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1. Introduction

The set of hybrid numbers, a noncommutative number system denoted by H or K, unifies and
generalizes complex numbers, dual numbers, and hyperbolic numbers. The hybrid number system was
defined by Ozdemir in [1]. A hybrid number is a number created with any combination of complex,
dual, and hyperbolic numbers. There have been a large quantity of results about algebra and geometry
on the hybrid number system. In algebra, Ozdemir researched representations of hybrid numbers such
as the matrix representation, the polar representation, and the exponential representation. He also gave
formulas to find roots of the n-th degree of a hybrid number. Analogous to the similarity of matrices,
Oztiirk and Ozdemir defined the similarity of hybrid numbers and investigated properties of similar
hybrid numbers [2]. The hybridian product can induce the scalar product g of two hybrid numbers.
The hybrid number system H endowed with the scalar product g is called the hybrid number space.
It is a four-dimensional linear space and isomorphic to the (R*, g). All hybrid numbers whose scalar
parts vanish form a subspace of H, called the spatial hybrid number space. In the spatial hybrid number
space, numbers can be divided into elliptic, hyperbolic, and parabolic according to the scalar product.
Akbiyik gave Frenet-Serret formulas for non-parabolic spatial hybrid curves and non-lightlike hybrid
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curves [3]. These are basic and useful tools to deal with properties of regular curves. Alo derived
Cartan formulas for lightlike hybrid curves in the spatial hybrid number space and the hybrid number
space [4]. Using the Cartan frame, Alo introduced Bertrand curves of lightlike hybrid curves.

In the history of differential geometry, people usually researched regular curves, but singular curves
are common in our life, such as movement trajectories of objects and edges of buildings. We cannot
establish the Frenet frame of a singular curve at its singularity by the traditional method since the
derivative of the curve is a zero vector here. Bishop proposed that there is more than one way to
frame a curve [5]. Although Bishop only considered regular curves, people found that his idea can
be applied to singular curves. Fukunaga and Takahashi proved the existence and uniqueness theorems
for Legendre curves, whose base curves may have singularities [6]. Increasing the dimension of the
space, Honda and Takahashi defined framed curves in the Euclidean n-space [7]. In brief, a framed
curve is a smooth curve with a moving frame along it. One can find more appropriate frames for some
framed curves. Honda and Takahashi raised the Frenet type frame for framed curves in the Euclidean
3-space [8,9]. It can be regarded as the generalization of the Frenet frame for regular curves. So
far, questions related to framed curves can be handled and abundant results are produced [10-12].
Most of existing studies on framed curves are in the Euclidean space, the Minkowski space, and their
subspaces [13—15]. Hybrid curves which people studied are all regular. So, we study curves which are
allowed to have singularities in the hybrid number space.

In the present paper, we consider non-parabolic spatial hybrid framed curves and curves generated
by them. In Section 2, we recall some basic knowledge of hybrid numbers. In Section 3, we define
non-parabolic spatial hybrid framed curves in the spatial hybrid number space and give the fundamental
theorem of non-parabolic spatial hybrid framed curves. As applications, we define curves generated by
non-parabolic spatial hybrid framed curves and research their relations in Section 4. Finally, we give
an example to show our results.

All maps and manifolds considered here are differentiable of class C*.

2. Preliminaries

Let
H={a+bi+ce+dh|a,b,c,deR}

be the set of hybrid numbers and
H? = {bi + ce + dh € H}

be a subset of H. H” is a three-dimensional vector space on R with the basis {i, &, h}. For any H, =
a; +bii+cieg+dh, Hy = a; + byi + co€ + d>h € H, their hybridian product is

HH, =aja, — bib, + bjcr + brey +didy + Cl](bzi + &€ + dzh) + Clz(b]i +c1€+ d]h)
+ (b1d2 - bzd])l + (bldz —byd) — c1dy + C2d1)8 + (bZCl - b]Cz)h.

