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1. Introduction

The theory of hypercompositional algebra, a sub-branch of abstract algebra, is based on hypergroups
introduced by the French mathematician Marty at the eighth Congress of Scandinavian Mathematicians
held in Stockholm in 1934 [1]. This theory generalizes classical algebraic systems by allowing the
image of an operation to be a set rather than a single element. Krasner studied various classes of
hypercompositional algebra, including hypergroups, hyperrings, and hypermodules, each providing a
natural generalization of their classical analogs [2—4].

The concept of a hypermodule over a hyperring extends the notion of a module over a ring
by replacing the ring and module operations with multivalued operations that satisfy compatibility
conditions analogous to those of the classical case. Despite sharing many similarities with the category
of modules, the category HypMod(R) of hypermodules exhibits several structural differences, where
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R is a hyperring. Among these, the most important is that the category HypMod(R) of hypermodules
is an exact category [5, Theorem 4.4]. The category HypMod(R) admits well-defined short exact
sequences, stable kernels and cokernels, and categorical constructions that behave analogously to those
in the category Mod(R) of modules over a ring R. This study allows homological and categorical tools
to be extended to hypercompositional structures, paving the way for further developments in lattice-
valued generalizations.

In this paper, we prove that every cyclic free hypermodule over a hyperring is normal projective. In
addition, we provide an example of a free hypermodule corresponding to each free module. Moreover,
we characterize hyperrings whose simple hypermodules are normal injective.

2. Preliminaries

Hypercompositional algebra is founded on algebraic structures whose operations are set-valued.
More precisely, the map is defined as a mapping

o:HXH — P(H)

rather than as a mapping from H X H into H.

The term magma was later introduced into the literature of classical algebra by Bourbaki. Within
the framework of hypercompositional algebra, a generalized version of this concept was subsequently
formulated by Massouros and is defined as follows.

Definition 1. [6] Let H be a nonempty set. A map o : HXH — P(H) is called a hypercomposition on
H. The pair (H, o) is called a magma (according to [7], hypermagma). For any two nonempty subsets
A, B C H, we define

AoB=| JlaocblacA, beB).

If A = {a} or B = {b}, we write a o B instead of {a} o B and A o b instead of A o {b}.

Definition 2. [1,6] A magma (H, o) is called a hypergroup if it satisfies the following axioms:
(H1) ao(boc)=(aob)ocforall a,b,c € H (associativity),

(H2) ao H = Hoa = H for all a € H (reproduction).

Let (H,o) be a hypergroup, and let N be a nonempty subset of H. The set N is called a
subhypergroup of HifaoN =Noa= N foralla € N.

Definition 3. [3,4] Let (R, +, ) be a hypercompositional structure, where + is a hypercomposition
on R, and - is a single-valued operation on R. The structure R is called a Krasner hyperring (briefly,
hyperring) if it satisfies the following conditions:

(I) Additive axioms.
(DHha+bB+c)=(a+b)+cforalla,b,c €R,
2)a+b=b+aforalla,beR,

(3) There exists an identity element O € R such that, for every a € R, there is a unique element
a’ € R, denoted by —a, satisfying 0 € a + (—a) and 0 € (—a) + a,
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(4) (Reversibility law) Ifa € b+ ¢, then b € a — c for all a,b,c € R.

(IT) Multiplicative axioms.
(R, -) is a monoid in which the identity O of (R, +) is a bilaterally absorbing element.

(ITIT) Axioms of distributivity.
Multiplication distributes over the hypercomposition: z(x + y) = zx+zy and (x+y)z = xz+
yz forall x,y,z €R.

If, in addition,
IAV)Ya-b=b-aforalla,b €R,

then R is called a commutative hyperring. A commutative hyperring (R, +, -) is called a hyperfield if
(R\ {0}, -) is a group.

The additive part of hyperring or hyperfield was first studied independently by Mittas in [8—10],
where they were called canonical hypergroups. Later, Roth applied canonical hypergroups to
the character theory of finite groups [11]. Join spaces lying between canonical hypergroups and
hypergroups have been studied in W. Prenowitz’s research on geometry [12, 13]. Join spaces with an
identity element are closely related to canonical hypergroups; in fact, these two structures essentially
coincide.

Let (H, +) be a canonical hypergroup with identity element 0. By [14],

O+a=a and —-(-a)=a
for all a € H. Furthermore, [15, Theorem 5] proves that
—(a+b)y=-a->b

for all a, b € H, and shows that this property is equivalent to the reversibility law.

According to a construction from Krasner [4], hyperring structures can be derived from rings
through suitable quotient-type operations. Let R be a ring with identity and let G be a subgroup of
the multiplicative monoid of R such that

xG = Gx

for every element x € R.
Under this condition, the multiplicative cosets [x] = xG form a partition of R, and the product of
two such classes, considered as subsets of R, is again a class:

[x][y] = xGyG = xyG = [xy].

