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1. Introduction

Exogenous inputs are unavoidable in any dynamic system or control framework, as no system is
entirely isolated from external factors. In particular, the presence of bounded exogenous input (BEI)
prevents the state trajectories from converging to zero. Instead, the states tend to remain within a
bounded region after a sufficiently long time. In control terminology, this stability is known as practical
stability (PS), which stands in contrast to classical notions such as asymptotic or exponential stability,
where convergence to the equilibrium point is required. As a result, PS has attracted considerable
research interest, leading to thorough studies across diverse types of delay-free dynamic systems.
For instance, the PS issue of hybrid and switched systems is addressed in [1]. The researchers
in [2] examined the global uniform practical exponential stability (GUPES) of nonlinear time-varying
cascaded systems. In [3], the authors studied the practical exponential stability (PES) of switched
positive systems with nonlinear homogeneous dynamics, including cases with partially unstable modes
and exogenous input. An improved max-separable Lyapunov function was proposed in [4], leading to
enhanced results compared with those reported in [3].

The stability of dynamic systems is often affected not only by exogenous inputs but also by
the presence of time delays (TDs). Therefore, investigating PS in TD systems becomes critically
important. The GUPES problem for general nonlinear non autonomous delay differential equations
was studied in [5]. The authors of [6] investigated µ-PS for a category of nonlinear dynamic
systems subject to multiple delays and BEI. The authors in [7] examined PES analysis and controller
design for conformable fractional-order linear systems with TD. The issue of PS analysis for
stochastic differential delay equations is treated in [8]. On the other hand, the ability of the Takagi-
Sugeno fuzzy (TA-SUF) model to approximate complex nonlinear dynamics via piecewise linear
representations makes it widely applicable to TD control systems. By employing an Nth-order affine
integral inequality combined with a newly proposed Lyapunov-Krasovskii functional, the authors
in [9] investigated the asymptotic stability and stabilization of TA-SUF model with time-varying delay.
Zhang et al. [10] explored PS for a class of nonlinear TD systems described by TA-SUF models. The
authors used an improved Jensen’s inequality to derive less conservative stability conditions.

Notably, the polynomial fuzzy (PF) modeling and control approach extends the traditional
TA-SUF model and offers improved capabilities for representing nonlinear control systems.
Indeed, incorporating polynomial nonlinear terms allows us to streamline the model’s
structure and significantly reduce the number of fuzzy rules, which in turn eases the complexity of the
analysis [11,12]. The key distinction between PF models and TA-SUF models lies in the nature of their
local submodels. While TA-SUF models use linear submodels, PF models use polynomial expressions
to capture the local dynamics. Given this aforementioned propriety, the linear matrix inequality (LMI)
approach is unsuitable. As an alternative, the sum-of-squares (SOS) approach is taken, which provides
a computationally effective framework for analyzing and controlling such models. Asymptotic stability
has been extensively studied in the literature for delay-free and delayed nonlinear systems represented
by PF models. The SOS method serves as a fundamental tool for deriving stability conditions and
designing various types of stabilizing controllers, including memory control [13], tracking control
using static output feedback [14] and event-triggered control [15, 16]. In our recent work [17], we
examined the stabilization under finite-time boundedness of PF models with TD. Significantly, our
review indicates that the PES of delayed PF models represents an unexplored research area.
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Guided by the preceding discussion, in this work, we investigate the PES of a class of polynomial
fuzzy time-delay (PFTD) models with BEI. The key contributions of this study are as follows.

• Utilizing the Lyapunov method and SOS approach, this study marks the first effort to investigate
the PES of a class of PFTD models. Not only has this class of PFTD models not been investigated
in this context before, but, to the best of our knowledge, even the corresponding particular case
of TA-SUF models with TD systems under an LMI framework has not been addressed in this
setting. This work therefore goes beyond classical TA-SUF formulations and considers the more
general PF framework, which leads to a more challenging problem due to its higher nonlinear
representation capability. This choice enables us to leverage the advantages of PF modeling,
particularly for reducing the number of fuzzy rules required to represent complex nonlinear
systems while improving modeling flexibility.

• An observer is used to ensure the PES of the augmented system, both when all states are
measurable and when only a subset is available.

• Recent advances that introduce relaxed conditions for parameterized LMI expressed through a
double-sum structure are applied here to the SOS framework for the first time.

• In the absence of BEI, novel SOS conditions are developed to secure the exponential stability (ES)
for the considered class of PFTD models using observer-based (OB) control.

Section 2 presents the necessary preliminaries related to the SOS approach, and the system model,
which includes a class of PFTD models together with an OB control. This section also states the
main objective of the paper, which consists of ensuring the PES of the augmented system formed by
the estimated state and the state estimation error. Section 3 presents the design conditions based on
the SOS approach. Initially, sufficient bilinear polynomial matrix inequalities (PMI) conditions are
obtained via the Lyapunov method. These conditions are then reformulated into linear PMI using a
singular value decomposition (SVD) decoupling technique. Ultimately, an algorithmic description of
the OB controller design process is given. In Section 4, our theoretical results are validated through a
numerical example. In Section 5, the main conclusions drawn from the study are presented. Several
avenues for future work are also suggested.

Notations. The following notations are adopted for i, j, v1, v2 ∈ N, and φ ∈ R>0.

• Ri (Ri× j) denotes the set of vectors of dimension i (matrices of size i × j).

• For ϑ ∈ Rv1 , we define ∥ϑ∥ :=
√
ϑTϑ, P(ϑ) and P≥0(ϑ) as the sets of polynomials and non-negative

polynomials that are strictly positive for ϑ , 0, respectively; Pi× j(ϑ) as the set of i × j matrices
with polynomial entries in ϑ.

• ℘i,φ refers to the Banach space consisting of continuous functions mapping [−φ, 0] to Ri. For
d(t) ∈ ℘i,φ, ∥d∥s = sup−φ≤t≤0∥d(t)∥.

• Ii× j and 0i× j denote the i × j identity matrix and the i × j zero matrix, respectively.