The hybridian product is associative but noncommutative. If H;, H, € H”, then their hybridian product
can be simplified to

H1H2 =— b]bz + b]Cz + b2C1 + d1d2 + (b]dz - bzdl)l
+ (b1d2 - bzdl - C1d2 + C2d1)8 + (b201 - b1C2)h.
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The conjugate of H, is H, = a, — bji — c,& — d,h. The scalar product of H, and H, is defined by

1 _ _
g(H,,H,) = E(HIHZ + H,H,)
=aiap + b1b2 — b102 - bZCl - dldz.

When H,, H, € H?,
g(H,,H,) = bb, — bycy — bycy — did,

1 =1 0\(b
=(by,c1,d)|-1 0 0 ||eca].
o 0 -1)\d

We still denote glurxgr by g and call (H?, g) the spatial hybrid number space. We can identify
(H?, g) with (R?,g). H, and H, are g-orthogonal if g(H,, H,) = 0. For any nonzero H € HP?, it is
called elliptic, hyperbolic, or parabolic if g(H, H) is positive, negative, or zero, respectively. The norm
of H is defined by ||H|| = +/|g(H, H)|. The vector product of H; and H, is defined by

1 _ _
H, xH, = E(HIHQ - H>H,)
= (byd, — bidy)i + (bad; — bidy — c2d) + c1dr)e + (bicy — bacy)h

-d, —d, e (1
=(b1,c1,d)| O d, -b || €.
bz b2 —C 0 h

Proposition 2.1. Take H;, = bii + c,e + dih e HP, k = 1,2,3,4, then

by ¢ d;
(1) g(H1><H2,H3):—det{b2 c dy
by c3 d;
(2) (H; x Hy) x Hy = g(H,,H3)H, — g(H,, H3)H,.

_ g(H\,H;) g(H, Hy)
3) g(Hl x H,, Hy; X H,) = det (g(Hz,H3) g(Hz,H4))

Proof.
(1)
g(H, x Hy, H3)

1 -1 0)\(bhs
= (bady — bidy, brdy — bidy — c2dy + c1dy,bicy —boc))| =1 0 0 |fc3
0 0 -1)\d&

bs
(cody — c1dy, bidy — byd,, bycy — bic) (03]

ds

bl C1 dl

— det b2 (6 d2 .
by ¢ dy

The scalar triple product can be expressed by the determinant.
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2)

—dz —dz C —d3 —d3 C3 i
(H1 XHz)XH3 :(bl,Cl,dl)[ 0 dz —bz][ 0 d3 —b3][8]
bz bz —C 0 b3 b3 —C3 0 h
dsy(bidy — body) + b3(bicy — bacy) ! [
= [d3(C1d2 —cady) + (b3 — c3)(bicy — bzcl)) [ ],
(b3 — c3)(b1dy — bydy) — bs(c1dy — c2d))

g(H,,H3)H, = (b1b3 — bic3 — bsc) — d d3)(byi + cr€ + dyh),
g(H,, H3)H| = (bybs — bycs — bycy — dods)(byi + c1€ + dh).

h

So
(H, x H,) x Hy = g(H,,H3)H, — g(H,, H3)H,.

The vector triple product can be expressed by the real linear combination of the first two numbers.
(3) According to (1) and (2), we have
g(H, x Hy, H3 X Hy)
=g((H; X Hy) X H\, H>)
=g(¢(H3, H\)H4 — g(Hy, H1)H3, H>)
=g(H\, H3)g(H>, Hy) — g(H1, Hy)g(H,, H3).

3. Non-parabolic spatial hybrid framed curves

Denote A = {(vy,v,) € HP XH? | ||v|| = |v2ll = 1, g(v1, v2) = 0}. To study smooth curves which may
have singularities in the spatial hybrid number space, we define non-parabolic spatial hybrid framed
curves in HP.

