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Abstract: We forecast forward realized variance (FRV) paths, defined as cumulative future daily
variance proxy curves over a finite trading horizon, using a leakage-disciplined functional framework
for multiday risk assessment. The framework combines multiresponse ridge regression, hybrid
depth weighting, horizon-weighted blocked cross-validation, and isotonic post-projection to preserve
the monotone structure of FRV paths. Uncertainty is summarized through upper one-sided block-
calibrated conformal bands, interpreted as empirical risk envelopes under temporal dependence rather
than exact distribution-free guarantees. In a fixed panel design for four liquid exchange-traded funds,
GDX, GDXJ, XLE, and UUP, over the period 2010-2025, the proposed model reduces long-horizon
mean squared error relative to rolling historical FRV by approximately 31.8%, 20.4%, 36.5%, and
28.0%, respectively, over h = 20:30. Comparisons with heterogeneous autoregressive (HAR) ridge
and functional principal component autoregressive (FPCA-AR) benchmarks are asset-dependent. The
proposed model is most favorable for GDX and remains close to HAR ridge for GDXJ, whereas HAR
ridge and FPCA-AR remain competitive for XLE and UUP. Coverage is conservative or close to
nominal at @ = 0.05 but more heterogeneous at « = 0.10. Robustness checks support a cautious
interpretation of the method as a shape-aware enhancement of rolling FRV forecasting.
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1. Introduction

Forward realized variance (FRV) paths summarize the horizon-by-horizon accumulation of future
variance risk over a multiday window. For a forecast origin ¢, the FRV path records cumulative future
variance proxies y,;, h = 1,..., H and therefore aligns naturally with operational risk windows such
as weekly and monthly margining, stress monitoring, and cumulative loss-control horizons. This
perspective is connected to the realized volatility literature, which emphasizes the persistence,
aggregation, and forecastability of variance dynamics across horizons [1-4]. Unlike a scalar
one-step-ahead volatility forecast, an FRV path describes how risk accumulates across the forecast
horizon. This pathwise object is also structurally constrained: Because it is cumulative, it is
nondecreasing in h. A forecasting method for FRV should therefore respect both information timing
and the monotone geometry of the target.

This paper develops a leakage-disciplined and shape-aware forecasting framework for daily FRV
proxy paths. The specification combines four components. First, multiresponse ridge regression
(MRR) provides a pathwise shrinkage estimator which is consistent with the use of regularization in
high-dimensional and multiresponse forecasting problems [5]. Second, hybrid depth weighting
(HDW) combines shape information (based on the geometry of normalized FRV increments) with
scale information (based on terminal cumulative variance) to reduce the leverage of atypical training
episodes. This component is motivated by robust functional-depth ideas, where curve centrality and
outlyingness are used to stabilize inferences for functional observations [6—8]. Third,
horizon-weighted blocked cross-validation (HW-BCV) emphasizes long-horizon cumulative risk
while preserving chronological validation, in line with time-series validation principles that avoid
random-fold look-ahead [9, 10]. Fourth, isotonic post-projection (IPP) enforces the monotonicity of
the fitted FRV path through projection onto the monotone cone [11-13]. Uncertainty is summarized
with upper one-sided block-calibrated conformal bands (BCC bands), interpreted empirically under
temporal dependence rather than as exact distribution-free guarantees under arbitrary
dependence [14-16]. These short forms are used in the remainder of the paper.

The empirical design uses a prespecified fixed panel and a chronological evaluation protocol. The
panel consists of four liquid exchange-traded funds (ETFs): GDX, GDXJ, XLE, and UUP. The sample
spans the years 2010-2025, providing a long daily evaluation window that includes several market
conditions. Forecast origins are split chronologically into training, calibration, and test blocks. Model
fitting, scaling, depth construction, regime-threshold estimation, and tuning use training information
only; the calibration block is reserved for conformal quantile estimation; and the test block is used only
for final evaluation. The main horizon is H = 30, corresponding to an approximately monthly trading
risk window, and H = 10 and H = 20 are reported as robustness checks.

The target is constructed from daily variance proxies. The main specification uses close-to-close
squared returns because they are transparent and widely available, but they are necessarily noisier
than high-frequency realized measures. The paper therefore does not claim that daily squared returns
provide measurement-equivalent realized variance relative to intraday estimators. Instead, the object
is a daily observable FRV proxy path. To examine sensitivity to this measurement choice, the analysis
is repeated with daily open—high-low—close (OHLC)-based proxies, including Parkinson, Garman—
Klass, and Rogers—Satchell variance measures [17—19]; the corresponding proxy robustness evidence
is summarized in Figure Al. Accordingly, the contribution is a forecasting and calibration framework
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for daily FRV proxy paths, not a replacement for high-frequency realized volatility measurement.

The empirical findings are interpreted cautiously. The most consistent result is that the proposed
depth-weighted model has lower long-horizon loss than rolling historical FRV across all four assets in
the long-horizon window /4 = 20:30. The corresponding percent reductions in the long-horizon mean
squared error (MSE) are approximately 31.8% for GDX, 20.4% for GDXJ, 36.5% for XLE, and 28.0%
for UUP. These results indicate lower long-horizon loss than a simple historical curve benchmark.
However, the evidence is more heterogeneous relative to heterogeneous autoregressive (HAR) ridge
and functional principal component autoregressive (FPCA-AR) benchmarks. The proposed model is
most favorable for GDX and remains close to HAR ridge for GDXJ, while HAR ridge and FPCA-AR
remain viable alternatives for XLE and UUP. The interpretation is therefore asset-dependent rather
than uniformly favorable to one model.

The conformal layer is also interpreted with caution. Standard split-conformal validity relies on
exchangeability, which is not literally satisfied in serially dependent financial data. We therefore
present the one-sided bands as empirical block-calibrated risk envelopes. Coverage is generally
conservative or close to nominal at the stricter « = 0.05 level, whereas @« = 0.10 reveals more
asset-specific behavior, with UUP being the most challenging case. Guard factor and block size
sensitivity, including the unguarded case y = 1.00, are reported to document the coverage—width
trade-off rather than to assert a new finite-sample validity theorem.

The paper contributes to the literature in four ways. First, it treats FRV as a monotone
curve-valued forecasting target and combines MRR with IPP to preserve the cumulative structure of
the path, connecting cumulative risk forecasting with functional data analysis and
function-on-scalar/multiresponse regression ideas [20-22]. Second, it introduces HDW to use both
shape and scale information when moderating the influence of atypical variance episodes. Third, it
uses HW-BCV to align model selection with long-horizon cumulative risk while respecting time
order. Fourth, it evaluates uncertainty through BCC bands and reports sensitivity analyses under
temporal dependence. These components form a compact forecasting pipeline that remains
interpretable while making explicit the information timing, benchmark scope, horizon choice, proxy
dependence, and conformal calibration.

