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Abstract: Viral concentrations in plasma can be suppressed by antiviral drugs, yet reactivation of
latently infected cells is the main obstacle to total human immunodeficiency virus (HIV) elimination.
In this paper, to characterize the within-host dynamics of HIV with impaired immunity, we formulated
and analyzed a general HIV infection model involving diffusion and three delays. Uninfected CD4*T
cells were at risk of infection when they came into contact with three viral transmission routes, namely
virus-to-cell infection, latent cell-to-cell transmission, and cell-to-cell transmission, all characterized
by general incidence functions. Viral infection reproduction number was calculated, and the global
properties were demonstrated. Numerical simulations were carried out to illustrate the corresponding
theoretical results.
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1. Introduction

Human immunodeficiency virus (HIV) mainly attacks CD4*T cells and immune response, which is
the body’s defense against viral infections. Mathematical models that take into account the time delay
can not only provide better representation of the biological problem but can also exhibit much more
complicated dynamical behavior. Nowak et al. [1] put forward a host-virus model. Based on this model,
Perelson and Nelson [2] carried out in-depth follow-up research and elucidated the interplay between
viruses and host biological mechanisms. Throughout viral infection, cellular immune responses and
humoral immune responses act synergistically to combat invading pathogens, generating maximal
protective effects as a combined system. These mathematical models have been used to study the
dynamics of HIV infection, including the impact of cytotoxic T lymphocyte (CTL) response [3-5],
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humoral response [6—8], and both CTL and humoral responses [9-11]. In addition, there are numerous
biological factors, such as tumors, gene mutations, aging, etc., that can inhibit or disrupt the simulation
of immune responses [12—14]. Lin et al. [9] have developed an HIV infection model with immune
responses, virus-to-cell, and cell-to-cell infection modes. The model proposed in [9] fails to account
for latently infected cells as well as immune impairment.

Although antiviral drugs can inhibit the production of viruses, they cannot clear the virus. One
important reason is that the HIV provirus can exist in latent infection cells, but these cells do not
generate viruses until they are activated [15, 16]. Beyond accelerating the rapid dissemination of
viruses, latent cell-to-cell transmission enables immune evasion, thereby reducing the effectiveness
of neutralizing antibodies and antiviral inhibitors. Yan et al. [4] have considered an HIV model with
cell-to-cell transmission and CTL immune response. The model presented in [4] has neglected the
latently infected cells. In [6], Miao et al. have proposed a virus infection model with humoral immune
response, but the latently infected cells and spatial diffusion have been ignored. Meanwhile, Elaiw
and AlShamrani [10], and Boukhouima et al. [11] have studied viral infection models with adaptive
immune response. The models considered above all ignore latent cell-to-cell transmission.

It is worth pointing out that the aforementioned model makes an implicit assumption that cells
and viruses are fully mixed, failing to account for the spatial migration features of both populations.
As a matter of fact, the studied populations within numerous biological systems undergo temporal
evolution alongside spatial diffusion [17]. Based on the model in [18], spatial diffusion is considered
in viral models [19, 20]. McCluskey and Yang [21], Hattaf and Yousfi [22], Zhang et al. [23], Wu
et al. [24, 25], and Miao and Feng [26] have studied the global dynamics of diffusive virus dynamic
models. However, the above existing diffusion models have not taken into account immune impairment
and latent cell-to-cell transmission. Therefore, it is more reasonable to study a diffusive virus model
incorporating the virus-to-cell infection, cell-to-cell transmission, and latently cell-to-cell.

Motivated by the works of Guo et al. [3], Elaiw et al. [10], Sun et al. [27], and AlShamrani et
al. [37], a spatially diffusive HIV infection model is developed to govern the concentration dynamics
of six compartments with respect to space x and time ¢: uninfected cells J(x, r), latently infected cells
P(x, 1), infected cells K(x, t), HIV particles V(x, ), CTL immune cells L(x, ¢), and antibody cells U(x, ?),
respectively. Our proposed model is given by the following partial differential equations:

Z—i = DIAJ+A—=dJ(x,1) =y (J(x,0), V(x, 1) — Y (J(x, 1), P(x,1))
_¢’3(J(-xa t)7 K(X, t))7
% = D)AP+e ™" Y1 (J(x,t —11), V(x,t — 11) + Yo (J(x, t — 11), P(x, 1 — T7))
+Y3(J(x, 1 = 11), K(x, 1 = 71))] = (@ + d2) P(x, 1),
aa—lf = D;AK + ae ™" P(x,t — T2) — dyK(x, ) — nL(x, K (x, 1), (L.1)
6(3—‘; = D4AV +be ™ K(x,t — 13) —dyV(x,t) — cU(x,H)V(x,1),
66_1; = DsAL + wK(x,t) — dsL(x,t) — oL(x, )K(x, 1),
(Z—Itj = D¢AU + hV(x,t) —dsU(x,t) — eU(x,)V(x,1),

AIMS Mathematics Volume 11, Issue 6, 19011-19030.