Definition 3.1. Let / be an interval in R. (y, vy, v;) : I — HP XA is called a non-parabolic spatial hybrid
framed curve if g(y'(¢), vi(t)) = g(y'(t),v2(t)) = O forall t € I. We call y : I — H” a non-parabolic
spatial hybrid framed base curve if there exists (vy,v,) : I — A such that (y, v;,¥,) is a non-parabolic
spatial hybrid framed curve.

Let pu(f) = vi(t) X vo(¢). Then {v(?), v»(?), u(#)} is a g-orthogonal frame along y. The Frenet type

formulas are
V(1) 0 I(ry  m@0))(vi(®)
[:’z(t)] = (—51521(0 0 n(t)] [Vz(t)], Y (@) = a®u@),
(1) —=0om(r) —on(@) 0 )\ u@)
where
01 = g1 (), vi(1), 62 = ga(1), va(1)), U(t) = 628(V| (D), v2(2)),
m(1) = 01028(Vy (1), (1)), n(t) = 61628(v5(1), (1)), a(t) = 61628(Y (1), pu(1)).
The map (I, m,n, @) : I — R*is called the curvature of (y, v, v,). We say (y, v, ¥,) is an elliptic (or a
hyperbolic) spatial hybrid framed curve if 6;6, = 1 (or 6,0, = —1).
It is obvious that #; € I is a singularity of y if and only if a(#)) = 0.

Now we give the fundamental theory of non-parabolic spatial hybrid framed curves. We first recall
hybridian orthogonal matrices.
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Definition 3.2. [/6] A matrix A € R¥? is called hybridian orthogonal if ATGA = G, where

I -1 O
-1 0 O0].

0 0 -1

G =

In an n-dimensional vector space, an n X n symmetric matrix is a bilinear form. The matrix G is
the matrix of the scalar product g in the spatial hybrid number space. A hybridian orthogonal matrix
is special if its determinant equals 1. Special hybridian orthogonal matrices form a group and keep the
scalar product and the vector product.

Proposition 3.1. [16] All spatial hybridian orthogonal matrices form a group.

Proof. Define
G ={A e R™|ATGA = G, det(A) = 1}.

For any A, B € G, we have
(ABY'G(AB) = BTATGAB = B'"GB =G

and
det(AB) = det(A) det(B) = 1.
So,ABeG.
1 00
The associative law holds naturally. The unit matrix [0 1 0] € G is the unit element. The inverse
0 01

element of A is A~ and
A HIGA™ = (ADH'ATGAA™! = G.
So, G is a group.
Proposition 3.2. [16] For any A € G and any H,, H, € H?, we have g(AH,,AH,) = g(H, H,) and
(AH)) x (AH,) = A(H,| X H>).
Proof.
g(AH,,AH,) = (AH,)' G(AH,) = H A"GAH, = H GH, = g(H,, H,).

For any H; € H”, we have

g((AH,) X (AH,), H5)
= —det(AH,,AH,, H3)
= —det(G'ATG) det(AH,, AH,, H3)
= —det(H,,H,,G"'ATGH5>)
= g(H, x H,,G"'ATGH})
= HG"A(G™")'G(H, x H,)
= H,GA(H, x H,)
= g(H3,A(H; x Hy)).

This implies (AH,) x (AH>) = A(H, x H,).
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Definition 3.3. Let (y,v,,v,) : I —» H? X A and (¥,¥;,¥,) : I — H” X A be two non-parabolic spatial
hybrid framed curves. We call them congruent through a special hybridian orthogonal matrix if there
exist A € G and H,, € H? such that

¥(0) = A(y(0) + Hy, v1(t) = A(v, (1)), V2(1) = A(n(D))
forany t € .

By Proposition 3.2, we know when two non-parabolic spatial hybrid framed curves are congruent,
their curvatures coincide. Next, we claim the existence and uniqueness theorem of non-parabolic
spatial hybrid framed curves. The theorem shows that four smooth functions and two signs can
uniquely determine a non-parabolic spatial hybrid framed curve.

