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Abstract: This paper studies a generalized slow-fast predator-prey model extended from the classic
Gause model, where the predator reproduction rate is taken as a small singular perturbation parameter.
First, by applying Dulac’s criterion, we derive the sufficient conditions under which the local asymptotic
stability of the system’s unique positive equilibrium implies its global asymptotic stability in the first
quadrant. Second, based on the geometric singular perturbation theory, we prove the existence of
a unique relaxation oscillation surrounding the positive equilibrium, and show that this relaxation
oscillation converges to the transcritical slow-fast cycle in the Hausdorff distance as the perturbation
parameter approaches zero. Finally, with relaxation oscillation properties and Zhang Zhifen’s limit
cycle uniqueness theorem, we further derive sufficient conditions for the existence and uniqueness of
stable limit cycles. The results enrich dynamical researches on slow-fast predator-prey systems and are
applicable to related ecological dynamic analyses.
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1. Introduction

Predator-prey models are fundamental in theoretical ecology, providing insights into the dynamics
of biological systems that involve interacting species. The study of global stability and the existence of
limit cycles in these models is crucial to understand the long-term behavior of ecological systems. In
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the present study, we consider the following generalized slow-fast predator-prey system:
d𝑥
d𝑡

= 𝑥𝑔(𝑥) − 𝑦Φ(𝑥),
d𝑦
d𝑡

= 𝜀𝑦 (𝑝(𝑥) − 𝑞(𝑥)) ,
(1.1)

where 𝑥 and 𝑦 represent the densities of the prey and predator populations, respectively. 0 < 𝜀 ≪ 1
means the reproductive rate of the predator is much smaller than that of the prey. 𝑔(𝑥) denotes the
prey’s intrinsic growth rate, Φ(𝑥) stands for the functional response, 𝑝(𝑥) is predator’s growth rate, and
𝑞(𝑥) is the predator’s death rate. The functions 𝑔(𝑥), Φ(𝑥), 𝑝(𝑥), and 𝑞(𝑥) are smooth and satisfy the
following assumptions:

(i) 𝑔(0) = 𝛼 > 0, 𝑔′(𝑥) < 0 for all 𝑥 ≥ 0, and there exists 𝐾 > 0 such that 𝑔(𝐾) = 0. This means
the prey follows logistic growth with a positive intrinsic growth rate and a finite environmental
carrying capacity 𝐾 .

(ii) Φ(0) = 0, Φ′(𝑥) > 0 for all 𝑥 ≥ 0, and Φ(𝑥) = 𝑥Φ̂(𝑥) for some smooth function Φ̂(𝑥). This
implies that predation only occurs when the prey exists, and the predation efficiency rises with
increasing prey density.

(iii) 𝑝(0) = 0 and 𝑝′(𝑥) ≥ 0 for all 𝑥 ≥ 0. This shows that the predator cannot grow without the prey,
and higher prey density improves the predator’s growth.

(iv) 𝑞(0) > 0, 𝑞′(𝑥) ≤ 0 for all 𝑥 ≥ 0, and lim
𝑥→∞

𝑞(𝑥) = 𝑞∞ > 0. This indicates that the predator has
a natural mortality even without the prey, and its mortality decreases with more prey but remains
positive in the limit.

Note that the assumptions in System (1.1) are biologically meaningful. Setting 𝑝(𝑥) = Φ(𝑥) and 𝑞(𝑥)
as a constant in System (1.1) yields the classical Gause predator-prey system.

The global stability and the existence, uniqueness, and non-uniqueness of limit cycles in predator-
prey models without slow-fast time scales have long been extensively investigated. Liu, Zegeling, and
Huang recently explored the application of Liénard transformations to predator-prey systems in [1], with
a primary focus on the limit cycle uniqueness of the classical Gause and Leslie-Gower systems with
different functional responses. Zhang and Yan further derived the necessary and sufficient conditions
for the nonexistence of limit cycles in Leslie-Gower predator-prey models [2]. Other notable advances
include Dai, Zhao, and Sang’s proof of the existence of four limit cycles in a Leslie-type predator-prey
system with a generalized Holling type III functional response [3], and Xiao and Zhang’s systematic
study on the uniqueness and nonexistence of limit cycles for general predator-prey systems [4], with
numerous other relevant contributions available in [5–10]. Inspired by these fruitful studies on non-
slow-fast predator-prey models, we extend such research to the slow-fast framework and investigate
the global stability as well as the existence and uniqueness of limit cycles for a generalized slow-fast
predator-prey model given by (1.1).

For predator-prey models with slow-fast time scales, relaxation oscillations represent a special type
of limit cycle, and the existence of such limit cycles has also attracted considerable research attention
in recent years. The geometric singular perturbation theory has become a key tool to investigate
relaxation oscillation phenomena in slow-fast predator-prey models, spawning many insightful studies.
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For example, Zhao and Shen [11] analyzed the slow-fast dynamics of classical predator-prey models with
the Allee effect, including the existence of relaxation oscillations and canards, and Zhu and Liu further
investigated canard cycles and relaxation oscillations in a slow-fast Leslie-Gower predator-prey model
with the Allee effect [12]. Su and Zhang [13] explored the global stability, relaxation oscillations, and
canard explosions of a predator-prey model with a sigmoid functional response, while Chen and Zhang
also studied the slow-fast dynamics including relaxation oscillations of predator-prey models with the
sigmoid functional response [14]. Chowdhury, Banerjee, and Petrovskii examined canards, relaxation
oscillations, and pattern formation in several slow-fast predator-prey models [15, 16], and Shen, Hsu,
and Yang investigated the existence of relaxation oscillations for slow-fast intraguild predation models
with evolutionary effects [17]. Beyond ecological models, Hsu and Ruan also probed into relaxation
oscillations and the entry-exit function in multidimensional slow-fast systems [18], thus providing a
general theoretical reference for relevant research. In addition, Li et al. studied relaxation oscillations
for a Leslie-type predator-prey model with a Holling type I functional response [19], and Li, Li, and Wu
analyzed relaxation oscillations and canard explosions in a Leslie-Gower predator-prey system with an
additive Allee effect [20].

Beyond the above research on two-dimensional slow-fast predator-prey systems, abundant
supplementary studies concerning multi-scale biochemical oscillators, core geometric singular
perturbation theories, classical pest interaction models, and spatially extended piecewise smooth
ecological systems have been documented. Research on circadian clock and genetic regulatory slow-
fast oscillators that exhibit relaxation bursting phenomena can be referred to in the work of Chen, Duan
and Li on the reduction of a three-dimensional circadian oscillator model [21], their subsequent study
on the Tyson-Hong-Thron-Novak circadian oscillator [22], and the analysis of relaxation oscillations
and canards in a regulated two-gene model by De Maesschalck, Kiss and Kovács [23]. A series of
foundational papers constructing general entry-exit mechanisms and oscillation counting theories for
singularly perturbed planar systems are summarized in the entry-exit theorem and relaxation oscillation
criteria established by Ai and Sadhu [24], the criterion for relaxation oscillations in predator-prey
and epidemic models developed by Hsu and Wolkowicz [25], the number and stability analysis of
relaxation oscillations by Hsu [26], the classical relaxation oscillation study in predator-prey systems
by Liu, Xiao and Yi [27], and the canard cycle analysis for Holling-type predator-prey systems by Li
and Zhu [28]. Several typical non-diffusive slow-fast population models, such as forest pest interaction
systems and Leslie-type predator-prey variants, are analyzed in the spruce-budworm interaction model
with Holling type II response by Tai and Zhang [29], the relaxation oscillations of a slow-fast predator-
prey model with a piecewise smooth functional response by Li, Wang and Wu [30], the travelling
waves in the Holling–Tanner model with weak diffusion by Ghazaryan, Manukian and Schecter [31],
the relaxation oscillations in a slow-fast modified Leslie-Gower model by Wang and Zhang [32],
and the degenerate transcritical bifurcation analysis in a slow-fast Leslie-Gower model by Zhong and
Shen [33]. Recent advances covering diffusive predator-prey models, piecewise smooth functional
response systems and singular perturbation epidemic models are presented in the spatio-temporal slow-
fast predator-prey system with reproductive Allee effect studied by Fu and Liu [34], the traveling front
in a diffusive model with Beddington-DeAngelis response by Dong and Liu [35], the canard cycle
and nonsmooth bifurcation analysis in a piecewise-smooth continuous predator-prey model by Zhu and
Liu [36], the existence of traveling wave solutions in a singularly perturbed predator-prey equation
with diffusion by Zhu and Liu [37], the canard explosion in a singularly perturbed SIS epidemic model
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by Wu, Zhang and Xie [38], the slow-fast dynamics of a piecewise-smooth Leslie-Gower model with
Holling type I response and weak Allee effect by Wu and Xie [39], the relaxation oscillations of a
piecewise-smooth slow-fast Bazykin model by Wu, Lu and Xie [40], and the relaxation oscillations
in predator-prey systems with piecewise smooth functional responses by Huang, Huzak and Yao [41].
Further valuable discussions on canard orbits, traveling waves and singular bifurcations are contained
in the bibliographies of the above literatures.

