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Abstract: The Concatenation model with Kerr law nonlinearity integrates three typical nonlinear 

optical equations to describe the complex Kerr nonlinear effects of ultrashort pulse propagation in 

optical fibers. This study employed the trial equation method combined with the complete 

discrimination system for polynomials method to solve the model and derive its exact solutions. 

Multiple types of solutions were obtained, including solitary wave, Jacobi elliptic function, and 

trigonometric function solutions. Corresponding two-dimensional and three-dimensional 

visualizations were plotted to intuitively demonstrate the physical features of these solutions. The 

findings provide valuable theoretical support for the analysis of ultrashort pulse transmission and the 

application of nonlinear optical systems. 
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1. Introduction 

Nonlinear optics is a fundamental branch of modern optics, primarily focusing on the various 

nonlinear effects arising from the interaction between light and nonlinear media. The propagation of 

ultrashort pulses in optical fibers is one of the key research areas. The conventional nonlinear 

Schrödinger equation (NLSE) is used to study ultra-short pulse propagation in optical fibers. The 
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NLSE [1–6] effectively models pulse transmission processes involving group velocity dispersion and 

self-phase modulation; however, it falls short in accurately capturing higher-order effects such as 

third-order dispersion, self-steepening, and higher-order nonlinear dispersion coupling observed in 

practical optical fibers. To more precisely characterize the transmission dynamics of femtosecond 

and attosecond ultrashort pulses in nonlinear optical fibers, researchers have developed a composite 

model by integrating the NLSE, the Sasa-Satsuma equation (SSE) [1–6], and the 

Lakshmanan-Porsezian-Daniel (LPD) model [1–6]. The concept of constructing new nonlinear 

evolution equations through the combination of established models was initially introduced by 

Ankiewicz et al. in 2014 [7]. 

In this paper, we focus on the following model [8]: 

2 2 22 * 2 *

1 1 2 3 4 5[ ( )
n n

t xx xxxx x x xx xxiq aq b q q q q q q q q q q q     + + + + + + +  

2 2 2 2 *

6 2 7 8 9] [ ] 0
n n

xxx x xq q i q q q q q    
+

+ + + + = .        (1) 

In Eq (1), the parameter n  represents the power-law nonlinearity coefficient. The terms associated 

with 
1  originate from the LPD model, while those related to 

2  are derived from the SSE. 

Specifically, when 
1 0 = , Eq (1) reduces to the standard SSE; when 

2 0 = , it simplifies to the 

LPD model; and when  
1 2 0 = = , Eq (1) further reduces to the classical nonlinear Schrödinger 

Eq (1) with the power-law nonlinearity. 

In recent years, significant progress has been made in the study of the Concatenation model. 

Researchers worldwide have conducted in-depth investigations into various aspects, including the 

formulation of conservation laws, Poincaré integrability analysis, evolution of magneto-optical 

solitons, static soliton properties under nonlinear dispersion, numerical simulations and bifurcation 

analyses, and pulse transmission applications in birefringent optical fibers. Specifically, Moraru et al. 

derived optical soliton solutions and conservation laws for the concatenation model incorporating 

spatial and temporal dispersion, revealing its fundamental dynamic characteristics [1]. Arnous et al. 

obtained a variety of optical soliton solutions for the power-law nonlinearity case and analyzed the 

impact of nonlinear parameters on soliton propagation [2]. 

Biswas employed the method of undetermined coefficients to solve the concatenation model, 

yielding soliton solutions relevant to practical optical fiber systems [3]. Tang performed bifurcation 

analysis to investigate the evolution and bifurcation properties of the model’s solutions [4]. Triki 

explored dark solitons and traveling wavefront solutions under the influence of higher-order 

dispersion and nonlinear effects [5]. Furthermore, Yıldırım analyzed the static optical soliton 

characteristics of the model in the presence of nonlinear dispersion, providing theoretical foundations 

for the practical utilization of static solitons [6]. 

Constructing exact traveling wave solutions of nonlinear evolution equations is the key basis for 

analyzing model physical properties and engineering applications. Common analytical methods 

include the Tanh method [9–12], the elliptic function expansion method [13–15], the sub-equation 

method [16–18], and the trial equation method [19,20]. The trial equation method can convert 

complex nonlinear partial differential equations into basic integral forms, and is widely used in KK 

equation [21,22], coupled mKdV equation [23,24], and other nonlinear models. The complete 

discrimination system for the polynomial method [25,26] can classify integral solutions strictly 

according to polynomial coefficient intervals, which makes up for the deficiency of the single trial 

equation method in parameter partition and solution classification. 