The remainder of the paper is organized as follows. Section 2 reviews related work on functional
data analysis, realized volatility forecasting, robust depth methods, and conformal prediction under
dependence. Section 3 presents the forecasting and calibration methodology. Section 4 describes the
data, design, benchmarks, figures, and empirical results. Section 5 concludes with limitations and
future research directions.

2. Related works

Functional data analysis (FDA) provides tools for representing, smoothing, and regressing curve-
valued observations [20,21,23,24]. In the present setting, FRV paths are observed on a discrete horizon
grid and can be treated as multiresponse realizations of an underlying curve, consistent with function-
on-scalar regression practice. A defining feature of FRV is monotonicity in the horizon A, because the
path is a cumulative sum of future variance proxies. Shape constraints such as monotonicity can be
enforced during estimation or through projection. Isotonic regression and the pool-adjacent-violators
algorithm provide an efficient projection onto the monotone cone [11-13]. For cumulative variance
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targets, such projections act as a structural discipline that improves interpretability without imposing a
fully parametric dynamic model.

Robustness to atypical episodes in functional settings is often studied through notions of depth,
which quantify centrality and identify outlying curves in function space [6, 7,24]. Band depth and
related measures emphasize geometric centrality, while shape-outlyingness approaches distinguish
between amplitude and shape deviations [8]. The present paper uses these ideas to construct a simple
hybrid depth-weighting rule for FRV paths. The shape channel measures deviations in normalized
increment geometry, whereas the scale channel measures deviations in terminal cumulative variance.
The rule is intentionally parsimonious. It is not presented as a uniformly better depth, and Figure A2
and Table A1 therefore report shape-only, scale-only, and hybrid sensitivity results.

Realized volatility forecasting is a central area in empirical finance. High-frequency realized
measures provide more efficient estimates of integrated variance than daily squared returns, and the
realized volatility literature has documented strong persistence and multiscale dependence in
volatility dynamics [1-3]. The heterogeneous autoregressive model of realized volatility (HAR-RV)
captures daily, weekly, and monthly components in a simple and effective way [4]. The present paper
differs from scalar volatility forecasting by focusing on cumulative forward variance paths. The HAR
ridge benchmark retains the multiscale logic of HAR, while the proposed method operates on a
curve-valued cumulative target.

The use of daily variance proxies requires careful interpretation. Close-to-close squared returns
are transparent and broadly available but noisy. Range-based daily estimators, including Parkinson,
Garman—Klass, and Rogers—Satchell measures, use additional OHLC information and can provide
alternative daily variance proxies [17—-19]. Rather than treating any single daily proxy as definitive, the
empirical design reports proxy robustness. This positioning is cautious: The paper studies forecasting
of daily observable FRV proxy paths and leaves the integration of high-frequency realized measures to
future work.

Conformal prediction provides finite-sample marginal coverage under exchangeability [14, 15]. In
financial time series, exchangeability is generally not a credible assumption, and recent work has
therefore considered adaptive, weighted, or distribution-shift-aware conformal strategies [16,25]. The
present paper uses a block-max calibration rule to produce a single upper threshold for the whole FRV
path. The resulting bands are reported as empirical block-calibrated risk envelopes under temporal
dependence. Moving-block bootstrap summaries are also used to describe uncertainty in efficiency
gains under serial dependence [26,27].

Time-series model selection must respect chronology. Random folds can leak future information
into the training process and produce overly optimistic forecast assessments. Blocked or rolling
validation schemes are therefore preferred for dependent data [9, 10]. The blocked cross-validation
used here follows this principle and adds a horizon-weighted loss so that model selection reflects the
operational importance of the long-horizon part of the cumulative risk path. This connects functional
forecasting practice with the multiscale perspective of volatility modeling while keeping the
evaluation leakage-disciplined.

Taken together, the paper combines shape-constrained functional regression, hybrid depth
reweighting, horizon-aware blocked tuning, and block-calibrated one-sided uncertainty summaries for
FRYV path forecasting. The combination is designed to remain interpretable, but the empirical claims
are intentionally modest: The proposed method has lower loss than rolling historical FRV, whereas
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the magnitude and direction of gains relative to HAR ridge and FPCA-AR depend on the asset and
regime.

3. Method

3.1. Overview, terminology, and functional viewpoint

Figure 1 summarizes the forecasting workflow. The object of interest is a forward realized variance
(FRV) path, defined as a cumulative future variance proxy curve over a finite trading horizon. Let
v; > 0 denote a daily variance proxy available at the end of day ¢. The FRV target is given by Eq (3.1):

h
Y= ) vy h=1,..H. (3.1)

J=1

Methodological workflow
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[ Key principle: all forecasting steps respect information timing and preserve monotonicity of the FRV path. ]

Figure 1. Methodological workflow of the FRV forecasting framework. The figure
summarizes target construction, training-only model selection and regime construction,
calibration-only conformal thresholding, and final test evaluation.

The main empirical design uses H = 30, corresponding to an approximately monthly trading risk
window, and the robustness analysis repeats the experiment for H € {10,20,30}. Because y,; is a
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cumulative sum, the FRV path is nondecreasing in 4 by construction. Throughout the paper, we
therefore use the term variance consistently. If a volatility scale path is desired, it can be obtained by
the deterministic transformation +/y,,, but estimation, tuning, calibration, and evaluation are
conducted on the cumulative variance scale.

The notation v, is used deliberately because the empirical design considers several daily variance
proxy constructions. The main specification uses close-to-close squared returns, v, = r?, which are
simple and widely available but noisy relative to high-frequency realized measures. Accordingly, the
paper does not claim that daily squared-return FRV paths are measurement-equivalent to intraday
realized variance. Rather, the target is interpreted as a daily observable variance proxy path. To
examine the sensitivity of the conclusions to this measurement choice, the analysis is repeated with
OHLC-based daily proxies, including Parkinson, Garman—Klass, and Rogers—Satchell range-based
variance measures [17-19]; the corresponding proxy robustness evidence is summarized in
Figure A1. The contribution is therefore a leakage-disciplined functional forecasting design for daily
FRYV proxy paths, with measurement uncertainty handled through proxy robustness checks rather than
through a claim of high-frequency realized volatility equivalence [1-3].

