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Abstract: This paper investigated new Hermite-Hadamard-Mercer type inequalities associated with
an Atangana-Baleanu-conformable fractional integral operator. By combining the structural features of
Atangana-Baleanu fractional integrals and conformable kernels, we derived a fractional framework that
contained both local and nonlocal effects. A fundamental identity was first established, transforming
a symmetric combination of endpoint values and fractional integral terms into a weighted integral
involving the first derivative. Based on this identity and Jensen-Mercer’s inequality, several new
bounds were obtained under convexity assumptions on |f’| and [f’|?, where ¢ > 1. The results
extended known Hermite-Hadamard-Mercer inequalities and reduced to classical or fractional special
cases under suitable parameter choices. The proposed approach provided a flexible tool for fractional
integral inequalities and related estimates in convex analysis.
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1. Introduction

In recent years, fractional calculus has become an active research area for extending classical
integral inequalities due to its ability to incorporate nonlocal memory effects and generalized kernel
structures. In particular, fractional integral operators with non-singular kernels have attracted
considerable attention because they overcome several limitations associated with the classical
Riemann-Liouville framework.

Among these developments, Atangana-Baleanu (AB) fractional operators have emerged as an
important class of fractional operators with non-singular kernels. Their applications to integral
inequalities have been extensively investigated in the literature. For example, Set et al. [1]
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established several new Hermite-Hadamard-type inequalities via AB fractional integral operators and
demonstrated that the AB framework provides effective extensions of classical convexity inequalities.
Subsequently, Set et al. [2] derived new integral inequalities for differentiable convex functions
involving AB fractional integrals, thereby obtaining refined estimates for a broad class of convex
mappings.

The interaction between Mercer-type inequalities and AB fractional operators has also received
increasing attention. Jiu et al. [3] established Jensen-Mercer variants of Hermite-Hadamard inequalities
via AB fractional operators and extended several classical Mercer-type results to the fractional setting.
More recently, Tariq et al. [4] proposed new modifications of integral inequalities in the framework
of AB fractional operators, showing that the AB structure can provide greater flexibility for deriving
generalized integral estimates. Furthermore, Karim et al. [5] investigated Ostrowski-type inequalities
for convex functions through AB fractional operators and obtained new error estimates involving
fractional integral representations. Long et al. [6] developed Simpson-like inequalities associated with
AB fractional integrals for functions whose third derivatives satisfy suitable convexity assumptions,
further illustrating the applicability of AB operators in fractional approximation theory.

On the other hand, conformable fractional operators constitute another important branch of modern
fractional calculus. Jarad et al. [7] introduced a new class of conformable fractional operators
and established their fundamental analytical properties. Owing to their simple kernel structure and
additional scaling parameter, conformable fractional operators have been widely applied in the study
of fractional differential equations, generalized convexity, and fractional integral inequalities.

Although significant progress has been achieved in both AB fractional inequalities and conformable
fractional operators, most existing studies treat these two frameworks independently. The literature
cited above mainly focuses either on AB fractional operators with non-singular kernels [1-3] or on
conformable fractional operators separately [7]. To the best of our knowledge, Hermite-Hadamard-
Mercer type inequalities associated with a unified AB-conformable (ABConf) fractional integral
operator have not yet been systematically investigated. In particular, there remains a lack of results
that simultaneously incorporate the nonlocal memory effect of AB operators and the flexible scaling
structure of conformable fractional kernels within a Mercer-type inequality framework.

Motivated by this observation, we introduce a new ABConf fractional integral operator by
embedding a conformable kernel into the AB fractional integral framework. Based on this operator,
we establish a fundamental fractional identity and derive several new Hermite-Hadamard-Mercer type
inequalities under suitable convexity assumptions. The obtained results unify and extend a number
of existing inequalities associated with AB fractional operators and conformable fractional integrals.
Moreover, several previously known results can be recovered as special cases through appropriate
choices of the involved parameters. Therefore, the present work contributes to the further development
of fractional integral inequalities and provides a new framework for studying Mercer-type inequalities
involving non-singular kernel fractional operators.

