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Abstract: In this paper, we considered an eco-epidemic model incorporating additional food, time
delay, and nonlinear prey refuge. First, the analysis began with the model without time delay, focusing
on the positivity and boundedness of its solutions. Following this, we established criteria for the local
asymptotic stability of all possible equilibria, and obtained some conditions of the global asymptotic
stability at the positive equilibrium of model with time-varying delay. Subsequently, we investigated
the conditions under which Hopf bifurcation occured in the model with discrete time delay. In addition,
we employed the method of multiple time scales to analyze the delay differential system, thereby
deriving a time-delay-based control strategy. Specifically, time-varying perturbation was introduced
to the delay to suppress oscillation. Finally, the theoretical findings were validated through numerical
simulations.
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1. Introduction

The pioneering work of Lotka [1] and Volterra [2] marked the beginning of a sustained focus on
the complex dynamics of predator-prey systems, which have since become a cornerstone of theoretical
ecology. Scholars have incorporated the traditional predator-prey framework into eco-epidemiological
studies, investigating the dynamic relationships that exist between predators and their prey [3,4]. This
cross-disciplinary methodology enhances our comprehension of how disease propagation influences
the architecture and operation of food webs [5,6]. These findings not only advance ecological theory
but also offer essential guidance for devising more effective strategies for ecosystem management.
Beltrami and Carroll [7] developed an eco-epidemic model where the prey becomes infected by a
virus, creating an infected subpopulation. Their work revealed that even a small presence of infectious
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agents could destabilize the system. Meng et al. [8] demonstrated that the predator is capable of
surviving while transmitting the disease among the prey population. Moreover, Sk and Pal [9]
examined a predator-prey system incorporating infected prey. Their findings indicate that elevated fear
levels combined with reduced refuge behavior can eradicate the infection from such systems under
deterministic and stochastic conditions.

For decades, it is generally accepted that ecosystem diversity has been largely shaped by direct
interactions between predators and prey. However, growing empirical evidence reveals that indirect
effects can exert equally strong ecological influences such as the prey refuge. Prey refuge refers to a
mechanism whereby prey avoids capture by predators through behaviors or environmental conditions.
Prey refuge can significantly influence dynamic behaviors of eco-epidemic systems. The functional
response was first proposed by Holling [10], suggesting that prey can utilize environmental refuge
to avoid capture by predators. In eco-epidemic models, prey refuge is conceptualized as a nonlinear
buffering mechanism against predation pressure. By enabling a portion of the prey population to be
shielded from predation, the presence of refuge can enhance the resilience of the prey and increase the
stability of the overall system. Islam et al. [11] investigated an eco-epidemic predator-prey model
that includes nonlinear prey refuge and harvesting of predators. They analyzed local and global
stability, and explored Hopf bifurcation as well as transcritical bifurcation in relation to key biological
parameters. Their results demonstrate that the infectious disease can be effectively controlled
by regulating the basic reproduction number. Jana et al. [12] proposed an eco-epidemic model
incorporating time delay and the recovery of infected prey. They found that time delay significantly
affects the stability, particularly in suppressing chaotic oscillations and shaping specific stable regions.
Erbach et al. [13] revolutionized this paradigm by establishing a generalized predator-prey model with
Holling type III function and explicated alternative food dynamics, formally quantifying alternative
resource exploitation within the Beverton-Holt framework [14].

Building upon the work of [11] and inspired by references [12, 13], we consider an eco-epidemic
system comprising a generalist predator (large wild carnivores, e.g., wolves) and a prey population
of captive herbivores (e.g., sheep). The prey is further divided into susceptible and infected
populations. We also incorporate a form of nonlinear prey refuge in which the refuge effect intensifies
with increasing predator density (modeling the prey’s behavior of retreating into enclosures). The
following assumptions are given: (i) disease transmission among prey is governed by Holling II
functional response; (ii) the predators are generalist predators who can switch to alternative food
resources when prey are scarce or extinct; (iii) the gestation delay of predators may fluctuate
over time owing to variations in climate, environmental conditions, and individual characteristics.
Consequently, incorporating a time-varying gestation delay into the model may provide a more realistic
representation. Thus, a time-varying delay eco-epidemic model with additional food, time-varying
delay, and nonlinear prey refuge is given as follows:

(dS S+1 BS1
E_rS(l— X )—b+S—m(l—le)SP+’yI—qlES,
dl _ pS1I B 3 o
Frinranys n(1 —6,P)IP — yl — d,I, (1.1)
dP _ nP
@ “TemP +eym(l — 8, P(t — 7(H))S (t — T(1))P(t — 7(£))
L + exn(l — 0, P(t — t())I(t — 7(t))P(t — 7(t)) — o, P — ¢, EP.
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Here S, 1, and P represent the densities of susceptible prey, infected prey, and generalist predators at
time ¢, respectively. 7(¢) represents gestation delay and it is a continuously differentiable function. The
biological interpretations of the other parameters appearing in model (1.1) are summarized in Table 1.
All parameters in model (1.1) are positive. In addition, model (1.1) satisfies the non-negative conditions
S&) = ¢1(€) > 0,1(6) = ¢a(€) > 0, P(¢) = ¢$3(6) > 0,£ € [-7,01,0 < 7(1) < 7,4:(¢) € A([-7,0LRY),
and i = 1,2,3. Here, Ri denotes the “three-dimensional nonnegative real space,” i.e., the set of all
three-dimensional vectors whose coordinates are all greater than or equal to zero, which can be written
as: R = {(S,I,P) e R*|S >0,1>0,P>0}.

Compared with the linear function in reference [11], we consider the standard incidence rate %
in model (1.1). Compared with the linear function in reference [15], we consider the treatment
function as a linear function. Compared with the constant harvesting rate of the predator [15, 16],
we consider the linear harvesting rate of the susceptible prey and the predator. Compared with the
reference [15, 16], one of the most significant improvement of our manuscript lies in the introduction
of a generalist predator, which gives a eco-epidemic model with additional food for predators. This
modification yields more complex dynamics and better approximates real-world ecosystems. Due to
factors such as climate, environmental fluctuations, and individual differences, we also incorporate
a time-varying gestation delay for the generalist predator replaced the constant delay, and conduct
a detailed analysis of its effects on stability, which is the other of the most significant improvement
of our manuscript. In what follows, under the cases of delay-free, constant delay, and time-varying
delay, we will systematically discuss the dynamical behavior of time-varying delay eco-epidemic
model incorporating additional food, nonlinear prey refuge, and Holling type I functional response,
and supplement these theoretical results with numerical simulations.

The remainder of this paper is structured as follows: the positivity and boundedness of solutions
for the delay-free model (2.1) are established in Section 2. In Section 3, we derive conditions for the
existence and local stability of all six equilibria of model (2.1), and further demonstrate the global
stability of the positive equilibrium of model (1.1) by constructing an appropriate Lyapunov function.
Section 4 is devoted to analyzing the existence and characteristics of Hopf bifurcation. In Section 5, we
apply the method of multiple scales (MMS) to the delay-differential system, based on which a control
strategy is developed introducing time-varying perturbations to the delay to suppress oscillations.
Numerical simulations confirming the theoretical findings are provided in Section 6. We conclude
with a summary and discussion in Section 7.

2. Positivity and boundedness

When 7(¢) = 0, the non-delayed model is shown as follows:

(ds S+1. BSI

— =rS(1 - — - 1-6P)SP I —qES,

ar rS( K) bh+S m( 1P) +yl—q

dI  BSI

&Pl (1 —6,P)IP -yl —dy] .
it~ has U aPIP=yI=dil @1
dpP nP

_ = + 1-6,P)SP+ 1-6,P)IP —d,P— g,EP.

@ T Te P e m( 1P) exn( »P) P —q»

In this section, we focus on examining key biological properties of the non-delayed model (2.1),
specifically, the positivity and boundedness of its solutions.
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={(S,,P)eR}|S >0,I>0,P>0),

Theorem 2.1. For any initial condition (S (0), 1(0), P(0)) € Ri
the corresponding solution (S (¢), I(t), P(t)) of model (2.1) remains positive for all t > 0.

Proof. Model (2.1) can be reformulated as

(dS
— =5Y(5,1,P),
” 1( )
d/
_:IYZ(S7I’P)’ (2'2)
dr
dP
— = PY3(S,1, P),
| = PYa(S.1.P)
where,
S+1 Bl yI
Y I,P)=r(1- — -m(l -6P)P+~— —qE
I(S’ 5 ) r( K ) b+S m( 51 ) +S qi1L,
BS
Y,(S,I,P) = —— —n(l —=6,P)P—vy —d,,
2 ( ) b+ S n( »P) Y 1
Y3(S,1,P) = +eym(1 —6,P)S + exn(1 —6,P)I —dy — ¢ E.
1 +'ﬂ0})
This means

S (1) = S(0)el NEGLOPOMs 5 ()
1(t) = 1(0)els S G PeNs 5 ()

P(t) = P(0)elo S @I&P(sNds 5

The proof of positivity is completed.
Theorem 2.2. Every solution of model (2.1) is uniformly bounded within the set A.

