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4 CIGIP – ValgrAI, Universitat Politècnica de València, 03801 Alcoy, Spain
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1. Introduction

The flow shop scheduling problem (FSP) is a classical problem in operations research and industrial
engineering. In its standard form, the objective is to determine the optimal order of n jobs processed on
m machines arranged in a series, typically minimizing the makespan Cmax. A widely studied variant is
the permutation flow shop scheduling problem (PFSP), where the same job sequence is imposed on all
machines. This restriction reduces the search space from (n!)m to n!, while preserving the combinatorial
complexity and practical relevance of the problem. The PFSP has been extensively studied due to its
applicability in manufacturing systems and its role as a benchmark problem in scheduling research [1,
2].

Most classical PFSP formulations assume that processing times are fixed and known in advance.
This assumption is often unrealistic in modern production environments. In practice, machine
performance may change during execution due to heat accumulation, wear, or workload intensity.
These effects are documented in deteriorating and time-dependent scheduling models, where
processing times evolve over time [3]. In high-intensity systems such as automated machining, additive
manufacturing, or continuous production lines, such variability can lead to significant deviations
between planned and realized schedules [4]. As a result, schedules that are optimal under static
assumptions may lose efficiency when executed under real operating conditions. Several extensions
of the PFSP attempt to address this limitation. Deteriorating and time-dependent models define
processing times as explicit functions of the time or job position in the sequence [5, 6]. Stochastic
and simheuristic approaches incorporate uncertainty through probability distributions and simulation-
based evaluation [7]. However, in most of these approaches, variability is exogenous. Processing
times evolve independently of the scheduling decisions, and therefore do not capture feedback effects
between machine usage and system condition. In many real systems, this assumption is restrictive.
Machine states evolve as a consequence of the executed schedule, and this evolution directly affects
future processing times. This type of endogenous dynamic behavior is not explicitly addressed in
standard PFSP formulations.

This paper proposes a dynamic PFSP formulation in which processing times depend on the internal
state of each machine. The state is represented by a variable si(t), interpreted as the thermal condition
of machine i, whose evolution is governed by an ordinary differential equation (ODE). Under this
framework, the effective processing time of job j on machine i is defined as:

pt
i j = gi(si, t)p0

i j, (1.1)

where p0
i j denotes the nominal processing time and gi(si, t) is a state-dependent function. In contrast

to classical time-dependent models, processing times are not prescribed as explicit functions of
time. Instead, they are determined by the trajectory of the machine state, which depends on
workload, heat dissipation, and operational history. This introduces a feedback mechanism in which
scheduling decisions influence machine conditions, and these conditions in turn affect subsequent
processing times (Figure 1). To solve this problem, we propose an ODE-augmented matheuristic
that integrates continuous system dynamics with discrete scheduling decisions. The approach
combines a Nawaz–Enscore–Ham (NEH)-based constructive heuristic [8] with a biased randomization
mechanism [9] and an ODE-based evaluation of machine states. The method evaluates candidate
schedules by dynamically updating processing times according to the solution of the differential
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equations, allowing the search process to account for thermal effects.

Figure 1. Schema of the PFSP with thermally driven processing times.

The main contributions of this work are as follows: (i) a state-dependent PFSP formulation
is introduced, where processing times are determined by an endogenous dynamic model rather
than by exogenous assumptions; (ii) an ODE-augmented matheuristic is developed to efficiently
explore the solution space under these conditions; and (iii) a validation framework based on Taillard
benchmark instances [10] is proposed, where static solutions are used to define reference bounds and
to quantify the impact of dynamic effects. In particular, a baseline sequence S 0 obtained with a biased
randomization algorithm (BRA) defines a soft lower bound Cmax(S 0, P0), while its dynamic evaluation
Cmax(S 0, Pt) provides a soft reference for the efficiency loss due to thermal effects. The proposed
ODE-augmented matheuristic generates solutions S ∗ such that:

Cmax(S 0, P0) ≤ Cmax(S ∗, Pt) ≤ Cmax(S 0, Pt), (1.2)

which shows its ability to improve schedule quality under dynamic conditions and contributes to its
validation process. Note that P0 means the static processing times and Pt the dynamic processing
times.

The remainder of the paper is organized as follows. Section 2 reviews the related literature.
Section 3 presents the problem formulation and notation. Section 4 describes the proposed ODE-
augmented matheuristic. Section 5 reports the computational experiments and results, which are then
analyzed in Section 6. Finally, Section 7 concludes the paper and outlines future research directions.

2. Related work

Research on the PFSP had traditionally assumed deterministic and static processing times. Under
this setting, a large body of work focused on the design of efficient heuristics and metaheuristics
to minimize makespan, including constructive heuristics, iterated greedy methods, and hybrid
metaheuristics [11]. These approaches provided high-quality solutions, but they relied on the
assumption that processing times remained constant throughout execution. This assumption limited
their applicability in environments where machine performance evolved during operation. To address
this limitation, several studies introduced dynamic extensions of the PFSP in which processing times
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changed during the scheduling horizon. One of the earliest and most studied approaches considered
deteriorating jobs, where processing times increased as a function of job position or starting time.
Different deterioration patterns, including linear, polynomial, and exponential forms, were discussed
in [3]. In flow shop settings, position-dependent learning effects were analyzed in [12], while combined
learning and deterioration effects under no-idle constraints were studied in [13]. More recent work
incorporated energy efficiency and learning mechanisms, where processing times decreased with
accumulated experience or depended on job sequencing decisions [14]. Although these models
introduced temporal variability, they shared a common limitation: Processing times were defined as
deterministic functions of time or sequence position. As a result, their evolution was exogenous and
did not depend on the actual system state induced by the schedule.

