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insights into the properties and dynamics of the soliton solutions derived from the integrable AMTZE
equation.
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1. Introduction

There are many nonlinear physical phenomena in nature that are described by nonlinear systems of
partial differential equations (PDEs) [1-3]. Some of these nonlinear PDEs are integrable but others
nonintegrable [4—6]. For that reason in modern mathematical and theoretical physics, one of the most
important topics is to find the integrable nonlinear PDEs [7-9]. Another interesting topic is to find the
exact solutions of these differential equations. In modern mathematical and theoretical physics, one of
the most important topics is to find the exact solutions of nonlinear differential equations [10-12]. A
large number of useful methods have been proposed to construct soliton solutions and locally
coherent structure solutions for nonlinear PDEs [13—15]. Some of the most important methods are the
inverse scattering transformation, the bilinear form, symmetry reduction, the Darboux transformation,
the Painleve analysis method, the Backlund transformation [16—-18], the separated variable method,
etc. Nowadays, with rapid development of symbolic computation systems, the search for the exact
solutions of nonlinear systems of PDEs has attracted a lot of attention; because the exact solutions
make it possible to explore nonlinear physical phenomena comprehensively and facilitate testing the
numerical schemes. In recent years, a variety of approaches have been proposed and applied to the
nonlinear systems of PDEs, such as the modified extended tanh function method, first integral
method, extended fanh function method, exp-function method, and so on [13, 14, 19].

The outline of the present paper is organized as follows. In Section 2, we present the KMME. In
Section 3, the Akbota-Myrzakulov-Tolkynay-Zhaidary equation (AMTZE) and its Lax pair are
considered. In Section 4, the gauge equivalence between the AMTZE and the KMME is established.
Some reductions of the AMTZE and the KMME are found in Sections 5 and 6. The traveling wave
solutions of the AMTZE are constructed in Section 7. The Hamiltonian structure of the AMTZE is
considered in Section 8. The paper is concluded by some comments and remarks in Section 9.

2. The Kuralay-Ma-Myrzakulov equation

One of the most interesting and important integrable equations in 2 + 1 dimensions is the KMME.
In this paper, we study some properties of this KMME.

2.1. Equation
The KMME is given by [20]

Z, - g foZ + g fiZ, = 0, 2.1)
b
Sy + mtr([zxz, ZlZ,) = 0, (2.2)

where Z(x,y, t) is a 2 X 2 matrix function, f(x,y, t) is a scalar function and (a, b, ) are some constants.
Let us we introduce two new functions g(x,y, ) and u(x, y, t) as

q = 2fu
u = —ff,.
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Then, the KMME (2.1) and (2.2) can be rewritten as

B 1 _
Z quyZ buZx = 0, (2.3)
b
Q)cy'i'wtr([thzxx]zx) = 0, 2.4)
w,+058g, = 0. 2.5)

Thus, we have two equivalent forms of the KMME. One more, the third form of the KMME, is given
by

! u ny u ,8 B
(foxy (St B ESX))I - bf)gxy (St - ESx) + ﬁfys O,
b
Sy — Etr([sz,SX]S) = 0,

where (about our notations, see below)

S =g loag.
These three forms of the KMME are equivalent to each other. As we can see in Section 4, the KMME
and the AMTZE are gauge equivalent to each other.

2.2. Lax representation

As we mentioned above, the KMME (2.1) and (2.2) is integrable. The corresponding Lax
representation is given by [20]

¥, = UV, (2.6)
¥, = BAY,+CY, (2.7)
where
U = (bA*+qA)Z, (2.8)
C = 2°C,+aC,. (2.9)
Here,
C=uzZ, C= b;—qZ +ﬁg‘1gy.

The compatibility condition of the systems (2.6) and (2.7)
Yy =Y,
that is,
Ui, —C,+[U,Cl =AU, =0, (2.10)

is equivalent to the KMME (2.1) and (2.2). In fact, substituting expressions (2.8) and (2.9) into
Eq (2.10) and equating the coefficients of the same power of A to be zero, we can get the KMME (2.1)
and (2.2).
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3. The Akbota-Myrzakulov-Tolkynay-Zhaidary equation

The well-known AMTZE plays an important role among the integrable equations in 2+1
dimensions. We are now going to consider this AMTZE in more detail.