Against this research backdrop, this work aims to further explore the dynamics of slow-fast predator-
prey systems by investigating a generalized slow-fast extension of the classical Gause predator-prey
model, where the predator’s reproductive rate is treated as a small singular perturbation parameter
0 < 𝜀 ≪ 1.

First, this paper establishes global stability conditions using the Lyapunov method and the Dulac
criterion, and analyzes how the monotonicity of prey-isocline affects the equilibrium stability, so as
to enrich relevant stability research results. Based on the geometric singular perturbation theory, we
prove the existence of relaxation oscillations and verify that these oscillations converge to slow-fast
cycles when the small perturbation parameter approaches zero. Combined with the characteristics of
relaxation oscillations and Zhang Zhifen’s theorem, we analyze the existence and uniqueness of limit
cycles, and establish explicit sufficient conditions for stable limit cycles. The research methods and
conclusions in this paper are universal, and can be used for the dynamic analysis of various predator-prey
ecological models.

Previous studies have extensively explored the existence and uniqueness of limit cycles in
conventional population models, as well as relaxation oscillations within slow-fast ecological systems.
Compared with these works, this paper makes distinct improvements. Most existing slow-fast predator-
prey models adopt fixed functional response forms and only analyze local dynamics. Herein, we
establish a more generalized model with variable growth and mortality functions to enhance its
universality. Beyond merely verifying the existence of relaxation oscillations, we further establish
global stability criteria via the Lyapunov method and the Dulac criterion, and investigate the relationship
between the sign of the derivative of the prey isocline at 𝑥∗ and the stability of the equilibrium.
Furthermore, combining the geometric singular perturbation theory with Zhang Zhifen’s theorem, we
not only confirm the limit cycle existence but also strictly prove their uniqueness, and obtain easy-to-use
sufficient conditions. The established results are applicable to a wide range of ecological models, which
further enriches the dynamical research theories for slow-fast predator-prey systems.

The paper is organized as follows: Section 2 introduces the slow-fast structure of the predator-prey
model; Section 3 establishes the existence of positive equilibria and key properties of the associated
critical manifold; Section 4 is devoted to the analysis of global stability; Section 5 proves the existence
of relaxation oscillations surrounding the positive equilibrium; and Section 6 addresses the existence
and uniqueness of limit cycles.
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2. Slow-fast structure

By introducing the slow time scale 𝜏 = 𝜀𝑡 into System (1.1), we obtain the following transformed
system: 

𝜀
d𝑥
d𝜏

= 𝑥𝑔(𝑥) − 𝑦Φ(𝑥),
d𝑦
d𝜏

= 𝑦 (𝑝(𝑥) − 𝑞(𝑥)) .
(2.1)

Here, the original variable 𝑡 is called the fast time, while 𝜏 is referred to as the slow time. Accordingly,
System (1.1) and (2.1) are termed the fast system and the slow system, respectively, and they are
equivalent for any 𝜀 > 0.

By formally setting 𝜀 = 0 in the fast system (1.1), we derive the fast subsystem as follows:
d𝑥
d𝑡

= 𝑥𝑔(𝑥) − 𝑦Φ(𝑥),
d𝑦
d𝑡

= 0.

Similarly, substituting 𝜀 = 0 into the slow system (2.1) yields the slow subsystem as follows:
0 = 𝑥𝑔(𝑥) − 𝑦Φ(𝑥),

d𝑦
d𝜏

= 𝑦 (𝑝(𝑥) − 𝑞(𝑥)) .
(2.2)

Now, we introduce the following function:

𝐹 (𝑥) = 𝑥𝑔(𝑥)
Φ(𝑥) .

Then, the critical manifold (or critical set) of System (1.1) is then defined as follows:

𝐶0 := {(𝑥, 𝑦) | 𝑦 = 𝐹 (𝑥)} ∪ 𝐶𝑦 := {(𝑥, 𝑦) | 𝑥 = 0} .

3. Existence of positive equilibria and properties of the critical manifold

System (1.1) always has two boundary equilibria: 𝐸0(0, 0) and 𝐸𝐾 (𝐾, 0). The conditions for the
existence and positions of positive equilibria are concluded as follows.

Theorem 3.1. System (1.1) has a unique positive equilibrium 𝐸∗(𝑥∗, 𝑦∗) iff 𝑝(0) < 𝑞(0) and 𝑝(𝐾) >
𝑞(0).

Proof. Denote 𝐺 (𝑥) = 𝑝(𝑥) − 𝑞(𝑥). Evidently, 𝐺′(𝑥) > 0 from assumptions. Based on the given
conditions,

𝐺 (0) = 𝑝(0) − 𝑞(0) < 0,

𝐺 (𝐾) = 𝑝(𝐾) − 𝑞(𝐾) > 𝑝(𝐾) − 𝑞(0) > 0;

hence, there exists a unique 𝑥∗ ∈ (0, 𝐾) such that 𝐺 (𝑥∗) = 𝑝(𝑥∗) − 𝑞(𝑥∗) = 0, ( i.e., System (1.1) has a
unique positive equilibrium ). This completes the proof of the theorem. □
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Theorem 3.2. Assume that
d2

d𝑥2

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0.

Then, the critical manifold 𝐶0 admits a unique nonnormally hyperbolic point 𝐷 (𝑥𝑀 , 𝐹 (𝑥𝑀)) with
𝑥𝑀 ∈ (0, 𝐾), as illustrated in Figure 1. Moreover, it satisfies the following:

𝐹′(𝑥) > 0, 𝑥 ∈ (0, 𝑥𝑀) and 𝐹′(𝑥) < 0, 𝑥 ∈ (𝑥𝑀 , 𝐾).

O
x

y

K

( ),M MD x y

0
aC

0
rC

Figure 1. Illustration of the critical manifold geometry. The critical manifold 𝐶0 (red curve)
is comprised of two normally hyperbolic submanifolds: 𝐶𝑟0 (repelling) and 𝐶𝑎0 (attracting).
Additionally, the two nonnormally hyperbolic points 𝐷 (𝑥𝑀 , 𝑦𝑀) and (0, 𝐹 (0)) (blue dots)
are shown. Double arrows denote fast flow directions.

The nonnormally hyperbolic point 𝐷 divides the critical manifold 𝐶0 into two normally hyperbolic
components:

𝐶𝑎0 :=
{
(𝑥, 𝑦) : 𝑥𝑀 < 𝑥 < 𝐾, 𝑦 = 𝐹 (𝑥)

}
, 𝐶𝑟0 :=

{
(𝑥, 𝑦) : 0 < 𝑥 < 𝑥𝑀 , 𝑦 = 𝐹 (𝑥)

}
,

where 𝐶𝑎0 is attracting and 𝐶𝑟0 is repelling.