• For M ∈ Ri×i, we use M ≺ 0 (M ≻ 0) to indicate that M is negative (positive) definite. The
symbols λmax(M) and λmin(M) denote the maximum and minimum eigenvalues of M, respectively.
Finally, Sys(M) is defined as M + MT .
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• Ii and Si×i denote the integer set {1, . . . , i} and the field of i× i symmetrical matrices, respectively.

• For ϑ1 ∈ R
v1 and ϑ2 ∈ R

v1 , Σ(ϑ1) denotes the set of SOS in ϑ1; ϑ1 , ϑ2 means that ϑ1 and ϑ2 are
independent.

• The symbol † denotes, when applicable, a symmetric block element.

2. Foundational concepts and problem statement

Consider the nonlinear TD system defined by the following state-space representation:
ϑ̇(t) = q̃1(ϑ(t))ϑ(t) + q̃2(ϑ(t))ϑ(t − φ) + q̃3(ϑ(t))r(t) + ∆(t, ϑ(t)),
η(t) = Θϑ(t),
ϑ(t) = d(t), t ∈ [−φ, 0],

(2.1)

where ϑ(t), ϑ(t − φ), and d(t) ∈ Rv1 are the state, the state delay, and the initial condition vectors,
respectively; r(t) ∈ Rv2 is the control input vector; η(t) ∈ Rv3 is the measured output vector; φ ∈ R>0 is
the TD; q̃1(ϑ(t)), q̃2(ϑ(t)), and q̃3(ϑ(t)) are matrices whose entries are nonlinear functions of ϑ(t), with
an appropriate size; ∆(t, ϑ(t)) ∈ Rv1 is an unknown BEI, satisfying

∥∆(t, ϑ(t))∥ ≤ ν, (2.2)

and Θ ∈ Rv3×v1 such that

rank(Θ) = v3 ≤ v1. (2.3)

Using the SVD technique, it follows from (2.3) that Θ1 ∈ R
v3×v3 and Θ2 ∈ R

v1×v1 exist such that

ΘT
1Θ1 = Iv3×v3 , Θ

T
2Θ2 = Iv1×v1 , Θ = Θ1

[
M 0v3×(v1−v3)

]
Θ2, (2.4)

whereM ∈ Rv3×v3 is diagonal.
Depending on modeling requirements, the system in (2.1) can be expressed through different classes

of PFTD models with BE. In our work, we assume that system in (2.1) can be modeled by the following
class of PFTD model with BE:

Rule ı: If ε1(t) is Eı1, . . . , and ε f (t) is Eı f , then
ϑ̇(t) = q1ı(ζ(t))ϑ(t) + q2ı(ζ(t))ϑ(t − φ) + q3ı(ζ(t))r(t) + ∆(t, ϑ(t)),
η(t) = Θϑ(t),
ϑ(t) = d(t), t ∈ [−φ, 0],

(2.5)

where {εj(t), Eı ȷ} is defined for j ∈ I f and ı ∈ In following standard fuzzy system formulation in which
εj(t) is measurable; q1ı(ζ(t)), q2ı(ζ(t)) ∈ Pv1×v1(ζ(t)), and q3ı(ζ(t)) ∈ Pv1×v2(ζ(t)), in which ζ(t) ∈ Rw is a
measurable vector that may comprise η(t), t, and any other measurable external variables.

Let ε(t) =
[
ε1(t) . . . ε f (t)

]
. The global representation of the model is

ϑ̇(t) =
n∑
ı=1

ρı(ε(t)){q1ı(ζ(t))ϑ(t) + q2ı(ζ(t))ϑ(t − φ) + q3ı(ζ(t))r(t) + ∆(t, ϑ(t))},

η(t) = Θϑ(t),
ϑ(t) = d(t), t ∈ [−φ, 0],

(2.6)
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where ρı(ε(t)) is the membership function normalized such that

0 ≤ ρı(ε(t)) ≤ 1,
n∑
ı=1

ρı(ε(t)) = 1. (2.7)

Consider an observer that has the same rules as the PFTD model (2.5). Its overall output is defined as
follows:

˙̂ϑ(t) =
n∑
ı=1

ρı(ε(t)){q1ı(ζ(t))ϑ̂(t) + q3ı(ζ(t))r(t) + q2ı(ζ(t))ϑ̂(t − φ) + Mı(ζ(t), ϑ̂(t))η̃(t)},

η̃(t) = η(t) − η̂(t),
η̂(t) = Θϑ̂(t),
ϑ̂(t) = d̂(t), t ∈ [−φ, 0],

(2.8)

where ϑ̂(t), ϑ̂(t − φ), and η̂(t) represent the estimates of ϑ(t), ϑ(t − φ), and η(t), respectively; d̂(t) and
Mı(ζ(t), ϑ̂(t)) are the initial condition and the polynomial gains of the observer, respectively.

On the basis of the observer’s output ϑ̂(t), we consider the overall output of a PF controller that
employs the same rules as the the model (2.5), formulated as follows:

r(t) =
n∑
ı=1

ρı(ε(t))Nı(ζ(t), ϑ̂(t))ϑ̂(t), (2.9)

where Nı(ζ(t) and ϑ̂(t)) are its gains.
Hereafter, for simplicity, we omit the time argument t in the variables ζ(t), ϑ(t), ϑ̂(t), r(t), d(t), d̂(t),

η(t), η̂(t), and η̃(t); ϑ(t − φ) is denoted by ϑφ, ϑ̂(t − φ) by ϑ̂φ, and ρı(ε(t)) by ρı.
Let ϑ̃ = ϑ − ϑ̂, ϑ̃φ = ϑφ − ϑ̂φ, and d̃ = d − d̂.
By substituting the controller in (2.9) into the system in (2.8), we obtain

˙̂ϑ =
n∑
ı=1

ρıρ ȷ{(q1ı(ζ) + q3ı(ζ)N ȷ(ζ, ϑ̂))ϑ̂ + q2ı(ζ)ϑ̂φ + Mı(ζ, ϑ̂)Θϑ̃}. (2.10)

Furthermore, it follows from (2.6) and (2.8) that the dynamics of the estimation error can be expressed
as follows:

˙̃ϑ =
n∑
ı=1

ρı{(q1ı(ζ) − Mı(ζ, ϑ̂)Θ)ϑ̃ + q2ı(ζ)ϑ̃φ + ∆(t, ϑ(t))}. (2.11)

On the basis of (2.10) and (2.11), we then obtain χ̇ =
n∑
ı=1

n∑
ȷ=1

ρıρ ȷ{Aı ȷ(ζ, ϑ̂)χ + Bı(ζ)χφ} + ∆̃(t, ϑ(t)),

χ = D, t ∈ [−φ, 0],
(2.12)

where

χ =

[
ϑ̂

ϑ̃

]
, χφ =

[
ϑ̂φ
ϑ̃φ

]
, Aı ȷ(ζ, ϑ̂) =

[
q1ı(ζ) + q3ı(ζ)N ȷ(ζ, ϑ̂) Mı(ζ, ϑ̂)Θ

0 q1ı(ζ) − Mı(ζ, ϑ̂)Θ

]
,

Bı(ζ) =
[

q2ı(ζ) 0
0 q2ı(ζ)

]
, ∆̃(t, ϑ(t)) =

[
0

∆(t, ϑ(t))

]
, D =

[
d̂
d̃

]
.
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Definition 2.1. [3] The PES of the system in (2.12) is ensured with a rate σ and a radius δ if a, σ,
and δ ∈ R>0 exist such that all solutions χ meet the following requirement:

∥χ∥ ≤ a∥D∥se−σt + δ, ∀t ∈ R>0. (2.13)

Remark 2.1. Definition 2.1 reduces to the classical exponential stability definition [18] when δ = 0
and to the practical stability definition [6] when a = 0.

The following provides the essential preliminaries on SOS. SOSTOOLS [19], in conjunction with
semidefinite programming solvers like SeDuMi [20], is used to formulate and solve SOS problems
symbolically.

Definition 2.2. [21] Let ϑ ∈ Rv. p(ϑ) ∈ Σ(ϑ), if p1(ϑ), . . . , pn(ϑ) ∈ P(ϑ) exist such that

p(ϑ) =
n∑
ı=1

p2
ı (ϑ). (2.14)

It is clear that p(ϑ) ∈ Σ(ϑ) implies p(ϑ) ≥ 0.

Lemma 2.1. [21] Consider ϑ1 ∈ R
v1 and ϑ2 ∈ R

v2 such that ϑ1 , ϑ2. For a given p(ϑ1) ∈ P≥0(ϑ1), if
P(ϑ1) ∈ Pv2×v2(ϑ1) satisfies

ϑT
2 (P(ϑ1) − p(ϑ1)Iv2×v2)ϑ2 ∈ Σ(ϑ1, ϑ2), (2.15)

then P(ϑ1) ≻ 0.

Lemma 2.2. Let ϑ ∈ Rv, Ψı ȷ(ϑ) ∈ Pw×w(ϑ) such that Ψı ȷ(ϑ) = Ψı ȷ(ϑ)T for all (ı, ȷ) ∈ In × In. If

Ψıı(ϑ) +
1
2

n∑
ȷ=1, ȷ<ı

ξ ȷ(Ψı ȷ(ϑ) + Ψ ȷı(ϑ)) +
1
2

n∑
ȷ=1, ȷ>ı

ξ ȷ−1(Ψı ȷ(ϑ) + Ψ ȷı(ϑ)) ≺ 0, (2.16)

∀ı ∈ In and ∀(ξ1, . . . , ξn−1) ∈ {0, 1} × · · · × {0, 1}︸                 ︷︷                 ︸
(n−1)-times

. One then has

n∑
ı=1

n∑
ȷ=1

ρıρ ȷΨı ȷ(ϑ) ≺ 0, (2.17)

for ρı satisfying (2.7).

Proof. The proof proceeds in the same manner as that given in [22], based on the convexity property
of ρı. Here, Ψı ȷ(ϑ) is a polynomial matrix instead of the constant matrix considered in [22], which does
not influence the proof.

The central purpose of the next section is to establish sufficient SOS constraints for the design
of both the PF observer and controller gains. These conditions aim to ensure the PES of the
system in (2.12).
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3. Design via SOS conditions

Theorem 3.1. For given σ ∈ R>0, suppose that β ∈ R, K ,L ∈ S2v1×2v1 , Mı(ζ, ϑ̂) ∈ Pv1×v3(ζ, ϑ̂) and
N ȷ(ζ, ϑ̂) ∈ Pv2×v1(ζ, ϑ̂) exist such that

β > 0, K ≻ 0, L ≻ 0, (3.1)

Ψıı(ζ, ϑ̂) +
1
2

n∑
ȷ=1, ȷ<ı

ξ ȷ(Ψı ȷ(ζ, ϑ̂) + Ψ ȷı(ζ, ϑ̂)) +
1
2

n∑
ȷ=1, ȷ>ı

ξ ȷ−1(Ψı ȷ(ζ, ϑ̂) + Ψ ȷı(ζ, ϑ̂)) ≺ 0,

∀ı ∈ In and ∀(ξ1, . . . , ξn−1) ∈ {0, 1} × · · · × {0, 1}︸                 ︷︷                 ︸
(n−1)-times

, (3.2)

where

Ψı ȷ(ζ, ϑ̂) =
[

Sys(KAı ȷ(ζ, ϑ̂) + σK) +L + βKK KBı(ζ)
† −e−2σφL

]
.

The PES of the system in (2.12) is the ensured with rate σ and radius δ = ν√
2σβλm

, where

λm = λmin(K).