2. Background on classical integral inequalities

Definition 2.1. A function f : [a,b] — R is called convex on |[a, b] for all (x,y) € [a,b] and t € [0, 1]
if it satisfies the following inequality:

fax+A -y <tf(x)+A -0 fW).
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In 2003, Mercer [8] introduced a refined version of the classical Jensen inequality, now known as
the Jensen-Mercer inequality, stated as follows:
For a convex mapping f : [a,b] — R, the following inequality holds for each x; € [a, b]:

f[a+b—Zujij <f@+f®) =) uf(x),

=1 =1
where u; € [0, 1] and 3_y u; = 1.
First, we recall the notion of the Caputo-Fabrizio (CF) derivative operator.

Definition 2.2. [9] Let f € H' (a,b), n € [0,1] and b > a. Then the new CF derivative is defined as
B ! -
cFpn () = B f F(s)exp | —L (1 - 5)| ds,
1-nJ, l-n

where B (n) denotes normalization function.
Moreover, the corresponding CF fractional integral operator is given as the following:
Definition 2.3. /9] Let f € H' (a,b), n € [0,1], and b > a,
t
T = gt 0+ s [ Fwas

and

b
CF e
LA = 5ot 0+ 5 [ fds

with normalization function B () > 0 satisfying the property B(0) = B(1) = 1.

Recently, Atangana and Baleanu [10] proposed a new fractional derivative operator which also
overcomes this deficiency. Atangana and Baleanu introduced the derivative operator both in CF and
Riemann-Liouville senses.

Definition 2.4. [10] Let f € H' (a,b), n € [0,1], and b > a. The Atangana-Baleanu-Caputo (ABC)
fractional derivative is defined as

ABC.DT[f (D] = (77) f f(9E, [— (t—S)”]ds

Definition 2.5. [10] Let f € H' (a,b), n € [0, 1], and b > a. The Atangana-Baleanu-Riemann (ABR)
fractional derivative is defined as

ABR D[ ()] = (”)dffoE [—(r—sw]ds

Following Atangana and Baleanu [10], the AB fractional integral operator with a nonlocal kernel is
defined as follows.
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Definition 2.6. (AB fractional integral operator [10]) Let f € H'(a,b), n € [0,1], and b > a. The AB
fractional integral operator with a nonlocal kernel is defined by

ABRa+In — 7] ft -l d ,
fo)= —B( )f() BT . f(s)(—9)" " ds
where I () is the Gamma function.

Definition 2.7. (Right-sided AB fractional integral operator [10]) Let f € H'(a,b), n € [0,1], and
b > a. The right-sided AB fractional integral operator is defined by

AB _1-7 n ’ a1
PHEO) = Gt 0+ g f F(5) (s =" ds.

In [11], Tariq et al. established the Simpson-Mercer-type inequalities including AB fractional
operators as follows:

Theorem 2.1. [11] Suppose the mapping ® : I = [d, D] — R is differentiable on (d, D) with D > d.
If @’ is s-convex function on [d, D], for s > 0. Then for all wy, w;c [d, D] and w, < w, and 6 > 0, the
following Simpson-Mercer type inequality for the AB fractional integral holds for k € [0, 1]:

! 2
‘g{d)(d+D+w1)+(D(d+D—w2)}+§®(d+D_lezrwz)
ULy w1t en)
(wr — )
2°M (8)T(6) (45 s w1 + W,
m {(d+D wl)I(d D— w1+a)2) (d+D_ )

AB s W, + W
sl @ (4D = 252

1
< Wy — W ’ %H"( 0 )+ 1-26
2 3 0+1 6(6+1)

1
o [19" (W) + D" ()] [J3 (0) + Ja (5)]} ;

[10" (@) + 1" (D)]]

where 1
(3)° (1 o
13(5):f (5——)[<1+k> +(1- k)] dk
0
and
|
14(5):f ](———)[(1+k)5+(1 k)*] dk.
(3)7\2

In [7], Jarad et al. established a new fractional operator called conformable fractional integrals.

Definition 2.8. The fractional conformable integral operator If f(x) and If, f(x) of order B € C,
Re (B) > 0, and a € (0, 1] are given by

. 1M1 —a) = (s—a) "
(o= [ o || o
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a 05:81
[(b—t) ;(b—s) Fo)ds.