Proof. By taking the derivative of Q(r) = S (¢) + I(¢) + iP(t) with respect to time ¢, we get

do0 ds dI 1dP S+1
a0 _ S (1= 2 L GBS —n(1 = 6,P)IP — dy1

= — 4+ —+
dr dt  dr e dt K
1 nP
— + 1-6,P)IP—-d,P— g, EP).
61(1+770P exn( »P) 2 q:EP)

Let L = min{d,, d,}, and n be a normal number. We have

do +LO-n0 <S(L+r(1- 5)) —(dy - L)I - l(a,'z - L)P
dt K (4]

1 1
+ =P — —nP - (1 = 2P - 6,P)
(4] €1 (4]
K ) 1 e
<—@r+L)yY—-d -LI-—(d,— L)P—-(1—-—=)nlP(1 —6,P)
4r e e

K
<—(r+L)>%
_4r(r )
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By solving the inequality, we get
K
0<Q<—@r+L*1-et)y+ Qpe™
4rL

here Qp = Q(S(0),1(0), P(0)). By taking the limit of this inequality as ¢ approaches infinity, we get
0<Q<, L(r + L)?. Consequently, every solution of model (2.1) that originates in R? is confined to
the following region:

1 K
A={S,ILP):0<S+I+—P<—(@r+L)>%.
{( ) " +el 4rL(r )}

Therefore, every solution of model (2.1) remains uniformly bounded for all # > 0, and A constitutes a
positively invariant set.

3. The existence and stability of equilibriums

3.1. Existence of equilibriums

The non-delayed model (2.1) has possible non-negative feasible equilibria as follows:
(i) There always exists a trivial equilibrium, denoted by E1(0, 0, 0).
(i1) The boundary equilibrium E;(S»,0,0) and E5(0, 0, P3) exists when ¢t E > r and n > d, + 1 E,
where S, = = WENK p _ n-d-gE
ro 003 (da+q2E)m0 o
(ii1) Assume that E4(S 4, 14, 0) is the boundary equilibrium of model (2.1), where S 4 and 1, fulfill the

following relations:

S4+I4 IBS4I4

S4(1 - +vyly — qES4 =0,
rS 4( K ) b+S, Yia — q1L04 G
'BS4I4—)/I —dil; =0 .
b+S4 4 1 .
From the second equation of (3.1), we have
b(y +d
54:M_ (3.2)
B-vy—d

Inserting (3.2) into the first equation of (3.1) yields

I _ BlaigibEK(y + dy) + rb*(y + dy)* — a\rbK(y + dy)) (3.3)
‘T ar(ya, KB —rb(y + d)B— a\BK(y +d))) '

where a; =B -y — d,. i .

Therefore, if 7 b(”d‘) > 0 and ﬁ(“lq;ﬁii(ly(;d;)bt;ﬁ;ly);dgl /;I?é;i[;f;’;d”) > ( are satisfied, then model (2.1) has
only one predator—free equilibrium E4(S 4, 14, 0), which is determined by Eqgs (3.2) and (3.3).

(iv) Assume that E5(S's, 0, Ps) is the boundary equilibrium of model (2.1), where S 5 and Ps satisfy

the following equations,

S
rSs(1 — —5) —m(1 = 6,Ps)SsPs — g1 ESs = 0,

nPs
1 +10Ps

(3.4)
+ elm(l —61P5)55P5 —d2P5 - C]zEPs =0.
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According to the first equation of (3.4), we can obtain

_ (mPs(1 =61Ps)+q1E—1)K

Ss 3.5)
r
Substituting (3.5) into the second equation of (3.4), we get
C4Pg+C3pg+C2P§+C1P5+C0:0, (36)

where ¢4 = emomzéfK, c3 = e10\m*K (81 — 19), ¢2 = eymK(=2mé, + mng — mned; + réng — q11700, E),
¢y = eymK(m +ré; + qinoE — q161E — rmo) — rmo(da + q2E), co = esmK(q E — r) + rm — r(da + 2 E).

Thus, ¢4 > 0. Applying Descartes’ rule of signs, we find that Eq (3.6) admits exactly one positive
root Ps precisely when one of the following conditions is satisfied.

(1)e3 >0, >0,¢1 >0,¢9 <0

2)c3 >0,¢>0,¢1 <0,¢9 <05

(3) c3 > O,Cz < O,C1 < O,Co < 0;

D) c3<0,¢<0,¢1 <0,¢9 <0

We impose the assumption (H;): At least one of the conditions (1) — (4) is satisfied. Thus, if (H;) is
satisfied, then model (2.1) has only one disease-free equilibrium E5(S s, 0, Ps), which is determined by
Eqgs (3.5) and (3.6).

(v) The positive equilibrium E*(S*, I, P*) exists if and only if S*, I*, and P* satisfy the following
equations,

rSE(1 - X )—f+S*—m(1—61P)S P +yl" —qES™ =0,
—n(1 —6PHYI'P" —yI"—d\I" =0, .
‘T n( 2P7) Y 1 (3.7)
P*
T +emm(l —6P)S*P* + exan(1 — 6,P)I'P* — dpP* — g, EP* = 0.
\1+T]0P*

From the second equation of Eq (3.7), we get

_ bmP (1= 6,P) +y+d)
T B-nP(1-6P)—y—d;

*

(3.8)

If Z(_": P((ll_ _5;2,) P);_y;’_dél) > 0, then $* > 0. Substituting (3.8) into the first and third equation of (3.7), then I*

and P* are positive solutions of following equation,

( rb(K — I')(a; — nP*(1 = 5,P")(nP*(1 — 6,P*) + ay) — rb*(nP*(1 — 85,P*) + ay)? N
K(a; — nP*(1 — 6,P*))?
(¢1bE + mbP*(1 — 6, P"))(nP*(1 — 6,P*) + ay)
- a; —nP*(1 — 6,P*)
n N eymb(1 — 61 P)(nP* (1 — 5,P") + a»)
1+ noP* a; — nP*(1 — 6,P*)

I

—I'nP*(1 = 6,P)+ ay) = 0, (3.9)

+ ezl’ll*(l - 52P*) - d2 - C]QE =0,

where a, = d; + y. According to the second equation of (3.9), we can obtain

. dz + Q2E _ n _ €1mb(1 — 51P*)(l’lp*(1 — 52P*) + 612)
B 621’1(1 - 62P*) (1 + I]QP*)ezl’l(l - 52P*) 621’1(1 - (52P*)(Cll - I’ZP*(I - (Szp*)) ’

(3.10)
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Substituting (3.10) into the first equation of (3.9), then P* is the positive root of the following equation,

bsP*® + by P + boP™® + bsP™ + byP™* + b3 P + by P + b P* + by = 0, (3.11)

where bg, b7, b, bs, by, b3, by, by, and b are all parameters. These forms are too complicated to go into
detail here.

It is easy to obtain that bg = mbnodlégrﬁ(el + Ke;) > 0. By Descartes’ rule of signs, Eq (3.11) has
a unique positive root P* precisely when one of the following conditions is satisfied.

(1) b7 <0,bg <0,b5 <0,by <0,b3 <0,by, <0,b; <0,by <0;
2) b7 >0,bg <0,b5 <0,by <0,b3 <0,b, <0,b; <0,by <0;
3) by >0,bg >0,b5 <0,by <0,b5 <0,b, <0,b; <0,by < 0;
4 b7 >0,bg >0,bs >0,by <0,b5<0,b, <0,b; <0,by < 0;
(5) b7>0,bg>0,b5s>0,by >0,b3 <0,b, <0,b; <0,by <0;
(6) b7 >0,bg >0,b5>0,bs >0,b3 >0,b, <0,b; <0,by <0;
(7) b7 >0,bg >0,bs >0,by >0,b5 >0,b, >0,b; <0,by < 0;
(8) b7 >0,bs >0,bs >0,by >0,b3 >0,b, >0,b; >0,by <O0.
We introduce the hypothesis (H;): At least one of conditions (1) — (8) is valid. Under this

assumption, Eq (3.11) has a unique positive root P*. Thus, if z(—nfp((lf—é;;);-y;—dél) >0,I" >0, and

hypothesis (H,) are true, then model (2.1) possesses a unique positive equilibrium E*(S *, I*, P*), where
S*, I, and P* are given by Egs (3.8), (3.10), and (3.11).

To visualize numerically, we plot 3D visualization of Eq (3.7) with intersecting points for the
parametric setup mentioned in Table 1. As illustrated in Figure 1, the three-dimensional representations
of Eq (3.7) meet within the positive octant, indicating that model (2.1) possesses a distinct positive
equilibrium.

54 ~ - .

_—
16.5 7
10.5 )

10 95 16
| 9155 s

Figure 1. Visualizations of equations with intersection point of Eq (3.7).
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Table 1. Descriptions of all the parameters in model (1.1).

Parameters

Descriptions

Values

SR ™ XN

1o

62

€l
e
d
d

q2

Intrinsic growth rate of susceptible prey

Carrying capacity of the prey

Half-saturation constant of the transmission rate

Infection rate among prey

Recovery rate of infected prey

Growth rate of predators from additional food

Dependence of predators on additional food

Refuge coefficient for susceptible prey

Refuge coefficient for infected prey

Predation rate on susceptible prey

Predation rate on infected prey

Maximum growth rate of predators from consuming susceptible prey
Maximum growth rate of predators from consuming infected prey
Death rate of infected prey population

Death rate of predators population

Harvest rate of susceptible prey population

Harvest rate of predators population

Harvesting effort level

12
40
1.2
10

0.6

0.2
0.06
0.8
1.9
0.2
0.1

0.5
0.3
0.2
0.8

3.2. The local stability

In this subsection, we analyze the local stability of each equilibrium point. The Jacobian of model

(2.1) is given by:

where,

Juu=r—

Jiz =-mS(1 =26,P), jo1 =

Ju Jiz Jis
J=1ju Jo Ja|., (3.12)
J31 J2 o J33
r BIb : r BS
S——1- P (1-6PP—qE, 1= ——5 - +y,
K~ (h+Sy m( 1P) qiL, Ji2 K b+S Y

_Bb . BS
b+8)2 72" brs

Joz = —nl(1 = 26, P), jz1 = eimP(1 — 6,P), jz» = e;nP(1 — 6,P),

j3 = eimS (1 = 26,P) + e;nl(1 — 26,P) +

n

—— —d, — g-E.
(+mqPp @770

—nP +n6,P* —y —d,

Theorem 3.1. If assumption (H3): r—qE < 0, n—d, — g, E < 0 is satisfied, then the trivial equilibrium
E, is stable, but instability arises if the opposite inequality holds in any single instance.