Proof. Let us consider the Lyapunov-Krasovskii functional defined as follows:

F (t) = F1(t) + F2(t), (3.3)

where

F1(t) = χTKχ, F2(t) =
∫ t+φ

t
e2σ(s−t−φ)χT (s − φ)Lχ(s − φ)ds. (3.4)

We have

Ḟ1(t) = 2χTK χ̇ = 2χTK
( n∑
ı=1

n∑
ȷ=1

ρıρ ȷ{Aı ȷ(ζ, ϑ̂)χ + Bı(ζ)χφ} + ∆̃(t, ϑ(t))
)
, (3.5)

Ḟ2(t) =
(
χTLχ − e−2σφχT

φLχφ − 2σ
∫ t+φ

t
e2σ(s−t−φ)χT (s − φ)Lχ(s − φ)ds

)
≤ χTLχ − e−2σφχT

φLχφ − 2σF2. (3.6)

For any positive scalar β, and in light of (2.2), it follows that

2χTK∆̃(t, ϑ(t)) ≤ βχTKKχ +
ν2

β
. (3.7)

From the combination of (3.5)–(3.7), we derive

Ḟ (t) + 2σF (t) ≤
n∑
ı=1

n∑
ȷ=1

ρıρ ȷχ̃
TΨı ȷ(ζ, ϑ̂)χ̃ +

ν2

β
,
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where χ̃ =
[
χ

χφ

]
.

In light of Lemma 2.2, the conditions in (3.2) lead to

Ḟ (t) ≤ −2σF (t) +
ν2

β
.

Let

G(t) = F (t) −
ν2

2σβ
. (3.8)

We then get

Ġ(t) ≤ −2σG(t), (3.9)

which implies that

Ḣ(t) ≤ 0, (3.10)

whereH(t) = e2σtG(t).
By integrating (3.10) over

[
0 t

]
, we get

G(t) ≤ G(0)e−2σt. (3.11)

Therefore, we obtain

F (t) ≤ F (0)e−2σt + (1 − e−2σt)
ν2

2σβ
≤ F (0)e−2σt +

ν2

2σβ
. (3.12)

In view of (3.3), we get

F (t) ≥ λm∥χ∥, (3.13)

and

F (t) = χ(0)TKχ(0) +
∫ φ

0
e2σ(s−φ)χT (s − φ)Lχ(s − φ)ds ≤ λM∥D∥2s , (3.14)

where λM = λmax(K) + λmax(L)
2σ (1 − e−2σφ).

The combination of (3.12)–(3.14) yields

∥χ∥2 ≤
λM

λm
e−2σt∥D∥2s + δ

2, (3.15)

which implies that

∥χ∥ ≤

√
λM

λm
e−σt∥D∥s + δ. (3.16)

Therefore, the system in (2.12) is PES with a rate σ and a radius δ.
It can be observed that the conditions in (3.2) consist of polynomial matrix inequalities where

the polynomial gains associated with the OB controller, Mı(ζ, ϑ̂) and Nı(ζ, ϑ̂), are coupled with the
Lyapunov-Krasovskii matrices K and L. In the next theorem, we propose a reformulation that
decouples these variables by transforming the bilinear PMI into a linear PMI, which are more suitable
for numerical handling using SOSTOOLS.
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Theorem 3.2. For given σ ∈ R>0, suppose that β ∈ R, P1, X1, X2 ∈ S
v1×v1 , P211 ∈ S

v3×v3 , P222 ∈

S(v1−v3)×(v1−v3), M̃ı(ζ, ϑ̂) ∈ Pv1×v3(ζ, ϑ̂), and Ñ ȷ(ζ, ϑ̂) ∈ Pv2×v1(ζ, ϑ̂) exist such that

β > 0, P1 ≻ 0, P211 ≻ 0, P222 ≻ 0, X1 ≻ 0, X2 ≻ 0, (3.17)
𭟋ıı(ζ, ϑ̂) ≺ 0, ∀ı ∈ In and ∀(ξ1, . . . , ξn−1) ∈ {0, 1} × · · · × {0, 1}︸                 ︷︷                 ︸

(n−1)-times

. (3.18)

Within this theorem, we have

𭟋ıı(ζ, ϑ̂) = Λıı(ζ, ϑ̂) +
1
2

n∑
ȷ=1, ȷ<ı

ξ ȷ(Λı ȷ(ζ, ϑ̂) + Λ ȷı(ζ, ϑ̂)) +
1
2

n∑
ȷ=1, ȷ>ı

ξ ȷ−1(Λı ȷ(ζ, ϑ̂) + Λ ȷı(ζ, ϑ̂)), (3.19)

where

Λı ȷ(ζ, ϑ̂) =


Λ1ı ȷ(ζ, ϑ̂) M̃ı(ζ, ϑ̂)Θ q2ı(ζ)P1 0
† Λ2ı(ζ, ϑ̂) 0 q2ı(ζ)P2

† † −e−2σφX1 0
† † † −e−2σφX2

 ,
in which

Λ1ı ȷ(ζ, ϑ̂) = Sys
(
q1ı(ζ)P1 + q3ı(ζ)Ñ ȷ(ζ, ϑ̂) + σP1

)
+ X1 + βIv1×v1 ,

Λ2ı(ζ, ϑ̂) = Sys
(
q1ı(ζ)P2 − M̃ı(ζ, ϑ̂)Θ + σP2

)
+ X2 + βIv1×v1 ,

with

P2 = Θ
T
2

[
P211 0v1×(v1−v3)

† P222

]
Θ2. (3.20)

Thus, conditions (3.1) and (3.2) in Theorem 3.1 are satisfied for

Nı(ζ, ϑ̂) = Ñı(ζ, ϑ̂)P−1
1 , Mı(ζ, ϑ̂) = M̃ı(ζ, ϑ̂)Θ1MP−1

211M
−1ΘT

1 , (3.21)
K = P−1, L = P−1XP−1, (3.22)

with

P =

[
P1 0v1×v1

† P2

]
, X =

[
X1 0v1×v1

† X2

]
. (3.23)

Proof. On the one hand, condition (3.17) evidently leads to condition (3.1).
On the other side, from (2.4), (3.20), and (3.21), we obtain

M̃ı(ζ, ϑ̂)Θ = Mı(ζ, ϑ̂)Θ1MP211M
−1ΘT

1Θ1

[
M 0v3×(v1−v3)

]
Θ2

= Mı(ζ, ϑ̂)Θ1

[
MP211 0v3×(v1−v3)

]
Θ2

= Mı(ζ, ϑ̂)Θ1

[
M 0v3×(v1−v3)

]
Θ2Θ

T
2

[
P211 0v1×(v1−v3)