¢ jpa t_1 b 1
( b‘f)()_F(ﬁ)[ (b—s5)\®

Throughout the paper, we use the following parameters:

Let 0 <a < band f: [a,b] —» R be a function such that the involved integrals exist. n € [0, 1]
denotes the AB fractional order, a € (0, 1] denotes the conformable parameter, and B (17) > 0 is the AB
normalization function satisfying B(0) = B(1) = 1.

We denote by I' () the Gamma function and by E, (-) the one-parameter Mittag-Leffler function.

Next, we denote the new operator with ABConf fractional integrals.

Definition 2.9. Let f : [a,b] — R be a function and n € [0, 1], a € (0, 1]. We denote by

ABConf Ina f(t) —f( ) (t - a)a/ - (S - a)oz

n -1
ds,
B(n) B(I])F(n)ja‘ (s—a)l_“[ o ] f(s)ds

and

ABConf _ne e n f [(b_t)a_(b_s)a
SiA B()f() BLm J, b5 a

Remark 2.1. Letn € [0, 1] and set « = 1. Then for all s € |a, b],
(A5t M) F O = (P V@Y, (PO ) @) = (Y I ).

Remark 2.2. Let @ € (0,1] and set n = 1. Using B(1) = 1 and ' (1) = 1, we obtain

ABC()nf Il a/ (l') f ( 1 af( )dS

n-1
] f(s)ds.

and

b
1
e, o) = [ s s

That is, ABCo/ [V {f (£)} coincides with the conformable integral of order 1 with parameter a.

Remark 2.3. If @ = 1 and n = 1, then ABCo [V (£ (1)} integral reduces the classical (Riemann)
integral over the same endpoints.

3. Results

Theorem 3.1. For a positive convex function f : [a,b] - RwithO <a <bandn € [0,1], @ € (0, 1].
Then for a < m < n < b, the inequalities for ABConf fractional integral operators hold:

m+n
B(n)F(n)f(a+b_ )
< e r:)nan_a“ {ABConfa+b_n+IT7,a {f (a+b—m)) 4+ ABConf P {f (a+b—n))
1-
"B T f@a+b-—m)+fla+b- n)]}
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T 2@+ 2 ()= F - f o). o
and
sora - "5)
S G L@+ T O = 5o g (M 1 () 18 )
L+ ool
< sora @+ ro-(77)) (3.2)

Proof. Since f is convex on [a, b], we obtain

2f(a+b—XT”)sf(a+b—x)+f(a+b—y)

for all x,y € [a, b].
Replacing x =tm+ (1 —f)nandy = (1 —t) m + tn, for all m,n € [a,b] and 1 € [0, 1], we have

2f(a+b—m+n)sf(a+b—[tm+(1—t)n])+f(a+b—[(1—t)m+tn]).

Multiplying B(,;l'l(n) [1 —]7" " on both sides and integrating the inequality w.r.t t € [0, 1],
we have
2 m+n
B(n)F(n)f(a+b 2 )
1
< B(n‘;’ll(n) [1-1" 2 fa+b—[tm+ (1 —1)n])dt
B(n)F(n)f (1= 7 fa+ b - [(1 = ym + ml)dt
an : an-1 (l 1
= BT [1—1"] fla+b—[tm+ (1 -1)n])dt
0
1
B<n§¥<n> (1= =9 A=9"" fla+b—[sm+(1~s)n)ds
) (n- nc/::@ﬂ—a+1 {ABconfa+b—n+IT7’a {fa+b—-m)} +ABCon avb-m- T {f (@ + b —n)}
1 —
_—B( ) [f(a+b m)+ f(a+b- ”)]}

and we obtain the first inequality of (2.1).
Now, we show the other side inequality of (2.1). Since f is convex on [a, b], for ¢ € [0, 1], it gives

fla+b-[m+{A-0n)) < f@+fb)-1f(m) -1 -1 f(n)
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and
fla+b-[A-0m+m) < fla)+fb)-A-0)fm)-1fn),
so we get
fa@+b-[tm+A-0)n)+ fa+b-[1-t)m+1tn]) <2f(a)+2fb)— f(m)— f(n).
Multiplying —%2—[1 — *]""' #*~! on both sides and integrating the inequality w.r.t € [0, 1], we get

; _© B
the required inequality (2.1).