Let R(G) denote the set of all such cosets. Then R(G) becomes a hyperring if the hypercomposition
is defined by

[x]® [yl = {[z] |z € [x] + Y]}

Krasner further showed that if R is a field, then R(G) is a hyperfield. These structures were
introduced by Krasner under the names quotient hyperring and quotient hyperfield, respectively. Later,
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in [16], Massouros obtained the most general form of this construction as follows. Let (R, +,-) be a
ring with identity and let G be a subgroup of the monoid R satisfying

xGyG = xyG
for all x,y € R. Under these assumptions, the collection of cosets
R(G)={xG | x € R}
admits a structure of a hyperring. The multiplication is defined by
xGyG = xyG,
whereas the hypercomposition is given by
xG®yG ={(xp+yq9)G : p,q <G}

He showed that R(G) is a hyperring. Moreover, when R is a field, the resulting hyperring R(G) satisfies
the axioms of a hyperfield.

In analogy with classical algebraic structures such as abelian groups, rings, and fields, the concept
of a hypermodule arises in hypercompositional algebra in connection with canonical hypergroups and
hyperrings.

Definition 4. [3,17] Let R be a hyperring. A left hypermodule over R (or left R-hypermodule) is a
canonical hypergroup (M, +) together withamap RxM — M, (r,m)+— rmsuchthatforallr, s € R
and m, m;, m, € M, the following conditions hold:

(1) r(my + my) = rmy + rmy,

(2) (r+ s)m = rm + sm,

(3) (r- s)m = r(sm),

(4) 1gm = m and r0y; = Ogm = Oy.

Throughout this paper, the term hypermodule will mean a left hypermodule. A nonempty subset
N of an R-hypermodule M is called a subhypermodule of M, denoted N < M, if N is itself an R-
hypermodule under the same hypercomposition as M. Clearly, M and {0,,} are trivial subhypermodules
of M. A nonempty subset N of M is a subhypermodule if and only if a —b € N and ra €
N foralla,b € Nandr € R. In particular, for a hyperring R, the structure R itself is an R-
hypermodule, denoted by H(R). The left hyperideals of R are precisely the subhypermodules of H(R).

Let M be a hypermodule over a hyperring R and let K be a subhypermodule of M. Define the
relation “x =g yif and only if (x + K) N (y + K) # @”. Therefore =, is an equivalence relation on M
and for m € M, the equivalence class of m € M is of the form m + K. We denote by % the set of all
equivalence classes of the relation =k. By [2, Theorem 2.4.9], %, @) is a canonical hypergroup where

(a+K)s(b+K)={c+K|bca+bh)= U(C+K).

cea+b

AIMS Mathematics Volume 11, Issue 6, 18202-18221.



18206

The factor hypermodule of M modulo K is the canonical hypergroup % ={a+ K |ae€ M} equipped
with external scalar multiplication © defined by r © (a + K) = ra+ K foralla € M and r € R [5]
or [18, Proposition 3].

Let R be a hyperring and M an R-hypermodule. For a family of subhypermodules {M;},c; of M,
the sum of this family, denoted by }.; M;, is defined as the set of all elements x € M such that
X € Yier,mi» m; € M; for some finite subset Iy C I. It is well-known that 3 ,c; M; is itself a
subhypermodule of M.

Definition 5. [19] Let M be a hypermodule and {M,},c; a nonempty collection of subhypermodules
of M. The hypermodule M is said to be an internal direct sum of the subhypermodules {M;};; if the
following conditions hold:

(1) M =2 M,
(2) M; O (Sherpwi Mi) = {0y} foralli € 1.

The following theorem is taken from [19, Theorem 1] and will be used frequently throughout this
work without further reference.

Theorem 1. A hypermodule M is an internal direct sum of the subhypermodules {M;};c; if and only
if every element m € M can be written as m € m;, + m;, + --- + m;,, where m;; € M;, are uniquely
determined for distinct indices iy, . . ., i, € L.

Analogous to the internal direct sum, one may consider the external direct sum of hypermodules.
However, the external direct sum of two given hypermodules does not, in general, preserve the
structure of a hypermodule [20, Theorem 16]. This provides another difference between the categories
hypermodules and modules.

Definition 6. [17] Let R be a hyperring. Given two R-hypermodules M and N, amap f : M — P(N)
is called homomorphism if

(D) fOmy +y my) C f(my) +y f(my) for all my,m; € M,
(2) f(rm) = rf(m) for all r € R and for all m € M.

f is called strong homomorphism if equality holds in the condition (1) of the definition of
homomorphism. A single-valued map f : M — N is called good homomorphism if f satisfies
the above conditions (1) and (2). f : M — N is called normal homomorphism if instead of (1), we
have f(m; +y my) = f(my) +5 f(my).

Let R be a hyperring. We denote by HypMod(R) the category whose objects are all R-hypermodules
and whose morphisms are all normal homomorphisms. It is shown in [5, Theorem 4.4] that
HypMod(R) is an exact category. Therefore, by [21, 15. Exact Categories], exact sequences in this
category are defined. It also follows from the same section that a sequence

E:0—5ALBSC—0

is exact if and only if f is a normal monomorphism, g is a normal epimorphism, and ker(g) = Im(f). In
this case, E is called a short exact sequence. We denote by HAbs the class of all short exact sequences
in HypMod(R).
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3. On free hypermodules

In [17], Massouros introduced free hypermodules and established several of their properties.
Moreover, he provided a construction of a free hypermodule. In this section, we present an example
of a free hypermodule corresponding to each free module, and we investigate the relationship between
free hypermodules and normal projective hypermodules.

