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Abstract: Fixed point theory plays a fundamental role in nonlinear analysis and has significant
applications in differential equations, integral equations, optimization, and applied mathematics.
Inspired by developments in generalized metric structures, we introduced and studied the Geraghty-
type contractive conditions in the setting of cone 6-type multiplicative metric spaces defined on
ordered Banach algebras. By extending the classical notions of #-metric and multiplicative metric
spaces, we constructed a framework based on solid multiplicative cones and established their essential
topological and convergence properties. Within this generalized structure, we formulated new fixed
point theorems for self-mappings satisfying cone-valued #-type multiplicative Geraghty contractions,
which weakened the traditional Lipschitz condition while preserving the existence and uniqueness
of fixed points in complete spaces. The proposed results significantly extended and unified several
well-known contraction principles, including those of Banach, Kannan, Chatterjea, and standard
Geraghty contractions, under a broader cone-valued multiplicative setting. Furthermore, we developed
extensions to higher-dimensional frameworks to enhance applicability in complex nonlinear systems.
Illustrative examples are presented to substantiate the theoretical findings and to demonstrate the
effectiveness of the introduced approach in generalized analytical environments.
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1. Introduction

Fixed point theory is a central branch of modern mathematical analysis with deep and
wide-ranging applications in differential equations, optimization, dynamic systems, game theory,
computer science, and mathematical modeling in the natural sciences. Its core significance arises
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from the Banach Contraction Principle, formulated in 1922 by S. Banach [1], which guarantees the
existence and uniqueness of fixed points for contraction mappings on complete metric spaces. This
principle has since served as a foundation for countless generalizations.

The concept of 6-metric spaces, introduced by Khojasteh et al. [2], represents one such
generalization, replacing the classical triangle inequality with a broader inequality involving a
f-function. This approach has proved fruitful in extending fixed point theorems beyond the scope of
conventional metric spaces. In parallel, the development of multiplicative calculus, initiated by
Grossman et al. [3] and formalized by Bashirov et al. [4], inspired the creation of multiplicative
metric spaces where distances are defined multiplicatively rather than additively. This perspective
aligns naturally with problems in fields such as economics, biology, and physics, where multiplicative
structures emerge.

Further contributions by Ozavsar et al. [5] and Abbas et al. [6] explored the topological properties
and fixed point results within multiplicative metric spaces. These works established a foundation for
generalizations of contraction principles in settings where multiplication replaces addition. Building
on these insights, we introduce the notion of a cone 8-type multiplicative metrics and extend into a 2-
multiplicative metric framework, thereby merging ideas from #-metrics and multiplicative structures.
Further studies on multiplicative metric spaces are available in [7-14].

The 6-type multiplicative metric spaces can be used to investigate equivalences between different
classes of functional spaces that share similar metric topologies. While logarithmic transformations
often relate multiplicative metrics to standard additive metrics, the 6-type and cone-valued structure
preserves additional order and multiplicative information that is lost under such transformations.

This highlights the role of 6-type multiplicative metric spaces as a genuine extension rather than a
mere reformulation of classical metric frameworks. The new generalizations introduced in this paper
are important because they substantially enlarge the class of spaces and mappings for which fixed
point results remain valid while preserving the existence and uniqueness of solutions. Classical metric
fixed point theory is built on scalar-valued distances and strict linear contraction conditions. In
contrast, this framework combines cone structures, multiplicative metrics, and 6-type control
functions inside ordered Banach algebras. This creates a richer analytical setting capable of modeling
nonlinear phenomena that cannot be adequately represented in ordinary metric spaces. The
cone-valued structure is particularly significant because it enables the “distance” between points to
carry algebraic and order information rather than being merely a nonnegative real number. In
applications involving matrices, operators, vector-valued quantities, or coupled systems, scalar
distances often lose important structural information. By taking values in a solid multiplicative cone
of a Banach algebra, the metric preserves multiplicative behavior and partial ordering. This makes the
theory suitable for multidimensional and operator-based nonlinear systems.

The proposed cone 8-type multiplicative framework provides a natural setting for the existence and
uniqueness of solutions of rational power-based fractional differential equations, extending classical
fixed point methods to nonlinear fractional control systems [15].

Inspired by recent developments, authors in [2] introduced the concept of a 8-metric.

Definition 1. [2] Let X be a nonempty set, a mapping d : X X X — [0, o0) that satisfies the following
conditions:

1) dx,y)=0e x=y.
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2) d(x,y) = d(y, x) for all x,y € X.
3) d(x,z) < 6(d(x,),d(y, 2)),

where the function 6 : [0, o) X [0, c0) — [0, c0) satisfies the properties:

1) 6 is continuous.

2) 6(0,0) = 0.

3) 6(s, 1) = 6(t, s).

4) For each m € 3(0) = {m € R* : 0(s,t) = m} and t € [0,m] there exists s € [0, m] such that
0(s, 1) = m.

5) 6(s,t) < 60(u,v) for s <uandt <.

6) 6(s,0) < s forall s > 0.

Then, d is a 6-metric on X with respect to the function 0 and (X, d) is a 6-metric space.

Remark 1. If (X, d) is a 6-metric space, with 6(s,t) = k(s + t), k € (0, 1] then (X, d) is a metric space.
2. Major results

We start this section by assuming that the #-function factorizes into a product of functions, each
depending on a single variable and we define the concept of a multiplicative cone which differs to the
conventional definition found in [16].

Definition 2. (Solid multiplicative Cone): Let (X, || - ||) be a commutative unital Banach algebra over

C or R with identity element 1.
Let P C Inv(X) ={u € X : Av € X such that uv = vu = lx}, be a solid multiplicative cone, i.e.:

1) P is nonempty, closed.

2) aP Cc Pforreal a > 1;

3) P-PCP;

4) Ifue Pandu™" € P thenu = 1y.
5) int(P) # 0.

6) forallu e P, o(u) Cc C\ (—00,0],

where o(u) = {4 € C : (u — Aly) is not invertible in X} denotes the spectrum of u. In the real case,
o(u) C (0, c0).