Proof. Employing (3.12), we derive the characteristic equation for the linearization of model (2.1)

at Ey:

A-r+qE)A+di+y)A—n+d, + q:E) = 0.

(3.13)

Thus, the characteristic values around E; are 4y = r — q1E, A, = —=d; —y < 0,43 = n—d, — ¢xFE.
If assumption (H3) holds, then all roots of the characteristic equation (3.13) have negative real parts,

AIMS Mathematics
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which indicates that £ is locally asymptotically stable. Conversely, if r— g E > Oorn—d, — g, E > 0,
then E is unstable.

Ko s, < édljl’)b and S, < % is satisfied, then the
boundary equilibrium E, is stable, while the equlllbrmm loses stability when the reverse inequality is

satisfied for any one of the cases.

Proof. Making use of (3.12), the characteristic equation of model (2.1) at E; reads:

BS
b+Sz

2
A-r+ %S2+q1E)(/1— +d+y)A—emS,—n+dy + qE) = 0. (3.14)

The characteristic values around E, are A; = r — —Sz -qE, 4, = b+S —di—vy,and A3 = eymS, +1n —

d, — ¢, E. If (H,) holds, then all characteristic values of Eq.(3. 14) possess negative real parts, implying

. . . KEq, (d1+n)b do+qrE-n
that E; is locally asymptotically stable. Conversely, if S, < 5 — =7% or S, > 27— or §, > =75

' 2r p-di—y
then E, is unstable.

)

Theorem 3.3. If assumption (Hs): —6,P3 + P3 > #,52% - P > @ and +q = < (1 +moP3)*
is satisfied, then the boundary equilibrium E5 is stable, but the model becomes unstable whenever the
opposite inequality is true for any of the cases.

Proof. Based on (3.12), the characteristic equation associated with E5 in model (2.1) takes the form

n

(A=t mPy(1=61P3) + UEYA = nPs(6rPs = 1)+ di 4+ A= (s

+ d2 + qu) =0. (315)
The characteristic values around E3 are 4y = r — mP3(1 — 61P3) — q1E, A, = nP3(6,P3 — 1) —d; —
and A5 = m —d, — g, E. If (Hs) is true, then all characteristic values of Eq.(3.15) possess negative
real parts, implying that E; is locally asymptotically stable. Conversely, if —6,P3 + P3 < %
5,P3 — P53 < d‘}:ry or > (1 + noP3)?, then Ej is unstable.

or

d +qu

Theorem 3.4. Ifassumption (HG) r— %54 - %14 S - 611E <0, eymsS 4+ exnly + I]—d2 - 92E <0,

(b+S4)?
BSa—(y+da)(b+S4) (YK=rS 4)(b+S 4)—BS 4K)Bbl4 . . ey
and DeS s TSP DR 275 T —o+ S IR < 0 is satisfied, then the predator-free equilibrium

E4(S 4,14,0) is locally asymptotically stable.

Proof. From Eq (3.12), the characteristic equation of model (2.1) evaluated at E, is given by

BSs—(y+dr)(b+S4) N (YK —=rS4)(b+S4) —BS4K)pbI,
b+S, (b+S4)3((r—q1E)K—2rS4—rI4)—(b+S4)ﬁbI4K
r ,3 4

2r
A—r+ s+ L1+
@=rtgeSat gt g

(A -

).
(3.16)
+ qlE)(/l —eimSy4 —eynly — n+ d2 + Q2E) =0

b14

The characteristic values around E,4 are 4; = r——’S a—gla— o E, 1, = eymS s +enly+n—dr—qr E,

B+s.2 4
— BSa—(y+d)b+S4) _ (YK=rS4)(b+S4) ,3541(),31714 .
and A3 s TS DR 27 T+ S IFBIK - If (Hg) holds, then all characteristic values

of Eq (3 16) possess negative real parts, implying that E, is locally asymptotically stable. Conversely,

- bl. S 4~ (y+d)(b+S
if r— 2 284 — 2Ly —(lfrsj)z—qlE>OorelmS4+ean4+n—d2—q2E>00r’%§(+4)—

((VK 1S 4)(b+S4)—BS 4 K)Bbly .
(b+54)3((r—q1E)K—2r54—r14)—(b+S4)ﬂhI4K9 > 0, then E4 is unstable.
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Theorem 3.5. If assumption (H7): r——S5—mP5(l 01Ps)—q E <0, ﬁ; —nPs(1-0,Ps)—y—d, <0,
and r;‘ngsjfnsl(fs[f(‘f‘g%;) 6;1122;( +eymSs(1 —26,Ps) + (1+noP Tnbp d, — ¢ E < 0 is satisfied, it follows that

the disease-free equilibrium Es(S s, 0, Ps) exhibits local asymptotic stability.

Proof. By virtue of (3.12), the characteristic equation corresponding to E5 in model (2.1) is:

2 S's
A-r+ %55 + mPs(1 —61P5)+Q1E)(/1— bﬁ S + nPs(1 —52P5)+)/+d1)(/1+d2 +C[2E
e,m?KS sP5(1 = 26,P5)(1 = 8 Ps) . G1
- —eymSs(l —261Ps) — ————) =
I’K—ZI"S5—I’I’LP5K(1—61P5)—C[1EK (1+7]0P5)2
The characteristic values around E5 are 4, = r——Ss—mP5(1 01Ps)—q1E, A4, = b+S > —nPs(1-0,P5)—

e m2
y—di,and A3 = 2~ zgi“:fgkz(flf;ﬁ) ‘i;ng}( +emSs(1—20,Ps5) + (m] TR d, — g E. If assumption (H7)
holds, then all characteristic values of Eq (3.17) possess negative real parts, implying that E5 is locally

asymptotically stable. Conversely, if r—QSs—mPS(l—élPs)—qlE >0or; ﬂSS —nP5(1 0, Ps)—y—d; >0

eym*KS s Ps(1-268,Ps5)(1-6, Ps)
OF Sk 2rssomPsK(1-01 Py itk + €1mSs(1 = 261Ps) + ~h-pE> O’ then Es 1s unstable.

(1+770P (I+noPs)?

Theorem 3.6. Under assumption (Hg), as specified in the proof, then the positive equilibrium
E*(S*, I", P) is locally asymptotically stable.

Proof. The Jacobian matrix at equilibrium E* is given by

€11 €12 €13
J(E*) = |ea exn ex|, (3.18)
€31 €33 €33

where,
rS* BS*I y[* rS* BS* .
= 4+ == - , - +v,e13=mS (26, P" - 1),
€1 % (b +S5*)? g €1 = K b+ S Y. e13 = mS™ (26 )
pbr 0 I"'(26,P" — 1) P(1-6,P)
ey =———,e0n=0,e3=n —1),e3y = eym - ,
21 b+5) 2 23 2 31 1 1
ez = eznP*(l - 52P*),€33 = _P*((l-i-nn%*)z + €1m515* + 621’152[*).
The characteristic equation of J(E*) is given by
B+ M+ Myd+ M; =0, (3.19)
where M| = —(eq; + e33), My = ej1e33 — epen — ej3e31 — epzexn, and Mz = ejjexexn + eperess —

€12€23€3] — €13€21€3).

From the Routh-Hurwitz criteria, if assumption (Hg) : My > 0, M, > 0, MM, — M5 > 0 holds, then
Eq (3.19) has three negative roots, the positive equilibrium E* of model (2.1) is locally asymptotically
stable.
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3.3. The global asymptotical stability

To analyze the global stability of the positive equilibrium E*(S*, I, P*), we employ Lemma 1 [17],
which establishes key properties of nonnegative, uniformly continuous, and integrable functions. A
necessary and sufficient condition for system stability is the positive definiteness of matrix H.

Lemma 1. If f is defined on [0, +00) and nonnegative such that f is uniformly continuous and
integrable [0, +0), then lim,_, ., f(¢) = 0.

Theorem 3.7. If every principal minor of the 6 X 6 matrix H = (h,,,) is positive, then the positive
equilibrium E*(S*,I*, P*) of system (1.1) is globally asymptotically stable provided that v'(t) < M,
where M is a positive constant, and the definition of H is provided in the following analysis.

Proof. We start by introducing the following Lyapunov function:

. S 1 P
V(S,I,P)=S -S~ —S*lng +1-TI _I*IHF +P-P —P*lnF
t (3.20)
+ / ((S(s) = 8"+ (I(s) = I')* + (P(s) — P*)*)ds.
t—1(1)
In order to read easily, we denote S (t — 7(¢)), I(t — 7(t)), and P(¢ — 7(¢)) as S.,, I,, P-,. Eq.(3.20) takes
the derivative of ¢,

v _ B
dr

(b+S)(b+S*)_%"'1)(5—5*)24.(1_]*)2

Mo

1 -

O P+ Py
—(A -7, - I = (1 =T O)Pr, - P)

Yy r B(S™ +2b) . ;
+(§—E—(b+S)(b+S*))(S—S)(I—I) (3.21)
+(Om(P+P)Y—m)(S -SSP —-P)+ (6n(P+P)—-n)I-TI)VP-P

L 2 * 2
+ €1m(P . 61P7r)(P _ P*)(Sﬂ _ S*) + €2n(P 62PT,)
N eim(Sy, — 018" (P, + P*) + exn(ly, — 621" (P, + P7))
P

WP =P =1 =7TO)S,~S")

(P~ PYI, - T)

(P~ P*)(P,, ~ P").