Definition 7. [17] Let F be any left R-hypermodule. An R-hypermodule F is called a free hypermodule
if there exists a nonempty set X, called a basis of F, satisfying the following conditions:

(1) X generates F, and

(2) for every function ¥ of X into an R-hypermodule M, there exists a homomorphism ¢ : FF — P(M)
such that ¢(x) = {/(x)} for every x € X.

Massouros characterized hypermodules with a finite basis in [17, Proposition 3]. Using the same
argument as in Massouros’ proof, combined with Theorem 1, we extend this characterization to
hypermodules with an arbitrary basis.

Theorem 2. Let R be a hyperring and F be an R-hypermodule. Then the following statements are
equivalent for a nonempty subset X of F':

(1) X is a basis of F,
(2) X is linearly independent and generates F,

(3) F is the internal direct sum of the cyclic R-hypermodules Rx (x € X), where each Rx is isomorphic
to H(R).

Following [17], Massouros constructed quotient hypermodules by a method analogous to that for
quotient hyperrings. Let M be an R-module, where R is a unitary ring, and let G be a subgroup of the
monoid of R, which satisfies the condition xGyG = xyG for all x, y € R. Define an equivalence relation
on M by

x~y & x=ty forsometeQqG,

and denote by [x] the equivalence class of x € M. Let M be the set of all such classes. For [x], [y] € M,
define

[l ={wleM : welx]+ D)
Then, (M, ®) is a canonical hypergroup with identity [0]. Moreover, defining

7lx] =[rx] for7eR(G), [x]e M

turns M into an R(G)-hypermodule, called the quotient hypermodule. 1t follows from [17] that every
Euclidean spherical geometry can be realized as a quotient hypermodule.

Now by means of quotient hypermodules, we construct free hypermodules associated with a free
R-module and a multiplicative subgroup G of the ring R such that xGyG = xyG for all x, y € R.
Moreover, for different multiplicative subgroups G of R such that xGyG = xyG for all x, y € R, the
resulting quotient structures give rise to mutually nonisomorphic free hypermodules.
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Example 1. Let R be a ring with identity, and let F' be a nonzero free left R-module. Assume that G is
a subgroup of the monoid of R satisfying

rGsG = rsG

for all r, s € R. Then, F becomes a free left R(G)-hypermodule. Let X be a basis of F' and consider the
set X = {[x] € F | x € X}. We show that X is linearly independent and generates the hypermodule F.
Because X # @, it follows that X # @. Observe that [0] = {0}, and O € [m] if and only if m = 0. Let
S = {[x11,[x2], ..., [x]} be a finite subset of X and suppose that

0 =[0] € ri[x1] +7alx2] + - -+ + Fi[xe],

where 71,75,...,7% € R(G). Then 0 € [rix;] + [rox2] + --- + [rx:]. Hence there exist elements
P1> P2 ---» Px € Gsuchthat O = py(r1x1)+ pa(rax2) + - - -+ pr(rxi). Because X is a linearly independent
subset of F, it follows that pyr| = por, = --- = piri = 0. Because G is a group, foreachi € {1,2,...,k}

there exists #; € G such that 7;,p; = 1x. Multiplying the equality p;r; = 0 by #;, we obtain
0 = t;(piri) = (tip)ri = 1gri = 1.

Thus, 7; = 0 for all i, and therefore X is linearly independent. Now let [m] be an arbitrary element of
F. Since F is free with basis X, there exist r;,7,..., 7 € R and x1, x,, ..., xx € X such that

m=rix,+rnx+- - +nrx=1g(rx)+ 1g(ryx) + - - - + 1p(rexp).

Hence,
[m] € [rixi] + [rox2] + -+ + [exi] = rilx] + ra[xo] + -+ + Felxd.

Thus X generates F. Consequently, F is a free R(G)-hypermodule with basis X by Theorem 2.

Definition 8. [22,23] Let M be a hypermodule. If for every normal epimorphism f : A — B of
hypermodules and every normal homomorphism g : M — B of hypermodules, there exists a normal
homomorphism /4 : M — A such that fh = g, then, M is called normal projective.

Characterizations of normal projective hypermodules in terms of short exact sequences were
obtained in [24]. In particular, hyperrings over which every hypermodule is normal projective were
completely characterized. On the other hand, the relationship between free hypermodules and normal
projective hypermodules has not yet been investigated. Moreover, it is currently unknown whether the
category HypMod(R) has enough projectives. Because every free R-hypermodule is an internal direct
sum of cyclic free hypermodules, it is natural to begin with cyclic free hypermodules and examine
whether they possess the normal projectivity property. The following theorem provides a first step in
this direction by showing that the cyclic free hypermodule is always normal projective.