Proof. Since 𝑔(0) = 𝛼 > 0, 𝑔(𝐾) = 0, Φ(0) = 0, and Φ′(𝑥) > 0 for 𝑥 ≥ 0, we obtain

𝐹 (𝐾) = 𝐾𝑔(𝐾)
Φ(𝐾) = 0

and
𝐹 (0) = lim

𝑥→0
𝐹 (𝑥) = lim

𝑥→0

𝑥𝑔(𝑥)
Φ(𝑥) = lim

𝑥→0

𝑔(𝑥) + 𝑥𝑔′(𝑥)
Φ′(𝑥) =

𝛼

Φ′(0) > 0.

From the condition
d2

d𝑥2

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0,

AIMS Mathematics Volume 11, Issue 6, 18458–18480.



18464

it follows that 𝐹 (𝑥) attains a unique maximum at 𝑥𝑀 ∈ (0, 𝐾) with 𝐹′(𝑥𝑀) = 0, which is the unique
nonnormally hyperbolic point. Furthermore,

d
d𝑥

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
> 0 for 0 < 𝑥 < 𝑥𝑀

and
d
d𝑥

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0 for 𝑥𝑀 < 𝑥 < 𝐾.

Accordingly, 𝐶𝑎0 is attracting and 𝐶𝑟0 is repelling. □

4. Global stability

First, we investigate the local stability of 𝐸∗ by calculating the Jacobian matrix as follows:

𝐽 (𝐸∗) =
(
𝑔(𝑥∗) + 𝑥∗𝑔′(𝑥∗) − 𝑦∗Φ′(𝑥∗) −Φ(𝑥∗)

𝜀𝑦∗ (𝑝′(𝑥∗) − 𝑞′(𝑥∗)) 0

)
.

Then, we have 𝐷𝑒𝑡𝐽 (𝐸∗) = 𝜀Φ(𝑥∗)𝑦∗ (𝑝′(𝑥∗) − 𝑞′(𝑥∗)) and 𝑡𝑟𝐽 (𝐸∗) = 𝑔(𝑥∗) + 𝑥∗𝑔′(𝑥∗) − 𝑦∗Φ′(𝑥∗).
Clearly, 𝐷𝑒𝑡𝐽 (𝐸∗) > 0 by the assumptions. Then, the local stability of 𝐸∗ can be obtained by studying
𝑡𝑟𝐽 (𝐸∗).

Theorem 4.1. If the derivative of the prey-isocline at 𝑥∗ is negative (positive), then the equilibrium 𝐸∗
is locally asymptotically stable (unstable).

Proof. The prey-isocline of System (1.1) is given by 𝑦 =
𝑥𝑔(𝑥)
Φ(𝑥) . Direct computation yields the

following:

tr 𝐽 (𝐸∗) = 𝑔(𝑥∗) + 𝑥∗𝑔′(𝑥∗) − 𝑦∗Φ′(𝑥∗)

= 𝑔(𝑥∗) + 𝑥∗𝑔′(𝑥∗) −
𝑥∗𝑔(𝑥∗)Φ′(𝑥∗)

Φ(𝑥∗)

= 𝑥∗𝑔(𝑥∗)
(

d
d𝑥

ln
𝑥𝑔(𝑥)
Φ(𝑥)

)����
𝑥=𝑥∗

.

Thus, tr 𝐽 (𝐸∗) < 0 provided that

d
d𝑥

ln
𝑥𝑔(𝑥)
Φ(𝑥)

����
𝑥=𝑥∗

< 0, i.e.,
d
d𝑥
𝑥𝑔(𝑥)
Φ(𝑥)

����
𝑥=𝑥∗

< 0,

and tr 𝐽 (𝐸∗) > 0 whenever

d
d𝑥

ln
𝑥𝑔(𝑥)
Φ(𝑥)

����
𝑥=𝑥∗

> 0, i.e.,
d
d𝑥
𝑥𝑔(𝑥)
Φ(𝑥)

����
𝑥=𝑥∗

> 0.

The proof is complete. □
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Theorem 4.2. 𝐸∗(𝑥∗, 𝑦∗) is globally stable in the first quadrant when(
𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦∗

)
(𝑥 − 𝑥∗) ≤ 0.

Proof. Construct the following Lyapunov function:

𝑉 (𝑥, 𝑦) =
∫ 𝑥

𝑥∗

𝑝(𝑠) − 𝑞(𝑠)
Φ(𝑠) d𝑠 + 1

𝜀

(
𝑦 − 𝑦∗ − 𝑦∗ ln

𝑦

𝑦∗

)
.

Global stability is established by verifying the following two properties:

(i) 𝑉 (𝑥, 𝑦) is positive definite with respect to 𝐸∗; and

(ii) ¤𝑉 (𝑥, 𝑦) ≤ 0 for all 𝑥 > 0, 𝑦 > 0.

Property (i). Let 𝜑(𝑧) = 𝑧 − 1 − ln 𝑧 for 𝑧 > 0. Then, 𝜑′(𝑧) = 1 − 1/𝑧, which implies 𝜑(𝑧) ≥ 0 for
all 𝑧 > 0, with equality if and only if 𝑧 = 1. Thus,

1
𝜀

(
𝑦 − 𝑦∗ − 𝑦∗ ln

𝑦

𝑦∗

)
=
𝑦∗
𝜀
𝜑

(
𝑦

𝑦∗

)
≥ 0,

with equality if and only if 𝑦 = 𝑦∗.
Since 𝑝′(𝑥) ≥ 0 and 𝑞′(𝑥) ≤ 0, the function 𝐺 (𝑥) = 𝑝(𝑥) − 𝑞(𝑥) is strictly increasing. From

𝐺 (𝑥∗) = 0 it follows that (𝑥 − 𝑥∗)𝐺 (𝑥) ≥ 0. Together with Φ(𝑥) > 0 for 𝑥 > 0, one obtains∫ 𝑥

𝑥∗

𝑝(𝑠) − 𝑞(𝑠)
Φ(𝑠) d𝑠 ≥ 0,

with equality if and only if 𝑥 = 𝑥∗.
Hence, 𝑉 (𝑥, 𝑦) ≥ 0 for all 𝑥 > 0, 𝑦 > 0, and 𝑉 (𝑥, 𝑦) = 0 if and only if (𝑥, 𝑦) = (𝑥∗, 𝑦∗).
Property (ii). The time derivative of𝑉 (𝑥, 𝑦) along solutions of System (1.1) satisfies the following:

¤𝑉 (𝑥, 𝑦) = 𝜕𝑉

𝜕𝑥
· 𝑑𝑥
𝑑𝑡

+ 𝜕𝑉
𝜕𝑦

· 𝑑𝑦
𝑑𝑡

=
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥)
(
𝑥𝑔(𝑥) − 𝑦Φ(𝑥)

)
+ 1
𝜀

(
1 − 𝑦∗

𝑦

)
𝜀𝑦

(
𝑝(𝑥) − 𝑞(𝑥)

)
=
(
𝑝(𝑥) − 𝑞(𝑥)

) (𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦

)
+
(
𝑝(𝑥) − 𝑞(𝑥)

)
(𝑦 − 𝑦∗)

=
(
𝑝(𝑥) − 𝑞(𝑥)

) (𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦∗

)
.

The monotonicity of 𝐺 (𝑥) = 𝑝(𝑥) − 𝑞(𝑥) implies the following:

(𝑥 − 𝑥∗) (𝑝(𝑥) − 𝑞(𝑥)) ≥ 0.

Under the assumption (
𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦∗

)
(𝑥 − 𝑥∗) ≤ 0,

AIMS Mathematics Volume 11, Issue 6, 18458–18480.



18466

one has (
𝑝(𝑥) − 𝑞(𝑥)

) (𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦∗

)
≤ 0,

which yields ¤𝑉 (𝑥, 𝑦) ≤ 0 for all 𝑥 > 0, 𝑦 > 0.
By the Lyapunov stability theorem for autonomous systems, the equilibrium 𝐸∗ is globally

asymptotically stable in the first quadrant. □

Theorem 4.3. Assume that the equilibrium 𝐸∗ is locally asymptotically stable, and

d2

d𝑥2
𝑥𝑔(𝑥)
Φ(𝑥) < 0,

d
d𝑥
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥) > 0

hold for 0 ≤ 𝑥 ≤ 𝐾 . Then, 𝐸∗ is globally asymptotically stable in the positive quadrant.

