows that

H(R) ≤ H(R, Lt, S t)
= H(R | Lt, S t) + H(Lt, S t)
= H(Lt, S t). (6.10)

Since the Shannon entropy of a random vector is upper bounded by the logarithm of the number of its
possible outcomes (see [90, Theorem 2.6.4]), it follows from (6.3) that

H(Lt, S t) ≤ log(Cαt)
= log C + t logα. (6.11)

Combining (6.8)–(6.11) therefore gives

t log q = H(R) ≤ H(Lt, S t) ≤ log C + t logα. (6.12)

Since by assumption α and C are fixed positive constants with α < q, inequality (6.12) is violated for
sufficiently large t. Thus, excessively long executions would imply that the random input vector R can
be represented by the pair (Lt, S t), whose number of possible outcomes grows asymptotically like αt

with α < q. In this sense, the information contained in the random source is effectively compressed,
contradicting the entropy lower bound H(R) = t log q.
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Remark 6.3. (Connection to the LLL) The entropy-compression principle is closely related to the
Moser–Tardos algorithmic proof of the LLL. The entropy-compression framework applies naturally to
the Moser–Tardos resampling algorithm. Indeed, the successive resampling decisions may be viewed as
a sequence of independent random choices drawn from a finite alphabet, and the resulting execution
history is a deterministic function of this random sequence. Thus, the Moser–Tardos algorithm is an
instance of the abstract randomized process considered in the entropy-compression principle. In both
settings, one considers a randomized correction procedure in which variables are sampled independently
and local resampling steps are performed whenever a bad event occurs.

The two approaches differ primarily in how the execution process is analyzed. The Moser–Tardos
framework studies the resampling algorithm through witness trees and branching-process estimates,
whereas entropy-compression arguments analyze execution histories via combinatorial logs and injective
reconstruction maps. More precisely, the entropy-compression approach shows that excessively long
executions would yield an injective encoding of the random input into a family of descriptions whose
cardinality is too small to accommodate the entropy of the underlying random source. Consequently,
the number of possible long execution histories is exponentially smaller than the number of random
inputs that would have to be encoded by them.

7. The lopsided LLL

The LLL has an important refinement in which the standard notion of a dependency graph is replaced
by the weaker notion of a lopsidependency graph. This refinement is especially useful in problems
involving random permutations, matchings, and transversals, where the relevant bad events are generally
not independent but satisfy a suitable negative-dependence condition. In Section 7.1 we present the
lopsided LLL, and in Section 7.2 we apply it to the problem of Latin transversals.

7.1. Formulation of the lopsided LLL

In this subsection, we present the lopsided LLL and discuss several related remarks.

Definition 7.1. (Lopsidependency graph) Let {Ai}i∈I be a finite family of events in a probability space. A
graph G on the vertex set I is called a lopsidependency graph for {Ai}i∈I if, for every i ∈ I and every set

S ⊆ I \
(
Γ(i) ∪ {i}

)
, (7.1)

where Γ(i) denotes the set of neighbors of i in G, we have

P

Ai

∣∣∣∣∣∣∣ ⋂j∈S A j

 ≤ P(Ai). (7.2)

Theorem 7.2. (LLL) Let {Ai}i∈I be a finite family of events in a probability space, and let G be a
lopsidependency graph for {Ai}i∈I . If there exist numbers {xi}i∈I ⊆ [0, 1) such that

P(Ai) ≤ xi

∏
j∈Γ(i)

(1 − x j), ∀ i ∈ I, (7.3)

then

P

⋂
i∈I

Ai

 ≥∏
i∈I

(1 − xi) > 0. (7.4)
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Proof. This result follows from the proof of the LLL given in Section 2. Specifically, Lemma 2.1
remains valid under the weaker assumptions (7.2) and (7.3), with the obvious notational modification
that the index set [n] is replaced by the finite set I. Consequently, Step 2 of that proof remains valid
under the same assumptions. □

A convenient symmetric form follows from Theorem 7.2; compared with Theorem 3.1, it requires a
weaker hypothesis.