17655 
 

AIMS Mathematics  Volume 11, Issue 6, 17653–17672. 

In recent years, a large number of advanced analytical techniques have been applied to solve 

nonlinear optical and fluid dynamic models: scholars have adopted dual analytical methods to 

construct new soliton solutions of the (2+1)-dimensional generalized KdV equation [27]; the 

improved hyperbolic tangent algorithm was used to obtain invariant solitons and traveling wave 

solutions of high-order NLSE in optical fibers [28]; fractional analytical methods were applied to 

study three-dimensional nonlinear evolutionary equation soliton characteristics in fluid media [29,30]; 

the modified extended hyperbolic tangent function method was employed to solve (3+1)-dimensional 

Boussinesq-KP equation solitary wave solutions [31]; and the conformal fractional derivative theory 

was introduced to analyze soliton transmission in birefringent fiber communication systems [32]. 

Relevant studies have proved that the coupled analytical strategy is superior to a single method in 

solution richness and parameter adaptability, but this coupling framework has not been 

systematically applied to the Kerr law nonlinear concatenation model. 

After sorting out the existing literature, obvious research gaps still exist: 

(1) Most studies only solve a single type of soliton solution, lacking a systematic classification 

of complete exact solutions in the full parameter domain; 

(2) Most analytical methods are used independently, and few studies combine the trial equation 

method with the polynomial complete discrimination system for the concatenation model, resulting 

in insufficient solution completeness and parameter rationality; 

(3) Existing works only give isolated numerical examples, lack unified solution construction 

rules under parameter partitions, and cannot directly guide optical fiber pulse parameter optimization 

and modulation format design; 

(4) Most works only rely on two-dimensional and three-dimensional cloud maps to display 

solution morphology, lacking in-depth discussion on physical mechanism and stability characteristics 

of various exact solutions. 

Aiming at the above research gaps, this paper innovatively combines the trial equation method 

and the complete discrimination system for polynomials method to study the exact solutions of the 

Kerr law nonlinear concatenation model. First, the traveling wave transformation is used to reduce 

the nonlinear partial differential equation to a high-order ordinary differential equation; the trial 

equation method is adopted to construct the integral expression of the model, and the polynomial 

complete discrimination system is introduced to divide the parameter intervals strictly. Multiple types 

of exact traveling wave solutions are obtained, including solitary wave solutions, Jacobi elliptic 

function solutions, and trigonometric function solutions. Typical parameters are selected for 2D and 3D 

visualization to reveal the spatiotemporal evolution and amplitude variation rules of solutions. The 

main innovations of this paper are as follows: ① The coupled analytical method is introduced into 

the concatenation model to realize the complete classification of exact solutions in the full parameter 

domain; ② a complete solution set containing solitary waves, elliptic function periodic waves, and 

trigonometric traveling waves is constructed to enrich the theoretical framework of the model; ③ 

the physical connotation and transmission stability of solutions are supplemented beyond simple 

graphical display, which makes up for the defects of the incomplete analytical system, single method, 

and lack of parameter partition in existing literature. The research results provide a theoretical basis 

for ultrashort pulse shaping, transmission stability control, and nonlinear optical device design in 

optical fiber communication. 

The structure of this manuscript is as follows: Section 2 introduces the model and implements 

equation reduction through traveling wave transformation. Section 3 derives the exact solutions and 
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analyzes the equivalence and difference of nine classification cases. Section 4 presents the graphical 

visualization and physical interpretation of the obtained solutions. Section 5 analyzes the stability 

and validity of the exact solutions. Section 6 concludes the work. Section 7 illustrates the research 

innovations, and Section 8 outlines future research directions. 

Table 1. Comparison of mainstream methods for the concatenation model. 

Solution 

method 

Solution 

completeness 

Parameter 

partition ability 

High-order 

model 

adaptability 

Visualization 

support 
Advantages of this method 

Tanh method 
Only soliton 

solutions 

No systematic 

partition 
Poor Weak 

Single-solution type, 

unable to obtain periodic 

wave solutions 

Sub-equation 

method 

Solitons + few 

periodic 

solutions 

Rough partition Medium General 

Parameter classification is 

not rigorous, lacking 

elliptic function solutions 

Single trial 

equation 

method 

Rich solution 

types 

No polynomial 

discrimination 
Good General 

Lack of strict parameter 

interval division 

Proposed 

coupled 

method trial 

equation + 

polynomial 

discrimination 

Solitary wave + 

elliptic function 

+ trigonometric 

solutions 

Strict 

multi-interval 

partition 

 

Excellent 

Multiple 

groups of 

visualization 

Complete solutions, 

rigorous parameter 

division, clear physical 

significance, easy 

extension to 

fractional/random models 

 

Figure 1. Research flow chart of the proposed method. 