19013

for any # > 0 and x € Q. Other parameters are described in Table 1.

Table 1. Definition of parameters in model (1.1).

Parameter Description

Di(i=1-06) diffusion coefficients

A production rate of uninfected cells

d; death rate of uninfected cells

a transmission rate of latent infected cells that become infected cells
d, death rate of latently infected cells

d3 death rate of infected cells

n kill rate of infected cells by CTL immune cells

b the rate of the virus particles produced by infected cells

dy removal rate of virus

c kill rate of virus by antibody cells

w production rate of new CTL immune response

h production rate of new antibody cells by antigenic stimulation

ds death rate of CTL immune cells

de death rate of antibody cells

o CTL impairment coeflicient

e antibody impairment coefficient

e”mm probability of surviving of latently infected cells during [t — 74, 7]
e M probability of surviving of infected cells during [f — 75, 7]

e probability of surviving of newly produced viruses during [f — 73, ]

We assume that the incidence functions ¥ (J, V), ¥»(J, P), and y3(J, K), are satisfied by the
following conditions:

Define

= lim V) _ WO

Py awino)
i . ¢/2 ) l/’z s

JH= 1 = ,
T e s
- J) = l 3\J — 3\J .

Y3(J) = lim X 3K

(Hy) ¥:(J, 0) is continuously differentiable; ;(J,0) > 0, y;(J,60) = 0 if and only if J = 0 or 6 = 0;

oyi(J,0 oyi(J,0 . ~ ~ i(J,0
dja(J ) > 0, Vi/.9) > 0,i = 1,2,3. (Hy) ¢i(J) > 0 and y(J) > O for all J > O; I/I(G )
non-increasing with respect to 6 for all 6 > 0.

Assumption (H;) implies that positive values are obtained for virus-to-cell infection, latent cell-to-
cell transmission, and cell-to-cell transmission rates when uninfected cells, virions, latently infected
cells, and infected cells exist at non-zero concentrations. In addition, no transmission events occur if
uninfected cells are absent. What is more, all three transmission rates drop to zero without virions,
latently infected cells, and infected cells. Meanwhile, elevated levels of virions, latently infected cells,
infected cells, or uninfected cells accelerate the infection progression rate. Assumption (H,) refers to
the maximum average quantities of uninfected cells infected per particle, per latently infected cell, and

9
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per infected cell at the initial stage of infection. Moreover, the infective efficacy of virions, latently
infected cells, and infected cells does not rise with increases in their respective concentrations.

The initial conditions of model (1.1) are

J(x,0) = ¢1(x,0) >0, P(x,0) = ¢(x,0) >0,
K(x,0) = ¢3(x,0) >0, V(x,0) = ¢4(x,0) > 0, (1.2)
L(x,0) = ¢s(x,0) > 0, U(x,0) = ¢pg(x,0) >0, x€Q, 0€[-1,0],

and the homogeneous Neumann boundary conditions are

8J 0P 0K 4V AL U
S T 0, 150, xedQ, (1.3)

ot~ o oi  on  orn  oi

where 7 = max{r;, 7, T3}, Q is a connected, bounded domain in R"” with smooth boundary 9.
% denotes the outward normal derivative on dQ. ¢;(x,0)(i = 1,2,3,4,5,6) is Holder continuous in
QX [-1,0].

In this paper, our purpose is to investigate the global dynamics of model (1.1). The organization
of this paper is as follows. In the next section, the basic properties of solutions and the existence of
equilibria are discussed. In Section 3, under the assumptions (H;) and (H,), sufficient conditions for
global stability are established. In Section 4, the numerical simulations are given to further illustrate
the dynamical behavior of the model. In the last section, we will give a conclusion.

2. Positivity, boundedness, and equilibrium

In this section, we prove the existence, positivity, and boundedness of solutions to model (1.1)—
(1.3), where these solutions correspond to the densities of uninfected cells, latently infected cells,
infected cells, HIV particles, CTL immune cells, and antibody cells, respectively. Further, we discuss
the existence of equilibria of model (1.1).

Let C = C([-7,0],X) be the Banach space of continuous functions from [—7, 0] into X with the
norm || ¢ ||= maxge—-0) || #(6) |lx. In our case, X is the Banach space C (ﬁ, RS). For convenience, we
identify an element ¢ € C as a function from Q X [-7,0] into R® defined by ¢(x, s) = ¢(s)(x). For any
continuous function W(:) : [-71,b) — X for b > 0, we define W, € C by W,(s) = W(t + s5), s € [-7,0].
It is not hard to see that t — W, is a continuous function from [0, ») to C.