Corollary 7.3. (Symmetric lopsided LLL) Under the assumptions of Theorem 7.2 with P(Ai) ≤ p for all
i ∈ I, suppose that every vertex of G has degree at most d ≥ 1, and ep(d + 1) ≤ 1. Then,

P

⋂
i∈I

Ai

 ≥ (
d

1 + d

)|I|
. (7.5)

Proof. Apply Theorem 7.2 with xi =
1

1+d for all i ∈ I. The rest of the proof proceeds as in the proof of
Theorem 3.1. □

Remark 7.4. The lopsided LLL is a refinement of the LLL (Theorem 1.6) when the latter is formulated
in terms of undirected dependency graphs. Indeed, in this formulation, each event Ai is independent of
the σ-algebra generated by the events A j with j < Γ(i) ∪ {i}. This implies, in particular, that

P

Ai

∣∣∣∣∣∣∣⋂j∈S A j

 = P(Ai), (7.6)

for all S ⊆ I \ (Γ(i)∪{i}), whenever the conditional probability is well-defined. Hence, every dependency
graph is also a lopsidependency graph.

The converse is not true in general. The lopsided condition requires only that conditioning on
the nonoccurrence of non-neighboring bad events does not increase the probability of a given bad
event. Consequently, the lopsided LLL can be applicable even when the ordinary LLL is not. As
illustrated in Section 7.2, this is particularly useful in permutation and matching problems, where the
dependence structure often prevents a direct application of the ordinary LLL, while still satisfying the
negative-dependence condition (7.2) required by the lopsided LLL.

Remark 7.5. The conditions in Definition 7.1 and Theorem 7.2 may be formulated slightly more
generally using auxiliary numbers {pi}i∈I ⊆ [0, 1), satisfying

pi ≥ P(Ai). (7.7)

Indeed, it suffices to assume that for every i ∈ I and every subset S satisfying (7.1), we have

P

Ai

∣∣∣∣∣∣∣⋂j∈S A j

 ≤ pi, (7.8)

and that there exist numbers xi ∈ [0, 1) such that

pi ≤ xi

∏
j∈Γ(i)

(1 − x j), ∀ i ∈ I. (7.9)

Note that taking S = ∅ in (7.8) yields (7.7) for every i ∈ I. The standard proof of the lopsided LLL then
applies verbatim, yielding (7.4).
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7.2. Latin transversals via the lopsided LLL

Latin transversals are important combinatorial objects that arise naturally in matching and assignment
problems, combinatorial design theory, graph coloring, and scheduling. Their study is closely connected
to Latin squares, permutation problems, and the probabilistic method. In particular, deriving sufficient
conditions for the existence of a Latin transversal in a given matrix is a classical application of the
lopsided LLL [78].

Definition 7.6. (Latin transversal of a matrix) A Latin transversal of an n × n matrix A = (ai, j) is
a selection of n entries, one from each row and each column, whose values are pairwise distinct.
Equivalently, it is a set of positions

{(i, π(i)) : 1 ≤ i ≤ n},

where π is a permutation of [n], such that the sequence {ai,π(i)}
n
i=1 has pairwise distinct terms.

Theorem 7.7. (Existence of Latin transversals) Let A = (ai, j) be an n × n matrix in which every symbol
occurs at most k times. If

k ≤
n − 1

4e
+ 1 −

1
4n
, (7.10)

then A contains a Latin transversal.

Proof. Let π be a uniformly random permutation of [n]. Denote by T the set of all ordered quadruples
(i, j, i′, j′) satisfying i < i′, j , j′, and ai, j = ai′, j′ . Thus, (i, j) and (i′, j′) are positions containing the
same symbol and lying in distinct rows and distinct columns. For every (i, j, i′, j′) ∈ T , define the event

Ai, j,i′, j′ =
{
(π(i), π(i′)) = ( j, j′)

}
. (7.11)

We first observe that

A contains a Latin transversal ⇐⇒ P

 ⋂
(i, j,i′, j′)∈T

Ai, j,i′, j′

 > 0. (7.12)

We prove each implication separately.