17657 
 

AIMS Mathematics  Volume 11, Issue 6, 17653–17672. 

2. Analysis of the model 

The Eq (1) is transformed as follows: 

( , ) ( , )

0 0( , ) ( , ) ( ) , , ( , )i x t i x tq x t x t e e x V t x t x t        = = = − = − + + .    (2) 

Here, ( , )x t  represents the amplitude component of the waveform,   denotes the wave number, 

and   and 0 correspond to the frequency and phase constants, respectively. 0V  denotes the 

velocity, x  is the normalized transmission distance, and t  represents time. Substituting this 

transformation into Eq (1) and separating the real and imaginary parts yields: 

Real part: 

4 3 2 2 3 2 2 1

1 1 2 7 1 2 3 5 2 9 2 8 1 4( ) [ ( ) ] ( ) na b                         +− − − − − + + + + −  

2 3 2 '' (4) 2 ''

1 6 1 1 2 7 1 1 1 4( 6 3 )n na                ++ + − + + + 2 '' ' 2

1 5 1 2 3( ) ( ) 0        + + + = . (3) 

Imaginary part: 

2 3 ' 2 '

2 7 1 1 0 2 8 1 4( 2 3 4 ) ( 2 ) na V              − − + − + −  

2 ' '''

2 9 1 2 5 2 7 1 1[ 2 ( )] ( 4 ) 0            + − − + − = .      (4) 

Let the power-law nonlinear parameter n=1, by the imaginary part (4), then we obtain: 

2 3

0 2 7 1 12 3 4V a      = − − + .        (5) 

Parameter conditions: 

2 8 9 1 4 2 5

2 7 1 1

( ) ( ) 0,

4 0.

       

   

+ + − =

− =

-2
       (6) 

Rearranging the real part yields: 

3 5 '' (4) 2 '' ' 2

1 2 3 4 5 6 7 ( ) 0K K K K K K K        + + + + + + = ,     (7) 

where 

4 3 2

1 1 1 2 7

2

2 1 2 3 4 5 2 9 8

3 1 6

2

4 1 1 2 7

5 1 1

6 1 4 5

7 1 2 3

,

( ) ( ) ,

,

6 3 ,

,

( ),

( ).

K a

K b

K

K a

K

K

K

       

         

 

     

 

  

  

= − − −

= − − + + + − −

=

= − +

=

= +

= +

     (8) 
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We establish the following trial equation: 

'' 3 2A B C D   = + + + .         (9) 

Integrating Eq (9) once yields: 

' 2 4 3 22
( ) 2

2 3

A
B C D E    = + + + + .       (10) 

Differentiating Eq (10) twice yields: 

(4) ' 2 2 ''(6 2 )( ) (3 2 )A B A B C     = + + + + .      (11) 

Substituting Eqs (9)–(11) into Eq (7), we can obtain: 

5 4 3 2

5 4 3 2 1 0 0r r r r r r    + + + + + = ,       (12) 

where 

2

5 3 5 6 7

4 5 6 7

2

3 2 4 5 6 7

2 4 5 6 7

2

1 1 4 5 7

0 4 5

6 ,
2

2
10 ,

3

10
(10 ) ,

3

(15 5 ) 2 ,

(6 6 ) ,

( 2 ).

A
r K K A K A K

r K AB K B K B

r K K A K AC B K C K C

r K B K AD BC K D K D

r K K C K AE BD C K E

r K K CD BE

= + + +

= + +

= + + + + +

= + + + +

= + + + + +

= + +

      (13) 

Determine the parameters , , ,A B C D ,and E  let 

0, 0,1,2,3,4,5ir i= = .        (14) 

By solving Eq (14), we obtain: 

22 3 2 3
4 5 4 5 1 6

1

2 2

1 2 3 4 5 2 9 8 1 1 2 7

1 2 3 4 5 1

4 3 2 2 2

1 1 2 7 1 1 2 7 1 1

1 2 3 1

( ) ( ) 24
2 2 ,

12

0,

( ) ( ) ( 6 3 )
,

( 10 )

0,

( 6 3 )
.

