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Abstract: In this article, we introduce and study a novel class of graphs called power congruence
graphs (PCGs) that are constructed over the sets of moduli of the form M, = {p' : t > 1, p' < n},
where p is a prime. For n € Z*, consider V = {0,1,...,n — 1} as the vertex set. We construct a
simple, undirected graph G(n, k, M) without loops or multiple edges over V in which two distinct
vertices a,b € V are adjacent if a* = b (mod m) for some m € M » and fixed k € Z*. We present a
comprehensive structural characterization of PGCs for the cases p = 2, 3,5 and extend the framework
to an arbitrary prime p. When p = 2, the graph decomposes into two disjoint complete components
for all k. When p = 3, the graph structure is governed by k& mod 2; for odd value of k, the graph is
a disjoint union of three complete components; and for even value of k, the graph is a disjoint union
of one complete component and one component KX obtained from a complete graph K, by deleting
a specified set of edges F C E(K,). When p = 5, the graph becomes more intricate and depends
on k mod 4, producing configurations that include both complete components and components K*
obtained from a complete graph K, by deleting a specified set of edges F' C E(K,). In general, for a
prime p, the structure of the graph is determined by the residue class of k mod (p — 1), giving rise to
up to p — 1 distinct structural types. This highlights a systematic transition from simple to increasingly
complex graph configurations as the prime modulus increases. Furthermore, we investigate several
graph invariants associated with these graphs. This study provides a framework for understanding
power congruence-based graph constructions bridging number theory with graph theory.
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1. Introduction

Number theory is one of the earliest branches of mathematics. Congruence relations are a key
concept in number theory with applications in algebra and computer science. The interaction between
number theory and graph theory has led to the development of graph models defined through modular
relationships. Studying congruence relations within a graph theoretic framework leads naturally to
the notion of congruence graphs. In these graphs, integers serve as vertices, and edges are defined
according to prescribed congruence conditions. In recent years, various graph models based on
congruence relations have been introduced where adjacency is determined through modular conditions.
A basic instance of such relations is the linear congruence a = b (mod m) for integers a, b and modulus
m € N. In contrast to linear congruences, relations of the form a* = b (mod m) for a fixed integer k € N
introduce additional structure and lead to richer graph theoretic behavior. Congruence-based graphs
have attracted considerable interest because they translate algebraic properties into combinatorial
structures. Mateen and Mahmood [1] explored these models to investigate graph invariants. Nathanson
and Ruzsa [2] introduced and studied graphs defined by congruences, exploring their additive
properties and applications in number theory. Peranginangin [3] discussed the application of number
theory in cryptography, highlighting its significance in developing secure communication systems.
Daoub et al. [4] explored the structural properties of graphs defined over quadratic congruences,
analyzing their degree distributions and subgraph characteristics based on the modulus. Several graph
constructions based on number-theoretic relations have been studied in the literature. For instance,
Nathanson [5] considered graphs where adjacency is determined by additive congruences of the form
a+ b = r (mod m). Quadratic relations were used by Blanton et al. [6], where directed edges arise
from a®> = b (mod n). More generally, Lucheta et al. [7] introduced graphs defined via arithmetic
functions f satisfying f(a) = b (mod m). Further structural aspects of power-based relations were
examined by Somer and Krizek [8], where edges are induced by congruences of the form x* = y
(mod n). The importance of power digraphs in computer science has been highlighted in the study by
Mateen et al. [9], where the structural properties of digraphs defined by the relation x* = y (mod n)
are explored for applications in data structures, cryptography, and parallel computation. Mateen et
al. [10] examined the symmetry of complete graphs constructed over quadratic and cubic residues,
contributing to the classification of modular graphs under residue-based adjacency rules. Mahmood
and Ahmad [11] investigated order structured graphs of cyclic groups, providing a classification based
on group order and exploring their structural properties. Deng and Yuan [12] investigated the symmetry
of power digraphs defined by the congruence x* = y (mod n). They established criteria under which
the digraph G(n, k) is symmetric with attention on its structural characteristics and the decomposition
of connected components into isomorphic pairs. Although some studies such as [1] explored power
digraphs using a fixed modulus, the generalization to a set of moduli has not been formally defined
yet in the literature. A significant advancement in this field was made by researchers [13—15], who
generalized the fixed modulus approach by defining graphs over a set of moduli M = {m, m,, ..., m,}.
In this construction, an edge between a and b exists if a = b (mod m) for some m € M. Asif et al. [16]
formally developed the structural and distance-based properties of such graphs and examined several
key parameters including chromatic number, domination number, and graph energy.