3.1. Equation
Consider the well-known AMTZE. The AMTZE reads as
2B 4B

2fxt + Ff;rfxx + 7fxfxy _ﬁry = 0, (31)
B 2B B
e+ Zf:vrx + ?rfxy - foxxy = 0. 3.2)
We can rewrite this AMTZE in the following equivalent form:
1
qr — —uq, + éqqy -pr, = 0, (3.3)
b b
1
re— Zurx + Erqy - quxy = 0, (3.4)
U, + 'gqy = 0, 3.5

where a, b, are real constants and (g, r, u, f) are some functions of (x,#,y). Some exacts soliton
solutions and other properties of the AMTZE were investigated in the paper [21].

3.2. Lax representation

Note that the AMTZE (3.3)—(3.5) is integrable. Its Lax representation is given by

o, = U,D, (3.6)
d, = pAD, + BD, (3.7
where
_ 0 ay _ 2 (1 O
U = (b/12+q/l+r 0)‘([” Tz + 0. ‘73‘(0 —1)’
00 0 a
_ 2 _ _
B = B4 +Bl/1+B0, Z—(l O), Q—(r O),
{0 0} (0 0\ ..
B, = (u 0)—u2, Bl_(b‘luq O)—b uqx,
B -1
=q ab™'u B u B
By = 4p1y == + -0+ —qn2.
° (b—‘ur+ gy —;ibqy) H7 58T 1t

The compatibility condition ®,, = @,, of the linear Eqs (3.6) and (3.7), that is,
Uy — By + [U», B] = BAU,, = 0,

gives the AMTZE (3.3)—(3.5). As the integrable equation, the ATZME (3.3)—(3.5) has the N-soliton
solution, infinite number of conservation laws, Hamiltonian structure, and so on.
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4. Gauge equivalence between the KMME and the AMTZE

As integrable equations, the above considered KMME and AMTZE have the gauge equivalent
counterparts. In this section, we try to prove that these two equations are gauge equivalent to each
other. Consider the transformation

Y=g,
where O is a solution of the set of Eqs (3.6) and (3.7) and g(x,y,?) = ®|,-o. Then the new matrix
function W(x, y, t) satisfies the set of Eqs (2.6) and (2.7). We have
U = g 'Uxg-g g
C = g'Bg—g 'Bog+pBAg g,
This result means that the KMME and AMTZE are gauge equivalent to each other. So, we have proved
that between these two equations, gauge equivalence takes place.

Let us now we present some useful formulas that follow from the gauge equivalence between the
AMTZE and KMME. We have

_ 0 a
g0, Q=( 0),

r

!
I

o = (g0 =g (@:i— 887 D) = g7 (U — Up)® = U, ¥,
¥, = (b1 +A9)Z¥, Uy = Uslizo = 0O,

¥, = BAY, +g&'(Blg,g ! + B- By)gY,

¥, = BAY, +g '(BAg,g”" + *By + AB))gY,

¥, = BV, +C¥, C,=g 'Byg,

C, = g'Big+pg g,
g = Uxg =08,
& = Bog.
Here,
ab u
2= D5, ts),
uxx(t b
0 a
_ -1
u Uyy
S, = =S+ —Z,
! b ab
N2 = bZ, N]:qZ, EQZMZ,
uq ﬁux ﬁu ,Buxx
E, = —Z- S +—IS5,5,] - Z,
! P T TS
and

Z=g"'%g [ZS]=2Z
Zz = 0’ [Z9 [S’Sx]] = _4Sa

Z,=—-as.

AIMS Mathematics Volume 11, Issue 6, 18222-18240.



18227

5. Reductions of the Kuralay-Ma-Myrzakulov equation

In this section, the KMME and the AMTZE are studied from the viewpoint of integrable nonlinear
evolution equations.
Below, we present three reductions of the KMME.

5.1. The complex KMME

First, let us consider the complex KMME, when we assume that » = i. Then the KMME takes the
form

I
L

iz, - gqyz —uZ,

i
dxy t wﬂ'([z}m Zxx]Zx)

I
L

u,+0.58g, = 0.
It is the so-called complex KMME.