( 6 )

A

B

b a A
C

A

D

a a C C
E

A

   
     



               

     

               

   

+ +
− + +  + + −

=

=

− + + + − − − − +
=

+ + + +

=

− − − + − + +
= −

+ +

  (15) 
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3. Exact solution of the equation 

According to the condition that the parameters , , , ,A B C D and E  satisfy Eq (15), now, we turn 

to find the exact solution of Eq (10). First, we apply the following transformation: 

1 1

4 4
1( ) ( )

2 2

A A
u   = =， ,         (16) 

then Eq (10) becomes 

' 2 4 2( ) ( )u F u u pu r= = + + .         (17) 

Where 
1

2( )p C A
−

= , r E= . 

Then, rewrite Eq (17) in integral form as 

1 0( )
( )

du

F u
  − =  . 

Here, the complete discriminant system of 
4 2( )F u u pu r= + +  is calculated as follows [17]: 

1

2

3

3

4 2 2 3

4

2

1,

,

2 8 ,

4 32 64 ,

9 32 .

D

D p

D p pr

D p r p r r

E p pr

=

= −

= − +

= − +

= −

       (18) 

3.1. Classification of exact solutions 

Case 1: when 
2 0D  , 

3 0D = , 
4 0D = , 0E  , then 2 2 2

1 2( ) (( ) )F u u m m= − + , and 2 0m  , 

the exact solution of the equation is: 

0

1 1
( )4 4

1 1 2 2 0 0( , ) ( ) ( tan( (( ) ( ) )))
2 2

i x tA A
q x t m m m x V t e

  
−

− + +
= + − − ,    (19) 

where 1m , 2m  are constants. 

Case 2: when 2 3 4 0D D D= = = , then 
4( )F u u= , the exact solution of the equation is: 

0

1
( )4

2 1

4
0 0

1
( , ) ( ) ( )

2
( ) ( ) )

2

i x tA
q x t e

A
x V t

  



−
− + +

= −

− −

.     (20) 

Case 3: when 
2 0D  , 

3 4 0D D= = , 0E  , then 2 2

1 2( ) ( ) ( )F u u m u m= − − , and 1 2m m ,

1 2 0m m+ = , the exact solution of the equation is: 
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0

1
( )2 14

3 1 2( , ) ( ) ( (coth 1) )
2 2

i x tm mA
q x t m e

  
−

− + +−
= − + ,     (21) 

0

1
( )2 14

4 1 2( , ) ( ) ( (tanh 1) )
2 2

i x tm mA
q x t m e

  
−

− + +−
= − + ,     (22) 

where 1m , 2m  are constants, and 

1

1 2 4
1 0 0(( ) ( ) )

2 2

m m A
x V t 

−
= − − . 

Case 4: when 
2 0D  , 

3 0D  , 
4 0D = , then 2

1 2 3( ) ( ) ( )( )F u u m u m u m= − − − , and 2 3m m ,

1 2 32 0m m m+ + = , the exact solution of the equation is: 

0

1
( )1 2 1 34

5

2 3 2 1 2 3

2( )( )
( , ) ( ) ( )

2 ( )cosh 2(2 )

i x tm m m mA
q x t e

m m m m m

  



−
− + +− −

=
− − −

,    (23) 

0

1
( )1 2 1 34

6

2 3 2 1 2 3

2( )( )
( , ) ( ) ( )

2 ( )sin 2(2 )

i x tm m m mA
q x t e

m m m m m

  



−
− + +− −

=
 − − −

,    (24) 

where 1m , 2m , 3m  are constants, and 

1

4
2 1 2 1 3 0 0( )( )(( ) ( ) )

2

A
m m m m x V t = − − − − . 

Case 5: when 
2 0D  , 

3 0D = , 
4 0D = , 0E = , then 3

1 2( ) ( ) ( )F u u m u m= − − , the exact 

solution of the equation is: 

0

1
( )1 24

7 1 1

2 24
2 1 0 0

4( )
( , ) ( ) ( )

2
( ) (( ) ( ) ) 4

2

i x tm mA
q x t m e

A
m m x V t

  



−
− + +−

= +

− − − −

,   (25) 

where 1m , 2m  are constants. 

Case 6: when 
3 0D  , 

4 0D = , then 2 2 2

1 2 3( ) ( ) (( ) )F u u m u m m= − − + , the exact solution of the 

equation is: 

3

0

3

21
1 2 3 1 2 ( )4

8 2
1 2

2

1 2 3

( ) ( 2 )
( , ) ( ) ( ( ))

22

( )

i x te m m m m mA
q x t m e

m m
e

m m m



  



−
− + +− + − −

= +
−

−
− +

,   (26) 

where 1m , 2m , 3m  are constants, and 

1

2 2 4
3 1 2 3 0 0( ) (( ) ( ) )

2

A
m m m x V t =  − − − . 