Recent studies have also shown interest in using modulus-based rules for defining labeling
functions, edge weights, and adjacency conditions that are rooted in number-theoretic structures.
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However, none of these studies have fully explored graphs defined by power congruence a* = b
(mod m) over sets of moduli, which presents a clear gap in the current literature. The present research
bridges this gap by introducing power congruence graphs (PCGs), where adjacency is based on the
relation a* = b (mod m) for some m € M. Despite their theoretical significance, congruences over sets
of moduli have received limited attention in the context of graph construction. Our research defines and
analyzes a new class of graphs called PCGs, where adjacency is determined by the power congruence
relation a* = b (mod m) for some m € M, and M = {m;,m,, ..., m,}. The set M C N may consist of
finite sets of residues from a complete set of residues of any integer. Various graph-theoretic properties
such as degree sequence, chromatic number, metric dimension, graph energy, and eccentricity will
be investigated. This direction offers a promising link between algebraic number theory and discrete
mathematical modeling. In number theory, power congruences of the form a* = b (mod m), k € Z*
play a fundamental role. Quadratic and higher-power residues are central to reciprocity laws, the
structure of multiplicative groups modulo m, and the study of primitive roots. Exponential congruences
also underpin cryptographic systems such as Rivest-Shamir-Adleman (RSA) and Diffie-Hellman,
whose security relies on the difficulty of computing discrete logarithms in modular settings. Moreover,
the iterative dynamics of power maps modulo m naturally give rise to functional graphs, with cycles
corresponding to periodic orbits and trees representing preperiodic trajectories.

2. Preliminaries

In this section, we recall some essential definitions from number theory [17] and graph theory [18].

2.1. Graph theoretic preliminaries

A graph G = (V, E) consists of a non-empty vertex set V and an edge set F. The order and size of
G are |V| and |E|, respectively. The degree of a vertex v € V is the number of edges incident to v, and
a vertex of degree zero is called isolated. A graph is called regular if all its vertices have equal degree.
A graph is complete if every pair of distinct vertices is adjacent, and it is connected if there exists a
path between every pair of vertices. A path is a sequence of adjacent vertices, while a cycle is a closed
path. A connected graph is Hamiltonian if it contains a cycle passing through every vertex exactly
once. An independent set is a subset of vertices with no edges between them, and its maximum size
is denoted by a(G). The chromatic number y(G) is the minimum number of colors required to color
the vertices such that adjacent vertices receive different colors. A dominating set is a subset of vertices
such that every vertex outside the set is adjacent to at least one vertex in it, and its minimum size is
called the domination number. The clique number w(G) is the size of the largest complete subgraph.
The distance between two vertices is the length of a shortest path between them, and the diameter of G
is the maximum such distance.

2.2. Congruences and power congruences

Letm € Nand a,b € Z. The notation a = b (mod m) indicates that the difference a — b is a multiple
of m. For a fixed exponent k > 2, a power congruence refers to an expression of the form a* =
(mod m), where a, b € Z.
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2.3. Congruence graphs over set of moduli

Fix a positive integer n and let M be a nonempty set of moduli. We consider the vertex set consisting
of integers {0, 1,...,n — 1}. A graph is obtained by joining two distinct vertices whenever they satisfy
a congruence relation modulo at least one element of M. In a similar manner, one can define a PCG by
replacing the above condition with a power relation. Specifically, two distinct vertices are connected if
there exists m € M such that a* = b (mod m) for a fixed exponent k € Z*.

Definition 2.1. Let n € N and consider the vertex set V =1{0,1,...,n—1}. Let p be a prime and define
M, ={p' : t € N, p' < n}. For a fixed exponent k € Z*, the PCG associated with M, denoted by
G(n,k, M), is the simple undirected graph on V in which two distinct vertices a,b € V are adjacent
whenever there exists m € M, such that a* = b (mod m).

a~b & d=b (mod m) for some m € M,.

Remark 2.1. Although the adjacency relation is determined by congruences modulo p, we retain the
family M, to emphasize the broader framework of graph constructions over sets of moduli and to
facilitate future restricted variants involving selected powers of p.

Definition 2.2. Let K, be the complete graph on n vertices. Let R be the adjacency relation defined by
a* = b (mod m) for some m € M,,. Let Ex C E(K,) denote the set of edges induced by the relation R,
and define F = E(K,,) \ Eg as the set of edges not induced by R. We define the graph K- as

Ky = (V(K,), E(K,) \ F).
Equivalently, K¥ is the graph complement of the edge set F in K,,.
3. Structural analysis of power congruence graphs

In this section, we investigate the structure of PCGs defined over modulus sets of the form M, =
{p' : t € N, p' < n}, where p is a prime. These moduli sets give rise to distinct families of graphs
whose connectivity, completeness, and component structure depend intricately on the exponent k. For
p = 2, the resulting graphs decompose into two disjoint complete components for all values of k. In
the case p = 3, the structure varies with the parity of k, leading to either three complete components
or a combination of complete and K components. For p = 5, a richer and more intricate behavior
emerges, where the structure depends on &k mod 4 and includes configurations involving both complete
and K components. We establish that the components arising in these graphs are either complete
or KF components and we derive explicit expressions for the completion closure of K components.
Furthermore, we analyze the adjacency relations and provide a detailed decomposition of these graphs
into their constituent components.