The estimator is defined on the discrete grid 4 € {1,..., H}, so the problem can be treated as
finite-dimensional multiresponse regression. This is consistent with function-on-scalar regression
practice, where a latent curve Y,(s) is observed on a grid {s,} and modeled through its evaluations
Y = Vets--->yem)' [20,22,28]. The isotonic post-projection used below is the discrete analog of
projecting an underlying monotone function onto a monotone cone in L,, and it is natural here
because FRYV is intrinsically monotone across the forecast horizon.

The framework has four main components. First, a multiresponse ridge specification provides a
simple shrinkage baseline for the whole FRV path. Second, a hybrid depth-weighting rule combines
shape and scale information to moderate the influence of atypical training episodes. Third, horizon-
weighted blocked cross-validation emphasizes cumulative risk at longer horizons. Fourth, upper one-
sided block-calibrated conformal bands (BCC bands) summarize uncertainty at the path level. The
empirical analysis compares the proposed specification with rolling historical FRV, HAR ridge, FPCA-
AR, and generalized autoregressive conditional heteroskedasticity (GARCH)-type benchmarks, and it
reports ablation, horizon sensitivity, proxy robustness, regime-specific, Diebold—-Mariano, and model
confidence set (MCS)-style robustness evidence.

3.2. Monotone multiresponse ridge baseline and isotonic post-projection

Let x, € R” denote the predictor vector available at the forecast origin. In the main specification,
X, includes HAR-style summaries of past daily variance proxies and lagged FRV-related summaries.
Stack responses and regressors over the training index set J y,i,:

H
Y = [Viler,., € R, Z =X/ iery, € R™.

An intercept is included and is not penalized. Let P = diag(0, 1,...,1) € R?*?. The unweighted
multiresponse ridge estimator solves Eq (3.2):

B, = arg min_ [[¥ - ZB|z + Att(B"PB) = (Z'Z + AP)"'Z"Y. (3.2)

The corresponding fitted paths are _
’y\t = X:—B/l € RH.
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This common-A multiresponse specification is used as a transparent pathwise shrinkage estimator
[5]. Because the variance scale increases with the horizon, Table A2 also reports a horizon-specific
regularization variant. Thus, the empirical assessment does not rely only on an unexamined common-
penalty restriction.

Because FRV targets are cumulative sums, the true path is monotone in 4. We enforce this shape
constraint by projecting each fitted path onto the monotone cone

C={ueRY u < - <uy).

The projected forecast is obtained from Eq (3.3):

<iso

Y = e(y,) = argmin |ju ~Vili3- (3.3)

This projection is computed by the pool-adjacent-violators algorithm [11-13]. We write S/;‘Sh" for the
hth component of the projected path. The projection is a shape-preserving post-processing step and

uses neither calibration nor test information.

3.3. Hybrid depth weights: Shape and scale channels

Financial variance paths contain bursts, stress episodes, and scale shifts. To reduce the leverage of
atypical training episodes while retaining a simple estimator, we assign observation-level weights
using a hybrid depth score. The score combines a shape channel (based on the geometry of
normalized FRV increments) and a scale channel (based on the terminal FRV level). This construction
is motivated by robust functional depth and shape-outlyingness ideas [6—8,24]. We do not claim that
this particular depth rule is uniformly preferable to established functional depths. Instead, its
empirical role is examined through ablation and depth channel sensitivity checks.

For robust scaling, we use the median absolute deviation (MAD) and its normal-consistency-scaled
version (MADN). For a univariate sample {u;}, let

MAD(u) = median{|u; — median(x)|}, =~ MADN(u) = 1.4826 MAD(u).

If MADN(u) is numerically degenerate, the sample standard deviation is used as a fallback, and
then one if needed. This convention prevents unstable standardization when a short segment contains
nearly identical observations.

Let

AY; = Vit Yi2 = Yils > YeH — Ye.H-1)

denote the forward increment vector. The increments are normalized into a probability vector,

Ayt,h
Z§'1=1 A)’t,j

with a uniform fallback if the denominator is numerically degenerate. Let ¢;;, = Z?:l Prj- On a fixed
grid U = {u/}j., C (0, 1), define the discrete quantile function Q,(u) by linear interpolation of the
inverse of ¢;;,. Let Oneq(u) be the pointwise median of {Q,(u)} over the training set. The shape distance

1S

Dih =

1/2

D 1Qi) = Omealur)?| (34)

t=1

w |1
4" ==
m
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Distances are converted to bounded shape scores using training-only robust scaling and
high-quantile clipping:

min{d;™, g}’
D)™ = exp{- —p] ., Sap = MADN{@™ : 1 € Tyuin),

Sshp

where qzﬁ’; is the empirical training quantile used for clipping.
Let s, = log(1 + y, i) denote the log terminal FRV level. Define

|s; — median(s)|
MADN(s)

= s = {st M AS [train}-

scl

lip? the scale score is

After clipping z; at a high training quantile g

D?Cl = exp [— min{z;, q(s:filp}z] .

The two channels are combined multiplicatively:
_ shpya, yscly1-a
D, = (D, ") (D;”) ™, a €[0,1]. (3.5)
The resulting scores are mildly bounded and normalized to have mean one on the training set:

1

Wl‘ = 1
|Itrain| el

train

The lower and upper bounds prevent a small number of observations from receiving nearly zero or
excessively large leverage. The tuning grid for a, the clipping rule, and the selected values are reported
in Table A3.

Let W = diag(w,) and keep the same intercept/nonpenalization matrix P. The depth-weighted
multiresponse ridge estimator solves Eq (3.6):

By = arg min \WY2(Y — ZB)||% + Atr(B" PB) = (Z"WZ + AP)"'Z"WY. (3.6)
Predictions are
Y = XtTB/l,W,
followed by the same isotonic projection y;*. The depth weights are estimated using training

information only.

3.4. Horizon-weighted blocked cross-validation

Hyperparameters are selected using time-respecting blocked cross-validation within the training
block. The training sample is partitioned into contiguous folds. For a given validation fold, model
fitting, scaling, and depth-weight computation use only the corresponding fold-training observations.
The validation fold is then used only to evaluate candidate hyperparameters. This avoids random-fold
look-ahead and preserves the chronological structure of the forecasting problem.
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To emphasize cumulative risk at longer horizons, candidates are evaluated with a horizon-weighted
validation loss,

1 < —iso
L= 2, D e =73 (3.7)

eV h=1
Here, V denotes the validation fold and

H
wp P+l z o), D =1
h=1

For the main H = 30 specification, hy = 20, corresponding to the long-horizon portion of the
monthly FRV path. The parameters 5 and n govern the strength of long-horizon emphasis.