• Suppose that A contains a Latin transversal. Then, there exists a permutation π0 of [n] such that
ai,π0(i) , ai′,π0(i′) for all i < i′. Hence, for every (i, j, i′, j′) ∈ T , we have

(
π0(i), π0(i′)

)
, ( j, j′) since

otherwise ai,π0(i) = ai, j = ai′, j′ = ai′,π0(i′), contradicting the fact that the selected entries are distinct.
Hence, none of the events Ai, j,i′, j′ with (i, j, i′, j′) ∈ T occurs when π = π0. Since π is uniformly
distributed over the n! permutations of [n], we have P(π = π0) = 1

n! > 0. Consequently,

P

 ⋂
(i, j,i′, j′)∈T

Ai, j,i′, j′

 > 0. (7.13)

• Conversely, suppose that (7.13) holds. Then, there exists a permutation π0 of [n] for which no
event Ai, j,i′, j′ with (i, j, i′, j′) ∈ T occurs. We claim that

Tπ0 :=
{
(i, π0(i)) : i ∈ [n]

}
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is a Latin transversal. Otherwise, there exist indices i < i′ such that ai,π0(i) = ai′,π0(i′). Set j := π0(i)
and j′ := π0(i′). Since π0 is a permutation and i , i′, we have j , j′. Then, (i, j, i′, j′) ∈ T and(
π0(i), π0(i′)

)
= ( j, j′). Therefore, the event Ai, j,i′, j′ occurs when π = π0, contradicting the choice of

π0. Hence the entries {ai,π0(i)}
n
i=1 are pairwise distinct, and therefore Tπ0 is a Latin transversal.

Now fix (i, j, i′, j′) ∈ T . Since π is a uniformly random permutation of [n], and i , i′, j , j′,

P(Ai, j,i′, j′) = P(π(i) = j, π(i′) = j′) =
(n − 2)!

n!
=

1
n(n − 1)

=: p.

Define a graph G on the vertex setT by joining two distinct vertices (i, j, i′, j′) and (ℓ,m, ℓ′,m′) whenever

{i, i′} ∩ {ℓ, ℓ′} , ∅ or { j, j′} ∩ {m,m′} , ∅. (7.14)

By a result of Erdős and Spencer [78, Section 2], the graph G is a lopsidependency graph for the family
of events

{Ai, j,i′, j′ : (i, j, i′, j′) ∈ T }.

By Definition 7.1, let (i, j, i′, j′) ∈ T , and let S ⊆ T be a set of vertices of G that are nonadjacent to
(i, j, i′, j′) in G. Then,

P

Ai, j,i′, j′

∣∣∣∣∣∣∣ ⋂
(ℓ,m,ℓ′,m′)∈S

Aℓ,m,ℓ′,m′

 ≤ P(Ai, j,i′, j′),

which is the lopsidependency condition required by the lopsided LLL.
It remains to derive an upper bound on the maximum degree of G. Fix a vertex (i, j, i′, j′) ∈ T . An

adjacent vertex must contain a position (s, t) such that s ∈ {i, i′} or t ∈ { j, j′}. There are at most 4n
such positions (s, t). For each such position (s, t), since every symbol occurs at most k times in the
matrix, there are at most k − 1 other positions (s′, t′) satisfying as,t = as′,t′ . Each admissible pair of
positions (s, t) and (s′, t′) lying in distinct rows and distinct columns determines at most one vertex of
T . Consequently, every vertex of G has degree at most 4n(k − 1), i.e.,

d ≤ 4n(k − 1). (7.15)

By the symmetric version of the lopsided LLL (Corollary 7.3), it is enough that ep(d + 1) ≤ 1 to satisfy
Eq (7.13). Using the bounds above, this is implied by

e ·
1

n(n − 1)
·
(
4n(k − 1) + 1

)
≤ 1,

which is equivalent to (7.10). Finally, by (7.12) and (7.13), the matrix A contains a Latin transversal. □

Remark 7.8. The symmetric version of the LLL (Theorem 3.1) cannot be applied directly in the proof
of Theorem 7.7. The reason is that, under the uniform distribution on permutations, events involving
disjoint rows and columns are generally not independent. For instance, suppose that i, i′, ℓ, ℓ′ are distinct
and that j, j′,m,m′ are distinct. Then, for n ≥ 4,

P
(
Ai, j,i′, j′ ∩ Aℓ,m,ℓ′,m′

)
=

1
n(n − 1)(n − 2)(n − 3)

,

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19702

whereas
P(Ai, j,i′, j′)P(Aℓ,m,ℓ′,m′) =

1
n2(n − 1)2 .