Theorem 3. Let R be a hyperring. Then, every cyclic free R-hypermodule F is normal projective.

Proof. Because F is a cyclic free R-hypermodule, there exists a free generator x € F such that F = Rx.
By Theorem 2, the cyclic hypermodule Rx is isomorphic to the hypermodule H(R). On the other
hand, it follows from [19, Theorem 2] that H(R) is normal projective. Because normal projectivity is
preserved under isomorphisms, we conclude that F is normal projective. O
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Although every cyclic free hypermodule is normal projective, the following example shows that
the converse does not hold; that is, a normal projective cyclic hypermodule need not be free. Recall
from [19] that an R-hypermodule M is semisimple if it is the sum of simple subhypermodules of M. It
is proven in [19, Theorem 9] that a module M is semisimple if and only if every subhypermodule of M
is a direct summand of M.

Example 2. Consider the quotient hyperring Z¢(G) = {[0],[1],[2],[3]}, where G = {1,5} is the
multiplicative group of the ring Z¢. The equivalence classes are

[0] = 0G = {0}, [1] =1G ={1,5},

[2] =2G = {2,10} = {2,4} = [4], [3]1 =3G = {3, 15} = {3}.
We have the following Tables 1 and 2:

Table 1. The hypercomposition table of the canonical hypergroup (Z¢(G), D).

® | (0] [1] (2] [3]
(01 | {(01}  {(11} {21 {1
(1T [ {011} {[0L[21} {(1LI31} ({[2]}
(21 {21} {(1L131} {[OLI21} {[1]}
(B3] {1y {21 {fnny  {on

Table 2. The operation table of the monoid (Z¢(G), ).
(01 [11 [2] [3]
01| [0] [O0] [O] [O]
17| 0] [11 [2] I[3]
21 [ [01 2] [21 [0]
[3]1 | [0] [3]1 [0] I[3]

Put X = {[1]}. Then X is a generating set of Z¢(G) and is linearly independent. Therefore, Z¢(G) is a
free hypermodule with basis {[1]}. Thus, the only proper subhypermodules of Z4(G) are I; = {[0], [2]}
and I, = {[0], [3]}. Moreover, we have

Ze(G) =1, ® L.

It follows that H(Z¢(G)) is semisimple. Hence, by [24, Theorem 3], I; and I, are normal projective
hypermodules. On the other hand, because

[3112] = [21[3] = [O],

neither /; nor I, admits a basis. Therefore, /; and I, are not free hypermodules.
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Remark 1. Corrigendum of [24, Example 6]. Unfortunately, we observed a minor error in the
hypercomposition used in the construction of the hyperring given in [24, Example 6], which was
presented as an example of a hyperring whose every hypermodule is normal projective. The detected
mistake affects the verification of the canonical hypergroup condition for the underlying set. Therefore,
the construction in [24, Example 6] cannot be used as stated.

As a replacement, the hyperring constructed in the above example satisfies the semisimplicity
condition and hence provides the correct example in this context.

Let R be a hyperring and E : 0 — A R B R C — 0 be a short exact sequence of R-

hypermodules. Following [24], E is called splitting in case Im(y) = Ker(¢) is a direct summand of B.
By HS plit we denote the class of all splitting short exact sequences of left R-hypermodules.

Corollary 1. LetE: 0 — M — N — F — 0 be a short exact sequence of R-hypermodules. If F
is a cyclic free R-hypermodule, then the sequence splits.

Proof. Let F be a cyclic free R-hypermodule. It follows from Theorem 3 that F' is normal projective.
Hence, by [24, Theorem 2], E is splitting. O

In [17, Theorem 8], it was proved that every subhypermodule of a finitely generated free
hypermodule over a principal hyperideal domain is free. In what follows, we develop an approach
through normal injectivity in order to analyze the normal projectivity of subhypermodules of the free
hypermodule H(R). Let M be a hypermodule. If for every normal monomorphism f : A — B and
every normal homomorphism g : A — M, there exists a normal homomorphism 4 : B — M such that
hf = g, then M is called normal injective [22,23,25].

Theorem 4. Let R be a hyperring. Then, the following statements are equivalent.
(1) Every factor hypermodule of any normal injective R-hypermodule is normal injective,
(2) Every subhypermodule of the free hypermodule H(R) is normal projective with respect to any
short exact sequence E: 0 — A i) BSCc— 0, where B is normal injective.

Proof. (1) = (2). Let I be any subhypermodule of H(R). Consider a short exact sequence E : 0 —

A EN BSCc— 0, where B is normal injective. Let A : I — C be any normal homomorphism. Given
the inclusion map i : I — H(R), we have the following Figure 1.:

0——=1—% HR)
A

B—2-C 0

Figure 1. Normal injectivity.