Another research stream considered stochastic PFSP formulations, where uncertainty in processing
times was modeled through probability distributions. In this context, simheuristics combined
metaheuristic search with simulation-based evaluation. Candidate solutions were typically assessed
over multiple simulation runs to estimate their performance under uncertainty [15]. Extensions
incorporated additional objectives beyond makespan, improving robustness and decision support [7,
16]. Recently, fuzzy simheuristics have emerged as a hybrid methodology capable of simultaneously
managing both stochastic and fuzzy uncertainty [17]. Despite these advances, variability remained
externally imposed through probabilistic assumptions, and processing times did not depend on
the system state generated by scheduling decisions. Related approaches included robust and
reactive scheduling. Robust models aimed to identify solutions that performed well across different
scenarios [18], while reactive methods adjusted schedules in response to disruptions such as
machine breakdowns or delays [19, 20]. Maintenance-aware scheduling also incorporated reliability
considerations, but system degradation was usually represented through discrete events or probabilistic
failures rather than continuous state variables driven by workload.

A closer line of research was found in state-dependent and degradation-aware scheduling models,
where processing conditions evolved as a function of system usage. Early contributions introduced
deterioration effects linked to job processing, where operation times increased as a function of job
position or processing order [21]. More general condition-based and degradation-aware models
considered systems whose state evolved continuously and affected operational performance [22].
These approaches captured the dependence between system usage and performance, but they were
mainly developed in reliability and maintenance contexts rather than in permutation flow shop
scheduling. In addition, degradation was often modeled through simplified functions or stochastic
processes, without explicitly embedding continuous-time physical dynamics into the scheduling
evaluation.

Hybrid and simulation-based approaches provided another way to represent complex production
environments. Discrete-event simulation (DES) has been combined with optimization techniques
to evaluate scheduling policies under realistic conditions, including stochastic processing times and
resource interactions. For instance, tabu search has been integrated with simulation to account for
system variability during optimization [23]. More recent work has combined mixed-integer linear
programming with DES through decomposition techniques, allowing detailed modeling of operational
constraints [24]. In dynamic settings, simulation has also been coupled with machine learning to
incorporate predictive maintenance into scheduling decisions [25]. These methods provided realistic
performance estimates, but system dynamics were typically handled during the evaluation phase
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rather than embedded directly into the optimization model. Notice that these research directions
share a common limitation: Processing time variability is either prescribed as a function of time or
position, modeled through stochastic distributions, or handled through simulation. In all cases, the
evolution of processing times is largely decoupled from scheduling decisions. The system does not
exhibit endogenous dynamics where machine conditions evolve as a consequence of workload and,
in turn, influence future processing times. In contrast, real manufacturing systems often display
strong feedback effects between machine usage and performance. Thermal accumulation, energy
consumption, and wear depend on operational history and directly affect processing efficiency.

Besides, PFSP research has also been driven by the growing relevance of distributed manufacturing
systems. In these environments, the geographical dispersion of production facilities significantly
increases problem complexity by incorporating decisions concerning the allocation of production
orders among factories alongside traditional scheduling considerations, thereby requiring more
integrated coordination mechanisms across multiple production sites [26, 27]. Metaheuristic
approaches remain the primary solvers for these NP-hard configurations, with evolutionary algorithms
and iterated greedy algorithms [26]. Other established methodologies include teaching-learning-
based optimization [28], genetic algorithms [29], and memetic algorithms utilizing meta-Lamarckian
learning [30]. Efficiency in these frameworks is typically achieved through local search operators such
as swap and insert, ruin-and-recreate strategies within adaptive large neighborhood search frameworks,
and the integration of reinforcement learning, specifically Q-learning, to dynamically select search
strategies [26, 27]. Regarding operational dynamism, existing models address uncertainties like
machine breakdowns and variable processing times through stochastic programming, fuzzy logic to
handle linguistic imprecision [31,32], or scenario-based robust optimization [27,33]. It is worth noting
that these approaches are developed for distributed manufacturing.

In contrast to these distributed paradigms, our study addresses the fundamental single-factory
PFSP configuration, allowing the analysis of processing time evolution. Furthermore, while the
current literature relies on discrete or fuzzy modeling, this paper introduces a novel methodology
by characterizing dynamic processing times through ODEs. This continuous mathematical modeling
provides a precise representation of time-dependent variations, filling a critical research gap in
dynamic scheduling identified in recent systematic reviews [26]. In this framework, the processing
time of each operation depends on the instantaneous machine state, which evolves according to a
continuous dynamic model driven by workload and dissipation effects. Processing times are not defined
exogenously but emerge from the interaction between scheduling decisions and system dynamics.
Table 1 summarizes the key characteristics of existing PFSP variants. The comparison highlights how
different approaches incorporate variability in processing times, whether such variability is treated as
endogenous or exogenous, and the corresponding modeling frameworks.
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Table 1. Summary of related work on PFSP variants and positioning of this study.