5.2. The Manukure-Zhanbota equation
Let us consider the case when y = t. Then the KMME takes the form

B B _
Zt - l_)fxlz + l_)ﬁzx - 07 (51)
b
fxxt + Wtr([zxt»zxx]zx) = 0. (52)

It is the Manukure-Zhanbota equation. At the same time, Eqs (2.3)—(2.5) follow the other equivalent
form of the Manukure-Zhanbota equation:

B 1 _
Z-TaZ- sz = 0, (5.3)
b
q;n'i'wtr([zxtazxx]zx) = 0, 5.4
u, +058g, = O, (5.5)
where
q = 2fX7
u = —Bf.

Thus, in this subsection, two equivalent forms of the Manukure-Zhanbota equation are presented. Note
that both of these forms are integrable.

5.3. The Manukure-Zhaidary equation

Our second reduction corresponds to the case when y = x. Then the KMME (2.1) and (2.2) takes
the form

B B _
Zi=ThZ+ThZe = 0, (5.6)
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b
Sorx + mtr([lea ZxlZ,) = 0. (5.7)

It is the so-called the Manukure-Zhaidary equation. The other equivalent form of the Manukure-
Zhaidary equation reads as

B 1 _
Z, 2quZ buZx = 0, (5.8)
b
CIxx+—f”([sz,Zxx]Zx) = 0. (5.9

2a°B

Thus, in this subsection, we presented two equivalent forms of the Manukure-Zhaidary equation.
6. Reductions of the Akbota-Myrzakulov-Tolkynay-Zhaidary equation
In this section, we consider two reductions of the AMTZE (3.1) and (3.2).

6.1. The complex AMTZE

One of the interesting reductions of the AMTZE we get is when we consider the case b = i. In this
case, the AMTZE takes the form

iq; — uq, + pqq, — ipr, = 0,

irt_urx+:8rqy_ :iachxy =0,
B
u, + qu =0.

It is the complex AMTZE. Note that in this case, b = i, the functions g, r,u become the complex
functions, and the AMTZE has the more complicated solutions with complex functions.
6.2. The Kairat-Kuralay-Myrzakulov-Shynaray equation
6.2.1. The real KKMSE
First, let us consider the case when y = ¢. Then the AMTZE takes the form

2 4
2fu + ffzfxx + ;fofx, -pri = 0, (6.1)
2
e+ gftrx + ?ﬁrfxt - zz%fxxxt = 0. (6.2)
It is the well-known KKMSE as
1

qr — E”‘]x + lgq% -pri = 0, (6.3)

1
i = pUrx T = 4%qm = 0, (6.4)
Uy + é% = 0. (6.5)

2
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6.2.2. The complex KKMSE

If we assume that b = i, then the KKMSE takes the form
iq; — uq, + Bqq; — iBr: = 0,
ir, — ury + Brq, — ﬁqm =0,
4a

Uy +§q, =0.

It is the complex KKMSE, since in this case, the functions ¢, r, u become complex functions.

6.2.3. Lax representation

Note that the KKMSE (6.1) and (6.2) is integrable. Its Lax representation is given by:

O, = U,d, (6.6)
o, = jB(D, 6.7)
where
I ISP )
B = B> +BA+B,, z:((l) 8), Q:((r) g)
I
Bo = (b‘lur%-q;%qm i%::)::ibqto-3+gg+%qmz'

The compatibility condition ®,, = ®,, of the linear Eqs (6.6) and (6.7) gives the KKMSE (6.3)-
(6.5). As the integrable equation, the KKMSE (6.3)—(6.5) has the N-soliton solution, infinite number
of conservation laws, Hamiltonian structure, and so on. The gauge equivalent of the KKMSE is the
Manukure-Zhanbota equations (5.3)—(5.5) or (5.1)—(5.2).

6.3. The Wu-Zhang equation
6.3.1. The real WZE

The second reduction of the AMTZE follows from the case when y = x. Then the AMTZE (3.1)
and (3.2) takes the form

zfxt + zgﬂfxfxx + 4.7ﬁfxf)cx _ﬁrx

B 2B B _
rt + bfxrx + b rfxx zabfxxxx - O'

I
L

AIMS Mathematics Volume 11, Issue 6, 18222-18240.
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It is nothing but the so-called Wu-Zhang equation (WZE). We can rewrite this WZE in the following
equivalent form:

I
L

3
q: + —qux — By (6.8)

2b

e+ Zqurx + Igr%c - 45%%006 = 0. (6.9)

6.3.2. The complex WZE
One more interesting form of the WZE that we obtain is when b = i. Then the WZE becomes
3
iq; + gqqx —ipr: =0,

il”, +§qrx +18qu - :%Q)ocx =0.