Proof. Denote the right-hand side of System (1.1) by the following:

𝐹1(𝑥, 𝑦) = 𝑥𝑔(𝑥) − 𝑦Φ(𝑥), 𝐹2(𝑥, 𝑦) = 𝜀𝑦
(
𝑝(𝑥) − 𝑞(𝑥)

)
.

Construct the Dulac function of the form

𝜇(𝑥, 𝑦) =
(
Φ(𝑥)

)𝛼
𝑦𝛿,

where 𝛼, 𝛿 are undetermined real constants. The divergence of the vector field (𝜇𝐹1, 𝜇𝐹2) reads as
follows:

𝐷 :=
𝜕
(
𝜇𝐹1(𝑥, 𝑦)

)
𝜕𝑥

+
𝜕
(
𝜇𝐹2(𝑥, 𝑦)

)
𝜕𝑦

= − 𝑦𝛿+1 (Φ(𝑥)
)𝛼
Φ′(𝑥) (1 + 𝛼) +

(
Φ(𝑥)

)𝛼−1
𝑦𝛿
(
𝛼Φ′(𝑥)𝑥𝑔(𝑥) + 𝑥𝑔′(𝑥)Φ(𝑥) + 𝑔(𝑥)Φ(𝑥)

+ 𝜀(𝛿 + 1)Φ(𝑥)
(
𝑝(𝑥) − 𝑞(𝑥)

) )
.

Set 𝛼 = −1 and 𝛽 = 𝛿 + 1. After simplification, the divergence can be rewritten as

𝐷 =
(
Φ(𝑥)

)−2
𝑦𝛿𝐿 (𝑥),

with the auxiliary function

𝐿 (𝑥) = Φ(𝑥)
(
𝑥𝑔′(𝑥) + 𝑔(𝑥)

)
−Φ′(𝑥)𝑥𝑔(𝑥) + 𝜀𝛽Φ(𝑥)

(
𝑝(𝑥) − 𝑞(𝑥)

)
= Φ2(𝑥)

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′
+ 𝜀𝛽Φ(𝑥)

(
𝑝(𝑥) − 𝑞(𝑥)

)
.

Differentiating 𝐿 (𝑥) yields the following:

𝐿′(𝑥) = 2Φ(𝑥)Φ′(𝑥)
(
𝑥𝑔(𝑥)
Φ(𝑥)

)′
+Φ2(𝑥)

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′
+ 𝜀𝛽

(
Φ′(𝑥)

(
𝑝(𝑥) − 𝑞(𝑥)

)
+Φ(𝑥)

(
𝑝′(𝑥) − 𝑞′(𝑥)

) )
.
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The choice 𝛼 = −1 enables variable separation and expresses the divergence 𝐷 as the product of the
positive term

(
Φ(𝑥)

)−2
𝑦𝛿 and the auxiliary function 𝐿 (𝑥). Accordingly, the sign of 𝐷 coincides with

that of 𝐿 (𝑥), that is, 𝐷 < 0 if and only if 𝐿 (𝑥) < 0. The formula 𝛽 = 𝛿 + 1 is merely defined to simplify
the expression.

It is shown below that there exists a suitable constant 𝛽 that ensures the Dulac function 𝜇(𝑥, 𝑦) =
(Φ(𝑥))𝛼𝑦𝛿 with 𝛼 = −1 and 𝛽 = 𝛿 + 1 satisfies the inequality 𝐿 (𝑥) < 0.

The remainder of the proof is divided into four steps:

(i) There exists 𝛿1 > 0 such that 𝐿 (𝑥) < 0 for all 𝑥 ∈ (0, 𝛿1);

(ii) 𝐿 (𝑥∗) < 0;

(iii) if
𝛽 < − 𝐾𝑔′(𝐾)

𝜀
(
𝑝(𝐾) − 𝑞(𝐾)

) ,
then 𝐿 (𝐾) < 0; and

(iv) if

𝛽 < −
max
𝛿1≤𝑥≤𝐾

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′
𝜀 max
𝛿1≤𝑥≤𝐾

(
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥)

)′ ,
then 𝐿 (𝑥) has no zero in [𝛿1, 𝐾].

It follows from 𝐿 (0) = 0 and 𝐿′(0) = 𝜀𝛽Φ′(0)
(
𝑝(0) − 𝑞(0)

)
< 0 that there exists 𝛿1 > 0 such that

𝐿 (𝑥) < 0 for all 𝑥 ∈ (0, 𝛿1).
Since 𝑝(𝑥∗) = 𝑞(𝑥∗) at the positive equilibrium 𝑥∗, the term 𝜀𝛽Φ(𝑥∗) (𝑝(𝑥∗) − 𝑞(𝑥∗)) vanishes, and

by Theorem 4.1, the local asymptotic stability of 𝐸∗ ensures that
(
𝑥𝑔(𝑥)
Φ(𝑥)

)′ ��
𝑥=𝑥∗

< 0, which, together
with Φ2(𝑥∗) > 0, implies

𝐿 (𝑥∗) = Φ2(𝑥∗)
(
𝑥𝑔(𝑥)
Φ(𝑥)

)′ ��
𝑥=𝑥∗

< 0.

It can be verified that 𝑝(𝐾) > 𝑞(𝐾). By the assumption for the unique positive equilibrium in
Theorem 3.1, we have 𝑝(𝐾) > 𝑞(0). Since 𝑞′(𝑥) ≤ 0 for all 𝑥 ≥ 0, the function 𝑞(𝑥) is non-increasing,
which implies 𝑞(𝐾) ≤ 𝑞(0). Combining these two inequalities yields 𝑝(𝐾) > 𝑞(0) ≥ 𝑞(𝐾), so
𝑝(𝐾) > 𝑞(𝐾) holds. At the right endpoint 𝑥 = 𝐾 , direct calculation gives

𝐿 (𝐾) = 𝐾Φ(𝐾)𝑔′(𝐾) + 𝜀𝛽Φ(𝐾)
(
𝑝(𝐾) − 𝑞(𝐾)

)
< 0

provided

𝛽 < − 𝐾𝑔′(𝐾)
𝜀
(
𝑝(𝐾) − 𝑞(𝐾)

) .
Now, we prove 𝐿 (𝑥) < 0 for all 𝑥 ∈ [𝛿1, 𝐾] by contradiction. For contradiction, suppose that there

exists 𝑥1 ∈ [𝛿1, 𝐾] such that 𝐿 (𝑥1) = 0. We choose 𝑥1 to be the first zero of 𝐿 (𝑥) in [𝛿1, 𝐾], so that
𝐿 (𝑥) < 0 for all 𝑥 ∈ [𝛿1, 𝑥1). At such a first zero, we must have the following:

𝐿′(𝑥1) ≥ 0.
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From the assumption 𝐿 (𝑥1) = 0, we have the following:

Φ(𝑥1)
(
𝑥𝑔(𝑥)
Φ(𝑥)

)′����
𝑥=𝑥1

= −𝜀𝛽
(
𝑝(𝑥1) − 𝑞(𝑥1)

)
.

Substituting this equality into 𝐿′(𝑥)
��
𝑥=𝑥1

yields the following:

𝐿′(𝑥)
��
𝑥=𝑥1

= 𝜀𝛽

(
Φ(𝑥1)

(
𝑝′(𝑥1) − 𝑞′(𝑥1)

)
−Φ′(𝑥1)

(
𝑝(𝑥1) − 𝑞(𝑥1)

) )
+Φ2(𝑥1)

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′����
𝑥=𝑥1

≤ Φ2(𝑥1)
[
𝜀𝛽 max

𝛿1≤𝑥≤𝐾

(
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥)

)′
+ max
𝛿1≤𝑥≤𝐾

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′]
.