Based on the important inequality and the uniform boundedness of the solutions, we obtain:
BI .
b+S)Db+S*)
2 2
+ [?7 +26,n(P + P + 1 — Er] (I - I')

dv 2y
— <| = +2060m(P+ P") +
dr _[S i )

r *\2
1—E](S—S)

2P*(eym + eyn) + 2(eymS ¢, + exnly)
P

+ [1+2(61m + 6n)(P + P +
_ nMo

(I +noP)(1 + noP*)
-1 =M)S,, =S = (1= M), - ') = (1 = M)(P,, — P")

(P~ Py
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_Br
b(b+5°)

2 Ke . 2r .
+ [%+262n(ﬁ(r+L)2+P y+1- U=y

2 K
<[2L 4 2(51m(£(r + L2+ P+

r
11— =[S -8%?
3 + K]( )

Mo
(1 + B0 (e 4 L)2)(1 + 5o P*)
.\ 2P (eym + en) + 2(eym + exn) - (r + L)z] P PV (3.22)
P
~ (1= M)(S+, = 8" = (1 = B)(Ir, = I')? = (1 = B)(Pr, = P')’
< —hi(S =8 = (I = I')? = h33(P = P*)* = hay(S+, = S*)’
= hss(I, = I')? = heo(Pr, = P°)?
<—-R'HR,
where RT = (IS — S*|,|I = I',|P — P*|,|S,, = S*|, |, = I*|,|P;, — P*]), H = (hy,),m,n =1,2,3,4,5,6,5
and P are the lower bounds of S(t) and P(t), respectively.

K
+ [14260m + 6n) (- (r + L) + P7) —
4rL

ro 2y Ke, 5 N BI*
hy=t — Y asmCl L+ Py - P,
nEg g T L ) s
2r 2y Ke, ) ) _
hy =— — —= = 26n(—— L PY=1,hyy=hss=hegg=1-M,
n=p Ty 2n(4rL(r+ )+ P) 44 = hss = hes
77770 Kel 2 5
hiz = —1-20m+ébn)(—@+ L)+ P
BT+ e 1)2)(1 4 P ©Oum + om (o (r+ D) )
2P*(eym + exn) + 2(eym + 6271)%(1’ + L)?

- P Jhij=0,i# j,i,7=1,2,3,4,5,6.

The positive definiteness of matrix H is equivalent to all of its leading principal minors being
positive. The principal minors of matrix H are Dy = hy;,Dy = hythyp,D; = hyjhphss, Dy =
hithashsshas, Ds = hyihyphsshashss, and Dg = hyhyshsshashsshe.

We can obtain

dv
3 < —RTHR < —v(IS(s) = S*I* + |I(s) — I'}* + |P(s) — P*]), (3.23)

with v being the smallest eigenvalue. Equation (3.23) then yields
V(S,I,P) +v(IS(s) = S*P* + [I(s) = I'* + |[P(s) = P*|*) < V(S(0), 1(0), P(0)). (3.24)

By definition of V(S, I, P) and Eq (3.24), S (¢), I(¢), and P(¢) are bounded uniformly on [0, +c0) and the
same is also for &, 9/ and % on [0, +c0). From Lemma 1 and Eq (3.24), it can be inferred that

dredee
lim |S() = S* =0, lim |[(t) - I'|* = 0, lim |P(r) — P*]* = 0.
t—+co t—+00 I—>+00

Thus, the global asymptotic stability of E* is established. This completes the proof.
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4. Hopf bifurcation

4.1. Existence of Hopf bifurcation

Our initial focus is on the existence of Hopf bifurcation in model (1.1) under the condition that 7(¢)
takes the constant value 7, with 0 < T < 7. Thus, model (1.1) is rewritten as follows:

(dS S+1 BS1

= =S -2) -2 w1 -6,P)SP +yI - q,E

” rS( K) P m( OP)SP+ vyl —qES,

dl  BSI

—=—— —n(l =6P)IP -yl -dl,

@~ pas - ePIP=yI-d, 4.1
dP nP

— = + 1-60Pt-)SE-DPt—T

& " T+mP eym( 1Pt =1)SE—-7)Pt—T)

. +627’l(1—62P(l‘—’?))1(l’—7_')P(f—7_')—dQP—QQEP.

The linearized model (4.1) at E*(S*, I*, P*) can be transformed into

a apy app aps S (1) 0 0 0 Sit-1)
—i = | an 0 ans I(l) + 0 0 0 I([ — ‘T’) s (42)
s 0 0 axn/ \PO bsi by by ) \P(-17)

where a1 = e11,a = €12, a13 = €13,a21 = €21, a3 = €23,b31 = €31,b3 = €3, a33 = W —dr — ¢ E,

and b33 = elmS*(l - 251P*) + 621’11*(1 — 2(52P*)
The characteristic equation for model (4.2) evaluated at the positive equilibrium E*(S*, I*, P*) is
given by
B+ P22+ Pild+ Py+e (0> + 014+ Q) =0, 4.3)

where P, = —(ai +as3), P1 = anas; —ana, Po = ananass, O = —bss, Q1 = anbss —axnbsn —azbsy,
and Qo = ayjaxbsy + anaibs; — annaxnbs — aizaz ba.

Suppose that 1 = iw (with w > 0) is a solution to Eq (4.3). Substituting this into the equation and
extracting the real and imaginary components yields

Piw — &’ = Qpsin(wT) — Qrw? sin(wT) — Q1w cos(wT), 4d)
Py — Pw? = Qrw? cos(wT) — Qp cos(wT) — Oy w sin(wT). '
Squaring each of the two equations in (4.4) and then adding them together yields
W+ ot +rwt+ry =0, 4.5)
WhererZ:P%—ZPl —Q%,l"l :P%—Q%—2P0P2+2Q0Q2,andro:P%—Q(Z).
Let w? = v, we can rewrite Eq (4.5) as
fv) = V4 +rv+r=0. 4.6)

By differentiating both sides of the equation with respect to v, we obtain: f’(v) = 3v? + 2r,v +r; = 0,

-+ \/rz 3r

and the roots of f"(v) = 0 can be expressed as v;, = 3
Following the approach in [18] and employmg Fan’s formula [19] we obtain the discriminant of Eq
(4.6) as: A = B> —4AC, here A = r2 -3r,B=rir,—9r,C = r1 = 3rors.
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Lemma 2. From Eq (4.6), we have the following conclusions:

(i) If condition (Ho): ry > 0 and r5 — 3r; < 0 is satisfied, then f(v) is strictly increasing for all
v € [0, +00). Consequently, f(v) = 0 admits no positive solutions in this interval, implying that Eq
(4.6) has no positive root.

(ii) If A > 0, then Eq (4.6) only has one positive root.

(iii) If A = 0, then Eq (4.6) has two positive roots.

(iv) If A < 0O, then Eq (4.6) has three positive roots.

Without loss of generality, suppose that Eq (4.6) has three positive roots, namely vy, v,, and vs, then
Eq (4.5) possesses the following three roots: w; = /v, w, = 4/v2, and w3 = 4/vs. Based on Eq (4.4),
we have

1 Py — Pywd)(Qaw? — Qo) + Q1wi(w? — Py). 27
T, = — arccos[( 0 zwk)(nguk Qg) Qzlazk(wk 1)] + ﬂ,k =1,2,3,j=0,1,2,--- .
Wk (szk — Qo) + Qlwk Wi

Define ?(f:min{%i,k = 1,2,3,j = 0,1,2,---}. Thus, when 7 = 7, then +iw, is a pair of pure
imaginary roots of Eq (4.3), and the other roots have non-negative real parts.
Let A(T) = a(T) + iB(T) be the root of Eq (4.3) when T = 7, satisfying a(79) = 0 and B(7?) = w,.

Theorem 4.1. If v, = w? and f'(v)) # 0 hold, then FXD ), # 0.

Proof. Taking the derivative of Eq (4.3) with respect to T yields

z
AQ2 22 + Q14 + Qo) 2

Substituting A = iwy into Eq (4.7) and extracting the real part yields

4.7)

{dﬁ] B2+ 2P+ P)ET + 20,0+ O
dr|

e {dﬂ T 3wd +2(PE - 2P, — Q2)wl + P2 — 2PyPy + 20005 — O

dr |, W§((Qo — Qrw})? + QIw})
_ )
W§((Qo — Qrw})? + QIw)
So we have
sign [E_(Re(/l))} = sign [Re(d—/_l)_l} = sign{f’'(v1)} # 0.
dr A=iwg dr A=iwg

On the basis of the foregoing analysis, we now state the following theorem concerning the stability of
E™ and the occurrence of Hopf bifurcation.

Theorem 4.2. For the delayed model (4.1) with T > 0, the following conclusions can be drawn:

(i) Under assumption (Ho), the positive equilibrium E* remains locally asymptotically stable for
any T > 0.

(ii) When A < 0 is satisfied, E* is locally asymptotically stable for T € [0, 7), but becomes unstable
once T exceeds T.

(iii) Provided that A < 0 and f'(vi) # 0 hold, model (4.1) experiences a Hopf bifurcation at E*
precisely when T = T.
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4.2. The properties of Hopf bifurcation

When 7 = 7, the existence of Hopf bifurcation has been discussed in Theorem 4.2. Next, we will
employ the ideas from reference [20] to explore the properties of Hopf bifurcation.