Thus, such events are not independent, even though their corresponding positions lie in disjoint rows and
columns. In fact, the former quantity is larger than the latter, showing that these events are positively
correlated. Consequently, the occurrence of one such event makes the occurrence of the other more
likely, whereas the nonoccurrence of one event tends to make the occurrence of the other less likely.
The lopsided LLL is therefore essential here. Rather than requiring independence, it suffices that
conditioning on the nonoccurrence of non-neighboring bad events does not increase the probability of a
given bad event. Erdős and Spencer showed that this property holds for the events arising from random
permutations [78], which allows the lopsided LLL to be applied in the proof of Theorem 7.7.

Remark 7.9. Theorem 7.7 does not guarantee the existence of a Latin transversal in an n × n Latin
square with n ≥ 2, since in that case every symbol appears exactly n times. Thus k = n, and the
inequality (7.10) is violated. Latin squares of even order need not have a Latin transversal; for example,
the Latin square A = (ai, j) n

i, j=1, where ai, j := (i + j) (mod n), has no Latin transversal for even n ≥ 2. In
contrast, Ryser’s conjecture states that every Latin square of odd order has a Latin transversal; see, for
example, [91, Conjecture 3.2].

8. The cluster-expansion lemma

This section presents the cluster-expansion lemma, due to Bissacot, Fernández, Procacci, and
Scoppola [57]. Their original proof relied on cluster-expansion techniques from statistical physics.
Subsequently, Pegden [74] established an algorithmic counterpart within the Moser–Tardos framework,
and later Harvey and Vondrák [75] gave a short purely combinatorial proof based on Shearer’s work [68].
Since then, the lemma has yielded several improved bounds in combinatorics (see, e.g., [57, 92, 93]).

We begin by stating the cluster-expansion lemma. We then discuss its relationship to the LLL
(Theorem 1.6), including its connection to the symmetric form of the LLL. Finally, we revisit the Latin
transversal problem from Section 7.2 and show that the cluster-expansion lemma yields a stronger
sufficient condition for the existence of a Latin transversal than that obtained there via the lopsided LLL.

Theorem 8.1. (Cluster-expansion lemma [57]) Let A1, . . . , An be a finite collection of events in a
probability space, and let G = ([n], E) be a dependency graph for {Ai}

n
i=1. For each i ∈ [n], define

ΓG(i) = { j ∈ [n] \ {i} : {i, j} ∈ E}, Γ+G(i) = ΓG(i) ∪ {i}.

For S ⊆ [n], let G[S ] denote the subgraph of G induced by the vertex set S , and let Ind(G[S ]) denote
the family of independent sets of G[S ]. Suppose that there exist numbers y1, . . . , yn > 0 such that

P(Ai) ≤
yi∑

I∈Ind(G[Γ+G(i)])

∏
j∈I

y j

, ∀ i ∈ [n]. (8.1)

Then,

P

 n⋂
i=1

Ai

 ≥
 ∑

I∈Ind(G)

∏
i∈I

yi


−1

. (8.2)

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19703

8.1. Connection between the cluster-expansion lemma and the LLL

The cluster-expansion lemma can be viewed as a refinement of the LLL when the latter is formulated
in terms of undirected dependency graphs. The following remarks show that the undirected-graph
formulation of the LLL follows from a suitable relaxation of the cluster-expansion lemma.