Thus, 𝐿′(𝑥)
��
𝑥=𝑥1

< 0 holds whenever

𝛽 < −
max
𝛿1≤𝑥≤𝐾

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′
𝜀 max
𝛿1≤𝑥≤𝐾

(
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥)

)′ .
This contradicts 𝐿′(𝑥1) ≥ 0. Therefore, no such zero 𝑥1 exists, and 𝐿 (𝑥) < 0 for all 𝑥 ∈ [𝛿1, 𝐾].

Consequently, there exists a Dulac function 𝜇(𝑥, 𝑦) = (Φ(𝑥))𝛼𝑦𝛿 with 𝛼 = −1 and 𝛽 = 𝛿 + 1
satisfying

0 < 𝛽 < min


− 𝐾𝑔′(𝐾)
𝜀
(
𝑝(𝐾) − 𝑞(𝐾)

) , − max
𝛿1≤𝑥≤𝐾

(
𝑥𝑔(𝑥)
Φ(𝑥)

)′′
𝜀 max
𝛿1≤𝑥≤𝐾

(
𝑝(𝑥) − 𝑞(𝑥)

Φ(𝑥)

)′

,

such that the divergence 𝐷 < 0 holds for all 𝑥 > 0, 𝑦 > 0.
By the Dulac criterion, System (1.1) has no closed orbits in the first quadrant. By combining with

the local asymptotic stability of 𝐸∗, the equilibrium 𝐸∗ is globally asymptotically stable. □

5. Relaxation oscillations

In this section, we are concerned with the existence of relaxation oscillations in the framework of
the geometric singular perturbation theory. To this end, we first recall and introduce the concept of the
entry-exit function, which plays a key role in detecting the occurrence of relaxation oscillations.

To be precise, consider the following general slow-fast system:
d𝑠
d𝑡

= 𝑠𝐹 (𝑠, 𝑧, 𝑏, 𝑘),
d𝑧
d𝑡

= 𝑘𝐺 (𝑠, 𝑧, 𝑏, 𝑘),

where 𝑠 ≥ 0, 𝑧 ≥ 0 are state variables, 𝑏 ∈ R𝑘 is a vector parameter, and 0 < 𝑘 ≪ 1 is the small
singular perturbation parameter that separates the fast and slow time scales.

We impose the following fundamental assumptions on the system:
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(i) The functions 𝐹 and 𝐺 are sufficiently smooth with respect to all their arguments. This regularity
condition guarantees the local existence and uniqueness of solutions for the initial value problems
associated with the system.

(ii) For every 𝑧 > 0, we have 𝐺 (0, 𝑧, 𝑏, 0) < 0. This condition ensures that, on the singular manifold
𝑠 = 0, the slow flow evolves in the direction of decreasing 𝑧 as the time 𝑡 increases.

(iii) There exists a constant 𝑍0 > 0 such that

𝐹 (0, 𝑧, 𝑏, 0) < 0 for 𝑧 > 𝑍0, 𝐹 (0, 𝑧, 𝑏, 0) > 0 for 0 < 𝑧 < 𝑍0.

Consequently, the singular manifold 𝑠 = 0 is normally hyperbolic attracting for 𝑧 > 𝑍0 and normally
hyperbolic repelling for 0 < 𝑧 < 𝑍0, while the point (0, 𝑍0) is the unique nonnormally hyperbolic point
that separates these two regions.

Now, let (𝑠0, 𝑧0) be an initial point near the 𝑧-axis such that 𝑧0 > 𝑍0 and 𝑠0 > 0 is sufficiently small.
Consider the orbit of the system with 𝑘 > 0 starting from (𝑠0, 𝑧0). By the classical Fenichel theory,
for 𝑧 > 𝑍0, the 𝑧-axis is normally hyperbolic attracting. Therefore, the trajectory first approaches the
𝑧-axis exponentially fast without crossing it, and then moves slowly downward along the 𝑧-axis within
an 𝑂 (𝑘)-neighborhood.

When the orbit crosses the threshold 𝑧 = 𝑍0, the local dynamics abruptly change: for 𝑧 < 𝑍0, the
𝑧-axis becomes normally hyperbolic repelling. As a result, the orbit will depart from a neighborhood of
the 𝑧-axis at some point (0, 𝑟𝑘 (𝑧0)) and eventually intersect the vertical line 𝑠 = 𝑠0 again. Here, 𝑟𝑘 (𝑧0)
satisfies the limit

lim
𝑘→0

𝑟𝑘 (𝑧0) = 𝑟0(𝑧0),

where 𝑟0(𝑧0) is the corresponding exit point in the singular limit 𝑘 = 0.

The limiting exit point 𝑟0(𝑧0) is uniquely determined by the following integral equation:

∫ 𝑟0 (𝑧0)

𝑧0

𝐹 (0, 𝑧, 𝑏, 0)
𝐺 (0, 𝑧, 𝑏, 0) d𝑧 = 0.

The implicit function 𝑟0( · ) defined by the above integral is known as the entry-exit function. This
function establishes a precise relation between the entry point and the exit point of orbits passing
near the singular manifold, and it serves as a powerful tool for to establish the existence of relaxation
oscillations. The geometric mechanism is schematically illustrated in Figure 2.
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Figure 2. Schematic illustration of the entry-exit mechanism. The orbit starts at (𝑠0, 𝑧0)
and first approaches the 𝑧-axis exponentially fast. Then, it evolves slowly downward along
the 𝑧-axis within an 𝑂 (𝑘)-neighborhood. After crossing the nonnormally hyperbolic point
(0, 𝑍0) (blue dot), the orbit departs from the 𝑧-axis at (0, 𝑟𝑘 (𝑧0)) and eventually intersects the
line 𝑠 = 𝑠0 again. The entry-exit function 𝑟0( · ) describes the relation between the entry point
(0, 𝑧0) and the exit point (0, 𝑟0(𝑧0)) in the singular limit 𝑘 = 0.

Proposition 5.1. Consider System (1.1) under the following conditions:

d2

d𝑥2

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0, 𝑝(0) < 𝑞(0), and 𝑝(𝐾) > 𝑞(0).

For each 𝑦0 >
𝛼

Φ′(0) , there exists a unique 𝑦𝑧 ∈
(
0,

𝛼

Φ′(0)

)
such that

𝐼 (𝑦𝑧) =
∫ 𝑦𝑧

𝑦0

𝐹0(𝑦)
𝐺0(𝑦)

d𝑦 = 0, (5.1)

where
𝐹0(𝑦) = 𝛼 − 𝑦Φ̂(0), 𝐺0(𝑦) = 𝑦

(
𝑝(0) − 𝑞(0)

)
.

Proof. For each 𝑦0 >
𝛼

Φ′(0) , the integral 𝐼 (𝑦𝑧) can be expressed as follows

𝐼 (𝑦𝑧) =
∫ 𝑦𝑧

𝑦0

𝐹0(𝑦)
𝐺0(𝑦)

d𝑦 =
∫ 𝑦𝑧

𝑦0

𝛼 − 𝑦Φ̂(0)
𝑦
(
𝑝(0) − 𝑞(0)

) d𝑦.

Since 𝑝(0) < 𝑞(0), we immediately obtain the following:

𝑝(0) − 𝑞(0) < 0.

AIMS Mathematics Volume 11, Issue 6, 18458–18480.



18471

First, we consider the limit as 𝑦𝑧 → 0+. Direct computation yields the following:

lim
𝑦𝑧→0+

𝐼 (𝑦𝑧) =
∫ 0+

𝑦0

𝛼 − 𝑦Φ̂(0)
𝑦
(
𝑝(0) − 𝑞(0)

) d𝑦

=
1

𝑝(0) − 𝑞(0)
(
𝛼 ln 𝑦 − Φ̂(0) 𝑦

) ���0+
𝑦0
.

Since 𝛼 > 0, it follows that 𝛼 ln 𝑦 → −∞ as 𝑦 → 0+, and Φ̂(0) 𝑦 → 0. Combined with 𝑝(0)−𝑞(0) < 0,
we conclude that

lim
𝑦𝑧→0+

𝐼 (𝑦𝑧) = +∞.