3.1. Structural analysis of power congruence graphs over modulus sets of the form 2!

In this subsection, we investigate the structure of PCGs defined over the modulus set M, = {2 : t €
Z*, 2' < n}. We study several graph invariants of the constructed graphs. The following result provides
a structural characterization of the graph in terms of its decomposition into complete subgraphs.
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Theorem 3.1. For n > 3 and the moduli set M,, the proposed graph G(n, k, M) in Definition 2.1 is
decomposed as the union of two disjoint complete sub-graphs K, 21 and K ,,» for all k € Z*. That is,

G = K|'n/2'| U KI_n/ZJ-

Proof. In modulus set M,, we take all powers of 2 that are strictly less than n. Consider the vertex set
V =1{0,1,2,...,n—1}. In an even modulus, the elements of V split into two classes, namely, evens and
odds. This division is absolute, in the sense that every higher power of 2 as modulus refines but never
contradicts the initial even and odd separation. In other words, once an element is even, it remains
even modulo every 2'; once it is odd, it remains odd modulo every 2'. In the set of even vertices, let
a = 2u and b = 2v. Since both a and b are divisible by 2, their powers remain divisible by sufficiently
high powers of 2. Thus, by choosing an appropriate modulus m = 2" from M, we can always achieve
the congruence relation a* = b (mod m) for some exponent k. Therefore, any two even vertices are
adjacent, which means the even class forms a complete subgraph. On the other hand, for odd vertices
a and b, note that in modulo 2, all odd numbers are congruent to 1. Since raising an odd number to
any positive power keeps it odd, the congruence a* = b (mod 2) is always satisfied since the difference
of any two odd integers yields an even integer. Hence, every pair of odd vertices is adjacent under
modulus 2, and therefore the odd class also induces a complete subgraph. Finally, we confirm that
no adjacency exists between an even vertex a and an odd vertex . For modulo 2, we have a = 0
and b = 1. Raising either to any positive power preserves its parity, so the residues never match. For
every moduli 2/, the distinction remains intact, as no even number can ever become congruent to an
odd number modulo of a power of 2. Hence, there are no edges between the two classes. Putting all
these facts together, we conclude that the graph decomposes into two disjoint complete subgraphs, one
induced by the even vertices of size [n/2] and one induced by the odd vertices of size |n/2]. Thus,

G = K|'n/2'| U KI_n/ZJ-

Figures 1 and 2 illustrate the application of Theorem 3.1.

n=12, k=4, Moduli=[2,4,8]
Two complete components (even & odd classes)

5 —M—— 3

avaN
\2vd

BN Even vertices (= 0 mod 2) Odd vertices (= 1 mod 2)

Figure 1. The graph G(12,4, M,) decomposes into two complete subgraphs.
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n =13, k=5, Moduli =[2, 4, 8]
Two complete components (even & odd classes)

5 —e — 3

\\
/

9 —— 11

ST

B Even vertices (= 0 mod 2) 0dd vertices (= 1 mod 2)

Figure 2. The graph G(13,5, M,) decomposes into two complete subgraphs.

Corollary 3.1. The following results are direct consequences of Theorem 3.1 and are stated without
detailed proofs. In particular, the following statements hold:

1. The Eulerian components of G(n, k, M;) are regular.

2. For G(n, k, M;), the two components K,, and K,, are isomorphic if and only if n is even.

3. Forn >4, G(n, k, M) has no isolated vertex.

4. If n = 2t, then G(n,k, M>) is the disjoint union of two (t — 1)-regular components and each is
isomorphic to K,, and if n = 2t + 1, then G(n, k, M;) is the disjoint union of K,,|, which is t-
regular, and K,;, which is (t — 1)-regular.

5. The graph G(n, k, M>) is not Hamiltonian, but the larger component of size ny is Hamiltonian for
ny > 3, i.e., for n > 5, and the smaller component of size n, is Hamiltonian for n, > 3, i.e., for
n > 6.

Corollary 3.2. Let G(n,k, M) be the disjoint union of two complete components K, and K,, with
ny = ny. Then,

1. The chromatic number and cliqgue number are equal: x(G(n, k, M,)) = w(G(n, k, M)) = n,.
2. The domination and independence number are equal: y(G(n,k, M3)) = a(G(n,k, M>)) = 1 if
n=1,and?2ifn > 2.

