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Abstract: In this paper, we introduce and study a matrix analog of the five-parameter Mittag-Leffler
function. We establish the absolute convergence of the series defining this function on the unit circle
|$| = 1 under certain spectral conditions. Several fundamental properties are derived, including
integral representations, derivative formulas, and differential recurrence relations. Furthermore, we
obtain a variety of finite summation formulas for this matrix function and its related Fox-Wright matrix
analog. Finally, we investigate the composition of the function with generalized fractional calculus
operators introduced by Katugampola, deriving closed-form expressions for both fractional integrals
and derivatives. The results presented here extend the theory of special matrix functions and contribute
to the field of fractional calculus.
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1. Introduction

In the last 20 years, special matrix functions have become a major focus in mathematical analysis
due to their critical applications in the study of Lie algebras, Lie groups, and mathematical physics. In
both pure and applied mathematics, hypergeometric functions of a matrix argument have many uses,
including in statistics and random matrix theory [1–4].

Numerous researchers have contributed to the study of matrix analogs of special functions. Notably,
Abdalla [5,6], Dwivedi and Sahai [7,8], Jódar and Cortés [9–11], Jatav et al. [12], Jatav and Shukla [13,
14], and Pal et al. [15] have investigated a variety of their properties. These include differential and
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integral representations, finite summation formulas, and generating functions. Such matrix functions
are instrumental in solving a wide array of problems across the mathematical sciences, engineering,
probability theory, and statistics. Matrix calculus has also seen many developments in solving problems
involving large, dispersed matrices, including the following: Extended global Arnoldi algorithms for
solving large-scale linear systems of ordinary differential equations [16], the extended block Arnoldi
method for solving generalized differential Sylvester equations [17], and the Krylov method for large-
scale systems of differential equations [18].

Throughout this paper, we work in the space Cl×l of square complex matrices of order l. For a given
matrixV ∈ Cl×l, we denote its spectrum (the set of all eigenvalues) by σ(V). We define the quantities

d(V) = max
{
<($) : $ ∈ σ(V)

}
, c(V) = min

{
<($) : $ ∈ σ(V)

}
, (1.1)

where d(V) is the spectral abscissa ofV, and it follows that c(V) = −d(−V).
A Hermitian matrix V ∈ Cl×l is said to be positive stable if every eigenvalue λ ∈ σ(V) satisfies

<(λ) > 0.
The Euclidean norm of a vector x ∈ Cl is defined as ‖x‖2 = (x∗x)1/2, where x∗ denotes the conjugate

transpose. The induced two-norm of a matrixV is then given by

‖V‖ = sup
x,0

‖Vx‖2
‖x‖2

= max
{√
λ : λ ∈ σ(V∗V)

}
. (1.2)

In what follows, I and O denote the identity matrix and the null matrix in Cl×l, respectively.
Using the Schur decomposition of a matrixV [19], we recall the following estimate for the matrix

exponential:

∥∥∥eVt
∥∥∥ ≤ etd(V)

r−1∑
ϑ=0

(
‖V‖ r1/2t

)ϑ
ϑ!

, (t ≥ 0). (1.3)

This leads to the inequality

∥∥∥tV
∥∥∥ ≤ ∥∥∥eV ln t

∥∥∥ ≤ td(V)
r−1∑
ϑ=0

(
‖V‖ r1/2 ln t

)ϑ
ϑ!

, (t ≥ 1). (1.4)

Finally, by the properties of matrix functional calculus [20], if h1($) and h2($) are holomorphic
functions defined on an open set w of the complex plane, and ifV ∈ Cl×l satisfies σ(V) ⊂ w, then

h1(V)h2(V) = h2(V)h1(V). (1.5)

In addition, if R ∈ Cl×l with σ(R) ⊂ w, and ifVR = RV, then

h1(V)h2(R) = h2(R)h1(V). (1.6)

According to [21, 22], the logarithmic norm w(V) ofV ∈ Cl×l is

w(V) := lim
k→0

‖I + kV‖ − 1
k

(1.7)
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= max
{
$ | $ ∈ σ

(
V +V∗

2

)}
. (1.8)

Let w̃(V) be such that

w̃(V) = −w(−V) = min
{
$ | $ ∈ σ

(
V +V∗

2

)}
. (1.9)

The image of Γ−1($) acting onV, denoted by Γ−1(V), is a well-defined matrix. The reciprocal gamma
function