Theorem 2.1. For any given initial condition ¢ € C satistying (1.2), models (1.1)—(1.3) has a unique
nonnegative solution. When D, = D,, D3 = Ds, and D4 = D, this solution is defined on [0, +c0) and
remains nonnegative and bounded for all t > 0.

Proof. For any ¢ = (¢1, ¢2, 3, ¢s, ds, ¢6)” € C and x € Q, we define F = (Fy, F», F3, F4, Fs, Fg) : C —
X by

Fi(@)(x) = A—=di¢1(x,0) = 1(h1(x, 0), $a(x, 0)) — 2(¢1(x, 0), ¢2(x, 0))

—3(¢1(x,0), d5(x, 0)), 2.1)
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Fo(@)(x) = e Y11 (x, =71), Pa(x, —71)) + Y2(p1(x, —71), ha(x, —71))
+Y3(d1(x, =71), $3(x, —T1))] = (@ + d2)da(x, 0),

F3(@)(x) = e ™7 ¢(x, —12) — d3¢3(x, 0) — s (x, 0)3(x, 0),

Fu(@)(x) = be™™ P d3(x, —T3) — dagpa(x, 0) — cde(x, 0)pa(x, 0),

Fs(@)(x) = ws(x,0) — ds¢s(x,0) — ops(x, 0)p3(x, 0),

Fo(@)(x) = hga(x,0) — deds(x, 0) — £d6(x, 0)da(x, 0).

Then, model (1.1)—(1.3) can be rewritten as the following abstract functional differential equation:

W)= AW+ F(W)), t >0, 2.2
W)= ¢€X,

where W = (J, P, K, V, L, U)T,¢ = (¢1, ¢2, ¢3, ¢4, ¢5, ¢6)T, and AW = (D]AJ, DQAP, D3AK, D4AV
DsAL, DgAU)T. Tt is clear that F is locally Lipschitz in X. From [28-30], we deduce that model (2.2)
admits a unique local solution on [0, T,,,), where T, is the maximal existence time for a solution of
model (2.2).

Therefore, we have J(x,t) > 0, P(x,t) > 0, K(x,1) >0, V(x,1) >0, L(x,t) > 0, and U(x,t) > 0
because 0 is a sub-solution of each equation of the model (1.1).

Next, we prove the boundedness of solutions. Denote

Ni(x,t) = J(x,t) + ™" P(x,t + 19).

So, we have

ON(x,1)
ot

DAJ + D™ AP(x,t+ 1)+ A —diJ — (@ + dr)e™ " P(x,t + 1)
< DIANI +A- nlel(X, t),

when Dy = D,, & = min{d;, « + d,}. Hence,
A
Ni(x,1) < max{f—,max{%(x, 0) + ™" ¢y (x, TI)}} = g1
1 xeQ

This implies that J and P are bounded for large z.
Denote

d
No(x, 1) = K(x, 1) + —L(x, £).
2w
So, we can get

ON>(x,t dsD d d>d
2(x ) = D3AK + 3 SAL + a/e_mmP(x, t— T2) - _3K - s SL(X’ t)
ot 4 2w 2 2w
—(n+ 2D)L(x, DK (x, 1)
2w

< D3AN, + ae™™"g; — &Ny (x, 1),

. d
when D3 = Ds, & = m1n{?3,d5}. Hence,
—mZTZg

d
N, < max{g—l,mw{¢3(x, 0) + ﬁfﬁs(x, 0)}} =&.

2 xeQ
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Denote 4
Ni(x, ) = V(x, 1) + jU(x, 0.

So, we can get

ON3(x, t diD dy  did
% = D,AV + 4h6AU + be ™K (X, 1 — T3) — fv- “22U(x, 1)

) 2
—(c+ zi;)U(x, HV(x, 1)
< D4AN3 + be_m3T3§2 - §3N3()C, t)’

when D, = D¢, & = min{—, d¢}. Hence,

4
2’
—m3T3

b d
¢ % max{¢4(x,0) + j%(x, 0)}}-

N3 < max{
3 x€Q

From the _above, we have proved that J(x,1), P(x,t), K(x,t), V(x,t), L(x,t), and U(x,t) are
bounded on Q X [0, 7). Therefore, it follows from the standard theory for semilinear parabolic
systems [31-33] that 7,,, = +co. This completes the proof.

Now, we discuss the existence of equilibria of model (1.1). It is easy to know that any equilibrium
E=,PK,V,L,U) of model (1.1) satisfies

A=diJ = y1(LV) =y, P) —y3(J,K) = 0,

e Y (L V) + (4, P) + ¥3(J, K)] = (@ + dp)P = 0,
ae ™ P —d;K —nLK =0,

be ™K —d,V —cUV =0,

wK —dsL—oLK =0,

(2.3)

hV —dsU — eUV = 0.