Remark 8.2. (From digraph to graph) The LLL is formulated in Theorem 1.6 in terms of a dependency
digraph D = ([n], E). Given such a digraph, one may associate an undirected graph G = ([n], E′),
defined by

{i, j} ∈ E′ ⇐⇒ (i, j) ∈ E or ( j, i) ∈ E. (8.3)

All notions of independence in Theorem 8.1 are with respect to this graph G. It follows from (8.3)
that the neighborhood of a vertex in G consists of all vertices that are connected to it by either an
incoming or an outgoing edge in D. Consequently, the neighborhood of a vertex in G may be strictly
larger than the set of vertices reachable from it by outgoing edges in D. This distinction is relevant
when comparing results stated for dependency digraphs, such as the LLL, with results formulated for
undirected dependency graphs, such as the cluster-expansion lemma.

Remark 8.3. (Product-type lower bound and relation to the LLL) Under the assumptions of Theorem 8.1,

∑
I∈Ind(G)

∏
i∈I

yi ≤
∑
I⊆[n]

∏
i∈I

yi =

n∏
i=1

(1 + yi), (8.4)

where the last inequality holds since the summation on the left is restricted to the independent sets of G,
whereas the summation on the right ranges over all subsets of [n]. Combining this with (8.2) yields

P

 n⋂
i=1

Ai

 ≥ n∏
i=1

1
1 + yi

. (8.5)

Similarly, for all i ∈ [n], since every independent set in the induced subgraph G[Γ+G(i)] is, in particular, a
subset of Γ+G(i), we obtain ∑

I∈Ind(G[Γ+G(i)])

∏
j∈I

y j ≤
∑

I⊆Γ+G(i)

∏
j∈I

y j

=
∏

j∈Γ+G(i)

(1 + y j)

= (1 + yi)
∏

j: {i, j}∈E

(1 + y j), (8.6)

and therefore (recall that yi > 0),

yi∑
I∈Ind(G[Γ+G(i)])

∏
j∈I

y j

≥
yi

1 + yi

∏
j: {i, j}∈E

1
1 + y j

. (8.7)

AIMS Mathematics Volume 11, Issue 7, 19659–19715.



19704

By (8.7), the condition in (8.1) can be replaced by the following stronger sufficient condition:

P(Ai) ≤
yi

1 + yi

∏
j: {i, j}∈E

1
1 + y j

, ∀ i ∈ [n]. (8.8)

Setting yi := xi
1−xi

, with xi ∈ (0, 1), gives 1
1+yi
= 1 − xi and yi

1+yi
= xi. Hence, Eqs (8.8) and (8.5) reduce to

Eqs (1.2) and (1.3), respectively, recovering the standard form of the LLL. The derivation above relies
on a crude product bound that ignores independence constraints, and is therefore not tight. In this sense,
the lower bound provided by the cluster-expansion lemma reduces to that of the LLL after the above
relaxation. The cluster-expansion lemma is formulated in terms of an undirected dependency graph,
whereas the LLL (Theorem 1.6) is formulated in terms a dependency digraph. By Remark 8.2, passing
from a dependency digraph to its associated undirected graph may strengthen the sufficient conditions.
Therefore, the above argument does not yield a derivation of the LLL from the cluster-expansion lemma,
but rather highlights the relationship between the two results.

8.2. Latin transversals via the cluster-expansion lemma

In Section 7.2, we proved Theorem 7.7 by applying the lopsided LLL to a family of bad events
associated with a uniformly random permutation of [n]. The same probabilistic model admits a stronger
analysis via the cluster-expansion lemma, which yields an improved sufficient condition for the existence
of a Latin transversal.

Theorem 8.4. ([57, Proposition 4.2]) Let A = (ai, j) be an n × n matrix in which, for every symbol, the
maximum number of its occurrences is at most k. If

k ≤
27
256

(n − 1) + 1, (8.9)

then A contains a Latin transversal.

Proof. We retain the notation and probabilistic construction from the proof of Theorem 7.7. Thus, π is a
uniformly random permutation of [n], T is the set of all ordered quadruples (i, j, i′, j′) such that i < i′,
j , j′, and ai, j = ai′, j′ , and

Ai, j,i′, j′ =
{
(π(i), π(i′)) = ( j, j′)

}
, (i, j, i′, j′) ∈ T .