Remark 3.1. Since G(n, k, M,) = K, UK,,, all matrix and spectral properties follow immediately from
the well-known properties of complete graphs. In particular,

I, 0

Jn, — 1,

1

_ (I
A(G(n’ k, MZ)) - ( 0 0 nZInz -

I _
), LG, k, My) = [T = Im OJ),
n

and
spec(A(G(n, k, Ma))) = {ny = 1, my — 1, (=)™}, spec(L(G(n, k, M»))) = { 0P, n'"~D, ni="b).
Furthermore, if E = ("21) + ("22), then

LE(G(n, k, My)) = 2'27]5‘ +(ny - 1)';11 _ 27E| +(ny - 1)|n2 - %E .
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3.2. Structural analysis of power congruence graphs over modulus sets of the form 3'

In this subsection, we investigate the structure of PCGs defined over the modulus set M; = {3 :
t € Z*, 3" < n}. The structure of the graph is governed by the parity of the exponent k. For odd
k, the graph decomposes into three disjoint complete components, whereas for even k, it consists of
a complete component together with a K¥ component. Based on this structural decomposition, we
analyze key graph-theoretic parameters. We further examine some global properties. The following
result provides a complete structural characterization of the graph.

Theorem 3.2. For n > 4 and the moduli set M3, the proposed graph G(n, k, M) in Definition 2.1

1. decomposes into three disjoint complete subgraphs if k is odd,
G(n,k,M;3) = K,, U K,, U K,,,

where ng = [g-l, n = [%-I, and n, = [gJ,
2. decomposes into two disjoint subgraphs, one complete subgraph, and one K' subgraph if k is
even,

G(l’l,k,M3) = Kn() ) Kyi’

where ny = [g], ng = %’J, F = (L”fj), and KnFS denotes the graph with exactly F edges less in
complete graph K, .

Proof. Forn > 4, consider V = {0, 1,2,...,n — 1} as the vertex set and M3 = {3' : 3 <n, t € Z*} the
modulus set. The partition of V into residue classes modulo 3 is:

Vo={veV:v=0 (mod3)}, Vi={veV:v=1 (mod3)}, V,={reV:v=2 (mod 3)}.

n—1

The sizes of these classes are ny = H], n = [T-I, and n, = |_§J, so that ng + n; + n, = n.

Since k € Z*, we have two cases:

Case I: For odd k, the map x — x* (mod 3) fixes each residue class, i.e., 0 =0, 1¥ = 1, and 2* = 2
(mod 3). Thus two vertices from different residue classes can never be adjacent since for m = 3 € M3,
their k-th powers remain distinct. On the other hand, if a,b € V; for some i € {0, 1,2}, then d=a=b
(mod 3), so a and b are adjacent via modulus 3. Hence, each V; induces a complete subgraph K,,, and
no edges join different classes. Therefore,

G(n,k,Ms) = K,, U K,, U K,,.

Case II: For even k, the reduction modulo 3 behaves differently, i.e., 0 = 0, 1¥* = 1, and 2 = 1
(mod 3). Thus, all vertices in V, remain mutually adjacent, forming a complete subgraph K,,, where
ng = |Vo| = [g-l Vertices in VUV, all map to residue 1 under x* (mod 3). This ensures that every vertex
in V; UV, is adjacent to each vertex of V, but vertices in V, may fail to connect among themselves for

n—1 n

higher powers of 3 in M. Hence, the induced subgraph on n, = ny + n, = [T] + [gJ = {%J is KnFS,

and it is K,,, with precisely F edges missing. The number of missing edges inside the K,f: ~component

equals the number of unordered pairs lying entirely inside V,, namely, F = ("22) = (L”fj).
Thus, for even k, we obtain
G(n,k,M3) = K,, U K],

where K,f: denotes the complete graph K, with F edges less. O
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Figures 3 and 4 illustrate an application of Theorem 3.2.

Power Congurence Graph for k=3 (h=13, k=3)

10
4 1
7

I Vertices=0mod 3 M Vertices =2 mod 3
Vertices = 1mod 3 2 Missing edges (if any)

Figure 3. The graph G(13,3, M3) shows that the graph decomposes into three complete
subgraphs for odd k.

Power Congurence Graph for k=4 (n=13, k=4)

@ ,

B Vertices=0mod 3 WM Vertices = 2 mod 3 (semi-complete)
Vertices = 1mod 32 [ZJ Missing edges (if any)

Figure 4. The graph G(13,4, M3) shows that the graph decomposes into one complete and
one K' subgraph for even k.

Theorem 3.3. For an even power k, the only pairs of non-adjacent vertices inside the KX component
are
F={3s+2,3t+2}:0<s<t, 3t+2<n-1}.

Further; if r={v € V:v=2 (mod 3)} = | 4|, then |F| = (;) = “52.

Proof. The partition of the vertex set V = {0,1,...,n — 1} over M3is Vy = {v € V : v = 0
(mod 3)}, Vi={veV:v=1 (mod3)}, and V, = {v € V:v =2 (mod 3)}. Write r = |V, = [5]. We
show that when k is even, the only non-edges inside the K component are exactly the unordered pairs
of vertices from V.
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Step 1: For any integer x, we have x = 0 (mod 3)=x* = 0 (mod 3), x = 1 (mod 3)=x' =
(mod 3), and x = 2 (mod 3)=x = —1 (mod 3)=x* = (-=1)* (mod 3). Since k is even, (—1)f = 1.
Thus, for even k, the map x — x* (mod 3) sends residues as 0 — 0, 1 — 1, and 2 > 1.