It is clear from (2.3) that model (1.1) always has a unique infection-free equilibrium E, =
A
(J5,0,0,0,0,0) with Jy = R which is the level of uninfected cells in the absence of infection. Inspired

1
by the method in [34], we consider the infection and viral production, and define matrices F and V as

alﬂZ(i90) —mt 0’#3(%90) —my 0’#1(%90)
_ e 1. e mT, 7

-mTy - -
- ¢ apP oK av
- 0 0 0 ’
0 0 0
and

a + d2 0 0

V=| —ae™™ d; 0

0 —be ™73 d4
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Thus, the basic reproductive number R, can be defined as the spectral radius of the next generation
operator FV~!, where
app dip a4

Fv'= 0o 0o o0 |,

0 0 0
where A1 (+.,0) A (4+.,0) Ap3(+.,0)
_ abeflnl‘rlfmz‘fz*"l:;‘rj’ . 1 dl i) e*IﬂlTl . 2 dl 9 ae*f’ﬂl‘(’l 7}1127'2 . l//3 dl i)
an (@+d>)dzds av a+ds ap (@+d)ds K *
a _ M7l . 6!,03(% ,0) be~™M1T1M373 . 6'101(% ,0)
12 = d3 K dsd v
a _ e M7l . 6'101(%50)
13 = ds Fl%
Therefore,

abe~™MTI=MTI—m3Ts 0:701(%, 0) e mm &ﬂz(%, 0)
(@+dydd;, 0V a+dy, 0P
Qe~™mTI—mn a%(ﬁ’ 0)
Tatrdyd, 0K
which biologically describes the average number of secondary infections produced by one infected

cell at the beginning of infection. In the above expression of Ry, divided into parts as Ry = Ry +
=M T|—MmyT)—M373 a'ﬁl(%so)

R():

Ry + Roz, where Ry; = abe

is the basic reproduction number through the virus-

((l+d2)d3d4 ’ ov
. . —m| T 61/’ (A!O) . . .
to-cell infection, Ry, = ﬁ . 20;‘ is the basic reproduction number through the latent cell-to-cell
. . —MmM|T|1—MHT 6111‘ (A,O) . . .
transmission, and Ro3 = 57— - ;2‘ is the basic reproduction number through the cell-to-cell

transmission, respectively.
When V # 0, from the third, fifth, and sixth equation of (2.3), we get

L)K K
pbHbK WK o, WV 2.4)
e mn2 ds + oK de + €V
and from the fourth equation of (2.3), we obtain
8d4V2 + (C]’l + d4d6)V
= = F(V), 2.5

(ds + £V)be s V) )

where F(0) = 0. From (2.4) and (2.5), we have

2
L= w(ch + &dy) V- + wdydgV — V), 2.6)
ds(de + €V)be™™7 + o[(ch + 8d4)V2 + dydg V]
where F,(0) = 0. Due to (2.4)—(2.6), we have
2

P [(ch + &d)V" + dydsVIA(V) Fy(V). 2.7)

abemr=mt(de + gV)B(V)

where
A(V) = (O'd3 + wn)[(ch + 8d4)V2 + dsdgV] + d3d5(d6 + SV)be_m3T3,

B(V) = ds(dg + €V)be™™ + o[(ch + 8d4)V2 + dyds V],
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and F53(0) = 0. From the first and second equation of (2.3), we get
diJ =A-(a+dye™P. (2.8)

From (2.7) and (2.8), we have

J

_ l{/l _(a+dy)e™ " [(ch + edy)V? + d4d6V]A(V)} RV, (2.9)
d; abe ™27 (dg + V)B(V)

A
where F4(0) = T = Jy. From the second equation of (2.3), we have
1

Ui1(F4(V), V) + Ya(Fa(V), F3(V)) + Y3(Fa(V), F1(V))
(@ + dy)l(ch + £dy)V? + dudsVIA(V) _ 0 (2.10)
abe-mn-mu-mt(de + eVYB(V)

Define
a + d2
F(V) =y (Fa(V), V) + 2(Fa(V), F5(V)) + Y3(Fa(V), F1(V)) — e F3(V),
where F(0) = 0. Thus, there exists a unique V such that F4(V) = 0, that is,
o la+dl(ch+ ed)V* + dids VIA(V) 0
abd e-mTi-mr=msts (de + eV)B(V)
It follows that
G(V) = MyV* + M3 V3 + My V2 + MV + M, (2.11)

where

M, = (a+d>))(ods + wn)(ch + &d,)?,

M; = (a+ dy)(ch + &dy)[2dyde(0ds + wn) + ed3dsbe™™ 7]
—able™™TV MM B o (ch + £dy),