For each candidate (a, 8, 7), the ridge penalty A is selected from a fixed grid using the one-standard-
error rule applied to the blocked-cross-validation root mean squared error (RMSE) curve. The same
blocked-cross-validation principle is applied to the benchmark ridge specifications. The candidate
grids and selected values are reported in the empirical design tables, rather than left implicit. This
makes the model-selection design explicit and inspectable.

The distinction between w, and w;, is important. The observation weight w, controls robustness
across time episodes, whereas the horizon weight w;, controls how the pathwise validation loss trades
off short and long horizons. Table A2 also reports an ablation analysis evaluating whether the
depth-weighted component, isotonic projection, horizon-weighted tuning, and horizon-specific
penalty variants materially change performance.

3.5. Training-only regimes and robustness design

For regime robustness, we conduct a stratified evaluation across training-defined variance states.
Variance regimes are defined using thresholds estimated from the training block only. The same frozen
thresholds are then applied to calibration and test observations. This ensures that regime labels do not
use future information. The empirical results report long-horizon RMSE separately for low-, normal-,
and high-variance regimes.

The main empirical sample spans 2010-2025 and includes four liquid assets: GDX, GDXJ, XLE,
and UUP. The long sample includes several volatility environments and both precious metal/equity
linked and currency-related risk exposures. In addition to the main H = 30 design, Figure A3 reports
horizon sensitivity for H = 10, 20, 30. Proxy robustness is assessed by repeating the FRV construction
under alternative daily variance proxies, as summarized in Figure Al. These checks are treated as
robustness and limitation analyses, not as evidence of broad superiority.

3.6. Benchmark specifications

The depth-weighted monotone functional forecast is compared with several benchmark classes.
The first benchmark is a rolling historical FRV forecast, which uses the recent empirical average of
past FRV paths and provides a nonparametric persistence-type baseline. The second benchmark is
HAR ridge, a regularized multiresponse version of the heterogeneous autoregressive variance
specification, motivated by the HAR-RV literature [4]. The third benchmark is FPCA-AR, which
projects historical FRV paths onto leading functional principal components and forecasts the resulting
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scores autoregressively. Figure A4 also reports GARCH(1,1)-based forecasts as a conventional
volatility benchmark [29]. The main figures focus on the functional and HAR-type comparators,
whereas the GARCH benchmark is shown in Figure A4.

The benchmark set is designed to separate three questions: whether the proposed method has
lower loss than a simple rolling historical FRV baseline, whether it remains competitive with a
HAR-type variance benchmark, and whether the functional representation adds information beyond a
low-dimensional FPCA-AR forecast. The empirical interpretation is correspondingly cautious. The
proposed model is evaluated as a leakage-disciplined, shape-aware functional enhancement within
this benchmark set.

3.7. One-sided block-calibrated conformal envelopes

Uncertainty is summarized through upper one-sided block-calibrated conformal bands. Because
financial time series are serially dependent, the conformal bands are not presented as exact finite-
sample distribution-free intervals under arbitrary dependence. Exact split-conformal validity requires
exchangeability assumptions that are not literally satisfied in this setting [14, 15,30]. Accordingly, we
interpret the bands as empirical block-calibrated risk envelopes and report coverage sensitivity across
block lengths and guard factors. This wording avoids overstating the formal validity of conformal
inference under temporal dependence.

Horizon-specific residual scales are estimated using training information only. Let

train —~iso
rt,hl =Yeh — y;;; P te Ztrain-
Define
a:h = MADN{”;T}?IH 1 te -Z—train},

with the same numerical fallback rule as above. These scales are frozen before calibration. Thus, the
calibration block is reserved for estimating the conformal quantile, not for tuning, scaling, or selecting
model components.

On the calibration set 7 ,, compute standardized one-sided residuals

~iso
Yeh = Yip
€;p = IMax A—,O .
Oh

Partition the calibration indices into consecutive nonoverlapping blocks {8;} of length B, and
compute the block score

M, = max max e, . (3.8)
teB, 1<h<H

Let m be the number of finite block scores. For nominal miscoverage level a, define
k=[(m+ 1)1 -a)l,

clipped to {1, ..., m}, and let q;_, be the kth order statistic of {mp}y,.
The empirical threshold is defined by Eq (3.9):

Go =Y q1-0> y > 1. (3.9)
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The factor vy is not used to claim a new conformal validity theorem; rather, it is treated as a guard
factor sensitivity parameter for examining the trade-off between empirical coverage and band width
under dependence. Figure AS reports y € {1.00, 1.05,...,1.25}, and Table A4 reports the unguarded
conformal threshold (y = 1).

For a test forecast origin ¢*, the upper one-sided band is

Up (@) =355 +qo 0 h=1,...,H (3.10)

The band is uniform over horizons because a single block-max threshold controls the whole FRV
path. A test block is counted as covered if

max max {y,, — U, (@)} < 0.
teBest 1<h<H
The default block length corresponds to a trading-week interpretation, and robustness checks vary
the block length.

3.8. Equal predictive accuracy and MCS-style robustness screening

In addition to descriptive RMSE and percent-reduction-in-MSE (PRE) summaries, the empirical
analysis reports evidence for equal predictive accuracy. For each model M, define a date-level long-
horizon loss

1 —~i 2
GM) = — " G =Tie DY, S ={20,...,30}. 3.11)
|S| he§

For pairwise comparisons between the proposed model P and a benchmark M,, the loss differential
is

d; = £(Mo) — Li(P).

Positive average d, favors the proposed model. Diebold—Mariano (DM) tests are computed on
the date-level sequence {d;} using heteroskedasticity- and autocorrelation-consistent standard errors
to account for serial dependence and overlapping forward targets [31, 32]. The reported tests are
interpreted as complementary evidence rather than as the sole basis for model ranking.

We also report a model confidence set (MCS)-style robustness screen based on the same date-
level loss matrix. The screen follows the model confidence set logic of asking whether a subset of
models can be retained as statistically close when forecast losses are similar, while avoiding a forced
single-winner interpretation [33]. This is particularly relevant here because the proposed model, HAR
ridge, and FPCA-AR can be close in some assets and regimes. Accordingly, the empirical discussion
distinguishes lower loss relative to rolling historical FRV from more asset-dependent comparisons
against HAR-type benchmarks.

3.9. Uncertainty in efficiency gains via moving-block bootstrap

To quantify uncertainty in efficiency gains under serial dependence, we apply a moving-block
bootstrap to paired test loss differences. The estimand is the mean improvement in squared error,
primarily over the long-horizon set § = {20,..., 30}, and secondarily over all horizons.