† P222

]
Θ2 = Mı(ζ, ϑ̂)ΘP2,
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Ñı(ζ, ϑ̂) = Nı(ζ, ϑ̂)P1. (3.24)

According to the form of P and X in (3.23), Λı ȷ(ζ, ϑ̂) can be reformulated as

Λı ȷ(ζ, ϑ̂) =
[

Sys(Aı ȷ(ζ, ϑ̂)P + σP) + X + βI2v1×2v1 Bı(ζ)P
† −e−2σφX

]
. (3.25)

Thus

Ψı ȷ(ζ, ϑ̂) = diag(P−1, P−1)Λı ȷ(ζ, ϑ̂)diag(P−1, P−1). (3.26)

It follows from (3.26) that condition (3.18) implies condition (3.2).
Algorithm 3.1. Step 1: Using the sector-nonlinearity method [23] and its Taylor series-based
extension developed for polynomial case in [24], the nonlinear TD system (2.1) can be exactly
transformed into the PFTD model (2.6).
Step 2: Let σ ∈ R>0, {ϖk ∈ R>0 for k ∈ I6, ϖ7ıı(ζ, ϑ̂) ∈ P≥0(ζ, ϑ̂) for ı ∈ In} and the independent
vectors {ζ ∈ Rw, ϑ̂ ∈ Rv1 , ς1 ∈ R

1, ς2 ∈ R
v1 , ς3 ∈ R

v3 , ς4 ∈ R
v1−v3 , and ς5 ∈ R

4v1} be given.
Find β ∈ R, P1, X1, X2 ∈ S

v1×v1 , P211 ∈ S
v3×v3 , P222 ∈ S

(v1−v3)×(v1−v3), Mı(ζ, ϑ̂) ∈ Pv1×v3(ζ, ϑ̂), and
N ȷ(ζ, ϑ̂) ∈ Pv2×v1(ζ, ϑ̂) for (ı, ȷ) ∈ In × In such that

ς1(β −ϖ1)ς1 ∈ Σ(ς1), ςT
2 (P1 −ϖ2Iv1×v1)ς2 ∈ Σ(ς2), ςT

2 (X1 −ϖ3Iv1×v1)ς2 ∈ Σ(ς2),

ςT
2 (X2 −ϖ4Iv1×v1)ς2 ∈ Σ(ς2), ςT

3 (P211 −ϖ5Iv3×v3)ς3 ∈ Σ(ς3),

ςT
4 (P222 −ϖ6I(v1−v3)×(v1−v3))ς4 ∈ Σ(ς4), ςT

5

(
𭟋ıı(ζ, ϑ̂) −ϖ7ıı(ζ, ϑ̂)

)
ς5 ∈ Σ(ς5, ζ, ϑ̂),

where 𭟋ıı(ζ, ϑ̂) is given in (3.19).
Step 3: Determine the gains {Mı(ζ, ϑ̂) ∈ Pv1×v3(ζ, ϑ̂),N ȷ(ζ, ϑ̂) ∈ Pv2×v1(ζ, ϑ̂)} and the radius δ.

Remark 3.1. Using (3.22), the Lyapunov-Krasovskii functional given in (3.3) can be equivalently
reformulated as follows:

F (t) = χT P−1χ +

∫ t+φ

t
e2σ(s−t−φ) χT (s − φ) P−1XP−1 χ(s − φ) ds, (3.27)

where P and X are defined as in (3.23). Thus, the matrices P1, P2, X1, and X2 are not assumed to exist
independently. They are introduced through the Lyapunov-Krasovskii functional, and their existence is
ensured by the feasibility of the resulting SOS conditions in Step 2 of Algorithm 3.1.

Remark 3.2. In [25], the exogenous term ∆(t, ϑ(t)) is assumed to satisfy a Lipschitz condition. In
contrast, in our study, the exogenous is only assumed to be bounded, which is a natural and less
restrictive assumption. Moreover, while the aforementioned work relies on a TA-SUF model and uses
LMI as the main design tool, our approach uses a PF model exploits the SOS framework, which allows
for a smaller number of fuzzy rules.

Remark 3.3. Although this work is the first to address the problem of designing an observer for the
practical exponential stabilization of PFTD models and the first to adopt recent relaxed conditions for
parameterized LMIs within the SOS framework, the framework could be further developed to address
more intricate cases, thereby enhancing opportunities for comparative studies.
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• The study in [26] addresses the same problem for delay-free PF models using the Hadamard
fractional-order derivative. In contrast, our work considers the integer-order case with TD and
seeks to achieve more relaxed conditions by using the recently developed parameterized LMI
approach within the SOS framework. Extending the present results to the more general case
involving the Hadamard fractional derivative remains an interesting direction for future research.

• The study in [27] investigates exponential stabilization of PF positive switched systems with TD,
which represents a broader class due to the positivity and switching aspects. In contrast, our
work considers a different, simpler class without positive switching, but it addresses bounded
perturbations and partial-state measurements, which are not treated in [27]. Overall, extending
the analysis of positive switched systems with TD to also incorporate bounded perturbations and
partially unmeasurable states represents an interesting and valuable direction for future research,
highlighting a complementary and promising generalization of these two approaches.

Discussion. Although this work is, to the best of our knowledge, the first attempt to address the
problem of practical exponential OB control for PF models with TD in a general framework and for
TA-SUF models in particular, it still has certain limitations. Therefore, several aspects can be further
improved and deserve future investigation.

• The proposed practical exponential OB control framework can be applied to engineering systems,
such as mechanical systems, networked control systems, and industrial process control, where
state estimation and stabilization under uncertainty are essential in future applications.

• The SVD-based decoupling used to convert bilinear PMIs into linear ones imposes additional
structural constraints. Specifically, the output matrix Θ is assumed to be identical across all rules
and of full column rank. Furthermore, the Lyapunov matrices are restricted to a diagonal block
structure, which reduces the number of decision variables and thereby introduces conservatism.
Addressing these limitations by developing alternative decoupling techniques such as the cone
complementary linearization algorithm [28] constitutes a promising direction for future work.