Category Works Variability Endogenous Modeling approach

Static PFSP [11] None No Deterministic times
Deteriorating / learning [3, 12–14] Time / position No Prescribed functions
Stochastic PFSP [15–17] Random No Simulation + metaheuristics
Fuzzy PFSP [17] Vagueness / non-probabilistic No Fuzzy sets + metaheuristics
Robust / reactive [18–20] Disruptions Partially Scenario-based / rescheduling
Degradation-aware [21, 22] Usage-dependent Limited Analytical / reliability models
Simulation-based [23–25] Complex / hybrid No DES + optimization
This work — State-dependent Yes ODE + matheuristic

3. Problem formulation

The classical PFSP is defined by the requirement to determine an optimal sequence for a set J of
n jobs, J = {1, 2, . . . , n}, which must be processed on a set M of m machines, M = {1, 2, . . . ,m}.
The operational flow is governed by a strict technological precedence where each job follows a
unidirectional path, starting on the first machine and continuing sequentially until the final operation on
machine m is completed. In a PFSP, all machines follow the same job permutation. The feasibility of
the schedule is constrained by the synchronization between machine and job availability: an operation
of job j ∈ J on machine i ∈ M can only start after the machine has completed the previous operation
and the job has finished processing on machine i − 1. The classical PFSP assumes that machines
are continuously available, failures do not occur, jobs are available at time zero, interruptions are not
allowed once processing starts, and intermediate buffers have unlimited capacity [34].

Let pi, j denote the processing time of job j on machine i. The following binary variable defines the
position of each job in the permutation:

Xk, j =

1, if job j is assigned to position k

0, otherwise
∀k, j ∈ {1, . . . , n}, (3.1)

where k represents the position in the permutation and not a specific job. Let Ci,k denote the completion
time on machine i of the job assigned to position k, with i ∈ {1, . . . ,m} and k ∈ {1, . . . , n}. The variable
Cmax represents the makespan of the complete schedule. The position-based mathematical formulation
of the PFSP is therefore:

Minimize: Z = Cmax, (3.2)

subject to:

n∑
j=1

Xk, j = 1 k = {1, . . . , n}, (3.3)

n∑
k=1

Xk, j = 1 j = {1, . . . , n}, (3.4)

C1,1 =

n∑
j=1

X1, j p1, j, (3.5)
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C1,k ≥ C1,k−1 +

n∑
j=1

Xk, j p1, j k = {2, . . . , n}, (3.6)

Ci,k ≥ Ci−1,k +

n∑
j=1

Xk, j pi, j i = {2, . . . ,m}, k = {1, . . . , n}, (3.7)

Ci,k ≥ Ci,k−1 +

n∑
j=1

Xk, j pi, j i = {1, . . . ,m}, k = {2, . . . , n}, (3.8)

Cmax ≥ Cm,k k = {1, . . . , n}, (3.9)

Ci,k ≥ 0 i = {1, . . . ,m}, k = {1, . . . , n}, (3.10)

Xk, j ∈ {0, 1} j, k = {1, . . . , n}. (3.11)

Equations (3.3) and (3.4) guarantee that every job is assigned to exactly one position and that
every position contains exactly one job, generating a feasible permutation schedule. Constraint (3.5)
initializes the schedule because the first job in the permutation starts at time zero on the first
machine. Constraint (3.6) imposes the processing order of the permutation on the first machine.
Constraints (3.7) impose the technological precedence between consecutive machines, ensuring that
each job can only start on machine i after completing its operation on machine i − 1. Constraints (3.8)
enforce the machine capacity restriction by preventing overlap between consecutive positions on the
same machine. Constraint (3.9) links the makespan variable with the completion times on the last
machine. The remaining constraints define the domains of the decision variables. This position-
based formulation represents the sequence through the assignment variables Xk, j. Therefore, the
order between jobs is implicitly defined by their assigned positions in the permutation. Consequently,
the pairwise disjunctive constraints commonly modeled through big-M formulations are replaced by
position-based recursive completion-time constraints. Notice that the completion times are recursively
computed according to the selected permutation. Since the objective minimizes Cmax, the inequalities
defining completion times become tight at optimality. The dynamic extension proposed in this work
evaluates each feasible permutation by incorporating the evolution of the machine states into the
processing times.

The formulation above describes the static PFSP structure. In the proposed dynamic extension, the
fixed processing time pi, j is replaced by the nominal processing time p0

i, j, while the state-dependent
processing time pt

i, j is obtained dynamically from the thermal state of each machine. Let si(t) denote
the state of machine i at time t. The evolution of this state is described by:

dsi(t)
dt
= f (si(t), αi, βi, ui(t)), (3.12)

where αi and βi are machine-specific parameters and ui(t) represents the operational state of machine
i. Consequently, the processing time becomes state-dependent and is denoted as pt

i, j. In this work,
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the machine state is represented by temperature such that si(t) = Ti(t). Therefore, the processing time
depends on the thermal condition at the beginning of each operation:

pt
i, j = g(Ti(tstart))p0

i, j, (3.13)

where p0
i, j is the nominal processing time, g(·) is the thermal penalty function, and Ti(tstart) is the

machine temperature when the operation begins. The binary activation function is defined as

ui(t) =

1, machine i is processing a job,
0, machine i is idle.