It is the complex WZE, since in this case, the functions ¢, r become complex functions.

6.3.3. The original WZE
We now assume that a = b = = 1. Then the WZE (6.8) and (6.9) takes the form

3
q: + 549x—7Tx = 0,

1 1

+ 2qQry T gy — —qxxx = 0.
It qu rq 461

The last set of equations exactly coincides with the original form of the WZE [22] after some simple
renaming of ¢ —» vand r — u:

3
v, + Evvx—ux = 0,

1 1
u;, + Evux + uy, — vaxx = 0.

Finally, we note that the WZE is the gauge equivalent counterpart of the Manukure-Zhaidary
equation (5.6), (5.7) or (5.8),(5.9).

6.3.4. Lax representation

Note that the WZE (6.8)and (6.9) is integrable. Its Lax representation is given by [22]:

o, = U,0, (6.10)
®, = (BAU, + B)D, (6.11)
where
_ 0 a\ . - (1 0
U, = (b/12+q/l+r 0)—(19/1 + g + Q, 03—(0 _1), (6.12)
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00 0 a
_ 2 _ _
B = B,A*+B,A+B,, 2_(1 0)’ Q_(r 0)’ (6.13)
_ {0 0} _ (0 0\ .
B, = (u 0) =uX, B;= (b‘luq O) = b uqgx, (6.14)
B -1
=qx ab™'u B u B
By, = 4b = —q, - —— . 6.15
0 (b‘lur + £ g —:iqu) T bQ " Jab? (6.15)

The compatibility condition ®,, = ®,, of the linear Eqs (6.10) and (6.11) gives the WZE (6.8) and (6.9).
As the integrable equation, the WZE (6.8) and (6.9) has the N-soliton solution, infinite number of
conservation laws, Hamiltonian structure, and so on.

Thus, it has been shown that the KMME admits two important integrable reductions, namely, the
Manukure-Zhanbota equation and the Manukure-Zhaidary equation. Similarly, the AMTZE possesses
two integrable reductions given by the KKMSE and the WZE. Through the gauge transformation
procedure, we have demonstrated that the Manukure-Zhanbota equation is gauge equivalent to the
KKMSE, while the Manukure-Zhaidary equation is gauge equivalent to the WZE. To improve the
clarity of the analysis, the main steps of the gauge equivalence construction and the reduction
procedures have been discussed in a more explicit and systematic manner.

7. Exact solutions

In modern mathematical and theoretical physics, one of the most important topics is to find the
exact solutions of nonlinear differential equations. In this section, we present several classes of exact
traveling-wave solutions for the AMTZE, including Jacobi elliptic, trigonometric, soliton, and rational
solutions. These solutions describe different nonlinear wave structures and reveal the rich dynamical
behavior of the system under various parameter regimes. All these integrable equations have different
types of exact solutions including N-soliton solutions. To find the traveling wave solutions of the
AMTZE (3.3)-(3.5), we consider the following transformations:

qx,y,0) = q(0), r(x,y,0)=r), uxyt)=ul), {=px+vi+ny,
where u, v, 7 are some real constants. Then we have
Gx = 1G' Qux = 10" Gy = 110G 1y = VI 1y = F 1 = pr uy =
where f = %. Plugging these expressions into the AMTZE (3.3)—(3.5), we obtain

vq' - %uq' + 'anqq, —ﬁnr, = 0, (7.1)
2
vr — %ur, + ﬂé]rq, - i’l;:q = 0, (7.2)
i + %nq’ = 0. (7.3)
From Eq (7.3), we get
u=cy— ﬁ—nq
1 o
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where ¢; = const is an integration constant. Then Eqgs (7.1) and (7.2) take the forms

vq ——(cl—@q)q +’%nqq -pnr = 0,
Bn Bn . B
- =(c; —=— +—=rqg - — = 0.
vr (C1 2ﬂq)r 5 " e
From (7.4), we obtain
H Bn 2, Bn
+vg—=ciq+ —pnr=0
Cfn+vg-Taq+ g+ g — B
where ¢, = const is an integration constant. Hence, we get
Bn ﬁn
+(v—= +(— +=—
o + (v cl)q (4b 2b —pnr =
or
20 + c3Png + cuPng’ — pnr =0
where
U 1 Bn  pBn
= — - — . = —\— N , = L.
3 ,BU(V bcl) cq = B (4b 2b) a7 G2 =cons

The last equation gives

r =)+ c3q + ciqt
Hence, we have

F=c3q +2c4qq .