Step 2: Recall the adjacency rule of the proposed graph: Distinct vertices a, b are adjacent if a* = b
(mod 3). Examine all residue class combinations.

e Pairs inside Vj: If u,v € V,, then u* = 0 = v (mod 3). Hence, ¥ = v and u is adjacent to v. So,

Vo is a clique.

e Pairs inside V;: If x,y € V|, then x*
Vi is a clique.

e Between V; and V,: Take x € V|, y € V,. Then y* = 1 = x (mod 3), so y* = x; therefore, every
vertex of V; is adjacent to every vertex of V5. In graph language, V; is completely joined to V,.

e Pairs inside V,: Let y;,y, € V, be distinct. We have y¢ = 1 and y4 = 1 (mod 3). Because
y1 =y, =2 (mod 3), neither y’l< nor y’é can be congruent to 2 modulo 3. Thus, neither y| = y, nor
y’; = y; holds, so y; and y, are not adjacent.

1 =y (mod 3). Hence, x* = y and x is adjacent to y. So,

Step 3: From the previous items, the union V; U V; is a single subgraph in which every pair is
adjacent except pairs lying entirely inside V,. In other words, this subgraph is the complete graph on
|V1] + |V5| vertices with exactly the missing edges coming from all unordered pairs of V5, is, precisely
a K graph K where the missing-edge set is

F={35s+2,3t+2}:0<s<1t, 3t+2<n—1}

and the number of such missing edges is

F| = (;) _ r(r2— 1).

O

Example 1. Forn = 14, consider V = {0, 1,2, ..., 13} as the vertex set and M5 = {3' : 3" < 14} = {3, 9}
as the modulus set and fix an even power k = 4. Construct the graph G(14,4, M3) on V by declaring
two distinct vertices a,b € V adjacent if and only if. for some m € M, the power congruence a* = b
(mod m) is satisfied.

Proof. Using Theorem 3.2, for an even k, the graph decomposes as G(n, k, M3) = K,, U K,f; , where
_|n) = —_|2n| _ _ (In/3]\ _ (4)\ _
no=[4]=5n=|%2|=9adF=("")=(}) =6

=  G(4,4,M;) = Ks U K.

Using Theorem 3.3, the missing edges in the KX component are F = {{3s +2,3t+2}:0<s<
t,3t+2<n- 1}. Forn =14, R, = {2,5,8, 11}, so the missing edges are

{2,5}, (2,8}, (2,11}, ({58} ({511}, {8 11}
as shown in Figure 5. O
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n=14, k=4, Moduli=[3, 9]
Missing edges: (2, 5), (2, 8), (2, 11), (5, 8), (5, 11}, (8, 11)

B Vertices = 0 mod 3 Bl Vertices = 2 mod 3 (semi-complete)
Vertices = 1 mod 3 F_Z] Missing edges in semi-complete (can be added)

Figure 5. The graph G(14,4, M;) is K5 U Kg and shows that it has six missing edges in the
K! component.

Corollary 3.3. For G(n, k, M5), the following statements hold:

1.

A

6.
7.

The degree of a vertex u in G(n, k, M3) depends on k. k is odd, then deg(u) = n;— 1 ifu € V;, and if
k is even, then deg(u) = ng— 1 ifu € Vy, deg(u) =ngs—1ifu e Vy, and deg(u) =ng—rifu e V,.

The number of edges for G(n, k, M3) is (’g’) + (”2‘) + (”22) if k is odd and (';’) + ("25) - (;) if k is even.

If k is odd, the number of Eulerian components equals the number of those n; that are odd. k is
even, then K,, is Eulerian if and only if ny is odd. The component K,fs is Eulerian if and only if
both ng and r = |n/3] are odd.

Ifn > 6, then G(n, k, M3) has no isolated vertex.

Each complete component K, of G(n, k, M3) is (t — 1)-regular. Moreover, the number and degrees
of the components are determined by the residue-class partition ngy, ny, n, when k is odd or ngy, n;
when k is even, not solely by the parity of n.

If k is odd and n is a multiple of 3, then components are regular and mutually isomorphic.

G(n, k, M3) is not Hamiltonian, but every complete component K, in G(n, k, M3) is Hamiltonian
fort >3, and the KF component K,’Z is Hamiltonian if it is sufficiently dense.

Corollary 3.4. For G(n, k, M5), the chromatic, clique, domination, and independence numbers are

max{ng, ny,ny}, ifkisodd,
x(G(n, k, M3)) = w(G(n, k, M3))

max{ng, ny + 1}, ifkis even.

3, ifkisodd,
Y(G(n, k, M3)) { J

2, ifkis even.