(3.14)

The thermal evolution of machine i follows a first-order differential equation based on Newton’s law
of cooling:

dTi

dt
= αi(Tenv − Ti) + βiui, (3.15)

where Tenv is the environmental temperature, αi represents the heat dissipation capacity, and βi

represents the heat generated during active processing. As the machine temperature increases, the
processing time increases through the thermal penalty function:

pt
i, j = (1 + 0.01 max{0,Ti(tstart) − Tenv}) p0

i, j. (3.16)

The coefficient 0.01 controls the sensitivity of processing times to temperature variations. It
provides a moderate coupling between machine temperature and processing duration while preserving
the monotonic effect of thermal accumulation. Since the processing time depends on the thermal state,
the evaluation of a candidate sequence requires integrating Eq (3.15) throughout the complete schedule.
Consequently, the scheduling decisions and machine-state evolution are coupled: Longer processing
periods increase temperature, and increased temperature further extends future processing times. The
mathematical formulation above defines the feasible permutation structure.

4. Solution methodology

The methodology developed in this study addresses the PFSP with thermally driven processing
times by coupling metaheuristic optimization with the physical state dynamics of the production
system. The hybrid metaheuristic presented in this study integrates the well-known NEH constructive
heuristic within a multi-start framework, enhanced by a BRA procedure. The initial solution is
generated using the NEH heuristic, in which jobs are first ordered in decreasing total processing time,
augmented by a penalty for high variance to prioritize more stable jobs in the initial sequence. The
jobs are subsequently inserted into the position that minimizes the makespan. Although the search
space corresponds to all possible job permutations, the NEH procedure explores only a restricted
subset since at each iteration, the partial sequence is extended by inserting a single job into the
existing order, thus limiting the number of candidate solutions. To enhance diversification, the BRA
is subsequently applied: A geometric distribution is used to select jobs from the ordered list, enabling
a broader exploration of the solution space. The only required parameter involved in the BRA is the
p-value of the geometric distribution, which controls the intensity of the randomization during the
construction of the solutions. In accordance with standard practices, we tested the parameter within
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the range [0.1, 0.3]. The integration of these components allows for the exploration of the solution
space while accounting for the non-linear dependencies between scheduling decisions and machine
efficiency. In this context, the search process relies on the classical insertion operator underlying the
NEH heuristic, complemented by the use of biased randomization mechanisms to effectively explore
promising regions of the solution space. The core of the proposed approach lies in the evaluation
of the makespan under time-varying conditions. To provide a robust assessment, the methodology
distinguishes between three specific temporal metrics: the soft lower bound, the soft upper bound, and
the dynamic makespan. The first one assumes constant processing times, while the soft upper bound is
obtained by evaluating the static sequence under dynamic processing times, capturing the performance
degradation induced by ignoring machine state effects during the construction phase. The last one is the
primary objective of our research. The dynamism is computed by solving an ODE that characterizes
the machine state during both active and idle intervals.

As depicted in the procedural architecture (Figure 2), the NEH heuristic is first applied under static
processing times to generate an initial sequence, which serves as a reference solution. This sequence is
then evaluated under dynamic conditions to obtain the corresponding dynamic makespan (Dmspan). This
sequence, as well as the soft lower bound, are subsequently refined through the BRA, which introduces
controlled stochasticity into the job selection process [35]. The search explores the neighborhood of
the most promising solutions, effectively balancing the exploitation of the heuristic knowledge with
the exploration of the permutation space to avoid local optima. As shown in Figure 2, soft upper bound
values always come from applying dynamic times to the corresponding soft lower bound sequence.

Start

Soft Lower Bound
S_mspan

Soft Upper Bound
S_D_mspan

Bias Randomization Algorithm

Best Dynamic 
Makespan

Improved Soft 
Lower Bound

Dynamic Makespan
D_mspan

Static processing 
times

Computing Dynamic 
processing times

(Algorithm 1)

NEH

Dynamic makespan

Improved Soft 
Upper Bound

Dynamic makespan

Figure 2. Scheme of the algorithm.
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The physical interaction within the flow shop is modeled as a continuous feedback loop where the
idle time between operations facilitates a cooling effect, thereby resetting or reducing the machine state
variable. Conversely, active processing periods generate heat that increases the state variable, leading
to a direct impact on the dynamic processing time of subsequent tasks (Algorithm 1). The iterative
execution of this randomized framework progressively improves the dynamic makespan, leading to
high-quality solutions that account for both scheduling and thermal constraints.

Algorithm 1 Computing dynamic processing times
Input: Sequence of jobs σ, List of machines Λ, p0

i j, Tenv

Output: Dynamic Makespan Cmax

1: Initialize Mready ← 01×m, Jready ← 01×n

2: T [i]← Tenv ∀i ∈ Λ
3: for each j ∈ σ do
4: for each i ∈ Λ do
5: tstart ← max(Mready[i], Jready[ j])
6: tidle ← tstart − Mready[i]
7: if tidle > 0 then
8: T [i]← SolveODE(T [i], tstart, tidle) ▷Machine Recovery (Cooling)
9: end if

10: pt
i j ← p0

i, j × g(T [i],Tenv)
11: T [i]← SolveODE(T [i], tstart, pt

i j) ▷Machine Working (Heating)
12: Mready[i]← tstart + pt

i j
13: Jready[ j]← Mready[i]
14: end for
15: end for
16: Cmax ← max(Mready)
17: return Cmax