Next, we prove the inequality of (2.2). Since f is convex, we have

SO+ fO)

xX+y
flave-22) < r@+rin -2

By replacing x =tm+ (1 —f)nandy = (1 —t)m + tn, for all m,n € [a,b] and ¢ € [0, 1], we have

flass-"20)< @+ pp - L B0 LA ZDm ),
Multiplying B(ng(n) [1 — 217" =" on both sides and integrating the inequality w.r.t € [0, 1], we get
m+n
Faray! (405
YRS YN b
BTy @+ )

- ' ABConf .« ABConf Mo _ﬂ
2y {m I {f (n)} + I f (m)) 50 [f (m) +f(n)]},

and we obtain the first inequality of (2.2).
To prove the other inequality in (2.2), since f is convex on [a, b], for ¢ € [0, 1], it gives

f(m;”) < %[f(tm+(1 O+ f((1=Dm+m)].

an

Bt [1 - 21" =" on both sides and integrating the inequality w.r.t € [0, 1], we get

Multiplying

1 n
ot 3 ) S g [ e U ) 1 )

l1-n

"B Lf (m) + f(n)]} :

Multiplying (—1) in the above inequality,

1 —a"
BT’ =) = MTQ)MIW{ABC""J‘WI"*“ (F 0y #4571 (m)

Lo
pl L+ Fl}
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By adding m [f (a) + f (b)] in above, we get

b
BT () [f (@) + f ()]

a”

_2 (n _ m)a/r]7a/+l

e f@+re- (2]

Corollary 3.1. In Theorem 3.1, set « = 1. Then, the inequalities for the AB fractional integral
operators hold:

1 -
{ABCont, M ()} +45C 1 f (m)) _Fr;)? Lf Gm) + 1 (n)]}

2
BmTI' ()

a’ AB AB
an—a+1 {a+b—n+1n {f (Cl +b - m)} + a+b—m~

f@+b—

m+n)
2

IA

e I"{f(a+b—-n)}
1_
__’7[

50D f(a+b—m)+f(a+b—n)]}

IA

BT (n) [zf(a)+2f(b)—f(m)_f(n)]’

and

f@+b—

m+n)

BT (n) 2

<

[f (@) + f(®)] -

1-
(8,0 I )} +95  PAf )} =——2 [ Gm) + f (n)]}

BT () 2(n—-m)" B(n)

B(n)lr(m @+ rm-r(*57)]

Corollary 3.2. In Theorem 3.1, set n = 1. Then, the inequalities for conformable fractional integral
operators hold:

<

m+n 2a Fh=m
2f(a+p-"20) < o G WSS RA@ 42 6= £ ()= f ).
and
m+n a a+b—m
f@+h—2 )s[ﬂm+ﬂM—m_m T W

IA

r@+re - ("))

Corollary 3.3. In Theorem 3.1, set « = n = 1. Then, the inequalities for classical fractional integral
operators hold:
m+ I’l) 2 a+b—m
< (s)ds
2 = Jurn

[2f (@) +2f (B) = f(m) - f(n)],

2f(a+b—

IA
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and

+b—m

@+ f )] - —— F(5)ds

(n - m) a+b—n

[r@=+ro-r(%2))

IA

f@+b—

m+n)
2

IA

Lemma 3.1. Let f : [a,b] > Rwith0 < a < b, ne[0,1] and a € (0,1], f is differentiable, and
f' € L'. Then, the following identity is valid for ABConf fractional integral operators:

((n—m)””’ N @’ (1-n)
BT (n) B(n)
—a [*BCN e IS (a4 b= m)} Py 17 (f (@ + b - n))
an+1 1

)[f(a+b—m)+f(a+b—n)]

_ (n—-m)
BT Jo

foralla<m<n<b.