The cone P induces a partial order on Inv(X) by
u<v & v 'eP
u>v & w' eint(P).

If u < v, there exists a constant k > 1 such that ||u|| < k||v|| for u,v € X.

Example 1. (Cone:) Let

X =D,(R) = {diag(z1,22,- - ,zw) : z € R foralli=1,2,--- ,n}
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be the commutative unital Banach algebra of n X n diagonal matrices with norm

IA]l = max |z
1<i<n
and
Inv(X) ={A € D,(R) : det(A) # 0}.

If
P = {diag(zi, 22, ,zw) i zz = L foralli=1,2,--- ,n}

then it can be shown that P is a cone.

Definition 3. (Cone 6-type multiplicative metric): Let X be a nonempty set and (X,|| - ||) be a
commutative unital Banach algebra over C or R with identity element 1y. A mapping

d: XxX — PclInv(X)
is called a Cone 0-type multiplicative metric if there exist continuous, order-preserving mappings
6;:P— P, i=1,2,

satisfying the following conditions for all x,y,z € X:
(M1) (Identity and Positivity)
dix,y) =1y &= x =,

and d(x,y) > 1y whenever x # y.
(M2) (Symmetry)
d(x,y) = d(y, x).

(M3) (Cone 0-multiplicative triangle inequality)

J {el(du, W 0d,2). ify # %,z
(x,2) < _
d(x,y)d(y, z), ify=xory=z.

where the product on the right-hand side is the algebra product in X, and < denotes the partial order
induced by P.
Each function 6; : P — P satisfies:

1) 6, is continuous;

2) 6; is monotone: if u < v then 0;(u) < 6;(v);
3) 0(1x) = 1y,

4) 6;(u) <uforallueP.

If the mapping d satisfies (M1)—(M3), the pair (X, d) is called a Cone #-type multiplicative metric
space over X.

Remark 2. If the control function 0;(u) = u, then the 0-type multiplicative metric reduces to a
multiplicative metric.
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The significance of this example is that it establishes that the existence of an element in P is
sufficient to guarantee the existence of a cone-metric on X.

Example 2. (Metric:) Let X be a nonempty set and (X, || - ||) be a commutative unital Banach algebra
over C or R with identity element 1x and P a cone in X. Define a mapping

d:XxX—P

Ix, x=y,

d(x,y) = {
c, XFYy
where c € P. The mapping satisfies axioms (M1)—(M3). The triangle inequality follows, since

PR VE S TE RPN Vo e T

by the partial order c'/***/3 . ¢7! = c!/® € P, it follows that

d(x’ Z) =< 61 (d(x’ y))HZ(d(y’ Z))
where 6,(t) = t'/? and 0,(t) = 1*/3.

Example 3. (Metric:) Let (R",|| - ||) be a commutative unital Banach algebra over R with sup-norm
llxl] = max;|x;|. Multiplication is defined coordinatewise by x -y = (x1y1,X2Y2," "+ , X,Yn), identity
element 1y = (1,1,---,1) with Inv(R") = {(x1, %2, ,x,) € R" : x; # 0} and P = {(x1, %2, , X,) :
x; > 1} a cone in R". Define a mapping
d:R'XR'"— P
by
d(x,y) = (171, gl L gl

where x = (X1, X2, , X)), Yy = V1, Y2, - ,yn) € R" and 6; = t. All properties (M1)—(M3) can be easily
verified. Thus, (R",d) is a 6-type multiplicative metric space.

Definition 4. (Convergence and Cauchy sequence:) A sequence {x,},en C X is said to converge to
xeXif
ld(x,, x) — 1x]| > 0 asn — oo.

The sequence is Cauchy if
lld(x,, X)) = Ix|l > 0 asn,m — oo.

The space (X, d) is a complete cone 0-type multiplicative space if every Cauchy sequence converges
in the norm.

Definition 5. The fractional powers of x € P is

X% = ealogx,

where @ € R and log x is the logarithm defined by the Dunford-Taylor integral formula, where the
contour is taken surrounding the spectrum of element o(x) C C\ (—o0,0] [17, 18].
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Lemma 1. If u,v € P such that u < v, implies that vu~' € P. Then for real 0 < ¢ < 1, it follows that
ut <

Proof. Since u < v, we obtain that vu~! := w e P. It follows that v = wu. Because X is commutative,
elements u# and w are invertible and belong to P, with the spectra avoiding the branch cut (-0, 0].
Hence, functional Calculus gives

Ve = (Wl/t)c — eclog(wu) — ec(logw+logu) — eclogweclogu = wuC.

Computing the product v‘u™ = (wu)u¢ = w® and using the closure of P under fractional powers,
for every w € P and ¢ € [0, 1), the element

clogw

wi=e

is defined by the Dunford Taylor functional Calculus belonging to P. This computes the product
Vv‘u™ = w° € P. From the partial ordering relation, we get
u® <H-.

O

Lemma 2. (Continuity of partial map) Let (X,d) be a cone 6-type multiplicative metric space. If a
sequence {x,}n,en in X converges to some x € X then for any y € X fixed,

lim d(x,,y) = d(x,y).
Proof. For the sequence {x,},cy and fixed y € X, using the §-multiplicative triangle inequality, we get

d(x,,y) < 01(d(x,, x))0:(d(x,y)) < 01(d(x,, x))d(x,y) 2.1)

d(x,y) < 01(d(x,, x))62(d(x,,y)) = 01(d(x, X))d(X,Y) (2.2)
Combining inequalities (2.1) and (2.2), we get

0,(d(x,, X)) d(x,y) < d(x,y) < 61(d(x, ))d(x, ),

01(d(xp, )" < d(x, )d(x,y)" < 01(d(x, X)) (2.3)

Since 6, is continuous,
01(d(x,, x)) = 6:1(1x) = 1x

and
0,(d(x,, )" > 1y asn — oo.

Taking the limit as n — oo in (2.3), we obtain
d(xn,)’)d(xay)_l — 1y asn— o

i.e.,
lim d(x,,y) = d(x,y).

O

AIMS Mathematics Volume 11, Issue 6, 17794-17819.