To evaluate the efficiency of the generated schedules, a dynamic makespan calculation procedure
is developed (Algorithm 1). Unlike traditional scheduling where processing times are fixed, our
approach integrates the machine’s physical state (Ti) into the temporal constraints. The procedure
iterates through the job sequence, tracking two synchronized timelines: machine availability (Mready)
and job availability (Jready). For each operation, the algorithm identifies the idle time. During this
interval, the machine’s state recovery (cooling) is simulated by solving the governing ODE with a
null workload (line 8). Once the operation begins, the nominal processing time pt

i j is adjusted by a
state-dependent efficiency factor g (line 10), reflecting the degradation at the start time. Finally, the
machine state is updated by solving the ODE under an active workload for the duration of the real
processing time (line 11 in Algorithm 1). This integration ensures that the resulting makespan Cmax

accounts for both the technological constraints of the flow shop and the thermal/physical limitations of
the production system.
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5. Computational experiments

This section describes the experimental setup and the results obtained with the proposed ODE-
augmented matheuristic described in Algorithm 1. The experiments are conducted on the well-known
Taillard benchmark instances for the PFSP [10]. Each instance is defined by a pair (n,m), where n is
the number of jobs and m is the number of machines, with sizes ranging from 5 × 20 to 20 × 500. For
each configuration, 10 independent problems are generated using different random seeds. Processing
times p0

i j are integer values drawn from a uniform distribution over [1, 99]. For each instance, the best
known solution (BKS) is available in the literature and is used as a reference for the static scenario.

To introduce state-dependent processing times, the thermal model defined in Eq (3.15) is used.
For each machine i, the parameters are randomly generated within the ranges αi ∈ [0.02, 0.08]
and βi ∈ [2.0, 8.0]. The ambient temperature is fixed to Tenv = 25◦. These parameters remain constant
during the evaluation of each instance. The proposed methodology is implemented in Python 3.11
and executed on a workstation with an Intel Core i5-11400 processor and 32 GB of RAM, running
Windows 11 Pro. The same computational environment is used for all experiments. The primary
computational effort arises from the evaluation of candidate schedules during the biased-randomized
search process. The dynamic extension introduces additional computational overload due to the
simulation of machine-state evolution, as the thermal state of each machine must be continuously
updated throughout schedule execution. In this approach, the average execution times for the Taillard
instances with 20 jobs are 58, 169, and 501 seconds for 5, 10, and 20 machines, respectively. When the
number of jobs increases to 50 and 100, the values are 622, 2351, and 5161 seconds, respectively,
and 3305, 9996, and 16340 seconds, respectively. Consequently, the overall computational cost
depends on both the number of candidate solutions explored and the numerical integration required
to update the thermal states. Three makespan values are considered for each instance: (i) Cmax(S 0, P0),
the makespan of the solution generated by the BRA under static processing times (denoted as S BRA),
which acts as a reference lower bound within the proposed framework; (ii) Cmax(S 0, Pt), the dynamic
evaluation of the same sequence (denoted as S BRA D), which provides a reference upper bound
capturing the degradation caused by thermal effects; and (iii) Cmax(S ∗, Pt), the dynamic makespan of
the best solution found by the proposed method (denoted as D BRA). In accordance with the validation
framework introduced in Section 1, these values should satisfy

Cmax(S 0, P0) ≤ Cmax(S ∗, Pt) ≤ Cmax(S 0, Pt). (5.1)

To quantify the effect of machine dynamics, the thermal impact of a sequence S is measured as:

∆E(S ) =
(
Cmax(S , Pt) −Cmax(S , P0)

Cmax(S , Pt)

)
× 100, (5.2)

which represents the relative increase in makespan when static processing times are replaced by state-
dependent ones.

Tables 2–4 report the results for instances with n = 20, n = 50, and n = 100 jobs. For each
problem, the tables include the BKS, the static solution obtained with the BRA (S BRA), its dynamic
evaluation (S BRA D), and the best dynamic solution found (D BRA). The corresponding optimality
gaps with respect to the BKS and the reference bounds are also reported. The results show a consistent
pattern across all instance sizes. First, the gap between BKS and S BRA remains small, indicating
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that the constructive phase provides competitive solutions in the static setting. Second, the dynamic
evaluation of these static sequences (S BRA D) leads to a substantial increase in makespan, reflecting
the impact of thermal effects when they are ignored during optimization. Third, the proposed method
(D BRA) systematically improves upon this dynamic baseline, producing solutions that remain strictly
below Cmax(S BRA, Pt). The magnitude of the thermal impact ∆E confirms that the static assumption
is inadequate in the presence of state-dependent dynamics. Across all instances, the efficiency loss
is significant, with average values exceeding 50% and reaching higher levels for larger problem
sizes. This effect becomes more pronounced as the number of jobs and machines increases, due to
the accumulation of thermal load over longer schedules. In contrast, the proposed ODE-augmented
matheuristic mitigates this degradation by adapting job sequences to the evolving machine states.

Table 2. Computational results for n = 20 and m ∈ {5, 10, 20}.