Theorem 3.1. (The existence and uniqueness theorem) Given smooth functions [,m,n,a : I — R and
constants (01,05) € {(1,-1),(-1, 1), (=1, =1)}, there exists a non-parabolic spatial hybrid framed curve
(y,v1,v2) : I = H? X A, whose curvature is (I, m,n, @) and g(v(t), vi(t)) = 81, ga(t), vo(t)) = 65. The
curve is unique under special hybridian orthogonal matrices.

Proof. Fix some t; € I. Consider a system

vi(?) 0 Ity  m@\(vi(®)
vi(1) | = [ —0162L(1) 0 n(t) || va(t) 3.1
(1) —oom(t) =) 0 J\p(r)

with the initial value

gi(to), vi(to)) = 61, g(va(to), v2(t0)) = 62,  g(u(to), u(to)) = 6162,
gi(ty), () =0,  gvi(f), u(tp)) = 0, gna(ty), u(tp)) = 0.

[, m, n are smooth, so the solution of Eq (3.1) exists.
Let (vi,vo,u) : I — HP X H? x H? be a solution of Eq (3.1). Define functions a;, as, ...,as : [ = R
by
Cl](t) = g(vl (t)9 Vi (t))’ a2(t) = g(VZ(t)9 VZ(t))’ a3(t) = g(l't(t)a I’l(t))’
aq(t) = gvi1(0), va(0), as(®) = gvi(D), u(0),  as(t) = gva(1), pu(2)).

Consider the following system:

a\ () 0 0 0 21(t) 2m(t) 0 a (1)
ay(r) 0 0 0 =26,6:0() 0 2n(t) || a2(1)
ay(n| 0 0 0 0 =26om(t) —=20,n() || asz(®)
am| |-6i6:l1) D) 0 0 n(t) m(t) au(t)
ag(t) —0,m(t) 0 m(t) —on(1) 0 (1) as(t)
ag(t) 0 —on(t) n(t) =6m(t) —06,0,U(1) 0 ae(t)

with the initial value
a(ty) = 01, ax(ty) = 02, az(ty) = 6102, as(ty) =0, as(ty) =0, ae(ty) = 0.

AIMS Mathematics Volume 11, Issue 6, 18772-18786.



18778

It has the unique solution
ai(t) = 61, ax(t) = 62, as(t) = 6102, as(t) =0, as(r) =0, as(r) = 0.

That is to say, (vy, Vo, u) : I — A X HP and g(v,(t), u(t)) = g(v,(t), u(t)) = 0.

Take y(t) = f a(t)u(t)dt, then (y, vy, v,) : I — HP X A is a non-parabolic spatial hybrid framed curve
with the curvature (I, m, n, @) and g(v,(t), vi(t)) = 81, gva(t), vo(2)) = 05.

Let (y,vi,v2) : I —» H? X A and (¥, ¥, ¥,) : [ — HP X A be two non-parabolic spatial hybrid framed
curves with the same curvature (I, m, n, @) and

gi(0),v1(1)) = 61, gv2(0), v2(0) = 62, g(V1(1), V1(1)) = 61, g(V2(1), ¥2(1)) = 6.

Then there exist A € G and H, € H” such that

¥(to) = A(y(t0)) + Hy, v1(t9) = A(vi(t0)), V2(ty) = A(v2(to))

for some #, € I. Then

fi(to) = Vi(to) X ¥2(to) = A(vi(t9) X va(t9)) = A(u(t)).

(Ay + Hy,Avy,Av,, Ap) - I — H? X A X H? and (¥, V1, V5, 1) : I — HP X A X H? are both solutions of
the system

Y (1) = a(@®u@),

vi(0) = [([D)va(1) + m(Du(),

V(1) = =610:1() v (1) + n(Du(r),
M (1) = =6om(t)vi(1) — 61 n(D)va(2).