11800

Theorem 1. Let (X, d) be a complete cone-valued 6-type multiplicative metric space and assume T :
X — X satisfies the following contraction condition for all x,y € X:

d(Tx, Ty) < (61(d(x, Tx)))" (62(d(y, TY))) (65(d(x, )" (2.4)
where a, 3,y > 0 are real numbers with
O<a+p+y<l.

where P C X is a cone in an ordered Banach algebra X and 6; : P — P are continuous, monotone, and
satisfy 0;(u) < u, 0;,(1x) = lx. Then T has a unique fixed point z € X, and for any xy € X, the Picard
iterates x,.1 = T x, converge to z in norm.

Proof. Fix xy € X and define the Picard sequence x,,; = Tx, for n > 0. Put
0p :=d(x,, X,41) €EP, n>0.
Applying (2.4) with x = x,_; and y = x,, gives
d(Tx,1, T%,) < (01(d(xn1, T5,-1))) " (02(d (s Tx)Y (03 (o1, 2,))

< (dn-1 Tx-1))" (A, T)Y (o1, %))

In terms of ¢, and using 6;(u) < u, we get
On = 53—15552—1'

Applying the partial order, we obtain

810,816, = 6,188, = 6,5(6,") e P,

and
s, =<8
Wl =<

n—1°

and therefore

a+y
O, <& , here ¢ := .
i1 where & -5
Note that ¢ € [0, 1) sincea + B+ vy < 1.
Iterating, we obtain
2 n
0205 28, <26

Since 0 < & < 1, we have & — 0 as n — oo. For the multiplicative metric, raising d, € P to power
&" — 0 yields the identity 1y, i.e.,
lim &}, = ly.

n—oo

Hence, by the normality property, we obtain

lim 671 = 1)(.

n—oo
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Next, we show that {x,},ey 1s Cauchy. Using the cone 6-triangle control inequality repeatedly and
the monotonicity of the 6;’s, we obtain, for m > n,

m—2

d(X, %) < (]_[ 01(d(x, xk+1>>] 0(d(Xn1, %)
k=n

-1

3
%

{;n
1

= 0

5 <0

=~

Hence, d(x,, x,,) = lx as n,m — oo. Thus, {x,},av is Cauchy, and by completeness, it converges to
some 7 € X.
We now prove z is a fixed point. Apply (2.4) with x = x, and y = z:

d(x41,T2) = (61(d(x, 2011)))" (02(d (2, T2 (B5(d (51, ).
Letting n — oo and using Lemma 2 yields
d(z,Tz) <d(z, Tz
Using the partial ordering, it follows that d(z, Tz)’d(z, Tz)™' € P and
d(z, Tz = d(z, Tz " P.

Since 0 < B < 1, it follows that d(z, Tz)!™ € P. Thus, from the property of cone P, we get that
d(z, Tz) = 1y, i.e.
Tz =z

For uniqueness, assume y € X is another fixed point. Then, applying (2.4) with x = zand y = y, and
using d(z,Tz) = d(y, Ty) = 1x, we obtain

d(z,y) < (63(d(z, )" < (d(z,y)).
Again, since 0 < y < 1, it follows that d(z,y) = 1x and so z = y. This completes the proof. O

Remark 3. In the theorem, with y = 0, we get a + 3 < 1, resulting in a multiplicative Kannan-type
contraction [19]

d(Tx, Ty) < (61(d(x, Tx)))"(6x(d(y, Ty)).

Example 4. (Application:) Let
X = D,(R) = {diag(xy,...,x,) : x; € R}
be the set of all n X n diagonal matrices over R, equipped with the norm

Al = {nax |x;| for A = diag(xy,...,x,) € X.
<i<n

Define a cone
P = {diag(z,...,2,) : 7 = 1 forall i} C X.
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Define the algebra multiplication operation by

diag(xy, ..., x,) - diag(yi, ..., y,) = diag(x;yi, ..., X, V),

and the norm is submultiplicative:
4Bl = max |yl < (max ) (max |y ) = IAIIBI.

It can be shown that (D,(R), || - ||) is a unital commutative Banach algebra.
Define a mappingd : X X X — P by

d(A, B) = diag (70, o)

for A = diag(xy,...,x,) and B = diag(yy, ..., y,).

Then it can be shown that (X, d) is a complete cone-type metric space.

Let g; : R — R be Lipschitz continuous functions with constants L; € (0, 1), and let 1 = max; L; < 1.
Assume each g; is bounded below by c;, and choose a; > 1 — c; to ensure a; + g;(x) > 1 for all x. Define
the operator

T:X-X

by
T(diag(xy, ..., x,)) = diag(a; + g1(x1), ..., ay + gal(xXa))-
Then for any A = diag(xy, ..., x,) and B = diag(yi,...,y,), we have

I[T(A)]i — [T(B)il = Igi(xi) — gyl < Lilxi — yil < Alx; — yil.

N
d(T(A), T(B)) = diag (elgl(n)—m(yl)l, o, elgn(xn)—gn(yn)l) < d(A, B)’l.

Sety € (A,1)and s = A/y € (0, 1), and define
0s(diag(zy, . . .,z,)) = diag(z],...,z,), z=1.

Then 65 is continuous, order-preserving, and satisfies 0;(1x) = 1x. The contractive condition of
Theorem 1 holds:
d(T(A), T(B)) < (6;(d(A, B)))".

By Theorem 1, T has a unique fixed point
A" =diag(x],...,x)) € X,

satisfying
xi=a+g(x), i=1,...,n

Remark 4. For eachie {1,2,---,n}, S; : R = Rdefined by S i(x) = a; + g(x) is a Banach contraction
since g; is Lipschitz with L; < 1. Hence, by the Banach Contraction Principle, S; admits a unique fixed
point x; € R.
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In the theorem that follows, the arguments of the control functions were changed to include cross
terms, resulting in a different contraction.