Name Problem BKS
S BRA

(LB)
GAP

BKS vs. S BRA
D BRA

S BRA D
(UB)

GAP
D BRA vs. LB

GAP
D BRA vs. UB

∆E (%)

t j20 m5

P0 1278 1278 0.0% 1982.61 2855.46 35.5% -44.0% 55.2%
P1 1359 1359 0.0% 1781.82 2206.67 23.7% -23.8% 38.4%
P2 1081 1098 1.6% 1512.78 2483.24 27.4% -64.2% 55.8%
P3 1293 1301 0.6% 1947.48 3477.28 33.2% -78.6% 62.6%
P4 1235 1244 0.7% 1879.03 3444.36 33.8% -83.3% 63.9%
P5 1195 1200 0.4% 1762.3 2320.66 31.9% -31.7% 48.3%
P6 1234 1239 0.4% 1696.06 2454.7 26.9% -44.7% 49.5%
P7 1206 1206 0.0% 2058.29 2402.51 41.4% -16.7% 49.8%
P8 1230 1240 0.8% 1818.74 2808.16 31.8% -54.4% 55.8%
P9 1108 1117 0.8% 1506.6 1935.27 25.9% -28.5% 42.3%

t j20 m10

P0 1582 1599 1.1% 2277.91 3622.71 29.8% -59.0% 55.9%
P1 1659 1673 0.8% 2389.85 3181.76 30.0% -33.1% 47.4%
P2 1496 1518 1.5% 2193.03 2838.25 30.8% -29.4% 46.5%
P3 1377 1394 1.2% 2563.48 2962.71 45.6% -15.6% 52.9%
P4 1419 1426 0.5% 1925.22 2683.18 25.9% -39.4% 46.9%
P5 1397 1413 1.1% 2030.19 2498.44 30.4% -23.1% 43.4%
P6 1484 1486 0.1% 2123.48 2915.35 30.0% -37.3% 49.0%
P7 1538 1554 1.0% 3594.71 4045.54 56.8% -12.5% 61.6%
P8 1593 1610 1.1% 2440.48 2934.57 34.0% -20.2% 45.1%
P9 1591 1608 1.1% 2402.85 2663.67 33.1% -10.9% 39.6%

t j20 m20

P0 2297 2323 1.1% 2961.22 4874.31 21.6% -64.6% 52.3%
P1 2099 2114 0.7% 2978.45 4524.6 29.0% -51.9% 53.3%
P2 2326 2356 1.3% 3234.19 3558.51 27.2% -10.0% 33.8%
P3 2223 2233 0.4% 2944.26 3876.24 24.2% -31.7% 42.4%
P4 2291 2321 1.3% 3127.07 3595.97 25.8% -15.0% 35.5%
P5 2226 2254 1.3% 2997.13 3604.8 24.8% -20.3% 37.5%
P6 2273 2304 1.4% 3091.15 4895.49 25.5% -58.4% 52.9%
P7 2200 2213 0.6% 2986.35 3962.84 25.9% -32.7% 44.2%
P8 2237 2250 0.6% 3158.15 3726.46 28.8% -18.0% 39.6%
P9 2178 2180 0.1% 3473.77 4595.92 37.2% -32.3% 52.6%
Average 1656.83 1670.37 0.8% 2427.96 3264.99 30.9% -36.2% 48.5%
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Table 3. Computational results for n = 50 and m ∈ {5, 10, 20}.

Name Problem BKS
S BRA

(LB)
GAP

BKS vs. S BRA
D BRA

S BRA D
(UB)

GAP
D BRA vs. LB

GAP
D BRA vs. UB

∆E (%)

t j50 m5

P0 2724 2724 0.0% 4517.53 5727.95 65.8% -21.1% 52.4%
P1 2834 2838 0.1% 8386.03 10205.68 195.5% -17.8% 72.2%
P2 2621 2621 0.0% 3822.85 4725.28 45.9% -19.1% 44.5%
P3 2751 2753 0.1% 4931.7 6396.25 79.1% -22.9% 57.0%
P4 2863 2863 0.0% 5156.29 7684.45 80.1% -32.9% 62.7%
P5 2829 2829 0.0% 4806.41 5409.22 69.9% -11.1% 47.7%
P6 2725 2732 0.3% 5580.81 8475.26 104.3% -34.2% 67.8%
P7 2683 2683 0.0% 8126.41 9050.54 202.9% -10.2% 70.4%
P8 2552 2558 0.2% 6458.24 6764.08 152.5% -4.5% 62.2%
P9 2782 2782 0.0% 4908.21 5307.89 76.4% -7.5% 47.6%

t j50 m10

P0 2991 3084 3.1% 5233.57 9330.8 69.7% -43.9% 66.9%
P1 2867 2960 3.2% 4991.78 6994.07 68.6% -28.6% 57.7%
P2 2839 2924 3.0% 4911.28 6467.74 68.0% -24.1% 54.8%
P3 3063 3107 1.4% 5289.8 7518.19 70.3% -29.6% 58.7%
P4 2976 3065 3.0% 5179.55 10008.26 69.0% -48.2% 69.4%
P5 3006 3084 2.6% 5078.14 6251.07 64.7% -18.8% 50.7%
P6 3093 3164 2.3% 5057.35 7815.67 59.8% -35.3% 59.5%
P7 3037 3093 1.8% 5738.98 7754.13 85.5% -26.0% 60.1%
P8 2897 2975 2.7% 5249.08 6695.4 76.4% -21.6% 55.6%
P9 3065 3158 3.0% 5262.08 9088.48 66.6% -42.1% 65.3%

t j50 m20

P0 3846 3985 3.6% 8675.4 9791.47 117.7% -11.4% 59.3%
P1 3699 3853 4.2% 6088.09 10372.78 58.0% -41.3% 62.9%
P2 3640 3806 4.6% 6164.82 9950.87 62.0% -38.0% 61.8%
P3 3719 3876 4.2% 6011.23 6931.19 55.1% -13.3% 44.1%
P4 3610 3739 3.6% 6373.44 8870.5 70.5% -28.2% 57.8%
P5 3679 3815 3.7% 6476.31 8493.16 69.8% -23.7% 55.1%
P6 3704 3858 4.2% 5709.32 11530.83 48.0% -50.5% 66.5%
P7 3691 3858 4.5% 6092.87 8325.46 57.9% -26.8% 53.7%
P8 3741 3865 3.3% 6031.9 9000.27 56.1% -33.0% 57.1%
P9 3755 3911 4.2% 6484.15 8736.62 65.8% -25.8% 55.2%
Average 3142.7 3218.8 2.2% 5759.8 7989.1 81.1% -26.4% 58.5%
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Table 4. Computational results for n = 100 and m ∈ {5, 10, 20}.