Next, we investigate the limit as 𝑦𝑧 →
(

𝛼

Φ′(0)

)−
. For any 𝑦 ∈

(
𝛼

Φ′(0) , 𝑦0

)
, we have the following:

𝛼 − 𝑦Φ̂(0) < 0.

Thus, the integrand satisfies
𝛼 − 𝑦Φ̂(0)

𝑦
(
𝑝(0) − 𝑞(0)

) > 0,

which implies

lim
𝑦𝑧→

(
𝛼

Φ′ (0)

)− 𝐼 (𝑦𝑧) =
∫ 𝛼

Φ′ (0)

𝑦0

𝛼 − 𝑦Φ̂(0)
𝑦
(
𝑝(0) − 𝑞(0)

) d𝑦 < 0.

Furthermore, for all 𝑦𝑧 ∈
(
0,

𝛼

Φ′(0)

)
, direct differentiation gives

d𝐼 (𝑦𝑧)
d𝑦𝑧

=
𝛼 − 𝑦𝑧Φ̂(0)

𝑦𝑧
(
𝑝(0) − 𝑞(0)

) < 0,

which shows that 𝐼 (𝑦𝑧) is strictly decreasing on
(
0,

𝛼

Φ′(0)

)
.

Accordingly, by the Intermediate Value Theorem, there exists a unique 𝑦𝑧 ∈
(
0,

𝛼

Φ′(0)

)
such that

𝐼 (𝑦𝑧) = 0. This completes the proof. □

Let 𝑥𝑅 be the 𝑥-coordinate of the intersection point between the horizontal line 𝑦 = 𝑦𝑅 = 𝑃0(𝑦𝑀)
and the attracting critical manifold 𝐶𝑎0 , where 𝑦𝑀 and 𝑦𝑅 are related by the integral equation (5.1), that
is, ∫ 𝑃0 (𝑦𝑀 )

𝑦𝑀

𝐹0(𝑦)
𝐺0(𝑦)

d𝑦 = 0.

Now, we define a transcritical slow-fast cycle Γ0 as follows:

Γ0 := {(𝑥, 𝑦𝑅) | 𝑥 ∈ (0, 𝑥𝑅)} ∪ {(0, 𝑦) | 𝑦 ∈ (𝑦𝑅, 𝑦𝑀)}
∪ {(𝑥, 𝑦𝑀) | 𝑥 ∈ (0, 𝑥𝑀)} ∪ {(𝑥, 𝑦) | 𝑥 ∈ (𝑥𝑀 , 𝑥𝑅), 𝑦 = 𝐹 (𝑥)} .

Let 𝑈0 be a sufficiently small tubular neighborhood of Γ0. On the basis of the above analysis, the
existence and uniqueness of relaxation oscillations for System (1.1) are established in the following
theorem. The corresponding geometric structure is illustrated in Figure 3.
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Theorem 5.2. Consider System (1.1) under the following conditions:

d2

d𝑥2

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0, 𝑝(0) < 𝑞(0), and 𝑝(𝐾) > 𝑞(0).

Assume that d
d𝑥
𝑥𝑔(𝑥)
Φ(𝑥)

���
𝑥=𝑥∗

> 0. Then, there exists a unique relaxation oscillation Γ𝜀 ⊂ 𝑈0 surrounding
the unique positive equilibrium 𝐸∗(𝑥∗, 𝑦∗), and as 𝜀 → 0, Γ𝜀 converges to the transcritical slow-fast
cycle Γ0 in the Hausdorff distance.

Proof. By Theorem 3.1, System (1.1) admits a unique positive equilibrium 𝐸∗(𝑥∗, 𝑦∗) if and only if
𝑝(0) < 𝑞(0) and 𝑝(𝐾) > 𝑞(0). By Theorem 3.2, if

d2

d𝑥2

(
𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0,

then the critical manifold 𝐶0 has a unique nonnormally hyperbolic point 𝐷 (𝑥𝑀 , 𝐹 (𝑥𝑀)) with 𝑥𝑀 ∈
(0, 𝐾), as shown in Figure 3. The nonnormally hyperbolic point 𝐷 divides the critical manifold 𝐶0 into
two normally hyperbolic components:

𝐶𝑎0 :=
{
(𝑥, 𝑦) : 𝑥𝑀 < 𝑥 < 𝐾, 𝑦 = 𝐹 (𝑥)

}
, 𝐶𝑟0 :=

{
(𝑥, 𝑦) : 0 < 𝑥 < 𝑥𝑀 , 𝑦 = 𝐹 (𝑥)

}
,

where 𝐶𝑎0 is attracting, and 𝐶𝑟0 is repelling. By Theorem 4.1, if

d
d𝑥
𝑥𝑔(𝑥)
Φ(𝑥)

����
𝑥=𝑥∗

> 0,

then the unique positive equilibrium 𝐸∗(𝑥∗, 𝑦∗) is locally asymptotically unstable and lies on the
repelling branch 𝐶𝑟0 of the critical manifold.

Let 𝛿1, 𝛿2, 𝑥𝑠 > 0 be sufficiently small constants. Two cross sections Σ𝑖𝑛 and Σ𝑜𝑢𝑡 at the fixed
abscissa 𝑥𝑠 are introduced to construct the Poincaré map for the analysis of periodic orbits of System
(1.1). Specifically,

Σ𝑖𝑛 = {(𝑥𝑠, 𝑦) | 𝑦 ∈ (𝑦𝑀 − 𝛿1, 𝑦𝑀 + 𝛿1)} ,
Σ𝑜𝑢𝑡 = {(𝑥𝑠, 𝑦) | 𝑦 ∈ (𝑃0(𝑦𝑀) − 𝛿2, 𝑃0(𝑦𝑀) + 𝛿2)} ,

where 𝑦𝑀 and 𝑃0(𝑦𝑀) satisfy the entry-exit relation (5.1) (see Proposition 5.1), that is,∫ 𝑃0 (𝑦𝑀 )

𝑦𝑀

𝐹0(𝑦)
𝐺0(𝑦)

d𝑦 = 0.

A Poincaré map Π : Σ𝑖𝑛 → Σ𝑖𝑛 is induced by the flow of System (1.1), expressed as the composition
Π = Π2 ◦ Π1 with

Π1 : Σ𝑖𝑛 → Σ𝑜𝑢𝑡 , Π2 : Σ𝑜𝑢𝑡 → Σ𝑖𝑛,

where Π1 and Π2 denote the mappings along trajectories between the corresponding cross sections.
The cross sections and the Poincaré map are schematically illustrated in Figure 3.

First, we analyze the mapping Π1 in detail. By the entry-exit function and Proposition 5.1, there
exists a positive constant 𝛿2 (depending on 𝛿1) such that for every 𝑦 ∈ (𝑦𝑀 − 𝛿1, 𝑦𝑀 + 𝛿1) (i.e., for every
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point (𝑥𝑠, 𝑦) ∈ Σ𝑖𝑛), there exists a unique value 𝑃𝜀 (𝑦) ∈ (𝑃0(𝑦𝑀) − 𝛿2, 𝑃0(𝑦𝑀) + 𝛿2) satisfying the
convergence condition lim

𝜀→0
𝑃𝜀 (𝑦) = 𝑃0(𝑦) in the 𝐶1-topology. In other words, the trajectory of System

(1.1) starting from any point (𝑥𝑠, 𝑦) ∈ Σ𝑖𝑛 will necessarily intersect the cross section Σ𝑜𝑢𝑡 at the unique
point (𝑥𝑠, 𝑃𝜀 (𝑦)), due to the regularity of the system’s flow and the choice of sufficiently small 𝛿1 and
𝛿2. Therefore, the mapping Π1 : Σ𝑖𝑛 → Σ𝑜𝑢𝑡 can be explicitly defined as follows:

Π1(𝑥𝑠, 𝑦) = (𝑥𝑠, 𝑃𝜀 (𝑦)).