Let

dip = —37};,0(benchmark))2 - (Ve —}j,jlo(proposed))z.
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The long-horizon mean gain is

— 1
d¢ = ——— d . 3.12
S = T 2 2 (312)

tel ey hES

Bootstrap resampling is applied to the paired loss-difference sequence over forecast origins.
Contiguous blocks of length B, are sampled with replacement, concatenated, and truncated to the
test length. For each bootstrap replicate, ds is recomputed, and percentile intervals are reported as a
dependence-aware uncertainty summary [26, 27]. The bootstrap intervals are used to summarize
sampling uncertainty; the DM tests and MCS-style screen provide complementary equal predictive
accuracy evidence.

3.10. Forecasting algorithm

Algorithm 1 summarizes the full procedure. The algorithm emphasizes information timing. Model
tuning, scaling, depth construction, and regime definition are restricted to the training block; calibration
is used only for conformal quantile estimation; and the test block is used only for final evaluation.

Algorithm 1 Leakage-disciplined FRV forecasting and evaluation procedure

Require: Daily price information, variance proxy v,, horizon H, chronological training/calibration/test split, grids for (a,8,7) and A, conformal block length B,
guard factor v, and bootstrap block length By
Ensure: Monotone FRV forecasts, benchmark comparisons, conformal bands, and uncertainty summaries.
. Construct FRV targets y,;, = ij:l vejforh=1,..., H.
. Split forecast origins chronologically into training, calibration, and test blocks.
. Define variance regimes using training information only and freeze the resulting thresholds.
. Select hyperparameters within the training block using blocked cross-validation.
. for all candidate (a,3,7) do
Compute depth weights on the relevant training observations.
Fit candidate ridge models over the A-grid with an unpenalized intercept.
Apply isotonic projection to fitted FRV paths.
Evaluate candidates using the horizon-weighted validation loss.
. end for
. Select (a,f,n, A) using the blocked-CV criterion and the one-standard-error rule for A.
. Refit the final proposed model on the full training block and obtain monotone forecasts.
. Fit benchmark models under the same chronological information set.
: Estimate horizon scales o, from training residuals only.
: On the calibration block, compute standardized one-sided residuals and block-max scores.
. Estimate the conformal threshold g, = ¥qi_,-
: On the test block, compute point-forecast losses, PRE, regime-specific losses, and one-sided block coverage.
: Conduct DM tests, MCS-style screening, and moving-block-bootstrap analyses using date-level paired loss sequences.

g g g g W GG S Sy
XA N PERPL =PRI NE R

4. Empirical study

4.1. Setup

4.1.1. Assets, data source, and variance proxy construction

The empirical design uses a fixed four-asset ETF panel: GDX, GDXJ, XLE, and UUP. The assets
are selected before model evaluation to represent metal-related equity risk, energy sector equity risk,
and U.S. dollar exposure, rather than being selected according to realized forecasting performance.
Daily open, high, low, close, and adjusted close information is obtained from Yahoo Finance over the
2010-2025 sample window [34]. The main specification uses close-to-close log returns computed from
adjusted prices and defines the daily variance proxy as v, = r2. Because daily squared returns are noisy
relative to high-frequency realized measures, the analysis is repeated using OHLC-based daily variance
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proxies, including Parkinson, Garman—Klass, and Rogers—Satchell measures; the corresponding proxy
robustness evidence is summarized in Figure Al.
For each forecast origin ¢, the forward realized variance (FRV) target is the cumulative future

variance proxy path
h

y,,h:Zij, h=1,... H.
=1
The main horizon is H = 30, corresponding to an approximately monthly trading risk window.
Robustness checks for H = 10 and H = 20 are reported in Figure A3. The target construction uses
strictly future variance proxies, while the predictors use information available at the forecast origin.
Thus, the design respects the information timing required for out-of-sample forecasting.

4.1.2. Chronological split and evaluation protocol

All experiments use a chronological training/calibration/test design. The training block is used for
model fitting, scaling, depth construction, regime-threshold estimation, and hyperparameter selection.
The calibration block is used only for conformal threshold estimation. The test block is held out for
final forecast evaluation. Table 1 reports the fixed panel sample design. The same split structure is
used across the four assets to ensure comparability of test period results.

Table 1. Chronological empirical design and fixed panel sample split.

Asset Period H Forecast origin counts

Nyotal Ptrain Neal Niest
GDX 2010-2025 30 3971 2382 794 795
GDXJ 2010-2025 30 3971 2382 794 795
XLE 2010-2025 30 3971 2382 794 795
UUP 2010-2025 30 3971 2382 794 795

Note: Counts denote usable forecast origins after FRV target construction and complete-case filtering. The common test period is
16 September 2022-14 November 2025.

4.1.3. Models and evaluation metrics

The proposed model is compared with three main benchmark classes in the body of the paper:
rolling historical FRV, HAR ridge, and FPCA-AR. A GARCH(1,1)-based benchmark is retained in
Figure A4 because its horizon profiles can operate on a different scale and visually dominate the main
panels. This benchmark structure separates a simple historical curve comparison from HAR-type and
functional competitors.

Accuracy is evaluated using horizonwise RMSE, aggregate MSE, long-horizon MSE over h =
20,...,30, and PRE. For a benchmark model M, and the proposed model P, the long-horizon PRE
is

MSEx(.30(P)
PRE20:3() 100 (1 MSE20:30(M0)) .

Positive PRE indicates a lower long-horizon MSE for the proposed model relative to the
benchmark. Equal predictive accuracy evidence is reported using Diebold—Mariano tests with
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autocorrelation-robust standard errors and a model confidence set (MCS)-style robustness screen.
Figures A1-A6 report the GARCH inclusive horizon profiles, horizon length sensitivity, proxy
robustness, HAR-relative cumulative gains, depth channel sensitivity, and guard factor sensitivity.
Tables A1-A7 report the selected full model comparison, Diebold—Mariano tests, MCS-style retained
sets, ablation results, selected tuning settings, depth channel sensitivity, and numerical conformal
coverage values.

4.2. Results
4.2.1. Main horizonwise accuracy profiles

Figure 2 reports horizonwise RMSE profiles for the fixed ETF panel under the main H = 30 design.
The figure compares the proposed depth-weighted model with HAR ridge, FPCA-AR, and rolling
historical FRV. The profiles are consistent with the main long-horizon evidence: rolling historical FRV
is generally less accurate in the relevant cumulative risk region, whereas the ranking against HAR ridge
and FPCA-AR varies by asset. This pattern motivates the cautious interpretation used throughout the
empirical discussion.

Horizonwise RMSE profiles
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Figure 2. Horizonwise RMSE profiles for the fixed ETF panel. The figure compares the
proposed depth-weighted model with HAR ridge, FPCA-AR, and rolling historical FRV
under the main (H=30) design.