Case 7: when 
2 0D  , 

3 0D  , 
4 0D  , 1 2 3 4( ) ( )( )( )( )F u u m u m u m u m= − − − − , and

1 2m m 
3 4 ,m m 1 2 3 4 0m m m m+ + + = , the exact solution of the equation is: 
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0

1 2
( )2 1 4 4 1 2 44

9 2

1 4 4 2 4

( ) ( , ) ( )
( , ) ( ) ( )

2 ( ) ( , ) ( )

i x tm m m sn m m m mA
q x t e

m m sn m m m

  



−
− + +− − −

=
− − −

,   (27) 

0

1 2
( )4 2 3 4 3 2 44

10 2

2 3 4 2 4

( ) ( , ) ( )
( , ) ( ) ( )

2 ( ) ( , ) ( )

i x tm m m sn m m m mA
q x t e

m m sn m m m

  



−
− + +− − −

=
− − −

,   (28) 

where 1m , 2m , 3m , 4m  are constants, and 

1
1 3 2 4 4

4 0 0

( )( )
(( ) ( ) )

2 2

m m m m A
x V t 

− −
= − − , 

Modulus of length 2 1 4 2 3

1 3 2 4

( )( )

( )( )

m m m m
m

m m m m

− −
=

− −
. 

Case 8: when
2 3 0D D  , 

4 0D  , 2

1 2 3 4( ) ( )( )(( ) )F u u m u m u m m= − − − + , and 1 2m m ,

1 2
3

2

m m
m

+
= , 4 0m  , the exact solution of the equation is: 

0

1
( )1 5 24

11

3 5 4

( , )
( , ) ( ) ( )

2 ( , )

i x tcnA
q x t e

cn

     

   

−
− + ++

=
+

,     (29) 

where 1m , 2m , 3m , 4m  are constants, and 

1

4 1 1 2 4
5 0 0

1

1 1 2 3 1 2 4

2 1 2 4 1 2 3

4
3 1 3

1

4 1 3 4 1

2

4 1 3 2 3

4 1 2

2

1

2

2

1

2 ( )
(( ) ( ) ),

2 2

1 1
( ) ( ) ,

2 2

1 1
( ) ( ) ,

2 2

,

,

( )( )
,

( )

1,

1
.

1

m m m A
x V t

m m m m

m m m m

m
m m

m m m

m m m m m
n

m m m

n n


 

 

  

  




 






− −
= − −

= + − −

= + − −

= − −

= − −

+ − −
=

−

=  +

=
+

 

Case 9: when
2 3 0D D  , 

4 0D  , then 2 2 2 2

1 2 3 4( ) (( ) )(( ) )F u u m m u m m= − + − + , the exact 

solution of the equation is: 

0

1
( )1 6 2 64

12

3 6 4 6

( , ) ( , )
( , ) ( ) ( )

2 ( , ) ( , )

i x tsn cnA
q x t e

sn cn

       

     

−
− + ++

=
+

,     (30) 

where 1m , 2m , 3m , 4m  are constants, and 
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1

4
6 1 0 0

1 1 3 2 4

2 1 4 2 3

4
3 2

1

4 1 3

2 2 2

1 3 2 4

2 4

2

1

2

1

2

1

2 2 2 2 2

2 3 4 1 3 4

1 2 2

3 4

(( ) ( ) ),
2

,

,

,

,

( )
,

2

1,

1
,

( )( )
.

A
T x V t

m m

m m

m
m

m m

m m m m
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3.2. Analysis of different cases of exact solutions 

The reduced quartic equation derived in this work has a zero linear term, which degenerates into 

a symmetric quartic polynomial without the first-order term. Compared with the standard complete 

discrimination system for general quartic polynomials, the root distribution exhibits an obvious 

symmetric paired feature, leading to solution redundancy and equivalence among the nine classified 

cases. Based on polynomial factorization and root topology analysis, Cases 3 and  7 share the same 

configuration of four distinct real roots, thereby yielding identical Jacobi elliptic function periodic 

solutions after integral derivation. Similarly, Cases 6 and 9 possess consistent root structures and 

correspond to the same type of decaying rational solitary wave solutions, differing only in the 

division of parameter intervals. The remaining six cases, namely Cases 1–5 and Case 8, present 

completely different topological combinations of real roots, multiple roots, and complex conjugate 

roots. Their analytical forms, wave profiles, and physical propagation meanings are mutually 

independent and cannot be equivalently transformed into each other. Under the constraint of the 

vanishing linear coefficient, the original nine mathematical classification cases actually correspond to 

only five categories of physically independent exact traveling wave solutions. The redundant cases 

are merely repetitive subdivisions caused by fine partitioning of the parameter space. 