Becaues C is normal injective by assumption, there exists a normal homomorphism 7 : R —
C such that 7i = A. Because H(R) is normal projective, there exists a normal homomorphism « :
H(R) — B such that 7 = ga. Let @ = A|; denote the restriction of A to subhypermodule /. Then for
every a € I we have,

8(@(a)) = gla(a)) = 7(a) = (ti)(a) = Aa).
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Hence, g® = A, which shows that [ is normal projective with respect to the short exact sequence E.
(2) = (1). Let M be a normal injective hypermodule, and let N be any factor hypermodule of M.
For any left hyperideal I of R, let f : I — N be a normal homomorphism. We show that f extends
to R. Consider the short exact sequence 0 — ker(r) — M 5N — 0, where 7 : M — N is the
canonical epimorphism. By the assumption (2), / is normal projective with respect to this short exact
sequence. Hence, there exists a normal homomorphism % : I — M such that 7h = f. Because M is
normal injective, there exists a normal homomorphism A : R — M such that 7 = Ai, wherei : I — R
is the inclusion map. Put 7 = 74 : R — N. Then 7i = (7d)i = n(Ai) = wh = f. Thus, f extends to R,
which proves that N is normal injective by [23, Theorem 4]. O

Example 3. Let N denote the set of all non-negative integers. Let + and - denote the usual addition and
multiplication in N. By [26], we define the hypercomposition “®” on N as follows: For any m, n € N,

m®n = {m+n, k| min{m, n} + k = max{m, n} for some k € N}

={m+n, [m-n|}.

Thus the hypercompositional structure (N, @, -) is a principal hyperideal domain by [26,
Proposition 3.1]. So H(N) is a cyclic free hypermodule. It follows [17, Theorem 8] that every
subhypermodule of H(N) is free. As a consequence of Theorem 3, every subhypermodule of H(IN)
1s normal projective. Thus, the class of normal injective R-hypermodules over the hyperring H(N) is
closed under factor hypermodules by Theorem 4.

The above example also demonstrates the existence of hyperrings whose every hyperideal is
normal projective. This observation naturally leads to the introduction of the notion of a hereditary
hypermodule (hyperring).

Definition 9. Let R be a hypeerring and M be a normal projective left R-hypermodule. M is called
hereditary if every subhypermodule of M is normal projective. R is called a left hereditary hyperring
if H(R) is hereditary.

We now provide several illustrative examples.

Example 4. (1) Let R be a hyperring. If H(R) is semisimple, it follows from [24, Theorem 3] that R
is a left hereditary.

(2) Let R be a principal hyperideal domain. It follows from [17, Theorem 8] that every submodule of
H(R) is free. By Theorem 3, we obtain that H(R) is hereditary.

A factor hyperring of a left hereditary hyperring is not necessarily left hereditary. Let R be any
hyperring and M be a left R-hypermodule. Following [19], for any subhypermodule N of M, define
ann(N) = {r € R| rN = 0} which is a hyperideal of R. For any hyperideal I of R, we have I C ann(’f).

If M is an R-hypermodule with I € ann(M), then M becomes an §—hyperm0dule via (r + hm =
rm. In particular, M is an ﬁ;m—hypermodule. Conversely, any ?—hypermodule M, becomes an R-

hypermodule by r - m; = (r + I)m; and satisfies I C ann(M,). Hence, R-hypermodules with annihilator

containing / coincide with £-hypermodules. In particular, 42 is also an £-hypermodule.
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Example 5. As in Example 3, consider the hereditary hyperring N and take the hyperideal / = 4N.
Then, the set % ={m®4N | m € N}. For eachm € N, we have m @ 4N = | J,cx(m @ 4n). In particular,

0694N:U(OEB4n):{0,4,8,12,...}:4N,

neN

1®4N = U(1€B4n) ={1,3,5,7,9,11,13,...} =3 @ 4N,

neN
and
2®4N = U(2@4n) ={2,6,10,14,.. .}.
neN
Hence, N
i {4N, 1 @ 4N, 2 & 4N}.

Now, we compute the hypercomposition in % as follows:

(1®4N) @ (1 @ 4N) = U (c®4N) = U (c ®4N) = {4N, 2 ® 4N},

celel c€{0,2}

(1®4N) @ (2 @ 4N) = U (c ® 4N) = U (c®4N) = {1 ®4N, 304N} = {1 @ 4N},

cela2 ce{l,3}

and
Qe mQedN) = | | o) = | | (co4N) = (4N, 094N} = (4N).
€282 (0,4}

Hence, the hypercomposition table of % = {4N, 1 ® 4N, 2 & 4N} is given in Table 3, and % is the N-
hypermodule with external scalar multiplication © defined by n© (m ®4N) = nm®4N for all n, m € N.
Also, the hypermodule structure of % coincides with the N-hypermodule structure. Observe that the
only proper subhypermodule of % is S = {4N, 2@4N }. In particular, S is a maximal subhypermodule
of %. Let M denote the factor hypermodule of % with respect to S. Then,

M={S,(le4N)mS }.

Define a map
f:S—M

by
f(AN) = § and  fQ®4N)= (10 4N)®S.