M, = (a + dy){(ch + edy)dzdsdgbe™™ ™ + dydg|dyde(ods + wn) + edsdsbe ™7}
—abAe ™M1 TMTTMT [ g (ch + &dy) + e(dsebe™™ T + odadg)],

M, = (@ + dp)dsdsdsdibe™™™ — abA(e + dg)dsdgbe ™72 215Ts,

My = —alde™™TmmnTBR ]2,

Clearly, limy_,,, G(V) = +c0, G(0) = —ade™™™=m™272mTp2dsd2 < (. Then, there exists a unique
V € (0, +o0) such that G(V) = 0. Further, F(V) = —(a + dy)e™™ F3(V) < 0. Moreover,

a 1 4 [/ N [’ 8 1 4 [’ ) [‘ ’ a s

—(a + dy)e" " Fi(V).
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Then, we have

PO = P00 ). WD) ). DD 4 dyen0)
(a + d>)dsd, Ry — 1),

a,be—ml T1—MaT2—M3T3

Therefore, if Ry > 1, then F’(0) > 0, and there exists V* € (0, V) such that F(V*) = 0.
Define

N(J)=A=dJ =1(L V) = ya(J, F3(V) = Y3 (J, F1 (V7).
Clearly,

N(0) = 1> 0and N(Jo) = —[¢1(Jo, V") + ¢2(Jo, F3(V")) + ¢h3(Jo, F1(V7))] < 0.

According to (H), there is a unique J* € (0, Jy) such that N(J*) = 0. Hence, model (1.1) has a
unique infected equilibrium E, = (J*, P*, K", V*, L*, U"), where

hV*
J e 0,Jy), U = ————,
( 0) de + eV*

[(ch + &dy)V*? + dudg VF]A(VY)

cvbe"”zfr’"ﬁz3 (dg + eV*)B(V¥)
(C]’l + 8d4)V* + d4d6 v
K* = = F(V?),
(dy + eV*)be 73 ) 1V
I* = w(ch + edy)V** + wdydgV i RV,
d5(d6 + gV¥be ™7 + o[(ch + 8d4)V* + dydg V]

P =

= F3(V°),

3. Stability analysis

In this section, we analyze the global stability of the above two equilibria E, and E; by means of
the Lyapunov function method in [35-37].
3.1. Stability of equilibrium E

Theorem 3.1. Let conditions (H;) and (H,) hold true and Ry < 1, then the infection-free equilibrium
E) is globally asymptotically stable.
Proof. Define a Lyapunov functional

v mT -
Gi(1) = f {J —Jo— M do+ ™M P + be™ "y (Jo) + d4l/’3(Jo)K
Q

Q- Jo ‘/’1@) . ~d3d4

Y1(Jo) n(be™ i (Jo) +dap3(Jo)) ., (Do), »
\% L U

4 T 2wdnd, " ohd,

+ f (11 (x, 0), V(x, ) + Y2(J (x,0), P(x, 0))

(00 K. 0p) o+ 2 [ oy ao
4 t—73

+ae‘m272(be”"71$1(10) +dyp3(Jo)) [
dsdy

P(x,0) dQ}.

-7
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Calculating the time derivative of G,(#) along any positive solution of model (1.1) and noticing that

Jo = —, we can obtain

|
dGi(1) _ f{(l B wl(JO))DlAJ + Dye™TIAP + D‘“pl(JO)AV + Cwlc(lJO)DeAU U
Q

dt i 4 hd,
+b€_mm¢1(fo) + d4l//1(Jo)D3AK N n(be™™ "y (Jo) + d4¢’1(-]o))D5AL N3
d3d4 U)d3d4
+(1 51’1(10))(/1 dJ)+ (%({B)%(J, V) —%(JO))V
U (J) n(HV 7 —
[l/’l(-]o)%(] p) (@ + dy)e™™ + ae "2 (be " (Jo) + dap1(Jo)) p
Y (J)P dsdy
UUoWs(LK)  — (o) 2
(—wl(l)K wiJO))K s+ eE)U
_n(be™™ Y (Jo) + 614!#1(]0))(0/,5 N o-K)LZ} dx.
(l)d3d4
where . . .
lﬂ~1(Jo) Ya(LP) (@ + dye™™ + ae™™(be™™ " (Jo) + dapi (Jo))
iél(J) P _ d3d4 _
Ui(Jo) ~ @€ " (be™™ Y (Jo) + dapi(Jo))
< @(J) () — (@ + dr)e™™ + dsd 3
vi(Jo) ~ ae ™ (be™™ Y1 (Jo) + dayr1(Jp))
< L0 T (o) — (@ + dp)e™™
< 7o) Ua(Jo) — (@ + dp)e™™ + 4
= (a+d)e" ™" (Ry— 1),
and .
v1(Jo) ¥3(J, K) w1 (Jo) ~
— : —ys3(Jo) £ = (J) = y3(Jp) = 0.
n K V=S D e
Similarly, .
vi1(Jo) ¥ (4V) 1 (Jo)
= : — ¥ (Jo) £ =—= -y (J) — 1 (Jo) =
no v R o
From (H,), we have
(1- MJO))(A —d\J)<0.
i (J)

