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Abstract: In this paper, we introduce the concept of controlled four—dimensional metric type spaces,
which generalizes the structure of four-dimensional metric spaces by incorporating a control function
into the generalized triangle inequality. We investigate several fundamental properties of this newly
defined space and present illustrative examples to demonstrate its structure. Moreover, we introduce the
concept of @,—admissible mappings and generalize Wardowski’s contraction principle by formulating
(a4-F)—contractive mappings within the framework of controlled four—dimensional metric type spaces.
We also propose a contraction condition defined via an iterative function P, thereby extending classical
contraction principles to this setting. We prove the existence and uniqueness of fixed points in
complete controlled four—dimensional metric type spaces, thereby extending and enhancing several
related results in the literature. In addition, illustrative examples are provided for each main theorem to
demonstrate the applicability and validity of the obtained results. Furthermore, a non-trivial application
to a four-component boundary value problem is presented in Section 5.
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1. Introduction

Metric spaces play a fundamental role in numerous branches of mathematics, particularly in analysis
and fixed-point theory. The concept of a metric space was first introduced by Fréchet in 1906 and has
since become one of the most important mathematical structures for studying convergence, continuity,
and topological properties. Due to its wide applicability, many researchers have proposed various
generalizations of metric spaces to extend the scope of fixed-point theory and to model more complex
systems.


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026732

17952

One important development in this direction was the introduction of S —metric spaces by Sedghi et
al. in 2012 [1]. Unlike classical metric spaces, where the distance is defined between two elements,
S —metric spaces define the distance using three variables. This generalization opened new directions
for research in nonlinear analysis and fixed-point theory. Following this development, several related
structures were introduced, including S ,—metric spaces [2], extended S ,—metric spaces [3], extended
S —metric spaces of type (@,5) [4], and triple controlled S —metric type spaces [5]. These extensions
significantly enriched the theory of generalized metric spaces and allowed researchers to obtain many
new fixed-point results under weaker conditions.

Motivated by these developments, the concept of distance defined on three variables was further
extended to four variables. In this context, Sarma et al. [6] introduced the notion of four—dimensional
metric spaces as a natural extension of S—metric spaces. The introduction of an additional variable
provides a more flexible framework for studying relationships among multiple elements
simultaneously. Such higher—dimensional metric structures can be useful in modeling situations
where the distance between objects depends on several parameters, such as spatial location, time, or
other contextual variables.  Therefore, four—dimensional metric spaces provide a promising
mathematical framework for studying more complex systems and for developing new results in
fixed-point theory.

Despite the significance of these structures, the study of four-dimensional metric spaces remains
relatively limited, and many of their fundamental properties have yet to be fully explored. In particular,
controlled versions of such spaces have received little attention in the literature, and to the best of our
knowledge, no work has been conducted in this direction.

Motivated by these considerations, this paper introduces the notion of controlled 4—dimensional
metric type spaces, extending the class of four—dimensional metric type spaces presented in [6]. We
examine several basic properties of this newly defined structure and include examples to illustrate its
characteristics.

Furthermore, we present the concept of a,—admissible mappings and generalize Wardowski’s
contraction principle by introducing (,-F)-contractive mappings tailored to controlled
four—dimensional metric type spaces. In addition, we propose a contraction condition defined through
an iterative function P, thereby extending classical contraction principles within this framework.
Based on these notions, we derive existence and uniqueness results for fixed points in complete
controlled four—dimensional metric type spaces. Moreover, illustrative examples are provided for
each main theorem to demonstrate the applicability and validity of the obtained results. Furthermore,
a non-trivial application to a four-component boundary value problem is presented in Section 5.

2. Preliminaries

We begin by recalling the notion of S -metric spaces, originally introduced by Sedghi et al. [1].

Definition 1. [1] Let Y : Q3 — [0, 00) be a mapping, with Q # 0, such that for all x, 9, &, and a € Q,
the following holds:

1) T(x,0,&) =0ifand only if x = p = &;
2) T(x, 9, <T(x,x,a) + V(p,p,a)+ Y& a).

The pair (Q,T) is called an S - metric space.
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In 2023, Ekiz et al. [7] proposed the concept of controlled S -metric type spaces.

Definition 2. [7] Let Y : Q* — [0, 00) be a mapping, where Q is a nonempty set, and let a : Q> —
[1, 00) be a function such that for every x, 9, &, a € Q, the following is satisfied:

1) T(x,9,&) =0ifand only if x = p = &;
2) T(x, 9,8) < alx,a)Y(x, x,a) + a(p, a)Y(p, p, a) + (&, a)Y(E, €, a).

The pair (Q, ) is called a controlled S -metric type space.
Next, we state the definition of the four-dimensional metric space as initiated in [6].

Definition 3. [6] Let Q # 0, and let B, : Q* — [0, 00) be a mapping such that, for every x,y,z,w and
a € Q, the following conditions hold:

]) B4(X,y,Z,W) = 0 lf‘and Only l:f_x =y=z=Ww;
2) By(x,y,2,w) < By(x,x,x,,a) + B4(y,y,y,a) + Bs(z,2,2,a) + Bs(w,w,w, a).