• Reducing the conservatism of the proposed conditions constitutes an important direction for future
work. In this regard, the use of improved Lyapunov-Krasovskii functionals incorporating double
integral terms could be investigated. Moreover, adopting tighter bounding techniques for cross-
terms in the derivation process, such as the exponential weighted integral inequality in [29],
remains an open problem.

• Further to the practical exponential OB control of PFTD models investigated in this paper, interval
stability, studied for other classes of systems in [30, 31], remains unexplored in this context.

4. Illustrative example

Let us consider the nonlinear TD system represented in the form of (2.1), where

q̃1(ϑ1) =
[

0.7 + 0.3ϑ1 + 0.5ϑ2
1 0

(1 − α) ϵ(ϑ1) −0.5

]
, q̃2(ϑ1) =

[
0 0

α ϵ(ϑ1) 0

]
, q̃3 =

[
1
1

]
,

∆(t, ϑ(t)) =
[

0.5 cos(2πt)
0.2 e−0.7t sin(t)

]
, Θ =

[
1 0

]
, φ = 0.1,
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in which α = 0.9 and ϵ(ϑ1) = sin(ϑ1)
ϑ1

.
Figure 1 presents the time trajectory of ϑ without control, revealing unstable behavior.
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Figure 1. Time trajectory of ϑ without control.

Start with Step 1 of Algorithm 3.1. Applying the sector nonlinearity method to the nonpolynomial
measurable nonlinearity ϵ(ϑ1), we obtain a PFTD model in the form of (2.6), where

n = 2, ρ1 =
ϵ(ϑ1) + 0.2172

1.2172
, ρ2 =

1 − ϵ(ϑ1)
1.2172

, q11(ζ) =
[

0.7 + 0.3ζ + 0.5ζ2 0
−0.2172(1 − α) −0.5

]
,

q12(ζ) =
[

0.7 + 0.3ζ + 0.5ζ2 0
1 − α −0.5

]
, q21 =

[
0 0

−0.2172α 0

]
,

q22 =

[
0 0
α 0

]
, q31 = q32 =

[
1
1

]
, (4.1)

in which ζ is a measurable variable corresponding to the measured output η = ϑ1.
Applying Step 2 of Algorithm 3.1 with σ = 0.16 and {ϖk = 10−4 for k ∈ I6, ϖ7ı ȷ(ζ, ϑ̂) =

10−4 for (ı, ȷ) ∈ I2} yields a feasible solution.
The SOS conditions in this step are solved numerically using SOSTOOLS in combination with

SeDuMi. First, the SOS constraints are formulated and converted into a semidefinite programming
(SDP) problem using SOSTOOLS 4.00 [19]. The resulting SDP is then efficiently solved using the
SeDuMi 1.02 solver [20]. The computational complexity of the proposed approach mainly depends
on the size of the resulting semidefinite programming problem, which is determined by the system’s
order, polynomial degree, and number of decision variables.

Building on the feasible solution from Step 2, Step 3 yields δ = 8.626 and the following gains:

M1(ζ) =
[

4.6067ζ2 + 1.5092ζ + 16.5205
0.2454 × 10−3ζ2 − 0.0805ζ + 3.3477

]
, (4.2)

M2(ζ) =
[

4.7085ζ2 + 0.9740ζ + 15.5912
0.0163 × 10−3ζ2 − 0.3539ζ + 1.5887

]
, (4.3)

N1(ζ) =
[
−4.2181ζ2 − 2.4106ζ − 16.2191 0.8928ζ2 + 0.5569ζ + 3.8361

]
, (4.4)
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N2(ζ) =
[
−5.0132ζ2 − 1.6628ζ − 16.3851 1.0634ζ2 + 0.3798ζ + 3.7607

]
. (4.5)

We apply the observer-based controller to the system using the gains obtained in Step 3.

Figure 2 shows the time evolution of both the state ϑ and its estimate for initial conditions ϑ =[
5 −1

]
and ϑ̂ =

[
0 0

]
. It demonstrates that the closed-loop system achieves PES. The control r

is shown in Figure 3.
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Figure 2. Time trajectory of ϑ with control.
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Figure 3. Time trajectory of control r.

Figure 4 shows the behaviors in the ϑ1–ϑ2 plane with control for different initial conditions.
This figure highlights that the originally unstable uncontrolled system becomes PES under the SOS-
designed controller.
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Figure 4. Behaviors in the ϑ1–ϑ2 plane with control for different initial conditions.

In order to compare the PF modeling approach with the TA-SUF approach, the considered nonlinear
TD system is represented using a TA-SUF model. In this formulation, the polynomial term involved in
q̃1(ϑ1) and q̃2(ϑ1) is treated as a premise variable. Accordingly, these matrices are expressed as follows:

q̃1(ϑ1) =
[

ϵ1(ϑ1) 0
(1 − α) ϵ2(ϑ1) −0.5

]
, q̃2(ϑ1) =

[
0 0

α ϵ2(ϑ1) 0

]
,

where ϵ1(ϑ1) = 0.7 + 0.3ϑ1 + 0.5ϑ2
1 and ϵ2(ϑ1) = sin(ϑ1)

ϑ1
.

Introducing the two premise variables ϵ1(ϑ1) and ϵ2(ϑ1), and assuming |ϑ1| < ϑ1,max with ϑ1,max ∈

R>0, the considered system can be represented in the form of a TA-SUF model. Since the TA-SUF
model is a special case of the PF model, applying Step 1 of Algorithm 3.1 yields the model in (2.6)
with constant matrices, where

n = 4, ρ1 =
ϵ1(ϑ1) − ϵ1min

ϵ1max − ϵ1min

.ϵ2(ϑ1) + 0.2172
1.2172

, ρ2 =
ϵ1(ϑ1) − ϵ1min

ϵ1max − ϵ1min

.1 − ϵ2(ϑ1)
1.2172

,

ρ3 =
ϵ1max − ϵ1(ϑ1)
ϵ1max − ϵ1min

.ϵ2(ϑ1) + 0.2172
1.2172

, ρ4 =
ϵ1max − ϵ1(ϑ1)
ϵ1max − ϵ1min

.1 − ϵ2(ϑ1)
1.2172

,

q11 =

[
ϵ1max 0

−0.2172(1 − α) −0.5

]
, q12 =

[
ϵ1max 0
1 − α −0.5

]
,

q13 =

[
ϵ1min 0

−0.2172(1 − α) −0.5

]
, q14 =

[
ϵ1min 0
1 − α −0.5

]
,

q21 = q23 =

[
0 0

−0.2172α 0

]
, q22 = q24 =

[
0 0
α 0

]
, q31 = q32 = q33 = q34 =

[
1
1

]
,

in which

ϵ1min = min
|ϑ1 |<ϑ1,max

(ϵ1(ϑ1)), ϵ1max = max
|ϑ1 |<ϑ1,max

(ϵ1(ϑ1)).