3, ifk is odd,
(G, k, M) { Ykiso

1 +n,, ifkiseven.
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Let us notice that, as done in the previous section, Theorem 3.2 allows us to calculate both the
adjacency and the Laplacian matrices. We omit the details since they follow easily from what we have
proved until now.

3.3. Structural analysis of power congruence graphs over modulus sets of the form 5'

In this subsection, we investigate the structure of PCGs defined over the modulus set M5 = {5 :
t € Z*, 5" < n}. In contrast to the cases p = 2 and p = 3, the resulting graphs exhibit more
intricate structural behavior. In particular, the structure depends on the residue of the exponent k mod 4,
leading to multiple distinct configurations involving both complete and K¥ components. Based on this
structural decomposition, we analyze key graph-theoretic parameters. The following theorem provides
a complete structural characterization of the graph.

Theorem 3.4. For n > 6 and the moduli set Ms, the proposed graph G(n,k, Ms) in Definition 2.1

depends on the residue of k modulo 4 as follows:

1. Ifk=1 (mod 4) (ie, k=1,5,9,...), then
G(n,k,Ms)=K,, U K, U K,, UK, UK,
2. Ifk =2 (mod 4) (i.e., k =2,6,10,...), then
G(n,k,Ms) = K,, U Kf,

where ng = n — ny and
ng ny
F:( )—( )—I’l4(l’l1 + ny + n3).
3. Ifk =3 (mod 4) (i.e., k =3,7,11,...), then
G(n,k,Ms)=K,, U K,, U K,, U KX

np+ns?

where

4. Ifk=0 (mod 4) (i.e., k =4,8,12,...), then

G(n,k,Ms) = K,, U K,

F= ,
2

where K,i denotes a complete graph K, with exactly F edges less, and ns are the partitions of V
according to residue classes modulo 5 as V, ={x e V:x=1i (mod 5)}, i =0,1,2,3,4, with sizes

n+4 B n+3 n+2 B n+1 _FJ
) n = 5 ) ni = 5 , ng = 5 .

5 5
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Proof. LetV ={0,1,2,...,n — 1} and consider the modulus set Ms = {5' : t € N, 5" < n}. Partition
of V into residue classes modulo Sis V; = {x € V: x =i (mod 5)}, i =0, 1,2, 3,4. Since congruence
modulo 5' preserves residue classes modulo 5, the adjacency between vertices is governed by the
behavior of kK modulo 4, due to the cyclic structure of the multiplicative residues modulo 5.

Case 1: £k = 1 (mod 4). In this case, exponentiation preserves each residue class, that is, for any
a € V;, we have a* = a (mod 5). Hence, vertices within the same class V; are mutually adjacent,
forming complete subgraphs. Since no residue class maps into another, there are no edges between
different classes. Therefore,

G(n,k, Ms) = K,, UK, UK,, UK,, UK,,.

Case 2: k = 2 (mod 4). Here, exponentiation induces interactions between different residue
classes. The class Vj remains invariant and forms a complete component K,,,. The remaining vertices
form a subgraph on n; = n — ny vertices. However, not all pairs are adjacent, as certain residue
combinations do not satisfy the defining congruence. Starting from the complete graph K, , the
number of missing edges corresponds to forbidden adjacencies within V; and between V, and the
sets V1, V,, and V3. Counting these exclusions yields

g n
F:(Z)—(zl)—n4(n1+n2+n3),

and hence
G(n, k,Ms) = K,, UK} .

Case 3: k = 3 (mod 4). In this case, exponentiation permutes residue classes differently. The
classes V), Vi, and V4 remain internally complete and mutually disconnected, forming K,,,, K,,, and
K,,. The union V, U V3 induces a subgraph that is not complete, as edges within V, and within V3 are
restricted. Starting from K, ,,,, the missing edges correspond exactly to the internal pairs of V, and
V3, giving

Thus,
G(n, k,Ms) = K,, UK, UK,, UK,

na+n3*

Case 4: k = 0 (mod 4). In this case, exponentiation collapses residue distinctions further. The
class Vj again forms a complete component K,,,, while the remaining vertices form a subgraph on n; =
n — ny vertices with missing edges. From K, , the excluded edges correspond to restricted adjacencies
determined by the exponent, yielding

ng—1
F = .

G(n,k, Ms) = K,, UK} .

Hence,

Combining all cases, the structure of G(n, k, Ms) is completely determined by the residue class of k
modulo 4. o
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Example 2. Consider n = 23 and the modulus set Ms = {5}. By Theorem 3.4, ny = [MJ = [MJ =

Som=|B2| =5 m |22 =5, ny = 2] =4, andny = |B] =4 o

Casel: k=1 (k=1 (mod 4)). Each residue class induces a complete component. Hence,
G(23, 1,M5) = K;UKsUKs UK, UKy,
as shown in Figure 6.