Next, we turn to the analysis of the mapping Π2 : Σ𝑜𝑢𝑡 → Σ𝑖𝑛. To investigate the behavior of Π2,
we consider two arbitrary orbits Γ1

𝜀 and Γ2
𝜀 of System (1.1) that start from distinct points in the cross

section Σ𝑜𝑢𝑡 . According to the Fenichel theory, which characterizes the persistence and smoothness
of slow manifolds in slow-fast systems, combined with Theorem 2.1 of [42] (which establishes results
regarding the attraction of trajectories to slow manifolds), both orbits Γ1

𝜀 and Γ2
𝜀 will be attracted to

the slow manifold 𝐶𝑎𝜀 , that is, a perturbation of 𝐶𝑎0 at an exponential rate of 𝑂 (𝑒− 1
𝜀 ). This exponential

attraction implies that the orbits rapidly approach 𝐶𝑎𝜀 as they evolve, and once they reach the slow
manifold, they move along 𝐶𝑎𝜀 until they pass through the jump point (𝑥𝑀 , 𝑦𝑀), where the slow flow of
System (2.2) undergoes a rapid transition (jump). At the jump point (𝑥𝑀 , 𝑦𝑀), the two orbits Γ1

𝜀 and
Γ2
𝜀 exponentially contract toward each other, which is a key property leading to the contraction of the

Poincaré map Π. After this exponential contraction, the orbits continue to evolve and rapidly converge
back to the incoming cross section Σ𝑖𝑛, thus completing the mapping Π2.

By combining the properties of Π1 and Π2, we can now establish the contraction property of the
composite Poincaré map Π = Π2 ◦ Π1. Specifically, the exponential contraction of orbits at the
jump point (𝑥𝑀 , 𝑦𝑀), together with the smoothness and regularity of Π1, implies that Π is a contraction
mapping on Σ𝑖𝑛 with an exponential contraction rate of𝑂 (𝑒− 1

𝜀 ). By the Contraction Mapping Theorem,
every contraction mapping on a non-empty, closed, bounded, and convex metric space has a unique
fixed point. Since Σ𝑖𝑛 is a closed and convex interval (hence a suitable metric space) and Π is a
contraction on Σ𝑖𝑛, it follows that Π has a unique fixed point in Σ𝑖𝑛. This fixed point corresponds to a
unique trajectory of System (1.1) that intersects Σ𝑖𝑛 at the fixed point and is periodic, (i.e., the unique
relaxation oscillation Γ𝜀 ⊂ 𝑈0, where𝑈0 is the tubular neighborhood of the transcritical slow-fast cycle
Γ0 defined earlier). This periodic orbit Γ𝜀 intersects Σ𝑖𝑛 at the fixed point for all sufficiently small 𝜀
(i.e., 0 < 𝜀 ≪ 1). Furthermore, by applying Fenichel’s theorem again and Theorem 2.1 of [42], we can
conclude that as 𝜀 → 0, the relaxation oscillation Γ𝜀 converges to the transcritical slow-fast cycle Γ0 in
the Hausdorff distance, which characterizes the convergence of compact sets and is consistent with the
conclusion of Theorem 5.2.

The proof is complete. □
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Figure 3. Relaxation oscillation Γ𝜀 (red) converges to the transcritical slow-fast cycle Γ0
(blue dashed) as 𝜀 → 0. The blue double arrows indicate the direction of the fast subsystem
flow, the blue single arrows represent the direction of the slow subsystem flow, and the red
arrows denote the direction of the full system flow. 𝐸∗ is the unique positive equilibrium, Σin

and Σout are the Poincaré cross sections, and 𝑃0(𝑦𝑀) is the corresponding entry-exit function.

6. Uniqueness of limit cycles

Next, we discuss the existence and uniqueness of limit cycles of System (1.1). Rewrite system (1.1)
in the following form: 

d𝑥
d𝑡

= Φ(𝑥) (𝐹 (𝑥) − 𝑦) ,
d𝑦
d𝑡

= 𝑦𝜒(𝑥),
(6.1)

where 𝐹 (𝑥) = 𝑥𝑔(𝑥)
Φ(𝑥) , 𝜒(𝑥) = 𝜀 (𝑝(𝑥) − 𝑞(𝑥)). Define 𝐻 (𝑥) := −Φ(𝑥)𝐹′ (𝑥)

𝜒(𝑥) .

Theorem 6.1. Consider System (6.1). Assume that

(i)
d2

d𝑥2
𝑥𝑔(𝑥)
Φ(𝑥) < 0 and

d
d𝑥

𝑝(𝑥)−𝑞(𝑥)
Φ(𝑥) > 0 for 0 ≤ 𝑥 ≤ 𝐾;

(ii) 𝐹′(𝑥∗) > 0 and 𝐻 (𝑥) is a non-decreasing function on (0, 𝑥∗) ∪ (𝑥∗, +∞).
Then, System (6.1) has a unique stable limit cycle surrounding 𝐸∗(𝑥∗, 𝑦∗).
Proof. The existence of the limit cycles follows from Theorem 5.2

Next, we prove the uniqueness of the limit cycles. Moving positive equilibrium 𝐸∗(𝑥∗, 𝑦∗) to the
origin by letting 𝑥1 = 𝑥 − 𝑥∗, 𝑦1 = 𝑦 − 𝑦∗ gives the following:

d𝑥1
d𝑡

= Φ(𝑥1 + 𝑥∗) (𝐹 (𝑥1 + 𝑥∗) − 𝑦1 − 𝑦∗) ,
d𝑦1
d𝑡

= (𝑦1 + 𝑦∗)𝜒(𝑥1 + 𝑥∗).
(6.2)
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Then, letting 𝑥1 = 𝜉 (𝑢), 𝑦1 = 𝜂(𝑣) in System (6.2) gives the following:
d𝑢
d𝑡

=
Φ(𝜉 (𝑢) + 𝑥∗)

𝜉
′ (𝑢) (𝐹 (𝜉 (𝑢) + 𝑥∗) − 𝜂(𝑣) − 𝑦∗) ,

d𝑣
d𝑡

=
𝜂(𝑣) + 𝑦∗
𝜂
′ (𝑣) 𝜒(𝜉 (𝑢) + 𝑥∗).

(6.3)

Set 
Φ(𝜉 (𝑢) + 𝑥∗)

𝜉
′ (𝑢) = 1, 𝜉 (0) = 0,

𝜂(𝑣) + 𝑦∗
𝜂
′ (𝑣) = 1, 𝜂(0) = 0;

(6.4)

then, 𝜂(𝑣) = 𝑦∗(𝑒𝑣 − 1). Since 𝜉 (𝑢) satisfies the conditions of the existence and uniqueness theorem
of the solution, 𝜉 (𝑢) exists and is unique. Substituting (6.4) into (6.3) yields the following Liénard
system: 

d𝑢
d𝑡

= −𝜂(𝑣) − (𝑦∗ − 𝐹 (𝜉 (𝑢) + 𝑥∗)) ≡ −𝜂(𝑣) − 𝑀 (𝑢),
d𝑣
d𝑡

= 𝜒(𝜉 (𝑢) + 𝑥∗) ≡ 𝜓(𝑢).
(6.5)

Recall Zhang Zhifen’s uniqueness theorem for limit cycles [43]. Consider the following Liénard
system: 

d𝑢
d𝑡

= −𝜂(𝑣) − 𝑀 (𝑢),
d𝑣
d𝑡

= 𝜓(𝑢),

where the following conditions are satisfied:

(i) 𝑀′(𝑢), 𝜓(𝑢) ∈ 𝐶0(R), and 𝜓(𝑢) satisfies the Lipschitz condition;

(ii) 𝑢𝜓(𝑢) > 0 for 𝑢 ≠ 0, and Ψ(𝑢) =
∫ 𝑢
0 𝜓(𝑠)d𝑠 → +∞ as |𝑢 | → +∞;

(iii) 𝑣𝜂(𝑣) > 0 for all 𝑣 ≠ 0, 𝜂(±∞) = ∞, 𝜂(𝑣) ∈ 𝐶0(R). 𝜂(𝑣) is monotonic on R, satisfies the
Lipschitz condition, and has left and right derivatives at 𝑣 = 0 with 𝜂′+(0)𝜂′−(0) ≠ 0;

(iv) the ratio 𝑀 ′ (𝑢)
𝜓(𝑢) is non-decreasing on R \ {0}, and 𝑀 ′ (𝑢)

𝜓(𝑢) is not a constant when 0 < |𝑢 | ≪ 1.