Table 2 summarizes the main long-horizon comparison. The proposed model has lower
long-horizon MSE than rolling historical FRV for all four assets, with long-horizon PRE values
ranging from approximately 20% to 37%. Relative to HAR ridge, the evidence is more modest and
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asset-dependent: The proposed model is slightly favorable for GDX and GDXJ, whereas HAR ridge
remains marginally stronger for XLE and UUP. This distinction keeps the interpretation from
implying uniformly better performance across benchmark classes.

Table 2. Long-horizon accuracy gains of the proposed model over benchmark forecasts.

Asset  PRE relative to benchmark (%) Main implication

Rolling FRV  HAR ridge

GDX 31.81 1.69 Improves on both benchmarks.

GDXJ 20.37 1.00 Improves on rolling FRV; close to HAR ridge.

XLE 36.54 -0.52 Large rolling-FRV gain; HAR ridge is
marginally stronger.

UuUP 28.03 -1.77 Improves on rolling FRV; HAR ridge remains
stronger.

Note: PRE denotes percent reduction in MSE over & = 20:30. Positive values favor the proposed model relative to the stated
benchmark. Full rankings and formal comparisons are reported in Tables A2 and A5-A7.

4.2.2. Cumulative long-horizon loss—gain relative to rolling historical FRV

Figure 3 plots the cumulative long-horizon loss—gain of the proposed model relative to rolling
historical FRV. Positive values indicate lower cumulative loss for the proposed model. The figure
provides a pathwise view of the same benchmark comparison summarized in Table 2: The proposed
depth-weighted specification reduces cumulative long-horizon loss relative to rolling historical FRV
across the fixed panel.

Cumulative long-horizon loss gain relative to rolling historical FRV

GDX GDXJ
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Cumulative loss gain over rolling historical FRV
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Figure 3. Cumulative long-horizon loss—gain relative to rolling historical FRV. Positive
values favor the proposed depth-weighted model.

AIMS Mathematics Volume 11, Issue 6, 18525-18552.



18540

4.2.3. Regime-specific performance

Figure 4 reports regime-specific long-horizon RMSE using regimes defined from training
information only. The purpose is to assess whether the forecasting evidence differs across variance
states. The results show heterogeneous model rankings across regimes and assets. The proposed
model is competitive in some high-variance regimes, particularly for the metal-related ETFs, whereas
HAR ridge and FPCA-AR remain viable alternatives in other assets and states. Thus, the regime
analysis supports a nuanced conclusion. Gains are present in several economically relevant states, but
they are not uniform across all market environments.

Regime-specific long-horizon RMSE
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Figure 4. Regime-specific long-horizon RMSE. Regime thresholds are estimated using
training information only and then applied to calibration and test observations.

4.2.4. Conformal coverage and uncertainty summaries

Table 3 summarizes the main conformal evidence for the proposed model under the unguarded
threshold y = 1.00. At @ = 0.05, empirical coverage is conservative or close to nominal for all four
assets. At @ = 0.10, the evidence is more asset-dependent: GDX, GDXIJ, and XLE remain above
nominal coverage, whereas UUP falls below nominal coverage. The gap columns make this coverage
behavior explicit. We therefore interpret the bands as empirical block-calibrated risk envelopes under
temporal dependence rather than as exact distribution-free guarantees. Table A4 reports the
corresponding thresholds and average widths, and Figure AS reports guard factor sensitivity.

Overall, the empirical evidence supports the proposed method as a measured enhancement of daily
FRV proxy forecasting. The most consistent finding is lower long-horizon loss relative to rolling
historical FRV across the fixed panel. Comparisons with HAR ridge and FPCA-AR remain asset-
dependent, as reflected in the main tables and the robustness evidence reported in Figures A2-A6 and
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Tables A1-A7.

Table 3. Empirical block coverage of the one-sided conformal FRV bands.

Asset a =0.05 a =0.10
Nominal Empirical Gap Nominal Empirical Gap

GDX 0.950 1.000 +0.050 0.900 0.925 +0.025
GDXJ 0.950 1.000 +0.050 0.900 0.950 +0.050
XLE 0.950 1.000 +0.050 0.900 0.981 +0.081
UUP 0.950 0.956 +0.006 0.900 0.805 —-0.095
Note: Coverage denotes empirical block coverage for the upper one-sided FRV band with block length B = 5 and unguarded
threshold y = 1.00. The gap is empirical coverage minus nominal coverage. Thresholds and average widths are reported in
Table A4.

5. Conclusions and future directions

This paper develops a leakage-disciplined and shape-aware framework for forecasting forward
realized variance (FRV) paths over a finite trading horizon. The proposed specification combines
MRR, HDW based on shape and scale information, HW-BCYV, IPP, and upper one-sided BCC bands.
The design makes information timing explicit: model fitting, tuning, scaling, depth construction, and
regime definition are restricted to the training block; calibration is used only for conformal threshold
estimation; and the test block is reserved for final evaluation.

The empirical study uses a fixed four-asset ETF panel, GDX, GDXIJ, XLE, and UUP, over the 2010-
2025 period. The most consistent finding is that the proposed depth-weighted specification has lower
long-horizon MSE than the rolling historical FRV benchmark across all four assets. This suggests
that shape preservation, depth-based reweighting, and horizon-aware validation can be useful when the
forecasting object is a cumulative variance path rather than a scalar one-step-ahead target.

At the same time, the evidence does not support a claim of uniformly better performance across all
benchmarks. Comparisons with HAR ridge and FPCA-AR are asset-dependent. The proposed model
is most favorable for GDX and remains close to HAR ridge for GDXJ, whereas HAR ridge and FPCA-
AR remain viable alternatives for the remaining assets. The regime-specific results lead to a similar
interpretation: the proposed method is useful in several high-variance and metal-related settings, but
model rankings vary across assets and variance states.

The conformal component should also be interpreted cautiously. Because financial time series
are serially dependent, the one-sided bands are presented as empirical block-calibrated risk envelopes
rather than exact distribution-free guarantees. Coverage is conservative or close to nominal in several
settings, especially at @ = 0.05, but the results are asset-dependent and UUP is more challenging
at @ = 0.10. Figure A5 and Table A4 report guard factor and block size sensitivity, including the
unguarded threshold y = 1.00.

The study has several limitations. First, the FRV target is constructed from daily variance proxies,
which are available and transparent but noisier than high-frequency realized measures. Second, the
main horizon (H=30) is motivated by an approximately monthly risk window, although (H=10) and
(H=20) checks are also reported. Third, the hybrid depth rule is deliberately simple and interpretable,
and the depth channel sensitivity results show that shape-only, scale-only, and hybrid variants can
behave differently by asset. Fourth, the evidence is based on a fixed ETF panel and should be extended
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to other asset classes and market environments.