Power Congruence Graph (23, 1, M_5)

BN =0mod>5 BN =2mod5 MM =4med5
o =1mod5 mmm =3mod5 F_71 Missing edges

Figure 6. The graph G(23, 1, Ms) shows that it decomposes to Ks U Ks U Ks U K4 U Kj.

Case 2: k = 2 (k = 2 (mod 4)). The graph decomposes into a complete component and a K*
component. Hence,
G(23,2,Ms) = K5 U K3y,

where F = (128) - (;) -4(5+5+4)=153-10—-56 = 87, as shown in Figure 7.

Power Congruence Graph (23, 2, Ms)

= O o P 4 "v""
g At

B =0mod>5 B =2mod5 B =4mod5
= 1mod5 BN =3mod5 [Z_A Missing edges

Figure 7. The graph G(23, 2, Ms) shows that it decomposes to Ks U K%.
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Case 3: k =3 (k =3 (mod 4)). The graph decomposes as
G(23,3,Ms) = Ks U Ks U Ky U K,°,

where F = (;) + (;) =10+ 6 = 16, as shown in Figure 8.

Power Congruence Graph (23, 3, Ms)

B =omod5 m =2mod5 B =4mods
W =1modS MMM =3mod5 ([ZA Missing edges

Figure 8. The graph G(23, 3, Ms) shows that it decomposes to Ks U K5 U K4 U K916.

Case 4: k =4 (k=0 (mod 4)). The graph decomposes as
G = K5 U Kllé%,

where F = (127) = 136, as shown in Figure 9.

Power Congruence Graph (23, 4, Ms)

S

o

Mé’{é@mﬁ

BN =0mod>5 B =2mod5 Bl =4mod5
= 1mod5S B =3mod5 A Missing edges

Figure 9. The graph G(23, 4, Ms) shows that it decomposes to Ks U K/3°.

This example clearly illustrates how the structure of G(23, k, Ms) varies with k mod 4, producing
both complete and K' components.
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The following results are direct consequences of Theorem 3.4 and are stated without proof, since
the methods are the same as in the previous sections.

Corollary 3.5. Consider G(n,k, Ms) as defined in Theorem 3.4. Then, the degree of each vertex
depends on the component it belongs to:

1. If k =1 (mod 4), then forv €V,
deg(v) = n; — 1.

2. If k=2 (mod 4) or k =0 (mod 4), then

no—1, v € Vy,
deg(v) =
<ng—1, VEV\V().
3. If k=3 (mod 4), then
ny — 1, Ve V(),
-1, eV,
degv) ={" e
ny — 1, v E Vy,

S(I’l2+l’l3)—1, veV,UVs.
Corollary 3.6. The size of G(n, k, Ms) as defined in Theorem 3.4 is the following:
1. If k=1 (mod 4), then

4
EG(n,k, Ms)| = ) (’;)
i=0

2. If k =2 (mod 4) or k =0 (mod 4), then

E(G(n, k, Ms))| = (”20) + (”) _F

3. If k=3 (mod 4), then
_ no n ny ny, + nj3 _
|E(G(n,k,M5>)|—(2)+(2)+(2)+( ! ) F

Corollary 3.7. For G(n,k, Ms) as in Theorem 3.4, the chromatic number and clique number are the
following:

1. Ifk =1 (mod 4), then
x(G(n, k, Ms)) = w(G(n, k, Ms)) = max{ng, ny, ny, nz, ny}.
2. If k=2 (mod 4) or k =0 (mod 4), then
x(G(n, k, Ms)) = w(G(n, k, Ms)) = max{ng, n,}.
3. If k =3 (mod 4), then

x(G(n, k, Ms)) = w(G(n, k, Ms)) = max{ng, n;, n4, ny + nz}.
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Corollary 3.8. G(n,k, Ms) is Eulerian if and only if all vertex degrees are even. Each complete
component K, is Hamiltonian for n; > 3.

Remark 3.2. The adjacency matrix A(G(n, k, Ms)) is block diagonal, with each block corresponding
to a component of G(n, k, Ms). Each complete component contributes a matrix of the form J — I, where
J is the all-ones matrix. The Laplacian matrix L(G(n, k, Ms)) = D(G(n, k, Ms)) — A(G(n, k, Ms)) is also
block diagonal, with each block corresponding to the Laplacian of the respective component.

Remark 3.3. For each complete component K,, the adjacency spectrum is {(r — 1)',(=1)"'}. The
Laplacian spectrum of K, is {0',r"~'}. The energy of G is the sum of the energies of its components.
In particular, for complete components E(K,) = 2(r — 1). The Laplacian energy is obtained similarly
from the Laplacian eigenvalues of each component.

3.4. Generalization of power congruence graphs over modulus sets of the form p'

We now extend the preceding analysis to modulus sets of the form M, = {p’ : t € N, p' <
n}, where p is a prime. Let G(n, k, M,) denote the corresponding PCG. The structural behavior of
G(n,k,M,) is governed by the arithmetic properties of exponentiation modulo p. In particular, since
the multiplicative group modulo a prime p is cyclic of order p — 1, the structure of the graph depends
on the residue of kK modulo p — 1.