Hence, in order to derive a TA-SUF model, the polynomial terms must be treated as premise variables,
which leads to an increase in the number of fuzzy rules. Moreover, determining the upper bounds of
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these premise variables requires us to assume a bounded modeling domain, expressed as |ϑ1| < ϑ1,max.
Consequently, the resulting TA-SUF model is only semiglobal, even when a relatively large value
of ϑ1,max is selected. In contrast, the PF model provides a global representation, as it preserves the
polynomial terms in their original form, without the need to impose any boundedness assumptions.

To the best of our knowledge, there are no existing results in the literature addressing the PES of
PF models via OB control even for the special case of TA-SUF models. Therefore, to highlight the
relationship with the LMI framework, we note that the proposed conditions in Theorem 3.2 reduce to
LMI-based design conditions for TA-SUF models when all polynomial matrices are of degree zero.
Solving these LMIs for the resulting TA-SUF model does not yield feasible solutions for large values
of ϑ1,max (e.g., ϑ1,max > 544), whereas the SOS-based formulation remains feasible for any ϑ1.

5. Conclusions

This paper has investigated the problem of PES for nonlinear TD systems. A class of PFTD models
is used in place of the TA-SUF model to represent the dynamics of systems, aiming to minimize
the number of fuzzy rules and enhance modeling flexibility. In addition, we have proposed an
OB controller to ensure the PES of the considered class of PFTD models. By using a Lyapunov-
Krasovskii functional, we establish sufficient bilinear PMI to guarantee the PES of the combined
state estimation-error model. Subsequently, the bilinear PMI is converted into linear polynomial
constraints through application of a SVD decoupling matrix technique. The efficacy of the proposed
stability conditions is verified through a representative numerical example. In future work, we plan
to develop an enhanced Lyapunov-Krasovskii functional with double integral term that explicitly
incorporates additional system information, particularly regarding TD. This will be combined with
refined mathematical tools, including Jensen-type inequalities, to obtain linear PMI. Furthermore,
extending the framework from constant delays to time-varying delays, and incorporating parameter
uncertainties into the OB control design, would enhance both the generality and practical applicability
of the proposed results.
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6. R. Villafuerte, S. Mondié, A. Poznyak, Practical stability of time-delay systems: LMI’s approach,
Eur. J. Control, 17 (2011), 127–138. https://doi.org/10.3166/ejc.17.127-138

7. M. Kharrat, H. Gassara, M. Rhaima, L. Mchiri, A. B. Makhlouf, Practical stability
for conformable time-delay systems, Discrete Dyn. Nat. Soc., 2023 (2023), 9375360.
https://doi.org/10.1155/2023/9375360

8. T. Caraballo, F. Ezzine, M. A. Hammami, Practical stability of stochastic differential delay
equations driven by G-Brownian motion with general decay rate, Electron. J. Differ. Equ., 2024
(2024), 1–26. https://doi.org/10.58997/ejde.2024.70

9. T. S. Peng, H. B. Zeng, W. Wang, X. M. Zhang, X. G. Liu, General and less conservative criteria on
stability and stabilization of T-S fuzzy systems with time-varying delay, IEEE Trans. Fuzzy Syst.,
31 (2023), 1531–1541. https://doi.org/10.1109/TFUZZ.2022.3204899

10. H. Zhang, J. Liu, S. Y. Xu, Z. Q. Zhang, Practical stabilization of networked Takagi-Sugeno
fuzzy systems via improved Jensen inequalities, IEEE Trans. Cybernet., 52 (2022), 4381–4390.
https://doi.org/10.1109/TCYB.2020.3026375

11. K. Tanaka, H. Yoshida, H. Ohtake, H. O. Wang, A sum of squares approach to stability analysis of
polynomial fuzzy systems, In: 2007 American Control Conference, New York, 2007, 4071–4076.
https://doi.org/10.1109/ACC.2007.4282579

AIMS Mathematics Volume 11, Issue 6, 17635–17652.

https://dx.doi.org/https://doi.org/10.1109/TAC.2005.858680
https://dx.doi.org/https://doi.org/10.1007/s10883-008-9057-5
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2023.06.031
https://dx.doi.org/https://doi.org/10.1007/s00034-024-02985-8
https://dx.doi.org/https://doi.org/10.1007/s00009-010-0083-7
https://dx.doi.org/https://doi.org/10.3166/ejc.17.127-138
https://dx.doi.org/https://doi.org/10.1155/2023/9375360
https://dx.doi.org/https://doi.org/10.58997/ejde.2024.70
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2022.3204899
https://dx.doi.org/https://doi.org/10.1109/TCYB.2020.3026375
https://dx.doi.org/https://doi.org/10.1109/ACC.2007.4282579


17651

12. K. Tanaka, H. Yoshida, H. Ohtake, H. O. Wang, A sum-of-squares approach to modeling and
control of nonlinear dynamical systems with polynomial fuzzy systems, IEEE Trans. Fuzzy Syst.,
17 (2009), 911–922. https://doi.org/10.1109/TFUZZ.2008.924341

13. H. Gassara, A. El Hajjaji, M. Krid, M. Chaabane, Stability analysis and memory control design of
polynomial fuzzy systems with time delay via polynomial Lyapunov-Krasovskii functional, Int. J.
Control Automat. Syst., 16 (2018), 2011–2020. https://doi.org/10.1007/s12555-017-0617-x