Future work may incorporate intraday realized measures or realized kernels, develop panel or
multitask versions that borrow strength across related assets, compare richer functional-depth
constructions, and allow horizon weights to adapt to market states or operational objectives. The
conformal layer could also be refined through dependence-aware calibration, adaptive block selection,
or covariate-shift adjustments.

Overall, the results support the proposed framework as a leakage-disciplined approach to daily
FRV proxy forecasting. Its main empirical contribution is lower loss relative to rolling historical FRV
for cumulative multiday variance paths, together with asset-dependent performance against HAR and
FPCA-AR benchmarks. The method is therefore best viewed as a shape-aware forecasting layer for
cumulative risk assessment.
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Appendix
A. Additional robustness figures and tables

This appendix provides additional diagnostic and robustness evidence for the main empirical
analysis. Figure Al summarizes proxy robustness; Figure A2 examines depth channel sensitivity;
Figure A3 reports horizon sensitivity; Figure A4 examines the full benchmark scope including
GARCH(1,1); Figure A5 reports conformal guard factor sensitivity and Figure A6 reports
HAR-relative cumulative gains.

Table Al reports numerical depth channel sensitivity; Table A2 reports ablation results; Table A3
reports selected hyperparameters; Table A4 reports numerical conformal coverage values; Table AS
reports the full model comparison; Table A6 reports equal predictive accuracy evidence and Table A7
gives the MCS-style retained sets. These checks document robustness and diagnostic behavior rather
than impose a single model ranking across all assets and settings.

Proxy robustness relative to HAR ridge

UUP -

PRE long (%)

XLE - 20

10

Asset

0
GDXJ A

-10

GDX

| W N
anee ™’ o ¥ o
s W\

ve'® aans® o
N sQl =L\ G

G2

Daily variance proxy

Figure A1. Proxy robustness heatmap. Entries summarize long-horizon performance relative
to HAR ridge under alternative daily variance proxies. The evidence is interpreted as a
robustness and limitation check rather than as a broad ranking result.
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Depth-channel sensitivity relative to HAR ridge
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Figure A2. Depth channel sensitivity. The figure compares shape-only, scale-only, and
hybrid depth specifications. The purpose is to evaluate sensitivity of the proposed weighting
rule rather than to claim that the hybrid rule is uniformly optimal.
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Full horizon-wise RMSE profiles including GARCH
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Figure A4. Full horizonwise RMSE profiles including GARCH(1,1). This figure reports the
conventional GARCH benchmark alongside the main functional and HAR-type comparators.

Conformal coverage and guard-factor sensitivity
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Figure AS. Conformal guard factor sensitivity. Coverage is reported as a function of the
guard factor y. The unguarded threshold y = 1.00 is reported explicitly; larger values are
interpreted as sensitivity checks under temporal dependence.
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Cumulative long-horizon loss gain relative to HAR ridge
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Figure A6. Cumulative long-horizon loss—gain relative to HAR ridge. Positive values
favor the proposed model. The figure illustrates that gains relative to HAR ridge are asset-

dependent.
Table A1. Depth channel sensitivity for long-horizon loss.
Asset Scale-only depth Shape-only depth Hybrid shape-scale Best channel
MSE;¢.30 PRE MSE;¢.30 PRE MSE,¢.30 PRE

GDX 3.599 x 1073 8.92 3.955 x 107 -0.09 3.885x 107 1.69 Scale-only
GDXJ 5.326 x 1073 22.06 6.903 x 1073 -1.01 6.766 x 107 1.00 Scale-only
XLE 2.351x 1073 -7.57 2.187 x 1073 -0.07 2.197 x 107 -0.52 Shape-only
UUP 9.730 x 1078 7.29 1.053 x 1077 -0.29 1.068 x 1077 -1.77 Scale-only

Note: PRE denotes the percent reduction in long-horizon MSE relative to HAR ridge; positive values favor the listed depth
specification. The best channel is determined by the lowest MSE;.3o within each asset. The results show that the preferred
depth channel is asset-dependent, so the hybrid rule is interpreted as a parsimonious baseline rather than a uniformly

dominant specification.
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Table A2. Ablation of shape enforcement, depth weighting, horizon-weighted tuning, and
horizon-specific regularization.

Specification Included components Long-horizon performance

IPP HDW HW-BCV H-2A MSEj.30 PRE vs. HAR Rank
Panel A: GDX
Raw ridge - - - 3.952 x 1073 0.00 4
HAR + IPP v - - 3.952x 107 0.00 4
HAR + HW-BCV v - v 3.952x 1073 0.00 4
Depth + IPP v v - 3.885x 107 1.69 1
Proposed v v v 3.885x 1073 1.69 1
Proposed + H-A v v v 3.885 x 107 1.69 1
Panel B: GDXJ
Raw ridge - - - 6.834 x 107 0.00 6
HAR + IPP v - - 6.834 x 107 0.00 6
HAR + HW-BCV  V/ - v 6.834 x 107> 0.00 6
Depth + IPP v v - 6.766 x 107 1.00 3
Proposed v v v 6.766 x 1073 1.00 3
Proposed + H-A v v v 6.766 x 107 1.00 3
Panel C: XLE
Raw ridge - - - 2.186 x 107 0.00 1
HAR + IPP v - - 2.186 x 107 0.00 1
HAR + HW-BCV  V/ - v 2.186 x 107° 0.00 1
Depth + IPP v v - 2.197 x 107 -0.52 5
Proposed v v v 2.197 x 1073 -0.52 5
Proposed + H-A v v v 2.197 x 107 -0.52 5
Panel D: UUP
Raw ridge - - - 1.050 x 1077 0.00 2
HAR + IPP v —~ —~ 1.050 x 1077 0.00 2
HAR + HW-BCV  V/ - v 1.050 x 1077 0.00 2
Depth + IPP v v - 1.068 x 1077 -1.77 6
Proposed v v v 1.068 x 1077 -1.77 6
Proposed + H-A v v v 1.068 x 1077 -1.77 6

Note: IPP denotes isotonic post-projection, HDW denotes hybrid depth weighting, HW-BCV denotes horizon-weighted blocked cross-validation, and
H-A denotes horizon-specific ridge regularization. PRE vs. HAR is the percent reduction in long-horizon MSE relative to HAR ridge; positive values

favor the listed specification.
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Table A3. Selected tuning parameters under the fixed chronological design.