Lett = T+ pu, u € R Then, u = 0 is a Hopf bifurcation value for model (4.1). Defining
the phase space ¢ = C([-1,0],R*) and implementing the time transformation 7 = ¢ normalizes
all time-dependent terms. Define U(t) = S(t) — S*, Ux(t) = I(t) — I",Us(t) = P(t) — P, U(t) =
(U\(t), Us(1), Us(1))" € R and t = 7. Model (4.2) admits a representation as a functional differential
equation in i,

U(t) = LUy + F(u, Uy), (4.8)

where L, : y > RPand F : RX ¢ — R,
Let o(0) = (¢1(6), 02(6), ¢3(0))" € R?, where 6 € [—1, 0], such that

L) = (T + w)L1p(0) + (T + w)Larp(—1), “4.9)
and
Fi(p)
Fu,p) =@ +p | F2(p) |, (4.10)
F3(p)

where L, and L, are defined by Eq (4.2), for the meanings of the remaining parameters in the Eq (4.10),
see Eq (7.1) in the Appendix.

According to the Riesz representation theorem [21], there exists a matrix function n(6,u) €
C([-1,0], R%), such that

0
L) = | dne.ue@.0co. @11
-1
where 1(6,0) = TL16(0) — TL,0(0 + 1), 6(0) is a Dirac delta function, that is

0,0 # 0,
o(6) =
1,6 =0.

For ¢ € C([-1,0], R*), we define:

Ao = | 6e[-1,0),
- f—ol dn(u, s)e(s), =0,

0, 0 < [-1,0),

R =
e {F(ﬂ,so), 6 =0.
Therefore, Eq (4.8) can be transformed into

U@ = A,(Up) + R, U, (4.12)

For ¥ € y* = C*([-1,0], R®), we define:

A GB(S) = -2, s€(,1],
YT WoHdnE.0), s =0,
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and establish a bilinear inner product:

0 0
(P(5), ¢(0)) = P(0)p(0) — / 1 /0 (€ ~ O)dn(O)p(§)dE, F(s) € C, 9(6) € C,

where 17(0) = 1(6,0). A(0) and A*(0) are adjoint operators. According to Theorem 4.2, +iw,T are
eigenvalues of A(0); consequently, they are also eigenvalues of A*(0). Let g(6) = (1, g1, q»)"e™*™ be
the eigenvector of A(0) corresponding to the eigenvalue iw; T, then A(0)g(0) = iw,7q(6). Furthermore,
we have

ayy — iwy ap a 1
T+ ar) —liwy an q | =0,
by1e” T bye T azy — iwy + byze” T q2
Solving the above equation, we have (1, ¢, ¢»)" = (1, “23”_;L);Zf;‘i‘;;i;‘:’;“23 , Wt )T,
Similarly, assuming that ¢*(s) = D(1, g}, ¢)e" "™ is the eigenvector of A*(0) corresponding to the

—iwga13—asan

eigenvalue —iw, 7, then A*(0)q*(s) = —iw,Tq*(s). From the above definitions, we have (1, ¢}, ¢3)" =
—ap _ by | (@D +ayap—ioTan (@B +ayap—iwgTai \T *
(1, s — i e S e 7o S~ bn)) . Moreover, (g*, g) can be expressed as

0 o
@ q) =g (0)q(0) - / 1 /0 q (& = 0)dn(0)q(é)ds

0 0
=D[(1,4},¢5)(1.q1,q2)" - / / (1,3}, g)e T an)(1, g1, q2) " ¥ d€]
-1J0
=D[1 + ¢} + 235 + T(b3) + bx2q1 + ba3g2)Gre " *7].

Thus, we choose D = [1 + q1q} + 235 + T(b31 + b3aq1 + b33q2)g3e 17!, satisfying {g*, q) = 1.
Next, we adopt the methodology [20] to compute the coordinates of the center manifold Cy at u = 0.
When u = 0, let U, be a solution to Eq (4.8). Define:

p(0) ={q", Uy, W(t,0) = U(6) — 2Re {p(1)q(0)} . (4.13)

Restricted to the center manifold Cy, we obtain

p’ p’
5 + Wu(@pp + WOZ(Q)? +--, (4.14)

where p and p represent the local coordinates on the center manifold along the directions of ¢* and g~
respectively. When U, is real-valued, W must be real-valued. For real solutions of Eq (4.12), when
u =0, we have

W(z,0) = W(p(®), p(1), ) = Wa(6)

p(0) = (q", U)) = (q"s AO)U, + ROWU,) = (A*(0)q", Uy + §'(OF(0, Uy)
=i ®p(D) + 3" (O)F (0, W(p, p, 0) + 2Re {p(1)q(0))) 4.15)

def, — = =
=iwTp(t) + g (0)Fo(p, p).

Equation (4.15) can be rewritten as
p(0) = i 7p(t) + &(p, p),
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where,
2 ) 2=
P p pp : (4.16)

g(p,p) =g (O)Fo(p,p) = 820(9)? +gu(@pp + 802(9)? + g21(9)7 +e

According to Eq (4.13), we can obtain

o . JAW =2Re{g" (0)Foq()}, 6€[-1,0),
W=U—-pg—-pg= .

AW = 2Re{G*(0)Foq(0)} + Fo, 6=0, 4.17)
< AW + H(p, . 6),

where,

p’ P’ p’p
H(p,p,0) = Hzo(9)? + H(0)pp + Hoz(Q)E + HZI(H)T + e (4.18)

According to Eq (4.17) and (4.18), we can obtain

(A = 2w T)Wa(0) = — Ho(0),
AW11(0) = — Hii(0), (4.19)
(A + lek‘?)Woz(g) = - Hoz(g)

According to Eq (4.13), we can obtain

Ui(0) =W(1,0) + 2Re { p(1)q(0)}
2

)
:Wzo(e)% + WL (O)pp + WOZ(G)% (4.20)

Teia)k‘TB —iwT0 =

+(1,41,92) p+(1,G1,5) e p+--- .

Furthermore, we have

8(p. p) =q"(OF(0,U,) = DT[F\(U)) + g F2(U)) + g5 F3(U))]

2
:%[2D7_'(k11 + ko1gy + k31g5)] + pplD7(ki2 + knagy + k3245)] (4.21)

P = PP -
+ ?[ZDT(kB + k3qy + k33qy)] + 7[2D7_'(k14 + koaqy + k3a@5)],

for the meanings of the remaining parameters in the Eq (4.21), see Eq (7.2) in the Appendix.
Following the analytical procedure [22,23], we can derive four key parameters which determine the
properties of Hopf bifurcation,

220 = 2D7(ky1 + Gika1 + G5k31), g1 = DT(kia + Gikan + Gokso), 4.22)
g2 = 2D7 (ki3 + Gikaos + G5k33), 821 = 2DT(k14 + Gikoa + Grkaa). .

Since the expression of g, involves both W,y(6) and W;,(6), it is necessary to compute these terms
explicitly. When 6 € [-1,0) , according to Eq (4.17), we obtain

H(p, p,0) = —2Re{q (0)F(p, p)q(0)} = —2Re {g(p, p)q(0)} = —g(p, p)q(0) — &(p, P)g(0). ~ (4.23)
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Comparing the coeflicients of Eq (4.18) and (4.23), we obtain
Hy(0) = —8209(0) — 8024(0), H11(0) = —g114(0) — £114(6). (4.24)
According to Eq (4.19), we get
Wao(0) = 2iw T Wan(0) + £209(0) + 8024(0), Wi1(6) = g119(6) + §11G(0). (4.25)
To solve Eq (4.25), we obtain

] 0 . . i50,a(0) . o
Wy (6) = Melwkre + Me—zwkﬁ) + Elezmra’
Wi T 3wy T

. B (4.26)
0) . . 0 . .
Wll(g) — _lglqu )etwk76’ + lglqu )e—zwk‘rG + EZ,
Wi T Wi T
where E; = (Eﬁl), E,@, E,@)) € R3(i = 1,2) are constant vectors.
When 6 = 0, using Eq (4.17), we have
H(p, p,0) = =2Re (g (0)Fo(p, p)q(0)} + Fo.
According to Eq (4.18), we get
ki
Hy(0) = —20q(0) — 802g(0) + 27 | kay | ,
k31
4.27)
kia
Hi1(0) = —g119(0) — 211G(0) + T | k22
k32
From the definition of A(0) and Eq (4.19), we can derive
0 0
/ dn(0)W(0) = 2iwTWy — Hzo(o),/ dn()W11(0) = —H11(0), (4.28)
-1 -1
where n(6) = n(6,0).
According to Eq (4.9), (4.11), and (4.28), we get
TLiWy(0) + TLy Woo(—1) = 2iw, T — Hyp(0),
1 Wa0(0) 2 Wao(—1) k 20(0) 4.29)

LW (0) + TL Wi (=1) = Hii(0).
Substituting Eq (4.26) and (4.27) into Eq (4.29), we obtain

-1

2iwy — ayy —ap —ap ki
E, =2 —ay; 2iwy —ax ko |,
_b3le—2iwk‘? _b3ze—2iwk‘? lek —as — b33e—2iwk‘f k31
-1
—dy; —apn —da)3 kis
E, = | —a 0 —dan3 ks
—b3; —b3, —aszz — b33 k3»

AIMS Mathematics Volume 11, Issue 6, 17399-17436.



17417

Therefore, all coeflicients g;; can be explicitly determined. Furthermore, we derive

X 2
c1(0) = 5z (g208n — 2lgn = 125 + 5,

_ _Reley(0))
HIUZ " ke (4.30)
po = 2Re {c1(0)},
T, = _Im{Cl(O)}"'ﬂllm{/l,('T)}'

Wi T

At v = 7, Eq (4.30) governs the direction of the Hopf bifurcation and the stability properties of the
periodic solutions emerging on the center manifold.