Then, the pair (Q, B,) is called a 4- dimensional metric space.

Remark 1. Let (Q,T) be an S - metric space. Then, one can define the mapping By : Q* — [0, 00) by
By(x,y,2,w) =Sy, 2,w) + S(x,z,w) + S(x,y,w) + S(x,y,2), forall x,y,z,w € Q.

It can be shown that (Q, By) is a 4- dimensional metric space. For more details, see [6].
We proceed to present several examples of four-dimensional metric spaces.

Example 1. [6] Let Q = R, and define the mapping B, : Q* — [0, o), for all x,y,z,w € R, by

By(x,y,z,w)=|x—zl+|y—zl+|x+y+z—3w.
Then, (€, B,) is a 4- dimensional metric space.

Example 2. [8] Let Q = N UO, and let B, : Q* — [0, 00) be defined by

if x=y=2z=w,

x> +y*+ 22 +w?  otherwise.

0
Bi(x,y,z,w) = {

Then, (€, B,) is a 4- dimensional metric space.
3. Results

We introduce the notion of a controlled four-dimensional metric type space, which serves as a
meaningful extension of the classical framework. First, we present its special case, namely the four-
dimensional b-metric space, as a natural generalization of a four-dimensional metric space obtained by
relaxing the classical triangle inequality through the introduction of a constant s > 1 in place of the
unity. We then introduce the controlled four-dimensional metric type space, which further extends this
structure by incorporating a control function that governs the generalized metric inequality.
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Definition 4. Let Q # 0 and let 7 : Q* — [0, o) be a mapping. Let s > 1 be a real constant, and for
every x,y,z,w,a € Q, the following holds:

2) Y(x,x,x,y) = YO,y X);
3)

Y(x,y,z,w) < s[YV(x, x, x,a) + Y(,y,y,a) + T(z,2,2,a) + T(Ww, w,w, a)].
Then the pair (Q,Y) is called a 4-dimensional b-metric space, abbreviated by b4D-MS.

Now, we introduce the concept of a controlled 4-dimensional metric type space.

Definition 5. Let Q # 0, and let Y : Q* — [0, 00) be a mapping and consider the function u : Q> —
[1, 00), so that for every x,y,z,w, and a € Q, the following is satisfied:

]) T(x9y,Z9W) = Ol‘ﬁx =y=z=Ww;
2) Y(x,x,x,5) = YO,y X);
3) T(x,y,z,w) < ulx,)Y(x, x, x,,a) + u(y,a)X(y,y,y, a) + u(z,a)Y(z, z, z,a) + p(w, a) Y(w, w, w, a).

The pair (Q,T) is called a controlled 4-dimensional metric type space, and it will be abbreviated
by CAD — MS.

Remark 2. Note that by taking the function u(x,a) = s > 1, for all x,a € Q, in Definition 5, we obtain
Definition 4.

In what follows, we present several examples of controlled four-dimensional metric type spaces.

Example 3. Let Q = N, and define the mapping Y : Q* — [0, o) and p : Q* — [1, ) by:

0 lf xX=y=z=w,

1 . . .

= ifx=y=ziseven, and w is odd,
Teoyzw=r ¥V |

" ifwiseven, and x =y = z is odd,

1 otherwise.

x ifxiseven, and a is odd,
u(x,a) =<a ifaiseven, and x is odd,

1  otherwise.

Condition (1) of Definition 5 follows easily; we will show conditions (2) and (3). For this, we will
consider several cases listed in Table 1.
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Table 1. All possible cases.

cases X y zZ W

1 even even even even
2 even even even odd
3 even even odd odd
4 even odd odd odd
5 odd odd odd odd
6 odd even even even
7 odd odd even even
8 odd odd odd even

For example, consider case (2), where x = y = 7 is even, and w is odd. Suppose x =y =7 =2
while w = 3. Then Y (2,2,2,3) = 1/2, and Y(3,3,3,2) = 1/2 by definition. Hence, 1(2,2,2,3) =
T(3,3,3,2). Similarly, the remaining cases for condition (2) can be verified in the same manner.

Moving to condition (3), we use the same chosen values x =y = z =2 and w = 3, and suppose a is
odd, for example a = 5. Then,

% =7(2,2,2,3) < u2,572,2,2,5) +u2,5)7(2,2,2,5)

+1(2,5)7(2,2,2,5) + u(3,5)7(3,3.3,5).
1 1 1

23) +2(3) +2(5) + 1(1) = 4.

Next, suppose we take x =y =z =2 andw = 3, but a is even, for example a = 6. Then,

% =7(2,2,2,3) < u2,6)7(2,2,2,6) + u(2,6)Y(2,2,2,6)
+1(2,6)T(2,2,2,6) + u(3,6)Y(3,3,3,6).
1(D) + 1(1) + 1(1) + 6(1/6) = 4.

It is straightforward to verify that all cases satisfy condition (3). Thus, (Q, ) is a controlled 4-
dimensional metric type space.