Therefore, we obtain

dG(1) _ f{(l _ wl(JO))DlAJ+D2e””T'AP 4%(]0)
o

dt 0O dy
b —-m3T3
+ e L[’l(dJOC)Z+d4¢](JO)D3AK+(a_i_dz)emlTl(RO_1)P
3d4 —
—m3T3
GG A U)o )
a)dqd4 — h{l’_g
—ms3T3
_cwl(Jo)(d6 4 eV n(be™ Y1 (Jo) + daip1(Jy)) ds + o-K)Lz} dx.
hd, wdsd,y
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Using the divergence theorem and the homogeneous Neumann boundary conditions, we get

fAde: a—dx—O fAdez a—dx 0,
Q 095’1 Q (993”
fAde: O—Kd =0, fAde: 8—de—()
Q oQ on Q oQ on

fAL Ldx = - fllVLII dx, fAU Udx =- fIIVUII dx.
Q Q

(Vg ||2
oy (J) wZ(J)

Thus,

Ds || VL |I?

dGy(1) _ f { R IV I nibe ™m0 (Jo) + dahi (Jo))
dt Q wi(J) wdsdy

J
C‘/’l( O)D | VU P +(a + dy)e™ " (Ry — 1)P
J be ™33 (J, d J
_C'//l( o)(d6 F eV — n(be U1 (Jo) + da ( 0))(d5 +0'K)L2}dx
hd4 U)d3d4
d d
Obviously, if Ry < 1, then G <0. G =0ifandonlyif P=0,L =0,and U = 0. Let M

dt

be the largest invariant set of {(J, P,K,V,L,U) € Ri :
(1.1), we easily obtain M = {Ey}. It follows from LaSalle’s invariance principle that E, is globally
asymptotically stable when Ry < 1.

dG(t
46, = 0}. From the third equation of model

3.2. Stability of equilibrium E,

Theorem 3.2. Assume that (H;) and (H,) hold. If Ry > 1, then the chronic-infection equilibrium E is
globally asymptotically stable.

Proof. Define the function H(¢) = § — 1 — Iné. Clearly, H(¢) > 0 for ¢ > 0 and H(1) = 0. Define a
Lyapunov functional

J * %
(V) P M K
GH(1) = {J—J*— — —__~d6 mTp* A — H
20) fg L@ 0T &) va ey &)
nM

WLV V. e
s+ U H(3:)+ K Vst 1L s + cU N —ol) L~ F)

cy(J5, V") 2 . ft U1 (J(0), V(D))
Vs + U ey U T U LYY - 2l (I, V) )do
Y2 (J(0), P(6)) e o [ Y3(J(0), K(9))
) do+ gL K )f H(W) de

t
+ir(J5, P* H
¢12( ) ) ( wz(‘]*, P*)
e g P M L PO)
+ H(
K*V*(dy + nL)dy + cU*) J,_., "\ P

K* s *\ ,—M3T3 ! K
+b Yi1(J*, Ve f H( (9))d0},
V*(d4 +cU*) —13 K*

)do
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where M = be ™" K*y,(J*, V*) + V*(dy + cU W (J*, K*).

Use
A=diJ" + i (J*, V) + (T, PY) + 3 (J*, K),

U (J5, V) + 4 (U7, P + 3(J7, K7) = (@ + dp)e™ ™ P,
@e ™ Pt = K*(ds + L"), be ™ U K* = V*(dy + cU"),
wK* = dsL* + oL'K*, hV* = dgU* + sU*V".

Calculating the time derivative of G,(x, t) along any positive solution of model (1.1), we can obtain

dG, (1) :fg{(l SOV, AT+ (i - P?j)AP s DY) Yy ay

dr U (J, V*) V*(dy + cU%) vV
M K* . e W1(LV)
1= 2\DAK + 0y (. V
T T O\ T R IPAK H V) S
nM .
L — LYDsAL
Y RV s+ nlds + U@ — oL )Ds

N e (J5, V)
V*(dy + cU*)(h — gU*)

L= UV

%(J*,V*))dlj*(l _ ﬁ)

(U - U)D6AU + (1 - A n

)W (T7, V) + (T, P7) + (T, K))

AL
oyl ;lf(lj)*,,“f/(*r); LN A
o e ;221)*’?:); LNt
o kol ;;});,I,(((f); O Yy 5 s K
R G A e e
TKV s+ nL*)(ZiW+ T —ory TR LY’

cy (J*, V")

(de + VYU — U")?