So, (Ay+H,, Avy,Av,, Ap) = (¥, ¥, V5, j1). Thatis, (y, vy, v,) and (¥, ¥, ¥,) are congruent under special
hybridian orthogonal matrices.

For a non-parabolic spatial hybrid framed curve (y,vy,v,) : I — H? x A with the curvature
(I, m, n, @), any linear combination of v,(¢) and v,(z) is g-orthogonal to y’(¢). When &, m?(t)+6,n*(f) # 0
for all ¢t € I, we take

ny(1)

(nl(t))_ 1 (crélm(t) 0'52n(t)) (vl(t))
o @m2(@) + o,n2(@) \ —D  m@) J\n(0)°

where o = sgn(6;m*(t) + 6,n%(t)). Then
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1

o (61m*(1) + 6:n%(1))
1

_ , X
o (81mA (1) + 6,0(1)) (61m™ (1) + 62n°(1)

g,

g(ni(0), (1)) g(ad1m(1)v (1) + con(v,(1), 061 m()v1(1) + o62n(1)v2(1))

1
o (61m? (1) + 62n*(1))

g(my (1), my(1)) = g(=n®v(t) + m(O)v2(1), —n()v1 (1) + m(t)v,(1))

_ 1 i 2
= @) + Sy O )+ o (D)

= 00102,

1
gmi (1), my(1)) = o (6,m2(t) + 0,n2(1))
= O’

g(a6 m(1)v (1) + con(0) v, (1), —n(1)v (1) + m(1)v (1))

1
a(0m*(t) + 6,n*(1))
u(o).

So {n, (1), ny(¢), u(t)} is also a g-orthogonal frame along vy, called the Frenet type frame. The Frenet

type formulas are
n| (1) 0 L(t) M(t))(ni()
n(|=| —616LH 0 0 [[m®|, ¥® = a@®u@),

wm) \-o66:M@) 0 0 J{pu()

n (1) X my(1) = (61m()v (1) + T6n()v2(1)) X (=n(O)v, (1) + m(D)va (1))

where

010om()n’ (t) — 610,m’ (H)n(t)
L) =
o (61mA(1) + 6on*(1))
The n, direction and n, direction are called the principal normal direction and the binormal direction
of y, respectively. Let y be a non-parabolic regular curve in H” and {7T'(t), N(¢), B(?)} be its Frenet-Serret
frame. Then the vectors in {T'(¢), N(¢), B(¢)} and {u(¢), ni(¢), n,(¢)} differ by at most a sign.

+ 06,1(1), M(t) = Vo (6:m*(t) + 6,02(1)).

4. Curves generated by non-parabolic spatial hybrid framed curves

In this section, we define evolutes of non-parabolic spatial hybrid framed curves using distance
squared functions. As its inverse process, we define involutes and discuss their relationship.

Definition 4.1. Let (y,v,,v,) : I — H” X A be a non-parabolic spatial hybrid framed curve. The
distance squared function of (y, vy, v,) is defined by F : I X H? — R,

F(t,x) = g(y(1) — x,y(1) — X).
For some fixed x € H”, F(¢, x) is denoted by f,(¢).

Proposition 4.1. Let (y,vy,v,) : I = H? X A be a non-parabolic spatial hybrid framed curve with the
curvature (I, m,n, ). Assume a(t) (m(t)n’(t) —m' (On(t) + 8,8:1(Hm*(t) + l(t)nz(t)) # 0 foranyt e L
Then the followings hold:
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(1) fi(to) = 0if and only if there exist A1, A, € R such that y(ty) — x = 4,v(ty) + A2va(to).
(2) fi(to) = f]' () = 0 if and only if y(to) — x = 21v1(fo) + A2v2(lo) and Aym(ty) + Aan(ty) = allo).
(3) fi(to) = fi'(t0) = f"(t0) = O if and only if
to) - x = 1 (to)a(to) — n(to)e' (to) + 6,1851(to)m(ty)ex(to) V(o)
m(to)n’ (to) — m’ (to)n(ty) + 61621(to)m*(to) + I(tg)n*(to)
m(to)a’(to) — m'(to)a(to) + U(to)n(to)a(to)
m(to)n’ (to) — m’ (to)n(ty) + 61621(to)m*(to) + I(tg)n*(to)

Proof. By Definition 4.1, we can get

va(to).