Note that this example defines a controlled four-dimensional metric type space, which is not a four-
dimensional b-metric space.

Example 4. Let Q = {0, 1,2, 3}, and define r : Q* — [0, o) by

if’x:y:z:w,
if xX£y#2#w,
if x=y=z2#w.

T(x,y,z,w) =

NIw = O

Define i : Q% — [1,00) by, u(x,y) = 1 +y + x.
One can easily see that (Q,T) is a C4D — MS.
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We proceed to examine the topological properties of C4D—MS, focusing on the concepts of Cauchy
and convergent sequences, completeness, and open balls.

Definition 6. Let (QQ, ) be a CAD — MS, and let {x,} be any sequence in Q.

1) We say that the sequence {x,} converges to w in Q, if V(x,, X, X,,w) — 0, as n — oo.
Furthermore, by symmetry, this also implies that '(w,w,w, x,,) — 0, as n — oo.

2) The sequence {x,} is referred to as a Cauchy sequence if, for every & > 0, there exists N € N
such that V( x,, Xn, Xp, Xy) < €forallm, n > N.

3) The space (2, Y) is called complete if every Cauchy sequence in Q) is convergent.

4) Let x € Q and r > 0. The open ball centered at x with radius r is defined by
B(x,r)={y e Q:Y(x,x,x,y) <r}.

5) Let x € Q and r > 0. The closed ball centered at x with radius r is defined by
B(x,r)={yeQ:Y(x,x,x,y) <rl

6) A mapping f : (Q,Y) — (Q,Y) is said to be continuous at x € Q, if for every sequence {x,} in Q
such that x, — x, we have

J(xn) = f(0).

The following lemma demonstrates the uniqueness of the limit of a convergent sequence in C4D —
MS.

Lemma 5. Let (2, ) be a C4D — MS and let {x,} be a sequence in Q. Suppose that {x,} converges to
both x and y. Furthermore, assume that 1im,,_,., u(x, x,,) and lim,_,., u(y, x,,) exist and are finite. Then

X =y.

Proof.
T(x,x,x,y) < p(x, x)Y(x, X, X, %) + p(x, x,)Y(x, X, X, x,) (3.1)
+ o p(x, X)X X, X, X) + L, X)L, Y5 Y5 Xn).
Passing to the limit as n — oo in equation 3.1, we deduce that x = y. O

Samet et al. [9] originally introduced the class of @ -admissible mappings in metric spaces. We
now extend this notion by defining the concept of «,-admissible mapping in the context of a controlled
four-dimensional metric type space (€2, T).

Definition 7. Let T : Q — Q be a mapping and consider the function a, : Q* — [0, o), where Q
is a nonempty set. The mapping T is called a,-admissible if, for every X, 9, 2,w € €, we have

ay(%,9,2,W) 21 = a,(TX,T9, T2, Tw) > 1. (3.2)
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Example 6. Assume that Q = [0,0). Let the mapping T : Q — Q and the function a, : Q* —
[0, 00) be defined by T(x) = In(x + 2), for all x € Q, and a,(x,y,z,w) = eifx >y >z > w, and
a4(x,y,z,w) = 0 otherwise.

Suppose that x >y > z > w. Then a,(x,y,z,w) = e > 1. Since In(x) is a strictly increasing
function, it follows that

x2y2z>2w = In(x+2)>n(y+2)>Inz+2) > In(w+2).

Therefore, we obtain a,(Tx, Ty, Tz,Tw) = e > 1. Thus, T is a,-admissible.

Wardowski [10] proposed the notion of an F—contraction and established several novel fixed point
results within the framework of complete metric spaces. The corresponding definition is given below.

Definition 8. [10] Let F denote the family of all functions F : (0, o) — (—o00,00) meeting the
following conditions:

(W1) The function F is strictly increasing.

(W2) Let {s,} be any sequence of positive real numbers; then

lim s, =0 iff lim F(s,) = —oo.

(W3) limg_ o+ s"F(s) =0, for some m € (0, 1).

Example 7. Consider the functions G(t) = In(t), and K(t) = _\—}t, for t > 0. Then both functions G(t),
and K(t) fulfill conditions (W1),(W2), and (W3), hence, they belong to ¥. For additional details,
see [10].

Numerous authors have adapted the ¥ -contraction mapping introduced by Wardowski [10] to
various metric space settings (see, e.g., [11-13]). Here, we propose a new modified ¥ -contraction
mapping specifically tailored to the controlled four-dimensional metric space C4D-MS , highlighting
its suitability for this framework.

Definition 9. Let (Q, ) be a CAD — MS, with Q # 0. A mapping T : Q — Q is said to be a modified
F -contraction mapping if there exist a function F € ¥ and a constant T > 0 such that the following
condition holds:

T(Tx, Ty, Tz,Tw)>0 = 1+ F(Y(Tx,Ty, Tz, Tw)) < F(T(x, y, z, w)), (3.3)

forallx,y,z,w € Q.
We now introduce a new notion of (a,-F)-contractive mappings in the setting of C4D — MS space.