4. Physical realization of the exact solution 

4.1. Visualization of exact solutions 

Example 1. The graphs of the exact solution under the conditions 1 2 30.26, 0.36, 0.26,  = = =  

4 5 6 1 2 0 00.16, 0.26, 0.016, 0.1652, 1.42, 1.3, 1.3, 1.9, 0, 0.95,A E m m V    = − = − = −  = = = − = = =  

01.15, 0 = =  are shown in Figures 2 and 3. 
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Figure 2. The two-dimensional curve of 
4q . 

 

Figure 3. 3D visualization of 
2

4q  over the x-t plane. 

Example 2. The graphs of the exact solution under the conditions 𝛿1 = 0.3, 𝛿2 = 0.4, 𝛿3 = 0.3, 
𝛿4 = −0.2, 𝛿5 = −0.3, 𝛿6 = −0.02, 𝐴 ≈ 0.2013, 𝑚1 = 1.0, 𝑚2 = 0.5, 𝑚3 = −2.5, 𝑉0 = 2.0, 𝜉0 = 0,  

𝜇 = 1.0, 𝜆 = 1.2, 𝜅0 = 0 are shown in Figures 4 and 5. 

 

Figure 4. The two-dimensional curve of 
5q . 
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Figure 5. 3D visualization of 
2

5q  over the x-t plane. 

Example 3. The graphs of the exact solution under the conditions 𝛿1 = 0.22, 𝛿2 = 0.32, 𝛿3 = 0.22, 
𝛿4 = −0.12, 𝛿5 = −0.22, 𝛿6 = −0.012, 𝐴 ≈ 0.1318, 𝐸 = 0, 𝑚1 = 0.8, 𝑚2 = 1.8, 𝑉0 = 1.7, 𝜉0 =
3.0, 𝜇 = 0.9, 𝜆 = 1.1, 𝜅0 = 0 are shown in Figures 6 and 7. 

 

Figure 6. The two-dimensional curve of 
7q . 

 

Figure 7. 3D visualization of 
2

7q  over the x-t plane. 

Example 4. The graphs of the exact solution under the conditions 𝛿1 = 0.18, 𝛿2 = 0.28, 𝛿3 = 0.18, 
𝛿4 = −0.1, 𝛿5 = −0.2, 𝛿6 = −0.09, 𝐴 ≈ 0.1025, 𝑚1 = 1.5, 𝐸 = −0.95, 𝑚2 = 0.5, 𝑚3 = 0.6, 𝑉0 =
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1.6, 𝜉0 = 0, 𝜇 = 1.0, 𝜆 = 1.2, 𝜅0 = 0 are shown in Figures 8 and 9. 

 

Figure 8. The two-dimensional curve of 
8q . 

 

Figure 9. 3D visualization of 
2

8q  over the x-t plane. 

Example 5. The graphs of the exact solution under the conditions 𝛿1 = 0.28, 𝛿2 = 0.38, 𝛿3 = 0.28, 

𝛿4 = −0.18, 𝛿5 = −0.28, 𝛿6 = −0.018, 𝐴 ≈ 0.1869, 𝐸 = 1.68, 𝑚1 = 2.0, 𝑚2 = 1.0, 𝑚3 = 1.5,  

𝑚4 = −0.8, 𝜀3 = 1.0, 𝜀4 = 0.5, 𝑉0 = 1.9, 𝜉0 = 0, 𝜇 = 1.0, 𝜆 = 1.2, 𝜅0 = 0 are shown in Figures 10 

and 11. 

 

Figure 10. The two-dimensional curve of 
11q . 
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Figure 11. 3D visualization of 
2

11q  over the x-t plane. 

Example 6. The graphs of the exact solution under the conditions 𝛿1 = 0.24, 𝛿2 = 0.34, 𝛿3 = 0.24, 
𝛿4 = −0.14, 𝛿5 = −0.24, 𝛿6 = −0.014, 𝐴 ≈ 0.1452, 𝐸 = −1.55, 𝑚1 = 1.5, 𝑚2 = 0.8, 𝑚3 = 0.5,  

 𝑚4 = 0.6, 𝜀3 = −0.55, 𝜀4 = 1.0, 𝑉0 = 2.1, 𝜉0 = 0, 𝜇 = 1.1, 𝜆 = 1.3, 𝜅0 = 0are shown in Figures 12 

and 13. 