1
5f;(t) = a(t)g(y(t) — x, u(1)),
1
Ef;’(t) = ' (1)g(y(t) — x, u(1) + 6,6,0°(t) — a(B)g(y(t) — x, Sam(t)vi (1) + S 1n(t)va (D)),

1
S0 = (=62m (Da() + &UON(Da(®) = 26mn)a’ (D) (1) = X, v1(D)

— (61’ (D (1) + S2lOmM(Da(r) + 26 (e’ (1)) §(y (1) — x, v2(1))

= (B> (De(t) + 5> (a(®) + @ (1)) g(y (1) = x, (1)) + 361620(D (1),

So,

(1) fi(tp) = 0if and only if there exist A;, A, € R such that y(tp) — x = 4,v1(ty) + v2(t).
(2) f;(t()) = f;(l()) =01if and only if )/(t()) —x=An (l’o) + /lez(fo) and /llm(l()) + /lzl’l(l’o) = Cl’(to).
(3) fi(to) = fl'(t) = fl"(to) = 01if and only if y(tp) — x = 4,vi(ty) + 2v2() and

{ Aim(ty) + Axn(ty) = a(ly),
Ay (m'(t9) — U(to)n(ty)) + A> (0’ (to) + 010:21(tg)m(ty)) = ' (to).

This means

Vi) - x = n'(to)a(ty) — n(tp)a’ (to) + 6102L(to)m(ty)a(ty) Vi(to)
‘ m(to)n’ (o) — m’ (to)n(to) + 61621(10)m(10) + Uto)n>(t9)
m(ty)a’ (tp) — m’ (to)a(ty) + U(to)n(ty)a(ty)

m(to)n’ (to) — m’ (to)n(ty) + 61621(tg)m*(to) + I(tg)n*(to)
Definition 4.2. Let (y,vy,v,) : I — HP X A be a non-parabolic spatial hybrid framed curve with the

curvature (I, m,n,@). Assume m(t)n’(t) — m’(H)n(t) + 8,6,1(t)m*(t) + [(H)n*(t) # O for any t € I. The
evolute of (y, vy, v,) is defined by &v,, : I — HP,

va(to).

n'(Ha(t) — n(t)a’ (1) + 616:l(Om(t)a(r)

m(Hn'(t) — m'(HOn(t) + 616, 1(1)m2(t) + l(t)n2(t)v]
m()a’(t) — m’ (Ha(t) + [(Hn(t)a(r)

T m@On(t) — m(Ont) + 6,0,1(m2(t) + [(t)n2(t)

Svy(t) = ’)/(t) -

Q)

Vz(t).
Let v be a non-parabolic regular curve with the Frenet-Serret frame {T(¢), N(¢), B(¢)} and the
curvature (ki,k2). Then 7y is a non-parabolic spatial hybrid framed base curve. The expression

m(to)n’ (tg) — m'(ty)n(ty) + 61621(t0)m2(t0) + l(to)l’lz(to) equals zero if and only if k2(ty) = 0.
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Remark 4.1. Let (y,n;,n,) : I — H” X A be a non-parabolic spatial hybrid framed curve with the
curvature (L, M, 0, @). Assume L(t) # O for any ¢ € I. Then its evolute is
(1) M@)o’ (1) — M'(D)a(1)

8vy(t) =y(t) — mnl(t) — 0102 L()M2(?)

n(1).