Let us rewrite Eq (7.5) as

Bn pn . ,8;1217
+ =—qr + —rq - =
cspnr bqr kel

Hence, using (7.6) and (7.7), finally, we get

’ ’ ﬂ !’ ’ ﬂn ’
cpn(csq +2c4gq) + S7a(c3q +2cagq) + (e + €3q + c1q’)q - q

4ab

Integrating this equation one we obtain the following equation:

’” 3 2
q =cCsq +ceq” +Cc7q + Cg,

where cg = const is a constant of integration and

dab 4
o = a (C4ﬁ+ﬁn64) aC4(1+n),

3Bu*n b 3u*n

B’

(7.4)

(7.5)

(7.6)

(7.7)

=0.

(7.8)
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C%,B ,37763 acs

Ce = ,3 2 (C3 cafpn + —— ) ’u—(4bC4,377+ 1 +2n),
4ab 5 ﬁr]cz 4a ,

c7 = (e3n +——) = —(c3b + ),
By P )= 2

cg = const.

Hence, we have

24 q" = (csq® + ceq® + c1q + ¢8)2q

so that
0 4 3 2
q~ =0Coq +Cioq" +Cnq +Ci2q +Ci3,
where
1 2
Cy = ECS’ Clo = §C6, Ci1 =¢C7, Ci2= 2C8, €13 = const.

Let us introduce a new function p(x,y,t) = p({) as
q = Ci4p + Cis,
where ¢4 and c;5 are new constants. Then Eq (7.8) takes the form

’” 3 2
ciup = cs(ciyp +ci5)” + celcap + ¢15)° + c7(ciap + ¢i15) + cs,

or
” _ 3 2
P =Cigp” +C17p” +Cigp + Cro,
where
3
C5Cy 2
Cle = = C5C1y,
Cl4
3csc?, + coC?
14 6C14
c;7 = ———— = (3¢5 +co)cua,
Cl4
2
3C5C14C15 + 2C6C14C15 + Cc7C14 )
= =3 +2 +
cig = = 3C5C5 CeC15 T C7,
Ci4
C5Cl5 + CoCls + €715 + Cg
Clg = .
Ci4
Now we assume that
p =2mp’ —(1+mp, (7.9)
or
2 _ 2 2
= (1= p)A —mp?), (7.10)

AIMS Mathematics Volume 11, Issue 6, 18222-18240.
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where
m = 0.5¢c16 = 0.5¢c5¢,, c17 = 10 = 0, c15 = —=(1 + m) = —(1 + 0.5¢s¢}).
These expressions give us
ce = —3¢cs5, Cg= —c15(c5c%5 —3c¢s5¢15 + ¢7).
It is well-known that Eqgs (7.9)—(7.10) have the following solution:
p({,m) = sn({, m),
where sn({, m) is the Jacobi elliptic function.

7.1. Jacobi elliptic function solution

The previous results give us the following solution of the AMTZE in terms of the Jacobi elliptic
function as

qg = cusn(d,m)+cis, (7.11)
ro= cy+ csleiasn(d,m) + cis] + caleasn(d, m) + cis]%,
u = ¢ —'B—n[cl4sn({,m)+cls]-

2u

Figure 1 illustrates the plots of the obtained solution to Eq (7.11).

(a) (b)

Figure 1. (a) The 3D plot and (b) contour plot of the function g(x, y, r) with the parameters
M = 06, V= 03, n= 09, Clg = 10, and Ci5 = 0.0.

7.2. Trigonometric function solution

Using the well-known properties of the Jacobi elliptic function

sn(Z,m) : sn(Z,0) = sin((),

we obtain the following trigonometric function solution of the AMTZE:
g = cusin(d) +cs, (7.12)
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. . 2
¢y + c3[ciasin(d) + ¢i5] + calcia sin(d) + ¢;5]°,

~
Il

u = ¢ —5—2[014 sin({) + ¢1s].