Theorem 2. Let (X, d) be a complete cone-valued 6-type multiplicative metric space, where P C X is
a solid multiplicative cone in a commutative unital Banach algebra X. Suppose T : X — X satisfies,
forall x,y € X:

d(Tx, Ty) < (6:1(d(x, Ty)))" (62(d(y, T)) (65(d(x, ),

where a,B,y > 0, witha + B+ vy < 1, and 6; : P — P are continuous, monotone, and satisfy 6;(u) < u,
0,(1x) = 1x. Then T has a unique fixed point 7 € X, and for any x, € X, the Picard iterates x,,; = Tx,
converge to 7 in norm.

Proof. (Picard sequence:) Fix xo € X and define x,,; = Tx,, n > 0. Set
0, :=d(x,, x,01) = d(x,, Tx,) € P.
(Contractive condition:) For x = x,,_;, y = x,,, we have
d(xy, Xye1) = d(Tx,21, T,) < (01(d(X1, T))" (02(d(ns T 1)) (03(d (31, X))

Note that d(x,-1,Tx,) = d(x,-1, X,+1) and d(x,, Tx,—1) = d(x,,x,) = lx. Using 6;(1x) = 1x and
0;(u) < u, we obtain
6}1 < (d(xn—la xn+1))a(6n—l)7-

(Estimate using triangle inequality:) By the cone 6-triangle inequality,
d(xn—l s xn+1) < 91 (d(xn—l > xn))QZ(d(xna xn+1)) =< 5n—16n-

Thus,
6n = (61-10,)"(0p1)’ = 60760 = 6,7 <607 =6, <6,

n—-1"n

Set £ := 7L € [0, 1). Iterating,
2 n
6,26 28 <28 > 1k
(Cauchy property:) For m > n, repeated application of the cone 6- triangle inequality gives

d(-xna-xm) =< 6n6n+1 o '6m—1 - 1X asn,m — o9,

s0 {x,}nen 1s Cauchy. By completeness, there exists z € X such that x, — z.
(Fixed point:) Applying the contractive condition with x = x,, y = z

d(xp41,T2) = d(Tx,,Tz) < (6,(d(x,, T2)))" (62(d(z, xn+1)))ﬂ(93(d(xn,Z)))y-
Taking n — oo, d(x,,,z) — lyx, s0O
d(z,Tz) < d(z,Tz)" if and only if d(z, Tz) = 1x.

Hence, Tz = z.
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(Uniqueness:) If y is another fixed point, then
d(z,y) = d(Tz, Ty) < (63(d(z. )" < d(z,y)

if and only if d(z,y) = 1y if and only if z = y.
Therefore, T has a unique fixed point z € X, and the Picard iterates converge to z.
O

Remark 5. In Theorem 2, taking y = O and B = «, from 0 < a+ B < 1, we get 0 < a < % with

contraction
d(Tx, Ty) < (61(d(x, Ty)))" (62(d(y, Tx)))",

which is a generalized form of the Chatterjea contraction in the multiplicative form [20].

Example 5. (6-metric space:) Let X be a nonempty set and (R, | - |) be the unital Banach algebra and
the natural cone P = [1, c0). A mapping

d:XxX —[1,00)
satisfies the following conditions:

(i) d(x,y) > 1 forall x,y € X and x # y.
(ii) d(x,y) =1 & x =y.
(iii) d(x,y) = d(y, x) for all x,y € X.
(iv) d(x,z) < 61(d(x,)62(d(y, 2)) fory # x,z € X,
where the function 6; : [1,00) — [1,00), i = 1,2 satisfies the following properties:
(i) 6; is continuous.
(ii) 6;(1) = 1.
(iii) 6;(s) < G; (1) if s <t.
(iv) 6;(t) < tforallt>1.
Then, d is a 6-type multiplicative metric on X and (X, d) is a 0-type multiplicative metric space. The
0-type multiplicative metric is a generalization of the multiplicative metric.

Remark 6. If d is a 6-type multiplicative metric with 6; = 6 for i = 1,2, then by using logarithms,
metric d can be transformed to a -metric if we assume that 0 satisfies an additional property:

For m = 0(a)0(b) and t € [1,m)], there exists s € 3(0) with s € [1,m], such that 0(s)0(t) = m. Let
p(x,y) =log(d(x,y)); then, from the multiplicative triangular inequality, we get

d(x,2) < 6(d(x,)0(d(y, 2))-
Then, taking logarithms, we get
p(x,z) = log (d(x,2)) < log (8(d(x,y))e(d(y,2)))
= log(B(e"™") + log(6(e"*)
= 0(p(x,y), (3, 2));
where (s, 1) = log(6(e*)) + log(6(e")).

It can be shown that 8 satisfies properties (i)—(vi) in definition 1.
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Example 6. (6-type metric space :) Let R’} be the set of all positive n-tuples of numbers and define
d: R} xXR! — [1,00) by

* *

X" |x X,
dx,y) = |=| -|=| |2,
1 Y2 Yn
where x = (X1, X2, Xn), Yy = (Y1, Y2, - Yu) € RY,
and
. x, ifx>1,
X" =4, .
L lf0<x< 1.

Then, (R, d) is a 6- type multiplicative metric space with 6; = 6(t) = t fori = 1,2.
Example 7. (0- type metric space:) Let (X, p) be a metric space. Fix the constant a > 1, then define
d(x,y) = a™,

Define 6 : [1,00) — [1,00) by 6, = 0(t) =t fori = 1,2.
It can be shown that properties (i) — (iii) of example 5 are satisfied. We verify only property (iv) of
example 5: Fory,x,z € X,

d(x,2) = @9 < @0 = V0D = d(x, y)d(y, z) = 0(d(x, y)O(d(y, 2)).
Thus, (X, d) is a 6-type metric space.
Example 8. (6- type metric space:) Let (X, p) be a metric space. Define
d(x,y) = 1 +cp(x,y)
and choose constant 0 < ¢ < 1 and let 6; : [1,00) — [1, ) be given by
0:i(t) =t.