As shown earlier,

P(Ai, j,i′, j′) =
1

n(n − 1)
=: p, (i, j, i′, j′) ∈ T . (8.10)

Furthermore, the existence of a Latin transversal is equivalent to the validity of inequality (7.13), so it
suffices to prove the latter.

Let G be the dependency graph on vertex set T introduced in the proof of Theorem 7.7, whose
adjacency condition is given by (7.14)). Fix a vertex x = (i, j, i′, j′) ∈ T . Following the argument
in [57], the neighborhood of x can be covered by the four cliques Ci, Ci′ , C j, C j′ , where Ci and Ci′

consist of all vertices in T involving rows i and i′, respectively, and C j and C j′ consist of all vertices in
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T involving columns j and j′, respectively. Indeed, if a vertex (ℓ, ℓ′,m,m′) is adjacent to x, then by the
adjacency condition (7.14), it must share one of the rows i, i′ or one of the columns j, j′.

As observed in the proof of Theorem 7.7, each of these four cliques contains at most n(k− 1) vertices.
Indeed, after fixing a row or a column, there are at most n choices for one entry and at most k−1 choices
for a second entry containing the same symbol in a distinct row and column.

Let µ > 0, and set yx = µ for all x ∈ T . Since every independent set of the induced subgraph
G[Γ+G(x)] contains at most one vertex from each of the four cliques, we have∑

I∈Ind(G[Γ+G(x)])

∏
z∈I

yz =
∑

I∈Ind(G[Γ+G(x)])

µ|I|

≤
(
1 + µn(k − 1)

)4
. (8.11)

Therefore, condition (8.1) is satisfied whenever

p ≤
µ(

1 + n(k − 1)µ
)4 . (8.12)

Substituting p = 1
n(n−1) from (8.10) and setting

µ :=
α

n(k − 1)
, α > 0, (8.13)

inequality (8.12) becomes

k − 1 ≤
α (n − 1)
(1 + α)4 , α > 0. (8.14)

Define f (α) = α
(1+α)4 for α > 0. Elementary calculus shows that f attains its maximum at α = 1

3 ,
where f

(1
3

)
= 27

256 . Maximizing the right-hand side of (8.14) over α > 0, we recover inequality (8.9).
Consequently, by (8.10) and the choice yx = µ for all x ∈ T , condition (8.1) is satisfied for the family
of events {Ai, j,i′, j′}(i, j,i′, j′)∈T . By the cluster-expansion lemma, inequality (7.13) holds. Hence, by the
equivalence established in (7.12), the matrix A contains a Latin transversal. □

Remark 8.5. Theorem 8.4 improves Theorem 7.7 by replacing the condition (7.10) with the weaker
condition (8.9). Since 27

256 ≈ 0.10547 and 1
4e ≈ 0.09197, the cluster-expansion refinement permits a

strictly larger admissible range of values for k. This improvement was one of the motivating examples
in [57], illustrating how the cluster-expansion lemma can exploit the clique structure of dependency
neighborhoods more effectively than the classical LLL when the dependency graph is undirected. Harris
and Srinivasan [94] gave the first randomized polynomial-time algorithm for finding a Latin transversal
under the condition of Theorem 8.4.

9. The iterated LLL

In the preceding sections, the LLL is applied as a one-shot probabilistic tool: one defines a collection
of bad events and proves that there is a positive probability that none of them occurs simultaneously. In
many combinatorial problems, however, a direct application of the lemma is either impossible or yields
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only weak results because the dependencies among the bad events are too strong. A powerful extension
of this idea is provided by the iterated LLL, also known as the semi-random method, which is one of the
cornerstones of probabilistic combinatorics.

The origins of this methodology can be traced to Rödl’s introduction of the nibble method in his
work on hypergraph packings and coverings [95]. Building on earlier probabilistic constructions and
ideas, including those of Ajtai, Komlós, Pintz, Spencer, and Szemerédi [96], the nibble method and
related semi-random techniques evolved into a powerful framework that underlies many of the strongest
results in modern probabilistic combinatorics, particularly in graph and hypergraph coloring [7, 97, 98].