Definition 10. Consider a CAD — MS (Q,Y), where Q # 0. A mapping T : Q — Q is said to be
an (o, F )-contraction mapping if there exists a function a, : Q* — [0, o), a function F € ¥, and a
constant T > 0 such that the following holds;

T+ a (X, y, 2, WF(Tx, Ty, Tz, Tw)) < F(Y(x, y,2,w)), (3.4)

for x,y, z,w e Q, with Y(Tx, Ty, Tz, Tw) > 0.
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4. Main results

In this section, we pursue two main objectives. We begin by proving the existence and uniqueness
of fixed points in a complete four-dimensional metric type space (L, T) using («,-F )-contractive
mappings. Second, we introduce a contraction condition via an iterative function P, thereby extending
classical contraction principles to controlled four-dimensional metric type spaces. In addition, we
present illustrative examples corresponding to our main theorems.

Theorem 8. Let (O, ) be a complete CAD — MS , where Q # 0. Let T : Q — Q be an (a,-F )-
contractive mapping. Suppose the following conditions are satisfied:

(1) There exists xo € Q, such that a,(xo, Xo, X0, TXo) > 1.
(2) The mapping T is ag-admissible.
(3) For xy € Q, the sequence {x,} is formed by x, = T"x,; furthermore, the following holds:

/J( Xn+1s Xm)/.l( Xn+1s xn+2)

sup lim < 1. 4.1)
m>1 "7 ,Lt( Xns xn+1)
Moreover,
for every x € Q, lim u(x, x,) and lim u(x,, x) exist and finite. 4.2)

Then T admits a fixed point. Moreover, if u and v are two fixed points of T in Q such that
ag(u,u,u,v) > 1, then the fixed point is unique in Q.

Proof. Select xy € Q, 50 a,(xo, X0, Xo, T Xo) > 1. Consider the sequence {x,} defined by x; = Txo, x, =
Tx; = T?x,, and so on. Then, for any n € N, it holds that

X, = Txyy = T'xo.

Moreover, T"xy # T"+'x, true for all n > 0.
Since the mapping T is «,-admissible, this implies a,( x,, X,, Xn, X,+1) = 1, for all n € N. The fact
T is an (a,-F )-contraction mapping, thus we have

T+ F(T( Xns Xns Xns xn+l)) T+ F(T(T Xn—1» Txn—la Txn—l,Txn))-
T+ a’q(xn—la Xn—1> Xn—1, xn)F(T( T-xn—la T-xn—l’ Txn—la Txn))

F(T( Xn—-15 Xn—1> Xn-1, xn))-

IA

IA

This yields,

F(T(xn, Xns Xns xn+l))

IA

F(C(x-1, X1, Xpo1, Xp)) — T. 4.3)
< F(T(Xn_z, Xn—25s Xn-2, xn—l)) - 2T-

< .- < F(Y(xp, X0, X9, X1)) — NT.
As n — oo in equation 4.3, with the condition 7 > 0, we obtain

lim F(T(xn’ Xns Xns xn+1)) = —0Q. (44)

n—oo
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Since F € ¥, utilizing (W2) of Definition 8, we deduce that lim,_,., T(x,, X, X, X,+1) = 0, and by
(W3), there exists k € (0, 1) such that

lim (T(xn, Xns Xns xn+1))kF((T(xm Xns Xns xn+l)) =0. (45)

n—oo

From Eq (4.3), we obtain
F(C( Xy X0, Xny Xn11)) — F(T(x0, Xo, X0, X1)) < —nT.
Thus for any n, we have
(CCXns Xs Xy e ) F (X Xy Xy X1) = (Cy Xy X X)) F (L (0, X0, X, X1))

< —I’LT(T()C”, Xns Xns Xn+1 ))k < 0. (46)

Letting n — oo in Eq (4.6), we obtain

lim (0 (X, Xn, Xn, -xn+l))k =0. 4.7)

n—oo

This yields, lim,_,e 7'/%(Y(X,, Xy, Xy, X,41)) = 0. Thus, there exists an ny € N, such that

1
T (X, Xy Xy X1) < —7, for every n > n. (4.8)
n

To show {x,} is a Cauchy sequence, let m, n € N with n < m. Then we obtain:
T(xn, Xns Xns xm) < ,U()Cn, xn+l)T( Xns Xns Xns xn+l) + ,U()Cn, xn+l)‘r(xm Xns Xns xn+l)

+ ,u(-xm xn+1)T(xm Xns Xns xn+1) + ,u(-xn+1 s xm)T(erl > Xn+1s Xn+1» -xm)-

< 3u(Xns X0 1) L (X Xy Xy Xns1)
+ ,Ll(Xn+1, xm)[3/-l(xn+l ) xn+2)T(xn+l’ Xn+1s Xn+1s xn+2)

+ /J(xn+2’ xl?l)T(xn+29 Xn+25 Xn+25 xm)]‘
< 3/1(xm xn+1)T(-xn, Xns Xns xn+l)
+ 3ﬂ(xn+la -xm),u(xn+1 ’ xn+2)T(xn+1’ Xn+1s Xn+1s xn+2)