Then, f is a normal isomorphism. Hence, M = §. Now, consider the short exact sequence

i N
0— 8> — i S — 0,
wherei : § — % is the inclusion map and 7 : % — M is the canonical projection. Assume that

S 1s normal projective. Then, it follows by [24, Proposition 1] that the above short exact sequence
splits. Therefore, S is a direct summand of %. This is impossible because S is the only proper
subhypermodule of %. Hence, S is not normal projective. Therefore, the hyperring % is not hereditary.

AIMS Mathematics Volume 11, Issue 6, 18202-18221.



18213

Table 3. The hypercomposition table of %.
B 4N 1 ®4N 2@ 4N

4N {4N} {1 ® 4N} {2® 4N}
194N | {1®4N} {4N, 2@ 4N} ({1 @ 4N}
2®4N | {29 4N} {1 ® 4N} {4N}

4. Hyperrings whose simple hypermodules are normal injective

It is shown in [24, Theorem 3] that a hyperring R, H(R) is semisimple if and only if every
simple R-hypermodule is normal projective. As a dual version of this characterization, it is natural
to investigate hyperrings whose simple hypermodules are normal injective. In this section, we
characterize hyperrings whose simple hypermodules are normal injective. Firstly, in the category
HypMod(R), we study the concept of relative normal injectivity by means of short exact sequences and
obtain some of their basic properties. The motivation for this concept comes from the works presented
in [27-29]. Furthermore, for detailed information on simple hypermodules, we refer the reader to
references [19, 30].

Definition 10. Let M be an R-hypermodule andE : 0 — A A B € —> 0 be a short exact sequence
of R-hypermodules. M is called E-injective if the following Figure 2 can be extended by a normal
homomorphism g : B— M with gy = f.

Figure 2. Normal injective with respect to E.

The result follows from [23, Theorem 3].

Corollary 2. An R-hypermodule M is normal injective if and only if M is E-injective for every E €
HADs.

Let M be a hypermodule. By i~!(M) we denote the class of all short exact sequences E, where M is
E-injective. The motivation for this notation comes from the works [28] carried out in the category of
modules.

Proposition 1. Let R be a hyperring and M be any R-hypermodule. Then, HS plit C i~'(M).

Proof. LetE: 0 — A R B R C — 0 € HS plit given any normal homomorphism 7 : A — M.
Because E is splitting, by [26, Theorem 1], there exists a normal homomorphism 4 : B — A with
Ay = I, where I, : A — A is the identity map.
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Put & = 7A. Therefore, iy = (tA)Y = 7(AW) = 1l4 = 7. Thus, M is E-injective. Consequently, we
obtain that HS plit C i'(M). o

Proposition 2. Let M be an R-hypermodule and E : 0 — A R B R C — 0 be a short exact
sequence of R-hypermodules. If M is E-injective, then every direct summand of M is E-injective.

Proof. Let N be a direct summand of M. To show that N is E-injective, take any normal homomorphism
f:A— N.Putif : A— M, wheret : N — M is the inclusion map. Because M is E-injective,
there exists a normal homomorphism g : B — M such that gy = ¢f.

Consider the canonical homomorphism 7 : M — N, and define & := g : B — N. It follows
that, for all a € A, (hy)(a) = n((gY)(@)) = 7((Lf)(@) = (@)(f(a)) = n(f(a)) = f(a). Thus, N is
E-injective. O

Proposition 3. Let M be an R-hypermodule and E : 0 — A R B R C — 0 be a short exact

sequence of R-hypermodules. If M is E-injective, M is Ex-injective for every short exact sequence of
the formEy :0 — x« — A — « — (.

Proof. Assume that the R-hypermodule M is E-injective. LetE4, : 0 — X 5 A LA Y — Obea
short exact sequence of hypermodules, and let f : X — M be a normal homomorphism. Because M is
E-injective, there exists a normal homomorphism A : B — M such that A(y«) = f. Put h = AY. Then,
we obtain ha = f. Therefore, the hypermodule M is E4-injective. O

As stated at the beginning of this section, our aim is to characterize hyperrings whose simple
hypermodules are normal injective. For this purpose, we introduce the notion of a co-semisimple
hypermodule, inspired by the classical concept of a co-semisimple module (or, V-modules) in module
theory. The definition is motivated by the role that co-semisimple modules play in the characterization
of V-rings, that is, rings over which every simple left module is injective [31-33]. We shall show
that this hypercompositional analog provides a natural framework for characterizing hyperrings whose
simple hypermodules are normal injective.

Definition 11. A hypermodule M is called a co-semisimple if every simple hypermodule S is E-
injective with respect to every short exact sequence of the form

E: 00— —D — —x—0
N

forall N < M.

Proposition 4. The class of co-semisimple hypermodules is closed under subhypermodules and factor
hypermodules.

Proof. Let M be a co-semisimple hypermodule, and let N < M. First, we show that N is an H(V)-
hypermodule. Let A be any subhypermodule of N. Consider the short exact sequence

E: O—>E—l>ﬂ—>%—>0
A
Let S be any simple R-hypermodule. By assumption, S is E-injective. It follows from Proposition 3
that S is Ey-injective for every short exact sequence of the formEy : 0 — * — % — x — 0.