The geometric meaning of the evolute is the trajectory of centers of osculating spheres of y.
Differentiating the above equation, we can get

' (M) — a(t)M' (1)

&V, (1) = a(Du(r) — n (1) - %(L(t)nz(t) + M()p(D))

M>(t)
d (M@®)a'(t) — M'(H)a(t) a' (OM(t) — a(t)M'(¢)
—51525( LMD )nz(f)"‘ M) (1)
3 _a(t)L(t) B i M@/ (t) — M'(t)a(r)
_( M(@) &®m( LIOM?() »mm.

So (&v,, ny, ) is a non-parabolic spatial hybrid framed curve.
Now we consider the inverse process of evolutes.

Definition 4.3. Let (y, n;,n,) : I — HP” X A be a non-parabolic spatial hybrid framed curve with the
curvature (L, M, 0, @). The involute of (y, ny, n,) is defined by 7nv, : I — H?,

Inv, (1) = y(0) + fiOm (1) + fLOu(),
where (fi, f>) is the solution of the system

{ﬂ®=M@MmM&
5@ = -M@®)fi(t) — a@).

It is obvious that

Inv (1) =a(u(t) + 0616, M(1) L) (1) + fi) L(Ona(1) + fi()M(D)p(t)
— (M) f1(1) + a(t)) p(2) — 0616, M(2) f2(1)m ()
=fit)L(t)ny(1).

So (Inv,, n;, p) is a non-parabolic spatial hybrid framed curve. Note that n,(f) X pu(t) = —on,(t). Then
{n(1), u(tr), —ony(1)} is a g-orthogonal frame along Znv,. The Frenet type formulas are

n\ (1) 0 M(t) —oL()\( n(t)
{ (@) ]= {—0'5152]\/1(0 0 0 ][ u() ],
—0'nl2(l) 0010, L(1) 0 0 —ony(t)

Inv(t) = (= o i) L()( = omy(D)).

Theorem 4.1. Let (y,n,ny) : I — HP X A be a non-parabolic spatial hybrid framed curve with
the curvature (L, M,0, @), where L(t) # O for any t € 1. Inv, is its involute. Then the evolute of
Invy,n,pm)isvy.
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Proof.
&1, (1) =Invy (1)~ ~TLHOHD (ﬁf)(’)m(z) — 55,5, 720] I(I)Lz?()t);(ftf/(t)af LD )
=Inv,(t) — fi()n(t) — 06,6 S (1)
y 1 1 102 M( t)“

=y(?).

From the Theorem 4.1, we know the composite map of 7nv, and &v, is y. So, we call involutes the
inverse process of evolutes.

For a non-parabolic spatial hybrid framed curve, we can define its pedal and contrapedal curve by
g-orthogonal projection. Let (y, ny, n,) be a non-parabolic spatial hybrid framed curve and p € H?
be a fixed point. As for each plane spanned by n,(¢) and u(¢) at y(¢), we take a unique g-orthogonal
projection of p on it. We can get a curve, called the pedal curve. Similarly, changing u(?) to ny(7), we
can get the contrapedal curve.

Definition 4.4. Let (y,n;,n;) : I — HP” X A be a non-parabolic spatial hybrid framed curve with the
curvature (L, M, 0, @). p € H” is a fixed point.

(1) The pedal curve of (y, n;, n,) relative to p is defined by Pe,, , : [ — HP,

Pe, ,(1) = p— 5616:8(p — y(1), (1)) ny(1).

(2) The contrapedal curve of (y, n;, n,) relative to p is defined by CPe, , : I — H?,

CPeyp(1) = p = 61028(p = y(1), p(D)p().
There are relationships among evolutes, involutes, pedal and contrapedal curves.

Theorem 4.2. Let (y,ny,ny) : I — HP X A be a non-parabolic spatial hybrid framed curve with the
curvature (L, M, 0, a), where L(t) # 0 for any t € 1. p € H? is a fixed point. Then the pedal curve of the
evolute (Ev,, ny, u) coincides with the contrapedal curve of (y, ny, ny). The contrapedal curve of the
involute (Inv,, n, p) coincides with the pedal curve of (v, ny, ny).