Name Problem BKS
S BRA

(LB)
GAP

BKS vs. S BRA
D BRA

S BRA D
(UB)

GAP
D BRA vs. LB

GAP
D BRA vs. UB

∆E (%)

t j100 m5

P0 5493 5493 0.0% 8827.06 12622.31 60.7% -30.1% 56.5%
P1 5268 5284 0.3% 8473.42 11496.02 60.4% -26.3% 54.0%
P2 5175 5196 0.4% 9592.4 11057.2 84.6% -13.2% 53.0%
P3 5014 5020 0.1% 10174.68 13029.95 102.7% -21.9% 61.5%
P4 5250 5252 0.0% 8069.6 18411.48 53.6% -56.2% 71.5%
P5 5135 5137 0.0% 7292.8 11413.57 42.0% -36.1% 55.0%
P6 5246 5250 0.1% 8885.42 19174.98 69.2% -53.7% 72.6%
P7 5094 5100 0.1% 14548.98 15978.95 185.3% -8.9% 68.1%
P8 5448 5452 0.1% 8887.1 17784.93 63.0% -50.0% 69.3%
P9 5322 5337 0.3% 10847.19 11588.24 103.2% -6.4% 53.9%

t j100 m10

P0 5770 5799 0.5% 16466.51 19471.85 184.0% -15.4% 70.2%
P1 5349 5386 0.7% 10019.22 14036.8 86.0% -28.6% 61.6%
P2 5676 5699 0.4% 11834.2 13132.03 107.7% -9.9% 56.6%
P3 5781 5891 1.9% 10312.56 16562.02 75.1% -37.7% 64.4%
P4 5467 5575 2.0% 10264.2 13499.23 84.1% -24.0% 58.7%
P5 5303 5339 0.7% 8442.19 12346.92 58.1% -31.6% 56.8%
P6 5595 5648 0.9% 11310.98 13190.96 100.3% -14.3% 57.2%
P7 5617 5695 1.4% 11295.06 14180.17 98.3% -20.3% 59.8%
P8 5871 5959 1.5% 10330.52 11461.38 73.4% -9.9% 48.0%
P9 5845 5881 0.6% 13091.11 22909.56 122.6% -42.9% 74.3%

t j100 m20

P0 6173 6470 4.8% 11407.97 16279.18 76.3% -29.9% 60.3%
P1 6183 6585 6.5% 11591.96 14295.07 76.0% -18.9% 53.9%
P2 6252 6423 2.7% 14937.69 17787.52 132.6% -16.0% 63.9%
P3 6254 6472 3.5% 10713.03 13562.19 65.5% -21.0% 52.3%
P4 6385 6555 2.7% 20969.76 22236.5 219.9% -5.7% 70.5%
P5 6331 6633 4.8% 11541.21 15288.63 74.0% -24.5% 56.6%
P6 6223 6515 4.7% 12095.13 18308.47 85.7% -33.9% 64.4%
P7 6372 6678 4.8% 11374.19 15917.42 70.3% -28.5% 58.0%
P8 6247 6534 4.6% 10820.26 14193.4 65.6% -23.8% 54.0%
P9 6404 6622 3.4% 11735.71 18787.4 77.2% -37.5% 64.8%
Average 5718.1 5829.3 1.8% 11205.1 15333.5 91.9% -25.9% 60.7%

6. Analysis of results

The relationship between the operational schedule and the thermodynamic behavior of the system is
illustrated through the synchronization of the Gantt chart and the thermal evolution profiles. We focus
this discussion on our contribution, both when BRA is not applied in the execution (Figures 3 and 4)
and when it is applied (Figures 5 and 6). As observed in Figures 3 and 4, and similarly in Figures 5
and 6, each block in the Gantt diagram corresponds to a period of active heat generation on a specific
machine, where the duration of each task directly influences the slope of the temperature increase. The
health state trajectories exhibit significant fluctuations and sustained peaks, particularly on machines
with higher workload density or unfavorable dissipation parameters. These thermal spikes coincide
with segments in the Gantt chart where idle times are insufficient to allow adequate cooling according
to the relaxation term of the differential equation. Consequently, the accumulated thermal stress shown
in Figures 4 and 6 explains the expansion of the individual processing times represented in Figures 3
and 5, respectively, as the state-dependent penalty function increases the effective duration of tasks
when the machine operates.
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Figure 3. Gantt diagram for problem t j20 m5 P0 with no BRA execution. Makespan:
2046.49.

Figure 4. Health evolution diagram of the machines in the instance t j20 m5 P0 with
no BRA execution.