+ ,U()C,H_l, xm)lu(xn+29 xm)[3ﬂ(xn+2’ xn+3)T(xn+27 Xn+2s Xn+25 xn+3)

+ ,u(xn+3’ xm)T( Xn+3s Xn+3s Xn+3, xm)]-

T( Xns Xns Xn» xm) < 3,(1()@,, xn+l)T(xn7 Xns Xns xn+1)

m—2 i
+3 Z p(xis Xi1) T (X, Xis X, Xig1) ( l—[ u(xj, -xm)]

i=n+1 Jj=n+1
m—1
+ | | ,U()C,', xm)T(-xm—l’ Xm=15> Xm—1, xm)-
i=n+1
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T(xm Xns Xns xm) < 3 ,u(xn, xn+1)T(xn’ Xns Xns xn+1)

m—1 i
+3 Z [ (i, 2 )10 (3, X, X, Xig1) [ H u(xj, xm)) .

i=n+1 j=n+1
4.9)
Substituting Eq (4.8) into inequality (4.9) yields
1
T( Xns Xns Xns -xm) < 3/1()(?”, xn+1)(m)
m—1 i
1
+ Z [3pu(x;, xi+1)](i17) [ n p(x;, Xm))-
i=n+1 j=n+1
1
< [3 :u(xm xn+l)(m)
m—1 1 i
T ;[3/1( X3, 2] [l,_l[ u(x,-,xm>].
1
< [3 u(xy, Xn+1)(m)
0 1 i
+ ;[ 3u( xi, Xi+1)](l.17) [l;[ u(x;, Xm)] :
(4.10)
We aim to show
Iim Y(x,, X,, X, X,) = 0.
For the first part, by Eq (4.2), we obtain
. 1
’}l_fg 3N(Xn,xn+1)(m) = 0. (4.11)

Next, we show that the series >~ [ 3u( x;, X4 )](iﬁ) (]_[;:1 H(x;, xm)) is absolutely convergent using
the ratio test.

Let .
1 1
a; = 3u( x;, xi+1)](l.17) [H (x;, xm)]-
=1
Then
1 i+1
i1 = 3u( X1, X T Xi, Xm) |-
1= 3 X, Xi)I( (i+1)”")[1;[ p(x; )]
Thus,
div1 _ (ﬂ(xm,Xi+2),u(xi+1,xm))( i Yk
a; (X, Xig1) i+17
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Hence, by the ratio test along with Eq (4.1), we deduce

(,U( Xit1> Xis2)H(Xip1s Xim) )( i
H(Xi, Xig1) i+1
Therefore, by Eqs (4.11) and (4.12), we deduce

Sup,, lim <. (4.12)

i—00

lim Y(x,, x,, X,, X)) = 0.

n,m— o0

We conclude that {x,} is a Cauchy sequence. Since (€, T) is complete, the sequence converges to
some u € Q, that is,
Lim Y'(x,, X,, X, u) = 0. 4.13)

n—oo

In the following paragraph, we will illustrate that u is a fixed point of 7, i.e., u = Tu. Initially, we
illustrate that lim,,_,., V(T x,,, T x,,, T x,,, Tu) = 0.
Assume Y(T x,, T x,, Tx,, Tu) > 0, for any n. Thus, Definition 9 gives

T+ F(Y(Tx,, Tx,, Tx,, Tu)) < F(Y(xy, Xy, Xy, ). (4.14)

Letting n — oo in Eq (4.14), and applying Eq (4.13) along with conditions and (W?2) from Definition
8, we get

lim F(C(Tx,, T x,,, Tx,, Tu)) = —co.

n—oo

Consequently, by Definition 8, it follows that lim,,_,., (T x,, T x,, T x,, Tu) = 0.
To verify that u is a fixed point, note that;

Y(Tu, Tu,Tu, u) = C(u, u,u, Tu) < 3u(u, x,+1)C(u, u,u, x,41)
+ u(Tu, x,1)YC(Tu, Tu, Tu, T x,,).
< 3pu, X)) (U Uy Xpi1)
+ w(Tu, x,41)Y(Tx,, Tx,, Tx,, Tu).

Letting n — oo, in the preceding inequality, we conclude that Y'( Tu, Tu, Tu, u) = 0, which shows
that Tu = u. Next, we address the uniqueness of the fixed point. Assume there exist two fixed points, u
and v, such that # and v are not equal, and suppose a(u, u,u, v) > 1. Sinceu = Tu # Tv = v, it
follows that Y'(Tu, Tu, Tu,Tv) > O.

Given that T is a (a,-F )-contractive mapping, utilizing Eq (3.4), we obtain

T+ F(C(Tu, Tu,Tu, Tv)) < 7+a,(u, u,u,vV)F(C(Tu, Tu,Tu,Tv)).
F(Y(u,u,u,v)) = F(X(Tu, Tu, Tu, Tv))

IA

This leads to 7 < 0, which is a contradiction. Hence, u = v, establishing the uniqueness of the fixed
point. m|

Example 9. Let Q = [0, 00), and consider the mapping Y : Q* — [0, 00), defined by
Y(x,y,zw)=|x—zl+y—zl+|x+y+z-3wl.
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Define
ulx,y) = A1 +x+y), 0<A<l1.