Proof. The binormal direction of &v, is the u direction. So the pedal curve of the evolute (Ev,, ny, u)
relative to p is
Peey,p(1) = P — 61628(p — Evy (1), p(O)p(1)
= P — 61628(p — (), p(0)p(1)
= CPe, ,(1).
The tangent direction of Znv,, is the n, direction. So the contrapedal curve of the involute (Fnv,, n;, u)
relative to p is
CPern, p(t) = p — 061628(p — Invy (1), my (1)) (1)
= p — 061628(p — ¥(1), ma(1))mx(1)
= Pe, ,(1).
Theorem 4.2 is to say that the evolute-involute process can connect the pedal and contrapedal curve.

Lety; : I — H” (i = 1,2, 3) be smooth curves, where y; and v, are non-parabolic spatial hybrid framed
base curves. p € H” is a fixed point. Then Figure 1 commutes.
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V—>
—Inv 72
c& A
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Figure 1. &v is taking the evolute, 7 nv is taking the involute, Pe is taking the pedal curve

relative to p, and CPe is taking the contrapedal curve relative to p.

5. Example

Example 5.1. Let (y, ny, ny) : [0,27] —> H?” X A be

10
y() = (sin3 t— g cos 2t]i + (sin’ )& + (cos’ Hh,

n(t) = (cost)i + (cost)e + (sint)h,
n(t) =3+ V10 sin i+ ( V10sin ne —( V10 cos Hh.
Then
u(t) = ( V10 + 3sin Ni + (3sint)e — (3cost)h.
The Frenet type formulas are
(1) 0 —VI10 3)(m()
0
0

M |=|V10 0 nz(t)], Y (f) = sintcos tu(t).
M () 3 0 u()

T 3r ) ..
t=0,=,m, > 27 are singularities of 7.

Then the evolute of (y, ny, ny) is

2 3vV10
Evy (1) = (5 sin® 7 — ;/0_

The involute of (y, ny, n,) is

Tnvy(t) = y(t) + fi(On (1) + fr(Ou(@),

where (fi, f>) satisfies
S ==-3/@),
@) = =3fi(t) — sinzcos .

That is,

3
filH) = 3¢ sin 2t + c;e3 + e,

fr(t) = 73 08 2t —c1e¥ + e,

2 2
cos 2t]i + (§ sin’ t) &+ (5 cos’ t) h.
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where ¢y, c; € R. If we take ¢; = ¢; = 0, the involute of (y, n, ny) is

1 1 1 1
Invy(t) = (—O sin® ¢ — 9 V10 cos Zt)i + (% sin® t) £+ (—O cos’ t) h.

13 52 13

We draw them in Figure 2.

Figure 2. A non-parabolic spatial hybrid framed base curve (black) with its evolute (blue)
and involute (red). The evolute and the involute have singularities.

Take p = 0 € H”, and the pedal curve of (y, ny, n,) relative to p is

3vio 5 . ). (5. 5
Pe, ,(t) = cos 2t ((_T -3 sin t) i— (E sin t)s + (E cos t) h)

The contrapedal curve of (y, ny, n,) relative to p is
1
CPe, (1) = 5 cos 2t (( V10 + 3 sin Ni + (3sint)e — (3cos t)h) .

We draw them in Figure 3.

Figure 3. A non-parabolic spatial hybrid framed base curve (black) with its pedal curve
(green) and contrapedal curve (magenta). The pedal curve and the contrapedal curve are
regular.
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6. Conclusions

In the present paper, we define non-parabolic spatial hybrid framed curves and establish the
fundamental theory for them. Four smooth functions and two signs can uniquely determine a non-
parabolic spatial hybrid framed curve. As applications, we define curves generated by non-parabolic
spatial hybrid framed curves and discuss their properties. In the future, we will study properties and
applications of framed curves in the hybrid number space.
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