M=-A=-0T-11=T f @+b-[tm+ (1 -1t)nl)dt,

Proof. Let
1
I, = f[l—(1—t)“]”f’(a+b—[tm+(1—t)n])dt
0
1
_ Jarb-m 1 jﬁfm+b—Um+ﬂ—ﬂnDﬂj—U—0ﬂmwa0—0www
n—m n—mJy
_ fla+b-m)  apy j‘””’_m( n—m o
- n—m n—-mJ,pn \(@+b—m)—x
a an-1
><[((a+b—m)—(a+b—n)) _((a+b—m)—x)] o 1 I
n—m n—m n—m
_ flatb-m)  pa" f”’—m 1
B n—m (n—m)™" Jaspn [(@+b—m)—x]'°
_ _ _ a _ _ _ qaqn-l
o [(@a+b-m)—(a+b Z)] [(a+b—-m) x]] F ) dx,
and

1
L, = f[1—t“]"f’(a+b—[tm+(1—t)n])dt
0

1
_fla+b-m 1 f fl@a+b—{m+1 =)l -1 (- ds
n—m n-mJ,

_f(a+b—n)+ an f“”’_m( n—m )HY

n—m n—-mJ,p_, \x—(a+b-n)

X(m+b—my4a+b—my_(x—m+b—myr*f@) 1

dx
n—m n—m n—m
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B _f (a +b-— I’l) N T]CYTI fa+b—m 1
B n—m (n—m)™" Jaspon [x—(a+b—-n)]"
[(a+b-m)—(a+b —Z)]“ —lx—(a+b- n)]a]’” £ dx.

Now, I; — I, and multiplying by (’;(T’]')’)F(n) , using the definition of ABConf fractional intergals, we get

(n=m” e’ (=1
(B(n)F(n) "B )[f(“+b—m) + fla+b-n)
—a [ABCUnfa+b—n+I77’a {f ((l +b— m)} +ABCOnf a+b_m—177

“{f@+b-nj

1

(= P = [1 = 1) f @ + b [m+ (1 — )]y ds
BT () '
Remark 3.1. If we choose a = 1 in Lemma 3.1, we recover Lemma 3.1 of [12].

Theorem 3.2. Let f : [a,b] — R be a differentiable function with 0 < a < b and f' € L' [a, b] such
that |f'| is a convex function on |a, b]. Then for a < m < n < b, the following ineqaulity for the ABConf

fractional integral holds:

(n—m)™ a"(1-n)
(B(U)F(n)+ B(n) )[f(a+b_m)+f(a+b—n)]
—a" [ABC""fa+b-n+1” {f (@+b—m)} +25Cnf P {f(a+b- n)}”

_ an+1 1
% (1= (1= = [L=V|If (@ +b—[tm+ (1 - t)n])|dt
(n_m)an+1
B(n)F(n)

xAlf’ (a)|+|f D) = t1f" (m)| = (1 =) |f" ()]} dt

_ an+1
T @)+ 1F B AL =1 )] As = 1f ()] As)

| 1 - (1 t)a]ﬂ ta]rl|

B(mI (n)
where
1 :
A= f[l_(l‘f)a]"—[l—t“]”dwf (1= —[1 = (1 - 0] dt,
% :
1 :
o= ft[l_(l‘f)“]"—f[l—t"]”dwf (=1 = e[1 = (1= 0],
: :
and

1
f(l—t)[l—(l—t)“]”—(l—t)[l—t“]”a’t
+f2(1—t)[l—t“]"—(l—t)[l—(l—t)”]"dt,

0

forne[0,1]and a € (0, 1].
AIMS Mathematics Volume 11, Issue 6, 17937-17950.
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Proof. By Lemma 2.5 and using the Jensen-Mercer inequality, we have
(m—m”+wu—m
BmT G B
ﬂWP“%wnd"fm+b—m» 5 e I {f @+ b =)}

)[f(a+b—m)+f(a+b—n)]

m]+1
- (Z(U)F(n) | [1-A =0 = [ = T|1f (@+b—[tm+ (1 - 1) n])| dt
(I’l m)an+l i
Bmﬁmyf|““‘” =
X{If" @I+ 1f B =tlf (m)] = (1 = |f ()} dt
(I’l _ m)rm+1