Theorem 4.3. From Eq (4.30), we obtain the following results:

(i) The sign of u, dictates the direction of Hopf bifurcation: A positive (negative) u, indicates a
supercritical (subcritical) bifurcation, with periodic solutions emerging for T > T in the supercritical
case.

(ii) The stability of the bifurcating periodic solutions is governed by y,: When pu, < 0 (> 0), the
solutions are stable (unstable).

(iii) The period of these solutions is characterized by T : A positive (negative) T\ implies an increase
(decrease) in the period.

5. The MMS and suppression of oscillations

5.1. Hopf bifurcation analysis via MMS

The multiple time scales method [24-27] is commonly used to analyze phenomena spanning
different temporal and spatial scales. Here, we implement this approach for model (4.1).

From the preceding analysis, the system admits a unique positive equilibrium E*(S*, I*, P*). To
begin, we linearize model (4.1) around this equilibrium by introducing the perturbations U;(¢) = S (t) —
S*,Uy(t) = I(t) — I", U5(t) = P(t) — P*. Thus, we obtain a differential equation about the variable U

U =FU,U,), 5.1

where U = (S,I, P)' = (U,,U,,U3)", and U, = U(t - 7).
Following the multiple time scales method, we first introduce the new time scales and the
corresponding time derivatives as

d (o]
T, = é't,— = kD, 5.2
k=€ dr %0:6 k (5.2)

where D, = 6% for k € N U {0}. To study the Hopf bifurcation by means of the multiple scales
technique, we perturb the bifurcation parameter of system (5.1) around its critical threshold by setting
T = T + €7, Where € is a small positive quantity. Following the approach in [24], the solution to model
(5.1) is sought in the form,

Ur)=UTy,T,,T5,---) = Z EUWTo, T1, Ty +). (5.3)
k=1
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Moreover, by employing multiple time scales, we can obtain an asymptotic expansion for the
delayed solutions of model (5.1), which can be expressed as

Ur=)Y UTo—7.T) - €, T, - €7). (54)
k=1

Substituting Eq (5.3) and Eq (5.4) into model (5.1), and using multivariate Taylor expansion, we collect
the terms according to powers of €. Beginning with the lowest order of €, we obtain

DyU, - FyU, - Fy U =0, (5.5)

where Fy = 2—5, Fy, = aaTF. Furthermore, we assume that the solution of Eq (5.5) can be written in the

following form

U, = M, sin(wTy) + Ny cos(wTy),

] _ _ (5.6)
Ui, = M, sin(w(Ty — 7)) + N cos(w(Typ — 7)),

where My = (M (Ty, T2, -+ ), Mio(T1, Ta, - -+ ), Miz(T1, Ta, - -+ )Y, Ny = (N1 (T, T, -+,
Ni»(Ty, T, -+), and Ny3(Ty, T, - - -))T. For conciseness, we express the above equations as

M (T1,Ta, ) = My, Niw(T1, T, -+ ) = Nip,n = 1,2, 3.
Substituting Eq (5.6) into Eq (5.5), we get

wM; cos(wTy) — wN; sin(wTy) — FyM, sin(wTy) — FyN; cos(wTy)
- Fy M, sin(wTy — wT) — Fy_ N, cos(wTy — wT) = 0.

Then we derive that M, M3, Nj», and N3 can be represented by M;; and N;;, respectively.
Consequently, we arrive at the following system of linear equations:

M, ;= a; (M ;,N1),Ni ;=B (M ,Ni1),j=23. (5.7)
Similar to Eq (5.2), denote % by D, fork =0,1,---. From Eq (5.7), we have
D\My; = a1 (DiMy1,DiNy,1), DiNy; = B1i(D1My1, DNy y),i =2,3.

Substituting (5.3) and (5.4) into model (5.1) and applying Taylor expansion, we obtain the following
equation at order €

DyUx(Ty, Ty, Ta,-+) = FyUx(To, T1, T2, ) — Fy,Up(To — 7, T, T2,---) = g1(U1, Uyy),
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where,
1 2 1 2 _
g1(Uy,Uyy) =§FUUU1 + EFUTUTUH + Fyy,U Uy = Fy (veDoUyr + TD Uy ) — D U,

1 M3 (1 = cosQuwTy)) N1 + cosRwTy))
ZEF vu( > + 3

+ M{N,; sm(2wTo)) + %FUTUT(MINI Sin(2(wT0 - CL)‘T'))

N M12(1 —cos2(wTy — wT))) N le(l + cos2(wTy — wT)))
2 2

+ Fyy, (M, sin(wTy) + N; cos(wT)) (M, sin(w(Ty — 7))

+ Ny cos(w(Ty — 7)) — Fy,(tew(M; cos(w(Ty — T))

— Ny sin(w(Ty — 7)) + T(D1M; sin(w(Ty — T))

+ DN cos(w(Ty — 7)))) — DM, sin(wTo) — DN cos(wTy).

(5.8)

For the equation to be solvable, all secular terms containing sin(w7)) and cos(w7T,) must be removed

from the asymptotic expansion. That is, let the coefficients of sin(wT,) and cos(wTy) in Eq (5.8) be
zero. From Eq (5.8), we derive the following equations

_FUTTGle sm(w?) + FUTTEle COS(aﬂ_') - FUT‘T'DlN] sm(aﬁ') - FUT%DIMI COS((,(N_') = D1M1,
—Fy. 1ewN, sin(wT) — Fy, t.wM, cos(wT) + Fy, 7D M, sin(wT) — Fy TD N, cos(wT) = D|Nj.

After removing the asymptotic oscillatory terms, Eq (5.8) can be rewritten in the following form:

DyU, — FyU, — Fy Uy,
1 M? + N> N? - M?
:EFUU( ! 5 Ly 3 L cosQwTy) + M N, sinQwTy))
1 M?+ N* N? - M? 5.
+ =Fy y.(— 3 ‘ ! 5 L cos2u(Ty = 7)) + M;N; sinQRw(Ty — 7)) (59

2
+ FUUTMI sin(a)To)(M1 sin(a)(To - 7_')) + N, COS((U(TO — 7_')))
+ Fyy, Ny cos(wTo) (M sin(w(Ty — 7)) + Ny cos(w(Ty — 7))).

To solve Eq (5.9) while satisfying the solvability conditions, the solution of Eq (5.9) is
U, = M, sinQRwTy) + N, cosQRwTy) + O,
Uyy =M, sin(Zw(To -+ N, COS(2(1)(T() -7))+ 0,

where Uy = Ux(To, T1, T2, -+ ), My = Mx(T,T2,T3,--+),Ny = No(T, T5, T3, - ),
0, = 0,(T,T,,T5,--+), and O, can be denoted by M; and N;, namely

I Fyy + Fuy.u,

0, =-
2 4 FU+FUT

(M} + N?).

Proceeding analogously to the cases of € and €2, we now gather the € order terms from Eq (5.1),
DOU?)(TO’ Tla o ) - FUU3(TO’ T19 e ) - FUTU?)T(TO - 71, Tla o ) = gZ(Ui9 Ui‘r)’i = la 2
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32
12>
The term g, generally comprises the Taylor series expansion of the delayed

For the meanings of the remaining parameters, see Eq.(7.3) in the Appendix, where Dyy =

%, and D11 = %
state U, nonlinear interactions between system states U; and U,, and higher-order temporal derivative
terms.

Consistent with the previous order analysis, we must eliminate secular terms containing asymptotic
oscillations to satisfy the solvability condition. After calculation, we obtain that the expressions of
D, M, and D,N,; are related to M;, and N;; at €', which are too intricate to be presented here. Finally,

reverting to the original time scale, we arrive at

Dy, =

dr

d[(;,—t” = €D1N11 + €2D2N11 + .-,

{dM_n = eD My, + €D My + -+ (5.10)

To carry out the normal form analysis, we introduce the following polar coordinate transformations for
model (5.10)

M, = R(t) cos(¢t), N = R(t) sin(¢t).

Consequently, when 7 = T + €7, the amplitude-frequency equation for model (5.10) takes the form

(5.11)

9 — py(e, 7.) + Pa(e, T)RX(D) + O(&).

{% = Pi(e, TOR() + P3(e, TORY(1) + O(EY),
dr

5.2. Oscillation suppression analysis based on periodic time delay

Bifurcation theory, describes qualitative changes in system behavior under parameter variation.
These transitions may induce instability, generate limit cycles, or precipitate chaotic dynamics [28,29].
Bifurcation control has emerged as a key research focusing on improving system performance metrics
(reliability, stability) while mitigating implementation challenges in practical scenarios. Conventional
bifurcation control methodologies include parameter tuning [29,30], feedback control [31,32], delayed
feedback control [33,34], and hybrid control [35,36].