Properties (i) — (iii) can be verified as in example 5. We verify only property (iv) of example 5. For
x,y,2€X

01(d(x,y))0:(d(y, z))
= (1 +cp(x, )1 + cp(y, 2))
=1+ cp(x,y) + cp(y, 2) + *p(x, )p(y, 2),

p(x,2) < p(x,y) + p(y,2), we obtain

61(d(x,y))62(d(y, 2)) 2 1+ clp(x,y) +p(y,2) 2 1 + cp(x,2) = d(x, 2).

Thus,
d(x,z2) < 01(d(x, y)0(d(y, 2)).

It follows that (X, d) is a 6-type metric space.
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Let (X, d) be a 8-multiplicative metric space and define the multiplicative open balls
B,(x) ={ye X :dxy) <r},
for r > 1. Then for every x € X, the countable family
{BH%(x) ine€ N}

is a local base at x. Fix x € X, let U be any open neighborhood of x as a multiplicative topology, by
definition, there exists some radius € > 1 with B.(x) € U. We find n € N such that B,,1(x) C B.(x).

Since € — 1 > 0 by Archimedean property choose n € N with 2 < e — 1. Then 1 + 1 < e. Therefore,
every point y with d(x,y) < 1 + % also satisfies d(x,y) < €, so

B,.1(x) C Bx) C U.

Since U is an arbitrary neighborhood of x, this shows that for every neighborhood U, there exists n
with B 1(x) C U.
Hencé,
(B,,1(x): n e N}

is a local base at x.
We now prove a fixed point theorem for a Geraghty type contraction.

Theorem 3. Let (X,d) be a complete cone-valued 8-type multiplicative metric space and assume T :
X — X satisfies the following Geraghty contraction condition if there exists a function u € § such that
forall x,y € X:

d(Tx,Ty)
< (91 (d(x, TX)))aﬂ(d(x’TX)) (92 (d(y, Ty)))ﬁﬂ(d(y,Ty)) (93 (d(x, y)))w(d(x,y)) , (25)

where a, 3,y > 0 are real numbers with
O<a+p+y<l,

where P C X is a cone in an ordered Banach algebra X and 6; : P — P are continuous, monotone
satisfying 0;(u) < u, 6;(1x) = lx, and ¥ is a set of all functions u : P — (0, 1] such that lim,,_,, u(t,) = 1
implies that lim,,_,, t, = 1y.

Then, T has a unique fixed point 7 € X, and for any xy € X, the Picard iterates x,.1 = T x, converge
to z in norm.

Proof. Fix xo € X and define the Picard sequence x,,; = Tx, for n > 0. Put
0, :=d(x,, x,41) €P, n=>0.
Applying (2.5) with x = x,,_; and y = x,, gives
d(T x,-1, Tx,)

< (91 (d(x,_1, Txn_l)))mu(d(xnfl,Tx,qfl))(gz(d(xm Txn))f,u(d(xn,Txn))
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(d( n—1» n))
X (63(d(X1, X)) ) H A1
< (d(Xn_l, T_Xn_l))“ﬂ(d(xnfl’Txnfl))(d(xn, Txn))ﬁu(d(x,,,Txn))
X (d(xpo1, )"

< (-1, To-1) (A T2) Y (d (X1, )
In terms of ¢, and using 6;(u) < u, we get
O < 651407
Applying the partial order, we obtain

62 08616 =80T =521 F) e P

n—1

and
6P <o
I

n—1°

and therefore
a+y

1 —
Note that £ € [0, 1) since @ + 8 + v < 1. Iterating, we obtain

2 n
O <8 <6, < <6,

0, = 5"2_1, where & :=

m#

Since 0 < & < 1, we have & — 0 as n — oo. For the multiplicative metric, raising d, € P to power
¢ — 0 yields the identity 1y, i.e., lim, o & = lx.
Since 1y < 6, < 6€ , it follows that

0 <116, — 1xll < 1165 — 1xll.

It follows that lim,_,., 6, = 1x.
Next, we show that {x,},cn is Cauchy. Using the cone 6-triangle control inequality repeatedly and
the monotonicity of the 6;’s, we obtain, for m > n,

m—2 m—1
k n —
d(x, x) 2 [ ] 01(d(0 31000)) O2d oo, x) < | | 85 < 85707,
k=n k=n

Hence, d(x,, x,,) — 1x as n,m — oo. Thus, {x,},av is Cauchy, and by completeness, it converges to
some 7 € X.
We now prove that z is a fixed point. Apply (2.5) with x = x, and y = z:

d(xn+1 > TZ)
< (01, %)™ (0a(d (2, TV (O3 05, ).

Letting n — oo, yields
d(z, T7) < d(z, T7)H4TD),
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Using the partial ordering, it follows that
d(z, Tz)l—ﬁﬂ(d(z,Tz)) eP

Since 0 < B < 1,and 0 < u(?) < 1, it follows Bu(r) < B < 1, which implies that d(z, Tz)! AT ¢
P. Thus, from the property of cone P, we get that

d(z, TZ)l—,B/J(d(z,Tz)) = ly.

This implies that d(z, Tz) = 1y, 1.e.,z=Tz.
For uniqueness, assume y € X is another fixed point. Then, applying (2.5) with x = zand y = y, and
using d(z,Tz) = d(y, Ty) = 1x, we obtain

d(z,y) = (63(d(z, )" < (d(z. Y)Y
Again, since 0 <y < 1, it follows that d(z,y) = 1x and so z = y. This completes the proof. O

We now extend the topological notions of convergence, Cauchy sequences, and continuity to the
setting of the 3-variable cone -type multiplicative metric.

Definition 6. Let (X, || - ||) be a commutative unital Banach algebra over C or R with identity element
Ix. Let P C Inv(X) = {u € X : u is invertible} be a solid multiplicative cone, i.e.:

1) P is nonempty, closed.

2) aP c Pforall real « > 1;

3) P-PCP;

4) Ifue Pandu™' € Pthenu = 1y.

5) int(P) # 0.

6) Forallu € P, o(u) C C\ (—0o0,0], where o(u) = {1 € C : u— Aly is not invertible in X} denotes
the spectrum of u. In the real case, o(u) C (0, o).