The basic philosophy is to construct the desired object gradually. Instead of making all random
choices at once, one performs a partial random construction, removes the resulting conflicts, and then
repeats the procedure on the remaining unresolved portion of the problem. The residual structure
typically becomes simpler after each stage, eventually reducing the problem to a setting where a final
application of the LLL or a deterministic argument completes the construction.

A simple example arises in graph coloring. Let G be a graph with maximum degree ∆, and suppose
that one wishes to produce a proper coloring using relatively few colors. Rather than coloring all
vertices at once, consider the following iterative procedure. During a given round, every uncolored
vertex independently selects a tentative color from a fixed set of colors. If two adjacent vertices are
assigned the same color, their tentative assignments are discarded. Vertices that are not involved in any
conflict keep their colors permanently, and the procedure is repeated on the subgraph induced by the
remaining uncolored vertices.

The key question is whether the residual graph becomes significantly simpler after one round. To
analyze this, one studies local parameters such as the number of uncolored neighbors of a given vertex v
after the conflict-resolution step. By linearity of expectation, one first shows that the expected residual
degree of v is smaller than its original degree, often by a fixed multiplicative factor. However, expectation
alone is insufficient; one must also show that most vertices behave close to this average. Appropriate
concentration inequalities are therefore used to show that large deviations from the expected behavior
are unlikely, occurring with exponentially small probability; see [99, 100] for treatments of the subject.

One then defines a bad event Av to be the event that the residual degree of v exceeds a prescribed
threshold. Although each bad event has small probability, the events are not independent because nearby
vertices are influenced by many of the same random color choices. Nevertheless, each event depends
only on random choices within a bounded neighborhood of v, and hence each event is dependent on only
a limited number of others. The LLL can therefore be applied to show that, with positive probability,
none of the events {Av} occurs. Consequently, there exists a round in which every vertex simultaneously
experiences the prescribed reduction in residual degree.

This combination of concentration inequalities and the LLL is the hallmark of the semi-random
method. Concentration inequalities provide local control by showing that undesirable deviations are
individually unlikely, whereas the LLL converts these local estimates into a global statement asserting
that all vertices satisfy the required property simultaneously. As a result, after one iteration, the
maximum degree of the residual graph is significantly smaller than that of the original graph.

The procedure can then be repeated. If the maximum degree decreases by a constant factor in each
round, then after O(log∆) iterations, the residual graph has bounded degree. At that stage, the remaining
coloring problem can often be completed by elementary methods or by a final application of the LLL.
This iterative reduction of complexity is the essence of the semi-random method.
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The semi-random method should also be distinguished from the algorithmic framework of Moser and
Tardos in Section 5. Recall that, in the latter approach, one begins with a complete random assignment
and repeatedly resamples the variables involved in occurring bad events. By contrast, the semi-random
method constructs the desired object incrementally, repeatedly simplifying the remaining instance
through a sequence of random and deterministic steps. Although both approaches originate from the
ideas underlying the LLL, they employ fundamentally different mechanisms and have led to distinct
developments in probabilistic combinatorics.

10. Concluding remarks and outlook

Fifty years after its inception in [1], the LLL continues to pose fundamental conceptual and technical
challenges. While Shearer’s criterion [68] (Theorem 3.6) provides a sharp characterization of the
existential regime, an equally complete understanding of the algorithmic landscape remains elusive.

The algorithmic aspects of the LLL are now well understood in the variable framework, most
notably through the Moser–Tardos resampling algorithm [65] and its subsequent analyses (see [70] and
references therein). Despite substantial progress, the situation is less clear in more general settings,
particularly in the presence of arbitrary dependency structures. The diversity of modern formulations,
ranging from lopsided and resampling-oracle variants to commutativity-based conditions [58], suggests
that a unifying perspective is still lacking.