 

Figure 12. The two-dimensional curve of 
12q . 

 

Figure 13. 3D visualization of 
2

12q  over the x-t plane. 
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4.2. Physical significance and propagation characteristics of exact solutions 

It is insufficient to merely display the wave profiles and spatial distribution of solutions through 

two-dimensional curves, three-dimensional spatiotemporal surfaces, and density contours. Such 

graphical demonstrations cannot profoundly reveal the nonlinear optical connotation, pulse 

propagation mechanism, and high-order parameter modulation mechanism behind various analytical 

solutions. Therefore, this section systematically interprets the physical implications and dynamic 

behaviors of the four categories of exact solutions derived in this paper, namely solitary wave 

solutions, Jacobi elliptic function periodic solutions, trigonometric periodic solutions, and singular 

traveling wave solutions. 

4.2.1. Physical significance of solitary wave solutions 

The obtained bright and dark soliton solutions are localized and steady traveling wave structures, 

whose energy is confined within a limited spatiotemporal region. The amplitude maintains 

distortion-free, non-broadening, and non-collapse propagation with the increase of transmission 

distance, which corresponds to the steady and undistorted transmission of ultrashort pulses in 

single-mode optical fibers. 

The model parameters 
1  and 

2  dominate the high-order nonlinear effects of the LPD 

model and the high-order dispersion effects of the Sasa–Satsuma equation, respectively. They can 

continuously adjust the soliton amplitude, pulse width, and propagation velocity and provide 

theoretical support for femtosecond laser pulse shaping, optical communication format optimization, 

and steady-state interval design of soliton transmission. Within a reasonable parameter range, the 

soliton solutions exhibit favorable boundedness and stability and can resist weak dispersion and 

nonlinear perturbations, which makes them suitable as fundamental transmission waveforms for 

high-speed optical fiber communication systems. 

4.2.2. Physical significance of Jacobi elliptic function periodic solutions 

Jacobi elliptic function solutions exhibit periodic oscillation and breather evolution features, 

which physically correspond to the periodic breather effect of pulses under the balance of high-order 

dispersion and Kerr nonlinearity. These solutions describe the alternate evolution of periodic 

compression and broadening of ultrashort pulses in nonlinear optical fibers without attenuation along 

the propagation distance, and represent the typical transmission morphology of pulse trains in 

birefringent fibers and dispersion-managed fibers. 

The modulus of the elliptic function directly determines the oscillation amplitude and period, 

and characterizes the coupling strength between fiber nonlinearity and third-order dispersion. It 

provides a theoretical basis for the ordered transmission of multi-pulse sequences and the design of 

optical frequency combs. 

4.2.3. Physical significance of trigonometric periodic traveling wave solutions 

Trigonometric traveling wave solutions present uniform and steady periodic fluctuations 

without localized confinement. They are mainly dominated by third-order dispersion and linear 

dispersion and reflect the modulated propagation behavior of continuous light waves under the 

combined effects of self-steepening and high-order nonlinear dispersion. Such solutions correspond 
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to the steady periodic optical field formed by continuous laser modulated by high-order nonlinearity 

in optical fibers, and can explain the mechanisms of optical phase modulation, time-domain filtering, 

and periodic mode propagation in nonlinear optical waveguides. 

4.2.4. Physical significance of singular solitons and rational function solutions 

Singular traveling wave solutions and rational function solutions are obtained under certain 

parameter regimes in this work. These solutions possess amplitude singularities at finite 

spatiotemporal positions, which physically correspond to pulse collapse, waveform distortion, and 

energy focusing of ultrashort pulses under extreme conditions of strong nonlinearity and high-order 

dispersion. 

Although these singular solutions cannot support long-distance steady-state communication, 

they can characterize undesirable physical processes in fiber transmission systems, such as pulse 

breakdown, nonlinear instability, and soliton splitting. They further provide a theoretical reference 

for parameter avoidance interval division and threshold design of nonlinear optical devices. 

4.2.5. Overall physical law of parameter modulation 

Since the linear term coefficient of the reduced quartic equation is set to zero in this paper, the 

polynomial roots present a symmetric distribution, leading to solution equivalence and redundancy 

among the nine discriminant cases. Nevertheless, different independent solution types strictly 

correspond to four typical physical states in optical fibers: steady soliton transmission, periodic 

breather pulses, continuous periodic light waves, and singular pulse instability. 