Then, (Q,Y) is a complete CAD— MS. Define the mapping T : Q — Qby T(x) = 5. Furthermore,
let a, : Q* — (=00, 00), and F : (0, 00) — (=00, 00) be defined by F(t) = Ln(t), and

1 if x,y,z,we[0,1],

0 otherwise.

a‘](xa s Z, W) = {

First, we show that T is an (a,-F )-contractive mapping. Let x,y, z, and w € Q be arbitrary,

T(Tx, Ty, Tz, Tw)

Tx—Tz|+|Ty—Tz|+|Tx+ Ty + Tz - TQ3w)|.

1 1 1
= §|X—Z|+§|y—zl+§|x+y+z—3wl.

1 2
= g'I’(x, V,Z, W) < gT(x, Y, Z, W). 4.15)

Thus,

A

3 3
ay(x,y,2, W)(ln(g) +In(Y(Tx,Ty, Tz, Tw))) < ln(i) + ay(x,y, 2, WIn(Y(Tx, Ty, Tz, Tw)).
In(C(x,y,z,w)), by Eq(4.15).

IA

We have shown that
T+ ay(x, y, 2, WF(C(Tx, Ty, Tz, Tw)) < F(Y(x, y,z,w)),

where T = ln(%) > 0. Therefore, T is an (a,-F )-contractive mapping.
Now, choose xy € Q. By the assumptions of Theorem 8, we require a,(xo, X9, X0, T Xo) > 1, which
implies that x, € [0, 1]. Moreover,

X
X, =T"xg = 3—2.
Then
x, — 0 as n — oo.

Now, X X X X

0 0 0 0

,u(x,,,x,,H) =A(1 + § + W), and,u(anrl, Xp) = A1 + 3+l + ﬁ)
we obtain ( v )
sup hm M\ Xpnt15 X U X115 X142 — /1 < l

m>1 " ,u(-xm xn+1)
Thus, condition (4.1) is satisfied.
Moreover, for every x € Q,

lim u(x, x,) and lim u(x,, x),

exist and are finite. Hence, condition (4.2) holds.
Therefore, all hypotheses of Theorem 8 are satisfied. Consequently, T has a fixed point in Q.
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Next, we introduce a contraction-type condition expressed through an iterative function P. This
condition allows us to extend classical contraction principles to the framework of controlled four-
dimensional metric spaces. The following theorem establishes the existence and uniqueness of fixed
points for mappings satisfying this contractive condition.

Theorem 10. Let (Q, T') be a complete controlled 4—dimensional metric type space and let g : QQ — Q
be a continuous mapping satisfying

T(g(x), (), 8(2), W) < P(Y(x,y,z,w)), (4.16)
for every x,y,z,w € Q, where P : [0, +00) — [0, +00) is a strictly increasing function such that
lim P"(s) =0,

for every s > 0.
For each x € Q, define

M(Y, g, x) = sup{Y(x, x, x,g'x) : j € NU{0}}.

If there exists xy € Q for which M('(, g, xo) is finite, then g possesses a unique fixed point in Q.

Proof. Let xy € Q be such that M(T, g, xo) < oo, and define the Picard sequence {x,} by
X, = g"(xo)s n € N U {0}.

We first prove that {x,} is a Cauchy sequence.

For every n > 1 and every j € N U {0}, by (4.16), we have
Y (Xns Xy Xy Xnt ) = T(€(X0-1)5 &(Xn-1)5 (Xn-1), (X1 j-1)) < P(T(Xn—l, Xn—15Xn-15 Xn+j—1))-
Repeating this argument » times, we obtain
Y(Xpy Xny Xy Xpaj) < P"('Y'(xo, X0, X0 xj)).
Since x; = g’(x0), from the definition of M(Y, g, x¢), it follows that
T (x0, X0, X0, X;) < M(Y, g, X0).

Hence,
T(Xn, Xns Xn» xn+j) < Pn(M(Ta 8, xO))‘

Because lim,_,., P"(s) = O for every s > 0, we deduce that
lim T(xn’ Xns Xns xn+j) =0

n—oo

for every fixed j € N U {0}.
Now let m > n. We use the controlled 4-dimensional metric condition (3) in Definition 5 with

X = X, Yy = Xu, = Xy, W = Xy, a = Xpip,
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where p € N is fixed. Then,

Yy Xns Xy Xm) < 1 Xy X p) XXy Xy Xy Xt p) + U Xy X p) L (X Xy Xy X p)

+ (X Xng p) X (X Xy Xy X p) + U Xms Xt p) L X Xy X X p)-
That is,
Y (X Xy X Xm) < 3Ky X p) LKy Xy Xy X p) + W Ximy Xt p) XXy Xy Xy Xp)-
Using condition (2) of Definition 5, we have
Y (Xms Xims Xims Xnap) = L(Xntps Xt ps Xt ps Xim)-
Therefore,
Yy Xy Xy Xm) < 3u(Xn5 Xns p) X (Xis Xy Xy Xt p) + (X X1 p) L (Xt ps Xt ps Xt ps Xim)-
Now, from the first part already proved,
Y (X, Xy Xy Xnip) < PY(M(Y, g, %0)) — O as n — oo.