Figures 3 and 5 illustrate the comparative performance of the scheduling sequences for the instance
t j20 m5 under the P0-problem configuration. Figure 3 displays the baseline execution without the
BRA mechanism, resulting in a total makespan of 2046.49 time units. In contrast, Figure 5 shows the
impact of the BRA execution, which optimizes the workload distribution across the five machines and
reduces the makespan to 1982.61 time units. This comparative analysis reveals that the integration of
the proposed heuristic achieves a more compact schedule by effectively reordering jobs to minimize
idle times. The visual distribution of tasks in the second scenario suggests a more balanced use of
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machine resources, validating that the BRA approach enhances operational flow and improves overall
temporal efficiency within the dynamic constraints of the flow shop problem. These results indicate that
accounting for thermal profiles allows for a reduction in the total completion time while maintaining a
more consistent processing density across the system.

Figure 5. Gantt diagram for problem t j20 m5 P0 with BRA execution. Makespan: 1982.61.

Figure 6. Health evolution diagram of the machines in the instance t j20 m5 P0 with BRA
execution.

The reliability of the BRA is evaluated by analyzing the distribution of makespan values across
different operational environments. Figures 7–9 illustrate the performance dispersion for instances of
varying scales under three distinct modeling approaches: static, dynamic and the evaluation of static
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sequences under dynamic conditions (static-dynamic). In addition, for each approach, the dispersion
of solutions is represented when the BRA is not applied and when it is applied. This statistical
characterization is essential to confirm that the observed improvements are not incidental but result
from a robust optimization strategy.

Figure 7. Boxplot comparison among the modeling approaches in the instance t j20 m5.

Figure 8. Boxplot comparison among the modeling approaches in the instance t j50 m20.
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Figure 9. Boxplot comparison among the modeling approaches in the instance t j100 m10.

In the static scenarios, the system exhibits minimal variability, as processing times remain constant
and independent of the thermal state. However, the introduction of thermal dynamics in the model
leads to a significant increase in both the average makespan and its dispersion. Across all tested
instances, the BRA approach consistently shifts the distribution toward lower values compared to
the standard NEH. For example, in the t j50 m20 instance (Figure 8), the mean makespan decreases
from 6705.60 to 6410.75 when BRA is applied on the dynamic scenario. Furthermore, the contraction
of the interquartile range in the BRA distributions suggests that the randomized search effectively
identifies job sequences that are less susceptible to heat-induced temporal dilation. The static-dynamic
scenario provides a critical benchmark by applying dynamic makespan calculations to sequences
originally optimized under static assumptions. This approach reveals a substantial performance gap,
as the sequences that appear optimal in a static context suffer the most from thermal penalties when
executed. As shown in Figure 9 for the t j100 m10 instance, the static-dynamic distributions show the
highest makespan values and the greatest dispersion, highlighting how traditional scheduling fails to
account for the cumulative effect of heat. In contrast, the dynamic model with the BRA maintains a
significantly more stable and efficient performance.

7. Conclusions

This work presented a dynamic extension of the PFSP in which processing times depend on the
evolution of machine states. The proposed matheuristic method combines a NEH-based constructive
heuristic with a biased randomization mechanism and an ODE model that describes the thermal
behavior of each machine. This combination enables scheduling decisions to explicitly account for
feedback between machine usage and processing efficiency. The experimental results on the Taillard
benchmark instances show a consistent impact of thermal dynamics on schedule quality. When static
sequences are evaluated under dynamic conditions, the makespan increases substantially across all
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instance classes. On average, the gap between static and dynamic evaluations reaches about 48.5%
for 20-job instances, 58.5% for 50-job instances, and 60.7% for 100-job instances. This confirms that
classical static solutions are not robust under thermal effects. In contrast, the proposed ODE-augmented
matheuristic approach consistently reduces this degradation, improving over the dynamically evaluated
static baseline while remaining within the bounds defined by static and dynamic reference solutions.

Across all tested instances, the proposed matheuristic achieves stable improvements in the dynamic
setting. For example, in 20-job instances, the average gap between the proposed solution and
the dynamic upper bound is about −36.2%, while for 50-job and 100-job instances, this value
is approximately −26.4% and −25.9%, respectively. At the same time, the deviation from the
static lower bound remains positive, indicating feasible intermediate solutions within the expected
theoretical range. The method also maintains consistent behavior across problem sizes, with average
improvements in makespan that become more relevant as machine and job counts increase, particularly
due to accumulated thermal effects. A further observation is the reduction in solution dispersion
under the proposed strategy. While static solutions show low variability, the introduction of thermal
dynamics significantly increases makespan variance, especially in larger instances. The proposed
method mitigates this effect, producing more stable performance profiles and reducing sensitivity to
thermal fluctuations. In addition, the thermal impact indicator confirms efficiency losses above 50% in
many instances, reaching values above 70% in some large cases.

A key contribution of this work is the ODE-augmented matheuristic that couples discrete scheduling
decisions with continuous machine-state evolution. Unlike classical approaches that treat processing
times as fixed, the proposed framework embeds an ODE model directly into the evaluation of candidate
solutions. This allows machine health states, driven by heat generation and dissipation, to influence
processing times during the search process. The computational results confirm that this coupling leads
to more robust schedules and reductions in dynamic makespan relative to static-based sequences.

Future work will focus on extending the model to other scheduling environments and on developing
more detailed analytical tools for the underlying ODE-driven dynamics. In particular, the interaction
between discrete scheduling decisions and continuous machine state evolution remains an open
direction for further investigation.
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