Moreover, important directions remain only partially understood. One direction concerns the
complexity of distributed and local algorithms for constructing configurations guaranteed by the
lemma, particularly near the threshold of its applicability. Another direction concerns approximate
counting and sampling in parameter regimes where the LLL guarantees the existence of configurations
avoiding all bad events. A further direction seeks to extend and refine the lemma in more general
settings, including measurable probability spaces and noncommutative (quantum) frameworks. Although
substantial progress has been made on measurable versions of the LLL and related measurable graph-
coloring problems, notably through the work of Bernshteyn [101], a complete understanding of the
scope, limitations, and optimal conditions of such extensions has yet to emerge. In each of these
directions, many fundamental questions concerning sharp thresholds, constructive methods, and the
precise boundaries of applicability remain open.
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Appendix

A. Completion of the proof of Corollary 3.4

Lemma A.1. For every d ∈ N,

dd

(d + 1)d+1 >
1

e
(
d + 1

2

) . (A.1)

Moreover, α = 1
2 is the smallest constant such that

dd

(d + 1)d+1 ≥
1

e(d + α)
, ∀ d ∈ N (A.2)

holds.

Proof. Define ϕ(x) := x ln x − (x + 1) ln(x + 1) + 1 + ln
(
x + 1

2

)
for x > 0. Then, for each x > 0, the

inequality ϕ(x) > 0 is equivalent to xx

(x+1)x+1 >
1

e
(

x+ 1
2

) . Therefore, to prove (A.1), it suffices to show that

ϕ(x) > 0 for all x > 0. Differentiating and setting t := 1
x > 0, we obtain

ϕ′(x) = − ln(1 + t) +
2t

2 + t
.

To show that ϕ′(x) < 0, consider the auxiliary function

f (t) := ln(1 + t) −
2t

2 + t

for all t ≥ 0. Since f (0) = 0 and

f ′(t) =
t2

(1 + t)(2 + t)2 > 0

for all t > 0, the function f is strictly increasing on [0,∞). Hence f (t) > 0 for all t > 0, which proves
that ϕ′(x) < 0 for all x > 0. Therefore, ϕ is strictly decreasing on (0,∞), and

lim
x→∞
ϕ(x) = lim

x→∞

{
ln

(
1 +

1
2x

)
− (x + 1) ln

(
1 +

1
x

)
+ 1

}
= 0,

where the second limit holds by the standard expansion ln(1 + u) = u + O(u2). Since ϕ is strictly
decreasing and tends to 0 at infinity, it follows that ϕ(x) > 0 for all x > 0. In particular, inequality (A.1)
holds for all d ∈ N.
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It remains to prove that the constant α = 1
2 is the smallest value for which inequality (A.2) holds.

Suppose that (A.2) holds for some α > 0. Then,

α ≥
d + 1

e

(
1 +

1
d

)d

− d, ∀ d ∈ N.

Using the asymptotic expansion as d → ∞(
1 +

1
d

)d

= e
(
1 −

1
2d
+ O

( 1
d2

))
,

it follows that α ≥ 1
2 . Since (A.1) shows that α = 1

2 is admissible, it is the smallest admissible value. □

B. Derivation of (4.17)

Let
a := − ln(1 − ε) > 0, C :=

√
3

8π
e3. (B.1)

Then, inequality (4.16) can be rewritten as

−
2a
3

k e−
2a
3 k ≥ −

2a
3

(
e−2a

C

)2/3

.

Applying the branch W−1 of the Lambert W function to both sides, we obtain

k ≥ −
3

2a
W−1

−2a
3

(
e−2a

C

)2/3 . (B.2)

The branch W−1 is used rather than the principal branch W0 since the argument of the Lambert W
function is negative and tends to 0 as ε → 0. The branch W0 would yield a bounded solution for k,
whereas the desired solution corresponds to the large-k regime; this is captured by the branch W−1, for
which W−1(x)→ −∞ as x→ 0−. Substituting the values of a and C from (B.1) into (B.2) gives

k ≥
(

3
2 ln(1 − ε)

)
W−1

(
4

3e2
3

√
π

3
ln(1 − ε) (1 − ε)4/3

)
. (B.3)

Combining inequality (B.3) with the requirement k ≥ 3 in (4.15) finally gives, together with (4.18), the
valid selection of the integer k0 in (4.17).
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