Similarly,
T(xn+pa xn+l7’ xn+P’ xm) < Pn+p(M(T’ g, )C())) — 0 asn — oo.

Hence, assuming that the control functions u(x,, x,+,) and u(x,, x,+,) remain finite, we obtain
T()Cn, Xns Xns -xm) -0 as n,m — 090,

Thus {x,} is a Cauchy sequence in Q.

As (Q, Y) is complete, there exists u € Q such that x, — u. By the continuity of g, it follows that
8(xn) = gu).
But g(x,) = x,. for all n, and since {x,} converges to u, its tail {x,,} also converges to u. Therefore,
g(u) = u.

So u is a fixed point of g.
To prove uniqueness, let u, v € Q be fixed points of g. Then,

u = g(u), v=_gW).
Using (4.16), we have
T(u, u,u,v) = T(g(w), (), gw), g(v)) < P(Y(u, u, u,v)).

Iterating,
T(u, u,u,v) < P"(C(u, u, u,v))
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for all n € N. Letting n — oo, we obtain
Y(u,u,u,v) =0.

By condition (1) of Definition 5, it follows that

Hence, g has a unique fixed point in Q. O

Example 11. Let Q = R, and consider the mapping Y : Q* — [0, 00), defined by

Ty, z,w) =[x =wl+ |y = w| + [z = wl.

Define the control function
w: Q- [1, )
by
ulx,a) =1+ 2+ d.

Then, (Q,Y) is a complete controlled 4-dimensional metric type space.
Indeed,

1)

T(x,y,z,w) =0 ifandonly if x=y=2z=w.
2)

T(X’X,x’)’) = 3|x_}’| = 3|y_x| = T(y,y,y,x).
3) For every x,y,z,w,a € Q,

T(x,y,2,w) =[x =w|+|y—w|+|z—w|
<(x-al+la-w)+(y—al+la-wl)
+(z—al+la—wl)
< u(x,a)Y(x, x,x,a) + u(y,a)Y(y,y,y,a)
+ u(z,a)Y(z,2,z,a) + uw,a)Y(w, w,w, a).

Hence, Definition 3.2 is satisfied, and (2, ") is a complete controlled 4-dimensional metric type
space.
Now define the function g : Q — Q by g(x) = 3.
Choose
P :[0,00) - [0, 0), P(t) = é

Clearly, P is strictly increasing and for each t,

P'(t) = 3—tn -0 (n — o0).
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Next,

#3513
3 3

T(g(x), 8(»), 8(2), g(w)) = ’%C -3

= 2w =ity wl+ 1= w)

1
=3 T(x,y,z,w)

= P(Y(x,y,z,w)).

Thus, condition 4.16 in Theorem 10 holds.

Finally, for xo = 1, observe that
1

J ——

hence,
< 3.

, 1
J - S
T(l,l,l,g(l))—S‘l 37

Therefore,
M(YT,g,1) = sup Y(1,1,1,8(1)) < 0.

JENU(0}
All assumptions of Theorem 10 are satisfied. Hence, g possesses a unique fixed point in Q. Indeed,
u
guy=u = §:u = u=0.
Therefore, the unique fixed point of g is u = 0.

5. Application to a nontrivial four-component boundary value problem

In this application, we use Theorem 10 to establish the existence and uniqueness of the solution for
a coupled four-component boundary value problem. Consider the system

1
W (r) = m (sin + uy(¢) + us (1)),

]
W(t) = — (e + uy(£) + us(0))
12 re0,1],

1
uy(t) = s (cost+ui(t) + ux(1)),

17 _ 1 2
(1) = E(l + 12+ uy(0))
subject to the boundary conditions
u;(0) =0, u(1) =0, i=1,2,3,4.

This system may be interpreted as a model for four interacting thermal or chemical components in
a distributed engineering process. The unknown functions

Uy, U, Uz, Ug
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represent four coupled state variables. Each component is affected by external nonhomogeneous

sources such as

sin t, e, cost, 1+ 7,

and by the other components of the system. Hence, the problem is genuinely coupled and naturally
motivates the use of a four-dimensional metric-type framework.

Let
Q = C([0,1],R)*.
For
U= (Ml, Uz, usz, M4), V= (Vl,Vz,Vs,V4), W= (Wl,Wz,W3,W4), Z = (21,22, 23, 24)»
define
4
U = ZIl =) s = zlleos
i=1
where
ll; = zillo = sup |u;(r) — z;(?)I.
1€[0,1]
Define

YU, V.W.Z2) =|lU-Z|| + IV - Z|| + W - Z]|.

Also define the control function
uwU,Z) =1 +|U|| +|Z]].