© VH(dy + cUY(h — eU*)

i(J@ —11), V(I —11))
Yi1(J, V)

U3(J(t—11), K(t —11))
Y3(J, K)

Yo (J(t —71y), Pt - Tl)))
Yr(J, P)

K(t —713)
(%)

+ (%, V) In ( )+ ua(J" P In

+y3(J", K7 In )+ yn(J7, V) In

| P -
F W V) + s K In (tP TZ))} dx.
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Using the divergence theorem and the homogeneous Neumann boundary conditions, we get
P
fAde—f—dx— fAde— a—dx—O
80 01’1
fAde- —dx— fAde— —dx-
o0 0 o 0

fAde- —dx— fAde- —dx-
s 0 90 O

AJ ‘= Il vVJ ||2 f_d | VP |I?
aY1(J,V¥) o ¥ (V) o P?

VK | AV vV |?
M g, —f” || dx,f o [V
Q Q K2 Q 14 Q V2

fAL-de:—fHVLII2 dx, fAU-de:—fHVUII2 dx.
Q Q Q Q

dx,

Thus, we have

dG,(t vJ P VP |?
2(2) =y (J. VD, ||2 I dx — Dzem‘T'P*f I I da
dr X ZCAR. o P?
MD;K* VK | D A
3 3 I I dx — sci( ) f VU P dx
Vi(ds + pL)ds + cU") Jo K2 Vi(ds + cUh— sU") Jq
J, VD vV ||? DsnM
AL )‘ | I dx — 517 f” VLIP dx
dy+cU* Jo V2 K*V*(d; + nL*)(dy + cU*)(w — oL¥)

RV T T A B AV TS
+fg{dlj (- Fav = 7)o s -7 - 55)

*)( (5 V(L P) 5)(1 _ i, V*)lﬁz(f*,P*))
U (J, VO (J5, P*) P un(J*, Vo, P)
(VLK) K U (J, Vs (J*, K*)
T K )(w1<J, VOs(J*, K*) F)(l T VO K) )
Y (J7, V") U (J(t —1), V(I = 1)P* U (J, VIV
na ) A aee ) GGl
vi(J7, V*)) N H(llfz(-](l - 1), P(t - Tl))P*) N H(lfll(-], V*)lﬁz(f*,P*)P)]
Ui (J,V*) o (J*, P*)P Ui (J*, VO (J, P)P*
Y (J5, V) Y3(J(t —11), K(t — 71))P*
o) T e )

H(lﬁl(f, VW3(J*, KK
Y (J*, Vs, K)K*

+ Y (J*, P

— (VO H(

— (I, P H(

—ys(J, K| H(

K(t — T3)V*)
K*V

)| = v (7, vOH(

(P(t - TZ)K*)

- W V) +ys(J, K )H K
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_nlds + oK) (J*, V) + Y3(J", K7))
K*(d; + nL*)(w — oL*)
L andn v
V*(dy + cU*)(h — eU*)

(L-L")’

(dg + eV)(U — U*)Z} dx.

dGo(1)

dG,(t
Obviously, we have Zt() < 0, and ; = 0 if and only if J(t) = J*,P(t) = P",K(t) =
K", V() = V*, L(t) = L*, and U(¢) = U*. From LaSalle’s invariance principle, we finally have that E
is globally asymptotically stable when Ry > 1.

4. Numerical simulations

In this section, we present several numerical examples to illustrate the results obtained in Section
3. We will use the finite difference scheme, which is proposed in [38—40] for the delayed reaction-
diffusion epidemic models. For convenience, we consider model (1.1) under the one-dimensional
spatial domain Q = [0, 1]. The grid sizes used in the spatial and temporal directions are Ax = 0.1, and
At = 0.1, respectively. The homogeneous Neumann boundary conditions and the initial conditions are
given by
o] 0P 0K oV oL JU
%—%—%—%—%—%—O,I>O,x—0,l, “4.1)
and
J(x,0) =400, P(x,0) =10, K(x,0) =2, V(x,0) =2, L(x,0) = 0.3, U(x,0) = 0.09,

forO<x<land -7<6<0.
BiIV

(I +a; (1 +c V)

In model (1.1), we choose the nonlinear incidences ¥(J, V) = Ur(J,P) =

BoJP B:JK
3 d J,K = . F th , b
(I +a )1 +cP) ¥3(, K) (1 +as (1 + K TCHHOTE, We OhSEIve
= 0, forall J, >0,
; 8(J | 1 +a,~JIB)2(1 T o >
vi(J, 0 -J
= 0, forall J, 6 >0,
09 Aran(+cor o ord >

where 6 € {V, P, K}. Then assumption (H,) is valid. It is obvious that

~ - 0i(J,0) B
Vi) = . agw (1_0)1 +a;J
Vil =7
0 0yi(J,6)
96 00

>0, forall J >0,

) = I +'8" 7 >0, forall J >0,
ai
—cifid
)= TEPN R <0, forall J, > 0.