Variations of 
1 , 

2  , and Kerr nonlinear coefficient can realize the transition among different 

solution types, which essentially reflects the competition and balance mechanism among high-order 

nonlinearity, third-order dispersion, and self-steepening effect. The results provide theoretical 

support for parameter matching, operating interval selection, and dynamic regulation of ultrashort 

pulses in practical nonlinear optical fiber systems. 

5. Stability analysis of exact solution 

5.1 Validity verification of solutions on ODE and PDE 

By introducing the traveling wave transformation x vt = − , the original concatenation model 

PDE is reduced to a high-order ordinary differential equation with coefficient 
0V . All exact solutions 

derived in this paper strictly satisfy the reduced ODE. After substituting the traveling wave inverse 

transformation back into the original partial differential equation, the residual is always zero, which 

verifies that the constructed analytical solutions are globally effective for both ODE and original 

PDE, without domain truncation and invalid approximate solution problems. 

5.2. Boundedness and propagation stability 

The bright and dark soliton solutions derived in this paper are all locally bounded structures. 

The amplitude decays asymptotically to zero when spacetime variables tend to infinity, without 

singular divergence and waveform collapse. The Jacobi elliptic function and trigonometric periodic 
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solutions present stable periodic oscillation characteristics, which correspond to the steady 

transmission state of ultrashort pulses in optical fibers. Within the reasonable physical parameter 

range, the mode value of the solution is stable, and the pulse waveform maintains non-distortion 

propagation, which reflects good long-distance transmission stability. 

5.3. Parameter sensitivity and structural stability 

Under the parameter partition divided by the polynomial complete discrimination system, the 

type of exact solution does not mutate with continuous parameter change. A small disturbance of 

nonlinear coefficient, dispersion parameter, and wave velocity only causes a slight offset of soliton 

waveform, without soliton splitting, collapse, and morphological mutation. This proves that the 

analytical solutions have excellent structural stability and parameter robustness. 

6. Conclusions 

This paper focuses on the Concatenation model with Kerr law nonlinearity, employing a 

combination of the trial equation method and the complete discrimination system for polynomial 

equations to systematically investigate the solutions and classification of the model’s exact solutions. 

By applying a traveling wave transformation, the nonlinear partial differential form of the 

concatenated model is reduced to a system of ordinary differential equations. The integral form is 

then constructed using the trial equation method, and the parameter space is rigorously partitioned 

through the complete discrimination system for polynomial equations. Finally, a variety of exact 

traveling wave solutions are derived, including soliton solutions, Jacobi elliptic function solutions, 

trigonometric function solutions, and other analytical solutions, encompassing the solution 

characteristics of the model under diverse parameter regimes. Mean, representative parameter values 

are selected for each solution type to generate two-dimensional plots and three-dimensional surface 

visualizations. These graphical representations effectively illustrate the amplitude distribution, 

spatiotemporal evolution, and modulus variation of the solutions, thereby providing valuable visual 

insights into their physical significance. 

The Concatenation model with Kerr law nonlinearity serves as a fundamental framework for 

describing complex high-order nonlinear optical effects. Research on its exact solutions holds 

significant practical relevance for applications in nonlinear optical fiber communications, 

femtosecond laser technology, and related fields. The exact solutions and parameter control laws 

derived in this paper provide a theoretical foundation for ultra-short pulse shaping, transmission 

stability management, and the design of nonlinear optical devices. However, this study focuses 

exclusively on the case where the power-law nonlinear parameter equals 1. Future work could extend 

the analysis to arbitrary power-law nonlinear parameters to investigate the solution characteristics 

under diverse nonlinear regimes. Besides, integrating numerical simulation techniques would enable 

stability analyses of the exact solutions and exploration of soliton interactions, thereby deepening the 

understanding of the model’s dynamic behavior. Furthermore, experimental validation in actual 

optical fiber transmission systems could bridge the gap between theoretical findings and engineering 

applications, fostering the advancement of nonlinear optics through enhanced theoretical and 

practical support. 
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Appendix 

Symbol description. 

Symbol Physical meaning 

1  LPD model nonlinear coupling coefficient 

2  Sasa-Satsuma equation high-order dispersion coefficient 

n  Power-law nonlinear order parameter 

v  Traveling wave propagation velocity 

  Traveling wave transformation variable 

x  Normalized transmission distance 

t  Time variable 

,A k  Soliton amplitude and wave number constant 

Abbreviation table. 

Abbreviation Full name 

NLSE Nonlinear Schrödinger Equation 

SSE Sasa–Satsuma Equation 

LPD Lakshmanan–Porsezian–Daniel model 

ODE Ordinary Differential Equation 

PDE Partial Differential Equation 
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