Then, (Q, ) is a complete controlled four-dimensional metric type space.
The Green function corresponding to the boundary value problem

w’' (0= f(0,  w0)=ul)=0,

is given by
st—1), 0<s<t<l1,

G(t,s) =
t(s—1), 0<r<s<l.

Moreover,

! 1 - 1
f IG(t, 5)| ds = -0 < -, te[0,1].
0 2 8

Therefore, the given boundary value problem is equivalent to the integral system

1
ui(t)Zf G(1, 5)Fi(s, U(s)) ds, i=1,2,3,4,
0
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where

1

Fi(t,U(1) = T (sint + uy(¢) + us(1)) ,
1

Fr(t,U(t) = T (e + ui (1) + us(0)),
1

F3t,U(1) = T (cost + ui (1) + ux(1)),

1
Fyt,UMm) = - (1 +2+ u3(z)).

Define the operator
T:Q-—>0

by
T(U) = (T\(U), To(U), T5(U), T4(U)),

where

1
T:(U)1) = f G, 9)F(s,U(s))ds, i=1,2,3,4.
0

Now, for any U, Z € Q, we have

1 1

IT\(U) - T1(Dllew < 5 - 7= (lu2 = 22lleo + [lu3 — 231l ,
g8 10
1

IT2(U) = T2(Dlleo < 5 - 75 (lur = zilleo + [luts — zalleo) ,
8 12
I 1

IT5(U) = T3 Dl < ¢+ 75 (lr = 21l + llu2 = 22ll)
1

IT4(U) = Ta(D)ll < 3 Ellus — 23l

Adding these inequalities gives
.

Hence, forall U, V, W, Z € Q,
Y(TUTV,TW,TZ)=|TU -TZ||+ [TV -TZ||+ |][TW - TZ||

1
< < WU =ZI+ 1V =Z|[ + W - Z])

48
1
=—TU,V,W,2).
48 ( )
Define p
P(t) = — t>0.

43’
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Clearly, P is strictly increasing and

t
P”(t):@—>0 asn — oo,
Therefore,
Y(TU,TV,TW,TZ) < P(Y(U,V,W,2)).

Observe that (€2, T) is a complete controlled four-dimensional metric type space. Moreover, T maps
Q into itself and satisfies

V(TU,TV,TW,TZ) < P(Y(U,V, W,Z)),

where P(t) = t/48 is strictly increasing and satisfies

P(r) = # 50 (n— o).

Furthermore, choose any U, € . Since T is a contraction, its iterates {7"(Uy)},>o remains bounded.
Hence,

MY, T,Uy) = sup Y(T"(Uy), Uy, Uy, Up) < co.
neNU{0}

Therefore, all assumptions of Theorem 10 are satisfied. Hence, the operator 7" has a unique fixed
point in Q. Consequently, the coupled four-component boundary value problem has a unique solution
on [0, 1].

Finally, the solution is nontrivial. Indeed, the zero function cannot satisfy the system because, for
example,

1
uy (1) = E(l + 17 + us(1)),

and if u3(¢) = uy(t) = 0, then the right-hand side becomes
! 1+ #0
18 '

Therefore, the unique solution obtained above is nontrivial.

The present framework provides a natural setting for studying coupled four-component systems.
Although existence and uniqueness could also be established by reformulating the problem in a
classical product Banach space and applying a standard contraction principle, such an approach does
not explicitly reflect the intrinsic four-component structure of the system. In contrast, the controlled
four-dimensional metric-type framework developed in this paper is specifically designed to handle
interactions among multiple coupled components through the generalized distance function and the
associated control function. As a result, the present boundary value problem can be studied directly
within the same abstract setting established in Section 4, without reducing it to a conventional
one-dimensional framework. Consequently, this example demonstrates the practical applicability of
the proposed theory and illustrates how the abstract fixed-point results can be employed to obtain the
existence and uniqueness of solutions for a nontrivial coupled four-component boundary value
problem.
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6. Conclusions

In this paper, we introduced the concept of controlled four—dimensional metric type spaces as a
natural extension of the recently developed four—dimensional metric structures. These spaces
generalize classical metric spaces by extending the distance function to four variables and
incorporating a control function into the generalized triangle inequality. Such an extension provides a
more flexible framework for studying relationships among multiple elements simultaneously. It
allows modeling systems in which several parameters, such as spatial location, time, or other
contextual variables, influence the notion of distance. Motivated by developments in generalized
metric spaces, including S, S, extended S, and controlled S —metric type spaces, this work advances
higher-dimensional metric structures.

We investigated fundamental properties of controlled four-dimensional metric type spaces,
provided illustrative examples, and introduced new contraction conditions, including
iterative-function-based contractions and (a,-F)—contractive mappings. Using these, we established
the existence and uniqueness of fixed points, extending several known fixed point theorems and laying
a foundation for further studies in generalized higher-dimensional metric spaces and nonlinear
analysis. Furthermore, a nontrivial application to four-component boundary value problem was
presented in the final section. Future work will extend this framework to quadruple controlled metric
type spaces.
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