Hence, assumption (H,) is verified. Select D, = 0.1, D, = 0.1, D3 =0.1, D4y = 0.1, Ds = 0.1, Dg =
0.1, 7y =10, 7, = 5, and 73 = 2. Furthermore, 81, 5,, and 3; are chosen as free parameters. All other
parameter values are the same as in Table 2.
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Table 2. Definition of parameters in model (1.1).

Parameter Value Source Parameter Value Source
Pl 10ul'day™ [36] b 2.6day™! [5,37]
d, 0.01day™! [36] C1 0.01 assumed
a 0.2day™! [6,37] s 0.01 assumed
a 0.01 assumed 3 0.01 assumed
a 0.01 assumed ¢ 0.06ul"'day™! [37]

as 0.01 assumed w 0.25day™! [6]

d> 0.2day™! [2,3] ds 0.2day™! [37]

ds 0.8day™! [5,37] m 0.001 assumed
d, 3day™! [5] m, 0.001 assumed
n 0.4ul'day™! [37] ms 0.001 assumed
o 0.001ul day™ [8] h 0.1day™! [5]

de 0.1day™ [36] e 0.001ul " 'day™! [7]

In the following, Figures 1 and 2 are denoted as time-series figures of J(x, t), P(x, 1), K(x, 1), V(x, 1),
L(x,1), and U(x,1).

Jixt) P(xt) K(xt)

200

800

600

’ 800 08
600

(b) (c)

V(x,t) L(x.b) U(xt)

Figure 1. Taking 8, = 0.001, 8, = 0.003, and 85 = 0.002, we have R, = 0.8357 < 1, and
equilibrium E, = (1000, 0, 0, 0, 0, 0) is globally asymptotically stable.
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J(x.t) P(xt) K(xt)

400 150
350

300
250 100
- 200

150

(b) (c)

V(x,t) L(x.b) U(xt)

08

0 200

(d)

Figure 2. Taking §; = 0.01, 8, = 0.03, and B3 = 0.002, we have Ry = 7.3498 > 1, and
equilibrium E; = (19.14,24.28,2.421,2.014,2.99, 1.974) 1s globally asymptotically stable.

5. Conclusions

In this paper, we have discussed a generalized delayed HIV infection model (1.1) with diffusion,
immune impairment, and three modes of transmission, in which the virus-to-cell infection ¢ (J, V),
the latent cell-to-cell transmission ,(J, P), and the cell-to-cell transmission ¥3(J, K) are considered.
Assume that the incidence functions satisfy the biologically reasonable interpretations presented in
(Hy)—(H,). By the analysis, we have shown that when Ry < 1, Ej is globally asymptotically stable,
which is illustrated in Figure 1. This implies viral clearance and infection extinction. When Ry > 1,
E, is globally asymptotically stable. It implies coexistence of virus and host with chronic infection,
as confirmed in Theorem 3.2 by Figure 2. The novelty of the present work is the establishment of
a suitable Lyapunov functional for a diffusive HIV model incorporating adaptive immune responses,
three time delays, and three mechanisms of viral transmission, and the technique can be generalized to
more sophisticated models.

One can readily observe that the reproduction ratio R, is the sum of three reproduction ratios:
Ry, determined by virus-to-cell infection, R, governed by spread among latently infected cells, and
Ry3 from cell-to-cell transmission. For one thing, the existence of time delays significantly lowers the
basic reproduction number, which in turn suppresses HIV viral replication; for another, the existence of
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latent cell-to-cell transmission raises Ry, exacerbating HIV infection progression and accelerating HIV
disease progression. If latent spread is omitted from the HIV dynamical model, the basic reproduction
number will be underestimated, and the therapeutic effect of anti-HIV drugs for viral eradication may
be inadequate. The findings facilitate elucidation of virus-host cell interaction mechanisms and further
uncover the dissemination dynamics of viruses within the host.

It would be worthwhile to improve model (1.1) by introducing memory-dependent effects and age
structure. Furthermore, model (1.1) can be extended to characterize spatiotemporal dynamics involving
two types of target cells or coinfection by multiple viruses. We will address these directions in future
research.
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