Asset Selected validation parameters Ridge penalty
a ﬁ n /lridge

GDX 0.8 1.5 0.0 10°

GDXJ 0.8 1.5 0.0 10°

XLE 0.4 1.5 0.0 10°

UUP 0.4 1.5 0.0 10°

Note: All assets use the same chronological forecast origin split: 7y, = 2382, ne,y = 794, and ney = 795. Parameter a
controls the shape—scale blend in HDW, while § and 7 define the horizon-weighted validation loss. Ajge is the selected
ridge penalty.

Table A4. One-sided block-calibrated conformal coverage and band diagnostics.

Asset a =0.05 a =0.10

Coverage q Avg. width Coverage q Avg. width
GDX 1.000 32.019  9.300 x 1072 0.925 9.793  2.800x 1072
GDXJ 1.000 40.552  1.580x 107! 0.950 11.182  4.400 x 1072
XLE 1.000 35.332  1.060 x 107! 0.981 17.094  5.100 x 1072
uuP 0.956 21.355  2.000x 1073 0.805 7.919  7.406 x 1074

Note: Results are for the proposed model under the unguarded one-sided conformal threshold y = 1.00, using block length
B = 5. Empirical coverage is computed over 159 test blocks for each asset. g denotes the empirical block-max calibration
threshold, and Avg. width denotes the average upper-band addition on the FRV scale.
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Table AS. Selected model comparison under the main H = 30 design.

Model Loss PRE (%) Rank
MSExg30 W-MSE vs. rolling  vs. HAR  full set
Panel A: GDX
Proposed full 3.885x 107  3.308 x 1073 31.81 1.69 1
HAR ridge + IPP 3.952 x 10> 3.360 x 107> 30.64 0.00 4
FPCA-AR 4.173x 10  3.519x 107 26.76 -5.58 8
GARCH(1,1) 4199 x 103 3.554x 107 26.30 -6.26 9
Rolling FRV 5.697 x 107 4.794 x 1073 0.00 -44.17 10
Panel B: GDXJ
FPCA-AR 5774 %107 4.861 x 1073 32.04 15.51 1
GARCH(1,1) 6.438 x 107 5.428 x 107 24.23 5.79 2
Proposed full 6.766 x 10 5.718 x 107 20.37 1.00 3
HAR ridge + IPP 6.834x 10>  5.761 x 107 19.57 0.00 6
Rolling FRV 8.497 x 107 7.132x 1073 0.00 -24.33 11
Panel C: XLE
HAR ridge + IPP 2.186 x 10> 1.887 x 1073 36.87 0.00 1
Proposed full 2.197 x 107 1.896 x 1073 36.54 -0.52 5
FPCA-AR 2729 x 107 2.329x 107 21.16 -24.88 8
Rolling FRV 3.462x 107 2921 x 1073 0.00 -58.40 9
GARCH(1,1) 2.000 x 107 1.000 x 1073 -5068.35 -8086.65 11
Panel D: UUP
FPCA-AR 0.666 x 107 8.194 x 1073 34.88 7.93 1
HAR ridge + IPP 1.050 x 1077 8.919 x 1078 29.28 0.00 2
Proposed full 1.068 x 1077 9.071 x 1078 28.03 -1.77 6
Rolling FRV 1.484 x 1077 1.246 x 1077 0.00 -41.40 10
GARCH(1,1) 3.186 x 107 2480 x 107 -21,364.70 —30,250.60 11

Note: MSE,3 is the average MSE over & = 20:30, and W-MSE is the horizon-weighted MSE used for model comparison.
percent reduction in MSE relative to rolling historical FRV and HAR ridge; positive values favor the listed model. Ranks refer to the full
candidate set, while the table reports selected representative models.
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Table A6. Diebold—Mariano tests against the proposed model for long-horizon loss.

Benchmark Mean diff. DM p-values Favored model
Raw Holm
Panel A: GDX
Rolling FRV 1.812 x 1073 3.60 <0.001 <0.001 Proposed
HAR ridge + IPP 6.661 x 1077 3.86 <0.001 < 0.001 Proposed
FPCA-AR 2.873 x 107° 095 0.170 0.511 Proposed
GARCH(1,1) 3.140 x 107° 1.17  0.122 0.487 Proposed
Panel B: GDXJ
Rolling FRV 1.731 x 1073 1.77  0.039 0.231 Proposed
HAR ridge + IPP 6.807 x 107’ 4.82 <0.001 <0.001 Proposed
FPCA-AR -9917x10°%  -2.62 0.996 1.000 Benchmark
GARCH(1,1) -3.275x10% -0.57 0.716 1.000 Benchmark
Panel C: XLE
Rolling FRV 1.265x 10 224 0.013  0.089 Proposed
HAR ridge + IPP —-1.149 x 1077 -2.03  0.979 1.000 Benchmark
FPCA-AR 5.315x 107° 1.80 0.036 0.217 Proposed
GARCH(1,1) 1.978 x 107 439 <0.001 <0.001 Proposed
Panel D: UUP
Rolling FRV 4.159 x 1078 1.97  0.025 0.174 Proposed
HAR ridge + IPP —1.861 x 10 —1.62  0.947 1.000 Benchmark
FPCA-AR -1.017x 108 -2.61 0.995 1.000 Benchmark
GARCH(1,1) 3.175x 1073 321  0.001 0.009 Proposed

Note: Mean diff. denotes the average date-level long-horizon loss differential, defined as benchmark loss minus proposed model
loss. Positive values favor the proposed model, whereas negative values favor the benchmark. DM denotes the Diebold—Mariano
statistic computed with autocorrelation-robust standard errors. Holm values are adjusted within each asset-level comparison set.

Table A7. MCS-style retained model sets for long-horizon loss.

Asset  Best model Best loss Retained model set

GDX Depth + IPP 3.885x 107 Depth + IPP; Proposed; Proposed + H-1; FPCA-AR; GARCH(1,1).

GDXJ FPCA-AR 5.774 x 1073 FPCA-AR.

XLE Raw ridge 2.186 x 1073 Raw ridge; HAR + IPP; HAR + HW-BCYV; Depth + IPP; Proposed; HAR
H-2; Proposed + H-A; FPCA-AR.

UUP FPCA-AR 9.666 x 10°8 Raw ridge; HAR + IPP; HAR + HW-BCV; Depth + IPP; Proposed; HAR

H-2; Proposed + H-1; Naive FRV; FPCA-AR.

Note: The table reports MCS-style retained sets based on the date-level long-horizon loss matrix. Retained models are not screened out as significantly
worse within the robustness screen. The best model and retained set are computed over the full candidate set, whereas Table A5 reports selected representative
models. The screen is used as robustness evidence and is not interpreted as a forced single-winner rule.
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