The cone P induces a partial order on Inv(X) by
u<v & w'eP

If u < v, there exists a constant k > 1 such that ||u|| < k||v|| for u,v € X.

Definition 7. Cone 0-type multiplicative metric: Let X be a nonempty set and (X, ||-||) be a commutative
unital Banach algebra over C or R with identity element 1x. A mapping

d: XxXxX— PcInv(X)
is called a Cone 6-type multiplicative metric if there exist continuous, order-preserving mappings
6;:P—->P, i=1,273.

AIMS Mathematics Volume 11, Issue 6, 17794-17819.
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Cone 6-type multiplicative metric space

Letd : XX XXX — P C X be a mapping satisfying the following conditions for all x, y, z € X:

(M1) (Identity and Positivity) d(x, y,z) = 1y if and only if at least two of the three points are the same,
and d(x,y,z) > lIx forall x,y,z € X with x,y # z € X.

(M2) (Symmetry) d(x,y,z) =d(y,x,z) =---.

(M3) (Cone 6-multiplicative triangle inequality)

601(d(x,y, 0)0:(d(y, 2, 1))03(d(z, x, 1)), 1 # X,,2,

d(x,y,2) <
d(x,y, t)d(y, z,)d(z, x, 1), t=xYy,2,

where the product on the right-hand side is the algebra product in X, and < denotes the partial
order induced by P.

Each function ¢, : P — P fori = 1, 2, 3 satisfies:

1) 6; is continuous;

2) 6; is monotone: if u < v then 6;(u) < 6;(v);
3) 0i(1x) = 1x;

4) 6;(u) <uforallu € P.

If the mapping d satisfies (M1)—(M3), the pair (X, d) is called a cone 0-type multiplicative metric
space over X.

Definition 8. Let (X, d) be a cone 6-type multiplicative metric space, where P C X is a cone in a
Banach algebra X. Let {x,},en be a sequence in X and x € X. The sequence is convergent to x if and

only if
ld(x, x,2) = Ix|l > 0 asn — oo

for all z € X, where || - || is the norm on the Banach algebra X.

Definition 9. Let (X,d) be a cone 0-type multiplicative metric space. A sequence {x,},en in X is a
Cauchy sequence if and only if

d(xp, X, 2) = 1xl| = 0 asn,m — oo

forall z € X.

Definition 10. The cone 6-type multiplicative metric space (X, d) is complete if every Cauchy sequence
in X converges to some x € X.

Definition 11. Let (X,d) be a cone 0-type multiplicative metric space. A mapping T : X — X is a
multiplicative contraction mapping if there exists a real number 0 < a < 1 such that

d(Tx,Ty,z) < (6(d(x,y,z2))"

forall x,y,z € X, where P C X is a cone in a Banach algebra X and 6 : P — P.
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Theorem 4. Let (X,d) be a complete cone 8-multiplicative metric space. If a mapping T : X — X
satisfies the condition

d(Tx, Ty, 2) < (01(d(x, Tx,2))"(0:2(d(y, Ty, )Y (63(d(x, y,2))), (2.6)

with a, B,y non-negative real numbers such that 0 < a + B+ vy < 1, where P C X is a cone in a Banach
algebra (X,|| - ||) and 6; : P — P are continuous, monotone, and satisfy 0;(u) < u, 6;(1x) = lx, then
T has a unique fixed point 7 € X, and for any xy € X, the Picard iterates x,.1 = T x, converge to z in
norm.

Proof. Let xj be an arbitrary element in X. For each n € N, define the sequence x,.; = Tx,. For the
sequence {x,},ecn, We get

d(xn115 X, 2) = d(T X0, T X1, 2)
< (01(d(xs T X, 2))” (02(d(Xpm1, T X1, 2))
(63(d (X1, X1, 2)))”
< (A, Xoa 1, 2) (@1, X, DA (X1, X 2))

If 6, = d(x,41, Xy, 2) for all z € X, then

nz — Ynz

e <62
n—1,z

Since
6(16,3‘*'76—1 — 6,3"'7(61—0)—1 cP

n“n—-1"n 1

it follows that
61—(} < 6ﬁ+7
n,z -

n—-1,z"
Taking the (@ — 1)~!-th power yields

By

Onz <O =05, (2.7)

n-1z

where ¢ = 'f_% Since 5+ y < 1 — a, it follows that £ < 1.
Repeated use of (2.7) yields
Gre <05, <85, - <8h.

We claim that the sequence {x,} is a Cauchy sequence in X. For n,m € N, and t € X, we get

d(xm Xn+ms Z) =< 91 (d(xm Xn+mo t))HZ(d(er—m, <, t))63 (d(Z, Xns t))
ﬁ d(x117 xn+m, l)d(-xn+m’ Z’ t)d(Z, xn’ t) (28)

Taking ¢ = x,,; in (2.8), we obtain

d(xm Xn+ms Z) =< d(-xna Xn+ms Xn+1 )d(xn+m, s Xn+1 )d(Z, Xns xn+1)
< (d(x1, X0, Xem))E dXms 2, Xar (X1, X0, 2))° (2.9)
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Similarly,

d(xn+m, <, xn+1) =< 91 (d(xn+m7 <, xn+2))92(d(za Xn+ls xn+2))63 (d(xn+l > Xn+mos -xn+2))
=< d(xn+m’ <, xn+2)d(z’ Xn+ls xn+2)d(-xn+l > Xn+mo xn+2)
n+1 n+1

=< (d(-xl » X0 Xn+m))§ d(xn+m’ <, xn+2)(d(xl s X0 Z))f .

Substituting into (2.9), we get
d < d f"‘i’f’”l d d é;n+é_'n+l
(xna Xn+ms Z) - ( (-xl » X0 -xn+m)) (-xn+ma <5 xn+2)( (.XI, X0, Z)) .
Continuing similarly, we get
n(] g gm n(q -
d(xn» Xn+ms Z) < (d(xla X0, xn+m))§ (1484 +7) (d(xl’ X0, Z))f S AN
1-& 1_£m+]

= (d(-xl > X0, xn+m))§"? (d(X] » X0, Z))é‘:n?