Theorem 3.5. Let p be a prime and consider the PCG G(n,k,M,). Then the structure of G is
determined by the residue class of k mod (p — 1). In particular, up to p — 1, distinct structural types of
graphs arise as k varies.

Remark 3.4. As p increases, the resulting graphs exhibit progressively richer structural behavior,
including configurations that are not restricted to unions of complete graphs. This highlights the non-
trivial nature of the proposed construction and its dependence on both the modulus and the exponent.

To further illustrate the structural richness of the proposed graph family, we present computational
experiments and corresponding visualizations for selected parameter sets in Figures 10 and 11,
which reveal unexpectedly intricate connectivity patterns and motivate deeper investigation of their
topological and Hamiltonian properties.

Power Congruence Graph (100, 7, M_11)

N =0mod5 B =2mod5 N =4mod5
=1mod5 B =3mod5 73 Missing edges

Figure 10. The graph G(100,7, M,;) is a disjoint union of three complete and two K*
components.
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Power Congruence Graph (100, 23, M_11)

. =0mod5 N =2mod5 Il =4mod5
=lmod5 ®EW =3mod5 £z Missing edges

Figure 11. The graph G(100,23, M;3) is a disjoint union of three complete and five K¥
components.

These computational observations suggest that the structural behavior of G(n,k, M,) is highly
sensitive to parameter selection.

Theorem 3.6. Let G(n, k, M),) be the graph constructed on the vertex set V. Since every connected
component of G(n, k, M,) is either a complete graph or a graph of the form K for some F C E(K,),
where KF is obtained from a complete graph by deleting a set of edges F, each component of
G(n, k, M,) is Hamiltonian.

4. Applications of power congruence graphs over sets of moduli

PCGs provide a natural bridge between number theory and graph theory by converting power
congruence relations into structures. The defining relation a* = b (mod m) induces adjacency patterns
that reflect residue class behavior and modular symmetries. The structural results obtained in this
article show that the graph behavior depends strongly on the choice of modulus set M, = {p'} and
the exponent k. Modular exponentiation is central to many cryptographic systems. PCGs provide
a structural representation of power mappings and residue transitions that offers insight into the
connectivity and distribution of modular states, which may be useful in analyzing exponentiation-
based transformations. PCGs can be used to model systems where nodes are partitioned according to
residue classes and connections are governed by modular rules. The decomposition into components
reflects modular clustering and controlled interaction patterns. PCGs offer a graphical interpretation
of power residues and modular transformations. Classical graph invariants such as clique number,
chromatic number, independence number, and spectral properties provide tools to study the distribution
and interaction of residue classes. Modern digital systems including microcontrollers and digital signal
processors operate under modular arithmetic due to finite precision. In such systems, transformations
of the form x — x* (mod m) arise naturally in pseudo random number generators, cyclic counters,
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and residue number systems. Overall, PCGs provide a flexible framework for understanding systems
governed by modular exponentiation. Their structure, which becomes increasingly rich for larger
primes, offers both theoretical insight and potential applications in computational and engineering
settings.

5. Conclusions and future work

In this article, we studied the structural properties of PCGs arising from relations of the form a* = b
(mod m), with modulus sets of the form M, = {p' : p' < n}. We provided a systematic analysis
for the cases p = 2, p = 3, and p = 5, showing that the structure of these graphs is governed by the
interplay between the modulus and the exponent k. For p = 2, the graphs decompose into two complete
components for all values of k. For p = 3, the structure depends on the parity of k with either three
complete components or a combination of complete and KX components. For p = 5, we observed
a significantly richer behavior, where the structure depends on k mod 4 and includes configurations
involving K,f components. More generally, for a prime p, the structure of G(n, k, M,) depends on
k mod (p — 1), leading to up to p — 1 distinct structural configurations. These results demonstrate that
the complexity of the graph increases with the modulus and that the structure is closely tied to residue
class interactions. Beyond structural characterization, we derived key graph theoretic parameters and
spectral properties. Together, these results establish a coherent framework for understanding graphs
generated by power congruence relations and highlight the transition from simple to more intricate
structures as the modulus varies.

The present study opens several directions for further research. A natural extension is the
investigation of PCGs for general prime moduli, where the structure is expected to depend on
k mod (p — 1), potentially leading to up to p — 1 distinct graph types. A deeper analysis of spectral
characteristics including adjacency and Laplacian eigenvalues and energy may reveal additional
structural insights. Further work may also focus on domination parameters, labeling problems, and
automorphism groups of these graphs. Another promising direction is the study of more general
congruence relations, such as quadratic or higher-order mappings, which may produce structurally
different graph families. Overall, PCGs provide a flexible and structured framework that connects
modular arithmetic with graph theory, and they offer a foundation for future investigations into number-
theoretic graph constructions.
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