We now proceed to analyze model (4.1). As demonstrated in other studies, the time delay in this
model can induce periodic solutions through Hopf bifurcation. Furthermore, we set 7,, = T+ €7, where
ete > 0. Thus, we propose implementing a perturbation control strategy through time-varying delay
modulation with the objective of oscillation suppression [25,37]. Specifically, let

7(¢) = 7,y + Lsin(Q), (5.12)

where L and Q denote the amplitude and frequency of the perturbation, respectively. Assume that L
and Q are small, so that Lsin(€2¢) can be considered as a perturbation to 7,,. Thus, the method of
multiple scales proves applicable for investigating time-varying delay systems. Substituting Eq (5.12)
into system (5.1), we obtain

U@t) = F(U,U(t — 7(1))). (5.13)

To obtain the amplitude-frequency equation for model (5.10) under the condition 7(t) = T + €7, +
Lsin(Qdf), a re-scaling procedure is performed, where €R(f) is replaced with R(¢). By applying the
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method outlined in Subsection 4.2, this yields the amplitude-frequency equation given by

aR _ 3
{ X = P(DR(1) + P3(DR(1), (5.14)

& = Py(t) + P ()R,

where Pt = qo + 411 sin(Qt) + g2 COS(QI), Py(t) =ryg+ 1 sin(Qt) + 12 COS(QI), qo = qO(ETE, L, Q),
g = qu(€te, L, Q), 12 = qi2(€7, L, Q), 1o = ro(€7e, L, Q), 111 = ri1(€te, L, Q), and rip = rip(€7e, L, Q).
P,(#) and P5(t) are functions of e.

Since the first equation in (5.14) exclusively governs R(f), whereas the second equation is R(?)-
dependent, we focus on the first equation,

‘31—1: = Pi(R(?) + P3(DR* (). (5.15)

We observe that Eq (5.15) constitutes a variable-coeflicient Bernoulli equation, whose solution may be
obtained through application of the following lemma.

Lemma 3. The solution to Eq (5.15) can be written analytically in the following form

Cefot P1(s)ds

R(?) = (5.16)

\/1 - 2C2 fot P3(S2)€2f(;2 Pl(Sl)dsldS2

with C representing the initial condition.

Remarkably, the asymptotic decay of solutions to Eq (5.15) directly reflects the attenuation
characteristics of bursting solutions in the original model (5.1). In this subsection, we derive a sufficient
condition for the decay of solutions to Eq (5.15), leading to the following theorem.

Theorem 5.1. A sufficient condition for the decay of solutions in model (5.14) is given by gy < 0,
where qy depends on the parameters €t., L, and Q.

Proof. Since C > 0 in Eq (5.16), we can rewrite Eq (5.16) as:
1

R(t) = , , (5.17)
\/C_ze—z JoPi(s)ds _ 9 p=2 [y Pi(s)ds fot P3(sy)e? 2 Pi(s)dsi g,
By employing Fourier series expansion and incorporating Eq (5.17), we obtain
t
Ce200Y| (1) + Yy(r) = —2¢ 2l P10 / Py(sp)e? 0" Prsvdsigg, 4 Ce2 P (5.18)
0

In this expression, C is defined as C~2, and both Y,(#) and Y,(¢) are periodic, having period 25” Thus,
C > 0 holds, and the asymptotic behavior of #(f) = Ce™2°Y () + Y,(¢) is dictated by the sign of go(?).
If go(t) > 0, the term Ce2°®Y|(f) decays exponentially; consequently, the long-term dynamics of
¥(t) are dominated by Y,(#), which induces periodic oscillations in R(#). Conversely, if go(f) < 0, then
7(t) increases exponentially, which leads to the exponential decay of oscillations in R(¢) = ﬁ over
time. In summary, when the delay perturbation parameters satisfy specific conditions guaranteeing
qo(t) < 0, the oscillatory behavior of model (1.1) becomes controllable. Consequently, the critical

stability boundary can be determined by solving equation go(et,, L, Q) = 0.
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6. Numerical simulations

In this section, we employ the parameter values to numerically validate the theoretical predictions
and provide corresponding biological interpretations. Using the parameter values listed in Table 1,
we find that there exists only one trivial equilibrium, namely E;(0,0,0), the susceptible-prey-only
equilibrium E,(39.2, 0, 0), the predator-only equilibrium E5(0, 0, 3.2879), the predator-free equilibrium
E4(0.3000, 3.2119, 0), the disease-free equilibrium E5(37.9527,0,4.4777), and the positive equilibrium
E*(16.2569,9.7103,6.0314).

For the non-delayed model (2.1), the predator-only equilibrium E5 exhibits the local asymptotic
stability, as established by Theorem 3.3 (see Figure 2(a), indicating that when the target prey population
goes extinct, predators can persist by relying on additional foods-a pattern well-aligned with the
ecological characteristics of large carnivores (i.e., our generalist predators) in natural systems. The
predator-free equilibrium E4, the disease-free equilibrium Es, and the positive equilibrium E* exhibit
local asymptotic stability, as established by Theorem 3.4, Theorem 3.5, and Theorem 3.6, respectively
(see Figure 2(b), Figure 2(c), and Figure 4). Consequently, susceptible prey, infected prey, and predator
populations exhibit stable coexistence dynamics.
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— () —
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Figure 2. Model (2.1) is locally asymptotically stable around the equilibriums. (a) The
predator-only equilibrium E3, (b) the predator-free equilibrium E4, and (c) the disease-free
equilibrium Es.
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Figure 3. Model (2.1) is locally asymptotically stable around the positive equilibrium E™.
Theorem 3.7 establishes that E* is globally asymptotically stable for the specified parameters
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(Figure 4), indicating that model (2.1) converges to steady-state population levels that are independent
of initial conditions. In other words, irrespective of the starting densities, the predator and prey
populations will converge to constant levels corresponding to the positive equilibrium of the model.

P(t)

S(t) . 9 © 10

Figure 4. Model (2.1) is globally asymptotically stable at the positive equilibrium E*.

For the time-varying delay model (1.1), we maintain the parameter values specified in Table 1,
under which the positive equilibrium E* persists unchanged from the non-delayed case. First, when
gestation delay is chosen as 7(¢) = %(t’;)', Figure 5 provides numerical verification of the global
asymptotic stability of model (1.1) at the positive equilibrium. In contrast, for 7(r) = | sin(#?)| + 10, the
solution of model (1.1) is found to be unstable. Furthermore, when 7(f) = |sin(#*)| + 10, susceptible
prey, infected prey, and predator populations exhibit sustained periodic oscillations, as demonstrated
in Figure 6. Through combined analytical investigation and numerical simulations, we demonstrate
that time-varying delay serves as a crucial bifurcation parameter governing the stability of model
(1.1). When 7(¢) is sufficiently small, model (1.1) remains stable. This finding suggests potential
control strategies for population stabilization through deliberate manipulation of time-varying delay
parameters. Conversely, sufficiently large time-varying delays can destabilize the model, potentially
inducing chaotic dynamics. This underscores the critical importance of early population control
measures for maintaining ecosystem stability, as well as controlling the transmission and suppression
of the disease.
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Figure 5. When 7(¢) = Bl model (1.1) is globally asymptotically stable at E*.
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time time time
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Figure 6. When 7(¢) = |sin(¢?)| + 10, the positive equilibrium E* of model (1.1) is unstable.
(a) (), (b) 1(2), and (c) P(7).

For delayed model (4.1), model has the same positive equilibrium E*(16.2569,9.7103,6.0314). We
can calculate that 7 = 0.2248. Our analysis reveals that model (4.1) undergoes a Hopf bifurcation
at equilibrium E* when 7 = 7 = 0.2248, giving rise to periodic solutions as visualized in Figure 7.
As established in Theorem 4.2, the equilibrium E* is locally asymptotically stable for 7 = 0.2 < T
(see Figure 8), whereas it becomes unstable when 7 = 0.24 > 7 (see Figure 9). From an
ecological perspective, when the gestation delay remains below the critical value, the prey and predator
populations can persist together indefinitely. However, once the delay exceeds this critical value, the
susceptible prey, infected prey, and predator coexist at positive densities, although their populations

now undergo periodic oscillations over time.
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Figure 7. Bifurcation diagrams of model (4.1) by taking 7 as bifurcation parameter. (a) S (¢),
(b) I(¢), and (c) P(2).
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Figure 8. When 7 = 0.2 < 0.2248, the positive equilibrium E* of model (4.1) is locally
asymptotically stable.
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Figure 9. When 7 = 0.24 > 0.2248, the positive equilibrium E* of model (4.1) is unstable.
(@) (1), (b) (1), and (c) P(r).
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We also consider the impact of additional food on equilibriums for model (1.1). First, setting
7(t) = 0.1 and keeping all other parameter values as in Table 1 except for n and 7, we observe that
as 7 increases and 7 decreases, the values of equilibrium E*(S*, I*, P*) rise (see Figure 10 (a), (b),
(c)). These results indicate that when the predator’s growth rate from additional food (1) increases,
the population sizes of susceptible prey, infected prey, and predators increase; conversely, when the
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predator’s reliance on additional food (779) increases, the three population sizes decrease. This suggests
that conservation measures, which enhance the availability of additional food for predators while
preventing excessive dependence on it, can promote richer species diversity and help maintain high
level stability in the ecosystem.

— 968 ..

Figure 10. Effect of additional food coefficients 77 and 77 on the positive equilibrium E* when
7(1) = 0.1. (a)S*, (b) I*, and (c) P".

Furthermore, nonlinear prey refuge also significantly affects the positive equilibrium of model (1.1).
Again, setting 7(¢) = 0.1 and keeping all other parameters as in Table 1 except for 6, and 6, we find
that susceptible prey vary irregularly with changes in ¢; and d,. Infected prey become extinct when
both ¢, and 9, take very small values, whereas the predator population reaches its maximum when
the refuge coefficients are very small or zero (see Figure 11(a), (b), (c)). These results indicate that
appropriately controlling the values of refuge coefficients can reduce or eliminate disease transmission.
In ecosystem conservation, excessive human intervention, particularly the imposition of excessively
high refuge coefficients, may undermine system stability and lead to species extinction. Conversely,
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maintaining relatively low refuge coeflicients helps promote ecological stability.
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Figure 11. Effect of nonlinear prey refuge coefficients d; and 6, on the equilibriums in model
(1.1) when () = 0.1. (a) S*, (b)I*, and (c)P".