= Boprey (@I @A =1 (] A2 = 1f (] 3]

Theorem 3.3. Let f : [a,b] — R be a differentiable function with 0 < a < b and f' € L'[a,b]
such that |f’|? is a convex function on [a, b). Then, the following ineqaulity for the ABConf fractional
integral holds:

((n—m)o”7 N (1 —m)
BT (1) B ()
_a! [ABConf[Hb_W PAf(a+b—m)) +45C 1 (fa+b— n)}]'

an+1 %
(Z’(U;HF)(U) (f | Bt _ta]nrdt)

|ﬂmuwa
. :

)[f(a+b—m)+f(a+b—n)]

X[If @I +1f" BN -

where - + - =1, forn € [0,1], € (0,11, anda <m <n < b.

Proof. By Lemma 2.5 and using Holder’s inequality with Jensen-Mercer’s inequality and the convexity
of |f’|, we have

( (n —m)*™" N a’(1-mn)
BT (1) B(n)
—a" [ABC()n faer_n+ I"{ fla+b—m)) 4+ABConf ashm-T"{ fla+b- n)}]'

)[f(a+b—m)+f(a+b—n)]

(l’l m)my+l (f ) )1
1_ 1_ 07 _ a?] d
BT | =0 ]| :
x(f |f (a+b—[rm+(1—t)n])|"dt)
(I’l m)an+1 (f ) )11)
1-(1-05% -1 d
Bt |y M=o -p-erfa
/ q ’ q é
XVWW+W®W—VWN;f®q.
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Theorem 3.4. Let f : [a,b] — R be a differentiable function with 0 < a < b and f' € L' [a, b] such
that |f'|? is a convex function on [a, b]. Then, the following ineqaulity for ABConf fractional integral
holds:

((n—m)‘"’ N a" (1 —n)
BT (n) B(n)
—a" [ABConf b I {f (@ + b — m)} L ABConf asbm-T"{f (@ + b — n)}]'

)[f(a+b—m)+f(a+b—n)]

< et (3 n-a-or-n-rertal
x(—f |f’(a+b—[tm+(1—t)n])|"dt)
a/r]+1
) B(n)F(n)( f|1_(1 oY n|pdt)

L m)l” +1f (n)lq]

Xt If" @I +1f DI -
q 2

wherel+l=1,forne[0,1],a/e(O,l],andaSm<n§b.

Proof. By Lemma 2.5 and using Holder’s inequality with Young’s inequality xy < x" + yq and the
convexity of |f’|?, we have

((n—m)‘”’ N a’(1-m)
BmTI () B ()

— [*PC e I f (@t b= m)} +C oy I {f (a4 b - ”)}”

(n m)(tr]+1( f » )
1-(1- -1 d

BT () N e

x(—f |f’(a+b—[tm+(1—t)n])lth)

m;+1
= [1-(1-2)" —“"”d)
B(n)F(n)( f| (=0T t]| t

y q , q
<t @r 1 @ - L0,

)[f(a+b—m)+f(a+b—n)]

IA

4. Conclusions

This paper proposes fractional integral operators and establishes new Hermite-Hadamard-Mercer
type inequalities in this setting. A fundamental integral identity is proved, expressing a symmetric
endpoint-operator combination in terms of a weighted integral involving f. This identity provides a
robust framework for obtaining Hermite-Hadamard-Mercer type bounds under standard smoothness
and integrability assumptions.

Under convexity assumptions on |f’| and |f”|?, three families of inequalities are derived via Jensen-
Mercer’s inequality combined with Holder’s and Young’s inequalities. The obtained bounds explicitly
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reflect the underlying kernel and parameters, and they admit reductions to known special cases
through appropriate parameter selections, highlighting both generality and compatibility with existing
fractional operators.

Potential future work includes extending the approach to broader convexity classes and higher-
order derivatives, developing multi-variable analogues (e.g., co-ordinated convexity on rectangles), and
optimizing kernel-dependent constants to sharpen the estimates and enhance applicability to fractional
numerical quadrature and related error bounds.
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