Under these assumptions, the system admits at most one limit cycle around the origin, which is unique
and stable if it exists.

All hypotheses of Zhang Zhifen’s uniqueness theorem are explicitly verified for the transformed
Liénard system (6.5):

(i) Since 𝜉′(𝑢) = Φ(𝜉 (𝑢) + 𝑥∗) > 0 and 𝜒(·) is smooth, 𝑀′(𝑢) and 𝜓(𝑢) are continuous on R.
Moreover, 𝜓(𝑢) is continuously differentiable and thus satisfies the Lipschitz condition.

(ii) From 𝑝′(𝑥) ≥ 0 and 𝑞′(𝑥) ≤ 0, it follows that 𝜒′(𝑥) ≥ 0. Since 𝜒(𝑥∗) = 0, one has (𝑥−𝑥∗)𝜒(𝑥) >
0, which implies 𝜉 (𝑢)𝜒(𝜉 (𝑢) +𝑥∗) > 0. Note that 𝜉 (0) = 0 and 𝜉′(𝑢) = Φ(𝜉 (𝑢) +𝑥∗) > 0, so 𝑢 and
𝜉 (𝑢) share the same sign. Thus, 𝑢𝜓(𝑢) = 𝑢𝜒(𝜉 (𝑢) + 𝑥∗) > 0 for 𝑢 ≠ 0. Let Ψ(𝑢) =

∫ 𝑢
0 𝜓(𝑠)d𝑠.

From 𝜓(0) = 0 and 𝜓′(𝑢) = 𝜒′(𝑥)𝜉′(𝑢) = 𝜒′(𝑥)Φ(𝑥) > 0, it is deduced that Ψ(𝑢) → +∞ as
|𝑢 | → +∞.
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(iii) The function 𝜂(𝑣) = 𝑦∗(𝑒𝑣−1) is continuous onRwith 𝜂(0) = 0. One has 𝑣𝜂(𝑣) = 𝑦∗𝑣(𝑒𝑣−1) > 0
for all 𝑣 ≠ 0. Moreover, 𝜂(+∞) = +∞ and 𝜂(−∞) = −𝑦∗. Since 𝜂′(𝑣) = 𝑦∗𝑒𝑣 > 0, 𝜂(𝑣) is strictly
increasing and satisfies the Lipschitz condition. The function 𝜂(𝑣) is differentiable at 𝑣 = 0 with
𝜂′(0) = 𝑦∗ > 0, so 𝜂′+(0)𝜂′−(0) = 𝑦2

∗ > 0. Since the analysis is restricted to the first quadrant, the
condition 𝜂(−∞) = −𝑦∗ can be used instead of 𝜂(−∞) → +∞.

(iv) Clearly, 𝑀 (0) = 0. Let 𝑚(𝑢) = 𝑀′(𝑢) = −𝐹′(𝑥)𝜉′(𝑢) = −𝐹′(𝑥)Φ(𝑥). Then,

𝑚(𝑢)
𝜓(𝑢) = −Φ(𝑥)𝐹′(𝑥)

𝜒(𝑥) = 𝐻 (𝑥).

Since 𝑥 = 𝜉 (𝑢) + 𝑥∗ is strictly increasing and 𝐻 (𝑥) is non-decreasing, the ratio 𝑚(𝑢)/𝜓(𝑢) is
non-decreasing with respect to 𝑢. Furthermore, 𝐻 (𝑥) is not a constant for a sufficiently small |𝑥 |,
so 𝑀 ′ (𝑢)

𝜓(𝑢) is not a constant when 0 < |𝑢 | ≪ 1.

Therefore, the uniqueness of the limit cycle is established by Zhang Zhifen’s uniqueness theorem [43].
□

7. Conclusions

This paper studies the global dynamics of a generalized slow-fast predator-prey model extended from
the classical Gause system, where the predator reproductive rate serves as a small singular perturbation
parameter 0 < 𝜀 ≪ 1. Combining Lyapunov theory, Dulac’s criterion, geometric singular perturbation
theory, Fenichel theory, and Zhang Zhifen’s limit cycle uniqueness theorem, we systematically analyze
the stability of equilibrium, relaxation oscillations and limit cycles, and draw the main conclusions as
follows:

First, we derive the existence and uniqueness condition for the positive coexistence equilibrium
𝐸∗(𝑥∗, 𝑦∗). The system has exactly one positive equilibrium if and only if 𝑝(0) < 𝑞(0) and 𝑝(𝐾) > 𝑞(0).
When 𝑑2

𝑑𝑥2

( 𝑥𝑔(𝑥)
Φ(𝑥)

)
< 0, the critical manifold 𝐶0 possesses a unique non-normally hyperbolic fold point

𝐷 (𝑥𝑀 , 𝑦𝑀), which divides 𝐶0 into an attracting branch 𝐶𝑎0 and a repelling branch 𝐶𝑟0. The sign of
𝐹′(𝑥∗) determines local stability of 𝐸∗: 𝐹′(𝑥∗) < 0 yields local asymptotic stability, while 𝐹′(𝑥∗) > 0
leads to local instability.

Second, two groups of sufficient conditions for global asymptotic stability of 𝐸∗ are established. By
constructing a dedicated Lyapunov function, we prove global stability under

( 𝑥𝑔(𝑥)
Φ(𝑥) − 𝑦∗

)
(𝑥 − 𝑥∗) ≤ 0.

Using a power-type Dulac function, we further show that if 𝐸∗ is locally stable,
( 𝑥𝑔(𝑥)
Φ(𝑥)

)′′
< 0 and( 𝑝(𝑥)−𝑞(𝑥)

Φ(𝑥)
)′
> 0 on [0, 𝐾], the system contains no closed orbits in the first quadrant, so 𝐸∗ is globally

asymptotically stable.
Third, we prove the existence and singular limit behavior of relaxation oscillations. When 𝐸∗ is

locally unstable with concave critical manifold and the equilibrium existence assumptions satisfied,
there exists a unique relaxation oscillation Γ𝜀 surrounding 𝐸∗ for sufficiently small 𝜀. Based on the
entry-exit function and contraction mapping theorem for Poincaré maps, we confirm that Γ𝜀 converges
to the transcritical slow-fast cycle Γ0 in Hausdorff distance as 𝜀 → 0.

Fourth, we obtain sufficient conditions for the existence and uniqueness of a stable limit cycle.
Under the concave critical manifold condition, monotonicity of 𝑝(𝑥)−𝑞(𝑥)

Φ(𝑥) , local instability of 𝐸∗ and
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monotonicity of 𝐻 (𝑥) = −Φ(𝑥)𝐹′ (𝑥)
𝜒(𝑥) on (0, 𝑥∗) ∪ (𝑥∗, +∞), we convert the original model into a Liénard

system. All assumptions of Zhang Zhifen’s uniqueness theorem are verified, which together with the
relaxation oscillation result guarantee a stable limit cycle enclosing 𝐸∗.

Compared with existing slow-fast predator-prey literature relying on fixed functional responses,
our generalized model with arbitrary smooth monotonic vital functions enjoys wider ecological
applicability. This work integrates global stability, geometric singular perturbation analysis and
classical limit cycle theory into a unified framework, linking nullcline geometry to long-term population
behaviors. The theoretical results can be applied to various classic ecological models to analyze species
coexistence, steady states and periodic outbreaks.

Potential extensions include incorporating spatial diffusion, Allee effects, piecewise smooth response
functions or multi-species interactions. Further research can also investigate canard orbits, canard
explosions and singular bifurcations near the fold point 𝐷 (𝑥𝑀 , 𝑦𝑀).
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