Figure 2 illustrates the plots of the obtained solution to (7.12).

(a) (b)

Figure 2. (a) The 3D plot and (b) contour plot of the function g(x, y, f) with the parameters
u=06,v=03,1n=09, ¢4y =1.0,and c;5 = 0.0

7.3. Soliton solution

Now we use the following properties of the Jacobi elliptic function: sn({,m) : sn({, 1) = tanh(J).
The corresponding trigonometric function solution of the AMTZE reads as:

Cla tanh({) + Ci5, (7.13)
¢y + c3[cia tanh(Q) + ¢15] + c4lcr4 tanh(2) + ¢51%,

S R
Il

u = C1—'§—Z[C14tanh(§)+015]-

Figure 3 illustrates the plots of the obtained solution to Eq (7.13).

0
> o 1°
4 2
. as
N, &
x

(a) (b)
Figure 3. (a) The 3D plot and (b) contour plot of the function g(x, , yf) with the parameters
u=0.6,v=03,17n=09, ¢4 =1.0,and c;5 = 0.0.
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7.4. Rational solution

To find the rational solution of the AMTZE, we consider the following expression for the function
q = % + . Then the rational solution of the AMTZE is given by

k
= -+ 7.14
q ;" (7.14)
ro= c2+c3[§+l]+c4[§+l]2,
_ o Pk
= 2/.1[§+l],

where k, [ are some new constants. To fix constants k, [, we use Eq (7.8), that is,
q" = c5q3 + c6q2 + 79 + cg. (7.15)
Substituting (7.14) into Eq (7.15), we get

y?2 o 2k =csk,

y 2 o 0=3csk*l + cok?,

y 't 0=3cskl? + 2klce + ¢k,
y_O © 0=csP + cgl® + 7l + c.

Hence, we get

kK = =+ 2
Cs
Co
[l = ——,
365
¢ = —Bcsl? + 2lcy),
cs = —(csbP + cl? + cql).

Figure 4 illustrates the plots of the obtained solution to Eq (7.14).

+

(a) (b)

Figure 4. (a) The 3D plot and (b) contour plot of the function g(x, y, r) with the parameters
u=06,v=03,7n=09, a=0.2,ands=0.3
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3D and contour plots illustrate the propagation characteristics and parameter-dependent features of
the resulting waves. A comparative analysis of various families of solutions also provides additional
insight into the transition between periodic, localized, and rational wave patterns.
8. Hamiltonian structure

From (7.9) and (7.15), it follows that

’ !’ 3 2
q =2, =Csq +Ccgq +C7qg + Cs,

or
, _6H
q (5_Z’
,  6H
Z ——E.

Here, H has the form

1 1 1 1
H = f[izz - (chq4 + §C6q3 + §C7q2 + ng)]ds.

9. Conclusions

In this paper, the KMME and the AMTZE are studied. These two equations are integrable. The
corresponding Lax representations are presented. Gauge equivalence between these two integrable
equations is proved. It is shown that the KMME admits two integrable reductions, namely, the
Manukure-Zhanbota equation and the Manukure-Zhaidary equation. Similarly, the AMTZE has two
integrable reductions: the KKMSE and the Wu-Zhang equation. From these results follow that the
Manukure-Zhanbota equation is gauge equivalent to the KKMSE. At the same time, the
Manukure-Zhaidary equation and the the WZE are gauge equivalent to each other. Finally, we would
like to note that it is very interesting to study the relations between AMTZE, the Broer-Kaup
equations, and the Ablowitz- Kaup-Newell-Segur system following the paper.

From a physical perspective, integrable equations that admit exact solutions in the form of traveling
waves are of considerable interest. The results obtained in this paper can be applied to the study of
nonlinear wave propagation processes arising in hydrodynamics, plasma physics, nonlinear optics, and
other related areas of mathematical physics, as well as to the modeling of stable wave interactions,
energy transfer mechanisms, and the formation of coherent structures in nonlinear media.

Our future studies may include numerical simulations of KMME and AMTZE under different initial
and boundary conditions, which would further validate the analytical solutions and help to clarify the
stability and interaction properties of the resulting wave structures.
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