14. L. N. Fu, H. K. Lam, F. C. Liu, B. Xiao, Z. X. Zhong, Static output-feedback tracking
control for positive polynomial fuzzy systems, IEEE Trans. Fuzzy Syst., 30 (2022), 1722–1733.
https://doi.org/10.1109/TFUZZ.2021.3065521

15. P. Selvaraj, R. Sakthivel, O. M. Kwon, R. Sakthivel, Event-triggered output feedback
control design for polynomial fuzzy systems, J. Franklin Inst., 361 (2024), 1078–1092.
https://doi.org/10.1016/j.jfranklin.2023.12.048

16. P. Selvaraj, O. M. Kwon, S. H. Lee, R. Sakthivel, S. M. Lee, Event-triggered control design
with varying gains for polynomial fuzzy systems against DoS attacks, Math. Comput. Simul., 218
(2024), 1–14. https://doi.org/10.1016/j.matcom.2023.11.022

17. S. Dhahri, E. B. Alaia, H. Gassara, Observer-based finite-time boundedness of
polynomial fuzzy models with time delay, Int. J. Syst. Sci., 57 (2026), 1544–1555.
https://doi.org/10.1080/00207721.2025.2532037

18. L. V. Hien, V. N. Phat, Exponential stability and stabilization of a class of
uncertain linear time-delay systems, J. Franklin Inst., 346 (2009), 611–625.
https://doi.org/10.1016/j.jfranklin.2009.03.001

19. A. Papachristodoulou, J. Anderson, G. Valmorbida, S. Prajna, P. Seiler, P. A. Parrilo, et al.,
SOSTOOLS: Sum of squares optimization toolbox for MATLAB User’s guide, Version 4.00, 2021,
arXiv:1310.4716.

20. J. F. Sturm, Using SeDuMi 1.02, a MATLAB toolbox for optimization over symmetric cones,
Optim. Methods Software, 11 (1999), 625–653. https://doi.org/10.1080/10556789908805766

21. S. Prajna, A. Papachristodoulou, F. Wu, Nonlinear control synthesis by sum of squares
optimization: a Lyapunov-based approach, In: 2004 5th Asian Control Conference (IEEE Cat.
No.04EX904), Melbourne, VIC, Australia, 2004, 157–165.

22. D. W. Kim, D. Lee, Relaxed conditions for parameterized linear matrix inequality in
the form of double fuzzy summation, IEEE Trans. Fuzzy Syst., 32 (2024), 1608–1612.
https://doi.org/10.1109/TFUZZ.2023.3315290

23. K. Tanaka, H. O. Wang, Fuzzy control systems design and analysis, New York: John Wiley & Sons,
2001. https://doi.org/10.1002/0471224596

24. A. Sala, C. Ariño, Polynomial fuzzy models for nonlinear control: a Taylor series approach, IEEE
Trans. Fuzzy Syst., 17 (2009), 1284–1295. https://doi.org/10.1109/TFUZZ.2009.2029235

25. O. Kahouli, H. Gassara, L. El Amraoui, M. Ayari, Observer-based exponential stabilization
for time delay Takagi-Sugeno-Lipschitz models, Mathematics, 13 (2025), 3170.
https://doi.org/10.3390/math13193170

AIMS Mathematics Volume 11, Issue 6, 17635–17652.

https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2008.924341
https://dx.doi.org/https://doi.org/10.1007/s12555-017-0617-x
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2021.3065521
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2023.12.048
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2023.11.022
https://dx.doi.org/https://doi.org/10.1080/00207721.2025.2532037
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2009.03.001
https://dx.doi.org/https://doi.org/10.1080/10556789908805766
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2023.3315290
https://dx.doi.org/https://doi.org/10.1002/0471224596
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2009.2029235
https://dx.doi.org/https://doi.org/10.3390/math13193170


17652

26. H. Gassara, O. Naifar, M. Chaabane, A. B. Makhlouf, H. Arfaoui, M. Aldandani, Observer-based
control for nonlinear Hadamard fractional-order systems via SOS approach, Asian J. Control, 27
(2025), 912–920. https://doi.org/10.1002/asjc.3497

27. X. M. Li, Y. N. Shan, H. K. Lam, Z. Y. Bao, J. D. Zhao, Exponential stabilization of polynomial
fuzzy positive switched systems with time delay considering MDADT switching signal, IEEE
Trans. Fuzzy Syst., 32 (2024), 174–187. https://doi.org/10.1109/TFUZZ.2023.3289650

28. W. Wang, J. M. Liang, H. B. Zeng, X. M. Zhang, Novel looped functionals in designing output
feedback controllers for aperiodic sampled-data control systems, IEEE Trans. Automat. Sci. Eng.,
22 (2025), 16397–16402. https://doi.org/10.1109/TASE.2025.3573304

29. N. Cheng, W. Wang, H. B. Zeng, X. Liu, X. M. Zhang, Novel exponential-weighted integral
inequality for exponential stability analysis of time-varying delay systems, Appl. Math. Lett., 172
(2026), 109730. https://doi.org/10.1016/j.aml.2025.109730

30. H. Geng, H. S. Zhang, S. F. Su, Asynchronously switched control with variable convergence
rate for switched nonlinear systems: a persistent dwell-time scheme, IEEE Trans. Fuzzy Syst.,
32 (2024), 6695–6707. https://doi.org/10.1109/TFUZZ.2024.3459860

31. P. H. He, H. S. Zhang, S. F. Su, A sliding mode control method with variable convergence
rate for nonlinear impulsive stochastic systems, IEEE Trans. Cybernet., 55 (2025), 2213–2222.
https://doi.org/10.1109/TCYB.2025.3551668

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 6, 17635–17652.

https://dx.doi.org/https://doi.org/10.1002/asjc.3497
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2023.3289650
https://dx.doi.org/https://doi.org/10.1109/TASE.2025.3573304
https://dx.doi.org/https://doi.org/10.1016/j.aml.2025.109730
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2024.3459860
https://dx.doi.org/https://doi.org/10.1109/TCYB.2025.3551668
https://creativecommons.org/licenses/by/4.0

	Introduction
	Foundational concepts and problem statement
	Design via SOS conditions
	Illustrative example
	Conclusions