Taking n — oo, we obtain
||d(xn’ Xn+m» Z) - 1X|| - 09

so {x,} is Cauchy.
Since X is complete, there exists x € X such that

lld(xy, x,2) = 1|l = 0.
We claim x is a fixed point:
dx,Tx,z) <d(x,Tx,0)d(Tx,z t)d(z, x,1).
Taking t = x,,
d(x,Tx,z) <d(x,Tx,x,)d(Tx,z, x,)d(z, x, x;,).
Using previous estimate (2.12), we get

d(x,Tx,z)
<d(x,Tx, x,)d(Tx,z,Tx,1)d(z, x, x,)

< d(x, T, 5)(01(d (o1, Tx1, ) (02(dx, Tx, )

X (65(d(xr-1, %,2))) d(z. x, x,)

= T, 5)(d 51, 5002)) (A5, T, )Y (A0, %, 9)) iz 3, x)
< d(x, T, ), 30, ) ) (@, 30, 206

(d0x, Tx,2Y (d,o1,%,2)) dz, 5, 5)

Thus,

1 @ n—1
1y < d(x, Tx,2) < (d(x, Tx, )7 (d(x1, X0, %)) T

(2.10)

(2.11)

(2.12)
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(d(x1, xo, Z))%(d(xnfl’ X%,2) 7 (d(z, X, %)) 7.

Taking limits gives d(x, T x, z) = .
For uniqueness, suppose y* # x with Ty* = y*. Then
d(x,y",2) =d(Tx,Ty",z)
< (d(x, Tx,2)"@y", Ty", )Y (d(x,y", 2))"
< (d(x,y",2))".

This is a contradiction unless d(x, y*,z) = 1y, hence x = y*. O

Example 9. (6-type metric space:) Let X be a nonempty set. Fix a constant a > 1 and define 6; :
[1,00) = [1,00) fori=1,2,3 by
0:(r) = 1'%,

The function 6; is continuous and non-decreasing on [1, o) and 6;(t) < t fort > 1.
Defined : X x X XX — [1, 00) by

if at least two of the points are the same,

b

d(x’ ) Z) = POV HP(.2)+p(2,X) . L.
a 3 if x,y,z are distinct,

2

where (X, p) is a usual metric. Properties (i) — —(iii) can be verified.
The remaining property (iv) of Definition 7: Let

s = p(x,y) +p(y,2) + p(z, x).
Using the triangle inequality of p, for arbitrary t, we get
p(x.y) < plx, 1) +p(t,y),  p(y,2) < p(y, ) +p(t,2),  p(z,X) < p(z,1) + p(t, X).

Adding the inequalities, we get

s  s+2T
2T & =X ,
5= 357 6
where
T =p(t,y) + p(t, x) + p(t, 2).
Finally,

d(x,y,2) = @' < "D = 6,(d(x, y, 1)0:(d(y, 2. 1)63(d(z, X, 1)).
Thus, d is a 0-type metric on X.
Example 10. (0-type metric space:) Let X = C([a, b],R"), then define d : X Xx X X X — [1, c0) by

x(1)

Yo |z
Yo’ ’

IR BN PR B10)]
1, if at least two functions are equal for all t.

} , if all functions are distinct,

d(x, y, Z) _ {l’naxte[a,b] {
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For x € C([a, b], RY),

x(t), x(t)=1,
Ix(Dl. =14 1
Ft)’ 0<x(r)<1.

Properties (i) — —(iii) follow from Definition 7. We verify property (iv).
Let x,y,z,s € C([a,b],R*"). Fort € [a, b], we get

x(1) {x(t) x| |s() }
—| <maxq|—=| ,|—=| .|—=| ¢>
YO, el Uy, s 1y@)]1,
zO1, " weabl {120 s 1201 )
x(O)], ™ elabl (|x@, s, 1x(0)], ]
With 6(t) = t, taking maximum over t € [a, b], we get
x| |y@)| |z
tlg%c?l)y(]{ )E K % k % x} < 0(d(x,y, $)0(d(y, z, $)0(d(z, x, 5)).

Thus, (X, d) is a 6-type multiplicative metric space. It can easily be shown that (X, d) is complete.

Definition 12. Let (X, d) be a 0-type metric space. The open ball B.(x,y) with centre x,y € X and
radius € > 1 is defined by
By(x,y) ={z € X d(x,y,2) < &}.

Theorem 5. Let (X, d) be a complete multiplicative metric space. If a mapping T : X — X satisfies
d(Tx,Ty,z) < (61(d(x, Tx,2)))* (62(d(y, Ty, 2)))’ (65(d(x.y.2)))" , (2.13)
where a,B,y 2 0and 0 < a+B+vy <1, and6; : [1,00) — [1, o) satisfies:

(i) 6; is continuous,

(ii) 6:(1) =1,
(lll) Qi(S) < 91‘(1‘) l'fS <t
(iv) 6;(t) < tforallt>1,

then T has a unique fixed point.

Proof. Follows in a similar manner to Theorem 4.
3. Application

Functional equations can be effectively studied in the setting of 6-type multiplicative metric spaces
by rewriting them as fixed point problems for suitably defined operators. By endowing the function
space with a 6-type multiplicative metric, one can construct functionals that measure multiplicative
deviations between functions. If the associated operator satisfies a -type multiplicative contractive
condition, existence and uniqueness of solutions follow from the corresponding fixed point theorems.
This approach is particularly useful for functional equations with exponential, scaling, or product-type
structures. Hence, #-type multiplicative metric spaces provide a natural and powerful framework for
solving broad classes of functional equations.
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Example 11. Let [a,b] C R with a < b and define
X =C([a,b],R"), R"=(0, ).

For x,y,z € X, define the multiplicative metric

d(x,,2) = ze[ub]{

where the multiplicative modulus | - |, is defined by

x, x>1,
|x|*: 1
-, O<x<l1.