Therefore, N is a co-semisimple hypermodule.
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Because any factor hypermodule of % is also a factor hypermodule of M, it is clear that % is a
co-semisimple hypermodule. O

The following theorem characterizes co-semisimple hypermodules. Let Rad(M) denote the
Jacobson radical of a given hypermodule M. Note that Rad(M) is the sum of all small subhypermodules
of M [34].

Theorem 5. For a hypermodule M, the following conditions are equivalent:
(1) M is a co-semisimple hypermodule;
(2) Rad (%) = 0 (that is, radical-free) for every subhypermodule N of M;

(3) Every subhypermodule N (# M) of M is the intersection of some maximal subhypermodules of
M.

Proof. (1) = (2) Let N be a subhypermodule of M and assume that % # 0 1s a cyclic subhypermodule

of Rad (%) Therefore % is a small subhypermodule of % Let % be any maximal subhypermodule of

A
%. Then £ = % is a simple hypermodule of % Consider the short exact sequence

N

E: 0—>é—L>M—>M—>O.
K K A

Because 4 is E-injective, there exists a normal homomorphism A : ¥ — £ such that & = idax.
Hence, by [19, Theorem 2], the sequence E splits and we obtain % = % ® 15; for some subhypermodule
B of M containing K. Observe from [35, Proposition 2.6] that % is small in % This implies % =0,

which is a contradiction. Therefore, Rad ( %) =0.

(2) = (3) It is clear.

(3) = (1) Let S be any simple hypermodule and N any subhypermodule of M. Consider the short
exact sequence

M
E: O—>A£>N—>K—>O.

Let f : A — S be a nonzero normal homomorphism. Because i is a normal monomorphism, we
have a € y(A)\y(ker f). Note that our assumption (3) is preserved under factor hypermodules. Hence,
y(ker f) is contained in a maximal subhypermodule & of % such that @ ¢ X. Therefore, y(ker f) C
£ Ny(A) and £ + y(A) = . Because ker f is a maximal subhypermodule of A, it follows that
wiker ) = £ 0 y(a).

Now, letm € &. Because 4 = & +y/(A), there exist be £ and a € A such thatm € b+ y(a). Define
a map

A: % — S, Am) = f(a).

We show that A is well-defined. Suppose m = n. It follows that m € b+ W(ay), n € c+ylay) with
b,ce £anda;,a; € A. Then0 € m —7 C (b - ) + (Y(a1) — Y(ar)). Hence, 0 € (b —©) + y(as — a2).
Thus, by the reversibility law, there exists x such that x € ¥(a, —a;) N (E —¢) C y(ker f). Therefore,
x = Y(y) for some y € ker f. Since ¢ is a normal monomorphism, we obtain that y € a, — a;. This
implies

0=70) € fla—a) = fla) - fla),

AIMS Mathematics Volume 11, Issue 6, 18202-18221.



18216

so f(ay) = f(ay). Thus, A is well-defined.

Letm,n € % be arbitrary elements. Then there exist b,Ce€ £ and a;,a; € A such thatm € b+y(a))
and7 € ¢ + Y(ay). Letx e m+n. Then X € m + 71 C (b + ¢) + Y(a, + a,). Hence, there existy € b + ¢
and a € a; + a; such that x € y + ¥(a). Then A(x) = f(a). Therefore,

am+m= ) a@= | f@=fa+a).
xXem+n aca|+ay
Because f is a normal homomorphism, we obtain f(a; + a,) = f(a;) + f(ay) and hence A(m + n) =
A(m) + A(n). Moreover, for all r € R, we have A(rm) = rA(m). Therefore, A is a normal homomorphism.
Moreover, it is clear that Ay = f. Hence, S is E-injective. Therefore, M is a co-semisimple
hypermodule. m|

Lemma 1. Let R be a hyperring. Then, H(R) is a co-semisimple hypermodule if and only if every
simple left R-hypermodule is normal injective.

Proof. It follows from [23, Theorem 4]. ]

We now provide a characterization of hyperrings over which every simple hypermodule is normal

injective.
Corollary 3. For a hyperring R, the following statements are equivalent:

(1) H(R) is a co-semisimple hypermodule;

(2) Every simple left R-hypermodule is normal injective;

(3) Every left R-hypermodule M is a co-semisimple hypermodule;

(4) Rad(M) = O for every left R-hypermodule M;

(5) Every left hyperideal I (I # R) of R is the intersection of some maximal left hyperideals of R.

Proof. (1) & (2) It follows from Lemma 1.

(2) = (3) Let M be a hypermodule, and let X be a factor hypermodule of M. Let S be a simple
hypermodule, and let E denote an arbitrary short exact sequence whose middle term is X. Then, by
Corollary 2, S is E-injective. Consequently, M is a co-semisimple hypermodule.

B)=4), @) = (5), and (5) = (2) follow from Theorem 5. m|

We now construct a co-semisimple hypermodule by means of V-modules. The study of the
injectivity of simple modules, which plays a fundamental role in module theory, naturally leads to
the notions of V-modules and left V-rings. For more information on these concepts, we refer the
reader to [36-38].