By applying the multiple time scales method developed in Subsection 5.1, we derive the governing
amplitude-frequency equation

% = (24.3344e€t, — 24.1186€*T3)R(t) — 5.5301€2R*(1) + O(€?), 6.1)
i—‘f = —45.5468¢€t, + 52.3654€%7% + 3.8648€*R2(1) + O(€%). '
Next, multiplying the first equation of system (6.1) throughout by € gives
dR
gy = (24.3344er - 24.1186€°12)(eR(1)) — 5.5301(eR(1))’. (6.2)
Setting 6(31—15 = 0, we obtain a nontrivial steady-state solution for eR(?), namely
€R = 2.3516 \/24.334467'6 — 24.1186€%72. (6.3)
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Substituting (6.3) into the second equation of model (6.1) and then integrating yields
P(t) = po + (474.5458€t, — 463.1149€ 7)1,

where ¢ is the initial phase.

In the subsequent analysis, we concentrate on time-varying delay models by employing periodic
delay perturbations for oscillation control. Through multiple scale analysis of the time-delayed
dynamics, we establish the governing amplitude-frequency equation
{%—Pmmm+&mmm+0@x

dr (6.4)

9 = Po(t) + Py(ORX(1) + O(€Y),

where Pi(f) = qo + g1 8in(Qf) + gppcos(Q1), P3(t) = —5.5301€%, Po(t) = 71y + ry;sin(Qf) +
112 cos(Q1), Po(t) = 3.8648€, here gy = —2.5617L2 + 24.33447 — 24118672, q;; = 2.6736€7r.QL, q1» =
3.1239er QL, ry = —2.5927L* + 24.59647 — 24.11867°, r, = 2.6736€1.QL, and 7}, = 3.1239€7 QL.

Assuming that Q = 0.02 and er. = 0.0001, by solving gy = 0, we determine the critical control
parameter value L that triggers oscillation attenuation in system, which is L = 0.9622. When
L; = 0.9906 exceeds the critical value 0.9622, compared with Figure 9, we observe a reduction in
the oscillation amplitude when ¢ = 50, as illustrated in Figure 12. When L, = 0.9368 < 0.9622, the
oscillation degree is significantly weakened when ¢ = 50 (see Figure 13), and the model becomes stable
when ¢ = 300 (see Figurel4).

5 4 4
0 5 10 15 2 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 2 25 30 35 40 45 50
time time time

() (b) (©

Figure 12. The oscillation suppression for L; = 0.9906 > 0.9622. (a) S (¢), (b) I(¢), and (c)
P(1).
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Figure 13. The oscillation suppression for L, = 0.9368 < 0.9622. (a) S(¢), (b) I(¢), and (c)
P(?).
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Figure 14. The oscillation suppression for L, = 0.9388 < 0.9622. (a) S(¢), (b) I(¢), and (c)
P(1).

The findings presented above indicate that when a time-varying perturbation is implemented on the
time delay, the system’s oscillatory behavior progressively attenuates and eventually vanishes. This
confirms that the oscillation suppression strategy employing periodic delay is effective in this work.
Furthermore, when the gestation delay exhibits nearly periodic variations, the instability levels of prey
and predator populations gradually diminish, promoting a state of stable coexistence.

7. Discussions and conclusions

Compared with references [11], the most significant improvement of this manuscript lies in the
introduction of a generalist predator, transforming a conventional eco-epidemic model into a eco-
epidemic model with additional food for predators. This modification yields more complex dynamics
and better approximates real-world ecosystems. To improve the model’s realism, we interpreted
the time delay as the gestation delay, i.e., the period between conception and birth. Furthermore,
accounting for factors such as climate, environmental fluctuations, and individual differences, we
incorporated a time-varying gestation delay for the generalist predator, replaced the constant delay,
and conduct a detailed analysis of its effects on stability using the time-varying delay as a bifurcation
parameter. Thus, we considered a time-varying delay eco-epidemic model incorporating additional
food, nonlinear prey refuge, and Holling type I functional response. We systematically discussed the
dynamical behavior of three system configurations: delay-free, constant-delay, and time-varying delay
cases. These theoretical analyses were complemented by numerical simulations implemented through
computational software.

First, we established the positivity and boundedness for model (2.1). Subsequently, we conducted
a comprehensive local stability analysis of all six equilibriums in the non-delayed case. The
local asymptotic stability at the predator-free equilibrium, disease-free equilibrium, and the positive
equilibrium are showed in Figure 2(b), Figure 2(c), and Figure 4. Furthermore, we established the
global stability of the positive equilibrium by constructing a suitable Lyapunov function, as shown in
Figure 5. Subsequently, we examined the stability implications of introducing time-varying delays
to the model. For sufficiently small time-varying delays, the positive equilibrium maintains global
asymptotic stability, as numerically confirmed in Figure 6. However, beyond critical delay thresholds,
such a model undergoes qualitative transitions to complex dynamical regimes, including sustained
oscillations, as demonstrated in Figure 7. We noted that a Hopf bifurcation emerges at T = 7 (see Figure
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8). Furthermore, our analysis indicates that for 7 = 0.2 < 7 = (0.2248, the positive equilibrium of model
(4.1) is locally asymptotically stable, as shown in Figure 9. However, when 7 = 0.24 > 7 = (0.2248,
model (4.1) becomes unstable (see Figure 10).

Our investigations reveal that time delay can induce oscillatory dynamics in model (4.1) via
Hopf bifurcation mechanisms. In the context of our eco-epidemic model, such sustained oscillations
among susceptible prey, infected prey, and predator populations may destabilize the ecological system.
Consequently, understanding the oscillation mechanisms and developing suppression strategies
becomes imperative. Employing the multiple time scales technique, we obtained a quantitative
relationship linking the time delay to the periodic oscillations induced by Hopf bifurcation, along with
the threshold perturbation amplitude required to effectively suppress the oscillatory dynamics of the
model. As to that shown in Figure 11, when L; = 0.9906 > 0.9622, the oscillation degree is weakened
compared to Figure 10. When L, = 0.9368 < 0.9622, the oscillation degree is significantly weakened
(see Figure 12), and the model becomes stable (see Figure 13). Computational experiments confirm
that implementing periodic perturbations to the time delay effectively suppresses oscillatory dynamics
in the model, as quantified by amplitude reduction metrics. Our results indicate that time-varying
delay perturbations constitute an effective control mechanism for stabilizing these oscillations. This
delay-based control methodology provides a theoretically grounded approach for system stabilization,
leveraging temporal modulation of feedback delays as the control mechanism. In contrast to references
[38, 39], and drawing inspiration from reference [13], we explicitly formulated the predation of
generalist predators on additional food resources using a precise mathematical expression, thereby
quantifying the impact of additional food resources on ecosystem stability. Finally, informed by
references [24-26], we employed the MMS to effectively suppress oscillations.

Our findings of this study carry important implications for real-world ecological conservation.
The results show that as the growth rate obtained by predators from additional food () increases,
the population sizes of susceptible prey, infected prey, and predators all rise. In contrast, when the
predators’ dependence on additional food (179) increases, the sizes of the three populations decline. This
implies that conservation measures aimed at enhancing the availability of additional food for predators,
while preventing their overdependence on it, can promote species richness and help maintain a high
level of ecosystem stability. Appropriately controlling the refuge coefficient can mitigate or eliminate
disease transmission. In ecosystem conservation, excessive human intervention, particularly setting
an excessively high refuge coefficient, may disrupt system stability and lead to species extinction.
Conversely, maintaining a relatively low refuge coefficient contributes to ecological stability.

In summary, this work enhances our comprehension of the dynamics inherent in eco-epidemic
models, particularly highlighting how time delay can give rise to intricate dynamical behaviors.
However, this study has limitations, and many interesting topics remain to be further investigated.
For instance, since disease transmission among prey is not instantaneous and may be influenced by
climatic, environmental, and temperature conditions, we can introduce an additional time-varying
delay to represent this transmission delay. Moreover, we incorporated susceptible prey’s refuge-
seeking behavior into the model and investigated its impact on the overall ecosystem dynamics.
To model this, we introduced another refuge effect parameterized by “q” (susceptible prey refuge
coeflicient, which means protecting ¢S of susceptible prey, and the disease can infect only a proportion
(1—-¢)S of the susceptible prey population). This simulates certain human intervention measures during
disease outbreaks in captive animals: When a proportion of susceptible prey is sheltered, the number
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of infected prey decreases, leading to a reduction or elimination of the disease, which aids in disease
control. It is worthwhile to investigate the following eco-epidemic model with time-varying delay,
which incorporates transmission delay and a refuge for susceptible prey:

rdS_ S +1 B —q)S1
g =S =) === (1 = §iP)S P+ yI — g, ES,
dl B -@St-tIt-1() o
3= bt S0 n(1 = 5,P)IP —yI — d1,
dP P
= = +” oo el = 0P = Ta(O)S (1 = T2D)P(E = T2(1)
L+ en(l = 8,P(t — 1)t = T(D)P(t — To(D) — ds P — L EP.

Further investigation into the dynamics of the above model is required, and this will be pursued in
subsequent studies.
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Appendix

Fi(¢) = Cr1g7(0) + C1o1(0)92(0) + C1301(0)p3(0) + C145(0),
Fa(¢) = C21¢7(0) + Cr01(0)02(0) + C32(0)p3(0) + Ca403(0),
F3(¢) = C31¢5(0) + C31(— D3 (—1) + C332(— Dp3(—1) + Caap3(—1),
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