X

EO)

)

%*’%*

It can be shown that (X, d) is a complete O—multiplicative metric space.
Let
k:la bl X[a,b] xR" - R"

be a continuous function such that k(t, s, x) > 0 for all t, s € [a,b] and x > O.
We consider the Fredholm multiplicative integral equation

b
x(t) = | | ke, 5. x(s)®, 1€ la,b],
where the product integral is defined by
b b
Hﬂwwwﬂfmmw%.m»a
Define the operator T : X — X by
b
(@) = [ | ke, 5, x(s)®, 1€ la,b]

Remark 7. Since k is continuous and positive, the function defined, s — k(t, s, x(s)) is continuous and
positive for each t € [a, b]. Hence, the product integral is well defined, and Tx € X.

¢
S ( ) ’
where { > 0 is a Lipschitz exponent.
Verification of the contractive condition. For any x,y,z € X and t € [a, b], we have

1—[ k(z, s, x(s))%*
k(t, 5, y(s) |,
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k.5, y(5)).

y(s)

(Ty)D1,
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_ex (fblnw)ds

~ 7P, T R s )
1kt s, x(s))

Se""(fa lmd)

_ b | 'k(t, s, x(5))
‘e"pfa ke syl

*

Applying the assumption, it follows that

x(s)
Y,

e[

<d(x,y,z) forall s € [a,b], we obtain

)

(Ty)D1.

x(s)

Since ol

b
Xp (f lIn(d(x,y,7z)) ds) = (d(x,y,2))" ¢,

(Ty)®l.

We assume that {(b — a) > 1. Choose a constant u > 0 such that

f<p, b-a)<yp, 0<y<l,

and take a = B = 0.
Taking the maximum over t € [a, b], we conclude that

d(Tx, Ty,z) < (d(x,y, )" < (0d(x,,2))),

where 6(t) = th and {<pu.

Thus, T is a 6—multiplicative contraction on (X, d).

Since (X,d) is complete, the Banach-type fixed point theorem in multiplicative metric spaces
guarantees that T admits a unique fixed point x* € X. Consequently, the Fredholm multiplicative
integral equation has a unique positive continuous solution on |a, b].

Remark 8. If { > u, the inequality does not force a contraction. Thus, the multiplicative metric with

I .
control function 6(t) = t» fails to produce a contraction. We choose 0 that compresses values, for
instance pick u, so that 2 < 1.

Example 12. Consider the multidimensional nonlinear Hammerstein-Fredholm integral system
no b
(Tw)(t) = ayexp| )| f Ki(t, $) Fi(s,uj(s)ds|, i=1,....n,
=1 Ve

where u(t) = (uy(t), ..., u,(t)) € C(la, b], R}). We assume that

(i) a;(t) = 1 are continuous on [a, b],
(ii) K;j(t,s) > 0 are continuous kernels,

AIMS Mathematics Volume 11, Issue 6, 17794-17819.



11816

(iii) F; : [a,b] X R, — R, are continuous and satisfy the Lipschitz condition

|Fj(s,x) = Fi(s, )| < Ljlx—yl, L;>0.
Let

X =C([a,b,RY), il = sup |u (D).
t€la,b]

Define the multiplicative metricd : X X X — P c D,(R) by

) = diag (0 i,

where
P = {diag(zy,...,z,) 1 z; = 1}.

The order is defined componentwise:

diag(xy,...,x,) < diag(yi,...,y,) < x; <y; Vi.

Let T : X — X be defined by

n b
(Tuy(®) = o) exp(z | Kot Fsaon ds].
j=1 v
and define
b
Mij = Lj sup f Kij(l, s)ds,
tela,b] Ja

and A;(u) = ?:1 fab Kii(t, s) Fi(s,uj(s))ds. Thus, it follows that

A() = AWl < D Ml = vl
j=1
Let .
g = max Z M;;.
i =

Then

1Ai() = Ai(W)lleo < g max lltj = Vjlleo-

Using exponential Lipschitz behavior on bounded sets, there exists & > 0, such that

I(Tw); — (Tv)illo < &llAi(u) = Ai(V)]o-
Hence,
I(Tw); — (Tv)illo < &q max llet; = villco-
di(Tu, Tv) = exp(l|(Tu); — (Tv)illw)-

AIMS Mathematics
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Thus,
&q

&q
di(Tu,Tv) < (max e”“f_vf”°°) = (max d;(u, v))
j j
Iféq < 1, choose u > 1, such that éq < 1/u. Then
d(Tu, Tv) < d(u,v)'"*

Define
05(Z) = Z'".

Thus,
d(Tu, Tv) < 05(d(u,v)).

By the cone 6-type multiplicative contraction theorem, T admits a unique fixed point u* € X, which
is the unique positive solution of the coupled nonlinear integral system.

4. Conclusions

In this work, we proposed and thoroughly analyzed a new class of metric type structures, namely
cone f-type multiplicative metric spaces, formulated in the setting of ordered commutative Banach
algebras. This framework blends multiplicative distance notions with #-control functions and cone
induced partial orders, providing a unifying extension of several existing generalized metric spaces.
By enabling the distance function to take values in a solid multiplicative cone, the theory captures
richer algebraic, order, and topological features than those available in classical scalar-valued settings.
We established the notion of solid multiplicative cones and examined their basic properties,
highlighting their role in ensuring consistency between the multiplicative order, algebraic operations,
and convergence concepts. Building on this foundation, we defined cone 6-type multiplicative metrics
in two-variable and three-variable forms, thereby extending the multiplicative triangle inequality
through flexible 6-type conditions. These generalized metrics enable the study of nonlinear
contractive mappings beyond the reach of standard metric techniques. Within this setting, we proved
several fixed point theorems for mappings satisfying 6-type multiplicative contractive conditions,
generalizing well-known Banach, Kannan, and Chatterjea principles to cone-valued multiplicative
contexts. The proofs employ iterative schemes adapted to the multiplicative order structure and
convergence relative to the identity element of the Banach algebra. Illustrative examples and an
application to a Fredholm-type integral equation demonstrate the effectiveness and nontrivial nature
of the proposed framework. Overall, the results show that cone 6-type multiplicative metric spaces
offer a genuinely new analytical approach with strong potential for further theoretical development
and applications.
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