Example 6. Let R be a unital ring, and let M be a left R-module which is a V-module. Assume that
G is a subgroup of the monoid of R such that xGyG = xyG for all x, y € R. Now, we consider M
as an R(G)-hypermodule. Observe that there is a one-to-one correspondence between the maximal
submodules of M and the maximal subhypermodules of M. Because this correspondence exists, every
subhypermodule of M can be expressed as an intersection of maximal subhypermodules. Therefore,
by Theorem 5, it follows that M is a co-semisimple hypermodule.

In particular, if R is a left V-ring which is not semisimple, then the hypermodule H(R(G)) is a
co-semisimple hypermodule, which is not semisimple.
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Let us consider the hypermodule H(NN) given in Example 3. The maximal subhypermodules of
H(N) are of the form pN, where p € Pis a positive prime integer. Hence, Rad(H(N)) = (), pN = 0.
On the other hand, the factor hypermodule has a unique maximal subhypermodule. Therefore,

m(Rad(N)) =0 C % = Rad(—) = Rad(n(N)),
N

where 7 : N — % is the canonical projection. Consequently, the Jacobson radical is not

necessarily preserved under normal epimorphisms. We now demonstrate, by means of co-semisimple
hypermodules, that this equality holds (see [39,40]).

Proposition S. Let M be a hypermodule. Then, the following statements are equivalent:

(1) p(Rad(M)) = Rad(p(M)) for every normal homomorphism ¢ : M — N,

(2) %edor d(M) is a co-semisimple hypermodule.

Proof. (1) = (2) By Theorem 5, it is sufficient to show that every factor hypermodule of == d( 0 is

radical-free. Let A be any factor hypermodule of =—7——. Consider the canonical projection 7 : M —

Ra d(M)
—Ra 30D Let ¢ = fr, where f : W — A is any normal epimorphism. Then, Rad(M) C ker(y), and
hence

Rad(A) = Rad(¢(M)) = ¢(Rad(M)) =

Thus, A is radical-free.
o(M)

(2) = (1) Let go : M — N be any normal homomorphism. Then, we consider SRad) S A factor
hypermodule of —=- d( 75+ BY Theorem 5, we have Rad (w(lﬁgﬁd&l)) = 0, and hence
Rad(p(M)) = p(Rad(M)).
O

Theorem 6. Let R be a hyperring. Then, the following statements are equivalent:

(1) Ra(’f(R) is a co-semisimple hypermodule;

(2) Rad(M) = Rad(R)M for every left R-hypermodule M;
(3) For every normal epimorphism ¢: M — N of left R-hypermodules, Rad(N) = ¢(Rad(M)).

Proof (1) = (2) Let M be a left R-hypermodule and consider the canonical projection M —

Rea(Ri d( T+ Because Rad(R) is contained in the annihilator of the hypermodule =—7=— is naturally

aleft o= d(R) -hypermodule. By (1), Rad(

Rad(R)M ’ Rad(R)M

Rad(R)M) 0. Hence, mr(Rad(M)) = 0, and so

Rad(M) C ker(m) = Rad(R)M.

On the other hand, for every maximal subhypermodule L of M, we have Rad(R)M C L. Taking
intersection over all such L, we get Rad(R)M C Rad(M). Thus, Rad(M) = Rad(R)M.

(2) = (3) Let ¢ : M — N be a normal epimorphism. Then, ¢(Rad(M)) € Rad(N). By (2), we
have Rad(N) = Rad(R)N. Because N = ¢(M), Rad(N) = Rad(R)p(M) = ¢(Rad(R)M). Again by (2),
Rad(R)M = Rad(M); hence, Rad(N) = ¢(Rad(M)).

3)= (1) Consider the canonical projection7: R — m Then, by (3), Rad(Ra d(R)) = n(Rad(R)) =
0. Hence, 3% d(R) is a co-semisimple hypermodule. O
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5. Discussion

The results obtained in this study reveal fundamental structural differences between the category
HypMod(-) of hypermodules and the category of modules. Although cyclic free hypermodules
are shown to be normal projective, the absence of a fully additive structure necessitates the use of
alternative techniques, such as internal direct sum decompositions. Furthermore, normal projective
cyclic hypermodules need not be free. In addition, the characterization of hyperrings whose simple
hypermodules are normal injective provides further insight into injectivity-type properties in this
setting. These results suggest several directions for future research, including the investigation of
flatness in the category of hypermodules.

6. Conclusions

In this paper, we investigated the structure of free hypermodules over a hyperring and their
relationship with normal projectivity. It is shown that every cyclic free hypermodule is normal
projective. We also constructed free hypermodules via quotient hypermodules associated with
normal multiplicative subgroups of a ring. In addition, we characterized hyperrings whose simple
hypermodules are normal injective, providing a dual perspective to normal projectivity. This
characterization contributes to the development of relative homological methods in the category of
hypermodules. Overall, the results of this study contribute to a deeper understanding of homological
properties in the category of hypermodules and reveal several directions for further research, including
the study of flatness, the existence of enough projective and injective objects in hypercompositional
algebra.
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