Γ−1($) =
1

Γ($)
,

is an entire function of the complex variable $. IfV + jI is invertible for all integers j ≥ 0, then the
reciprocal gamma function of a matrix is defined as follows (see [10]):

Γ−1(V) = V(V + I) . . . (V + ( j − 1)I) Γ−1(V + jI), j ≥ 1. (1.10)

The Pochhammer symbol [10] forV ∈ Cl×l is

(V) j =

I, if j = 0
V(V + I) . . . (V + ( j − 1)I), if j ≥ 1,

(1.11)

which provides

(V) j = Γ−1(V) Γ(V + jI), j ≥ 1. (1.12)

If V ∈ Cl×l is a positive stable matrix and j ≥ 1 is an integer, then the gamma matrix function admits
the following limit representation [9]:

Γ(V) = lim
j→∞

( j − 1)! (V)−1
j jV. (1.13)

For any matrixV ∈ Cl×l, one gets the following relation due to Jodar and Cortés [9]:

(1 − t)−V =

∞∑
j=0

(V) j

j!
t j, |t| < 1. (1.14)

Now, letV,R ∈ Cl×l be two positive stable matrices. The gamma matrix function Γ(V) and the beta
matrix function B(V,R) [9, 10] are defined by

Γ(V) =

∫ ∞

0
e−ϑ ϑV−1dϑ; ϑV−1 = exp((V − I) lnϑ), (1.15)

and

B(V,R) =

∫ 1

0
ϑV−1 (1 − ϑ)R−1dϑ. (1.16)
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According to [10], letV,R ∈ Cl×l be two commuting matrices such thatV+ jI, R+ jI, andV+R+ jI
are invertible for every integer j ≥ 0.

B(V,R) = Γ(V)Γ(R) [Γ(V + R)]−1 . (1.17)

In the recent studies of special matrix functions, Jatav et al. [12] introduced Shively’s pseudo Laguerre-
type matrix polynomial and defined it as

R(Q,λ,Θ)
n (z) =

Γ(Q + 2nI)
n!

n∑
k=0

(−nI)k λ
kzk

k!
Γ−1(Q + (Θk + n)I

)
, (1.18)

where Q ∈ Cl×l is a positive stable matrix, and Θ ∈ Z+, λ ∈ C with<(λ) > 0.
In this paper, we introduce and investigate a matrix analog of the five-parameter Mittag-Leffler matrix
function, which was defined by Özarslan and Fernandez [23] in 2021:

Ew
w1,w2,γ1,γ2

($) =

∞∑
j=0

(w) j

Γ(w1 j + γ1)Γ(w2 j + γ2)
$ j

j!
, $ ∈ C, (1.19)

where w1,w2, γ1, γ2,w ∈ C, and <(w1 + w2) > 0. For w = 1, this reduces to the general Fox-Wright
function studied by Luchko [24]:

W(w1,γ1),(w2,γ2)($) =

∞∑
j=0

$ j

Γ(w1 j + γ1)Γ(w2 j + γ2)
. (1.20)

2. The five-parameter Mittag-Leffler matrix function

In this section, we present the five-parameter Mittag-Leffler matrix function. We study its
convergence on the unit circle |$| = 1 and establish its key analytical properties.

Definition 1. LetV,V1,V2 ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI are

invertible for all integers k ≥ 0. Then, the five-parameter Mittag-Leffler matrix function is defined as
follows:

EVγ1,γ2,V1,V2
($) = Γ−1(V)

∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!
, (2.1)

where $ ∈ C, γ1, γ2 ∈ R+.

For V = I, using (1.12) and (1) j = j!, (2.1) reduces to the four-parameter Fox-Wright matrix
function:

W(γ1,V1),(γ2,V2)($) =

∞∑
j=0

Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI) $ j. (2.2)

We now establish the absolute convergence of the series defined in (2.1) on the circle |$| = 1.
The following theorem presents the corresponding convergence result for the matrix analog of the
five-parameter Mittag-Leffler function.
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Theorem 1. LetV,V1,V2 ∈ C
l×l be positive stable matrices satisfying

d(V1) + c(V2) > d(V),

where the matrix analog of the five-parameter Mittag-Leffler function defined in Eq (2.1) converges
absolutely for all |$| = 1.

Proof. By the assumption d(V1) + c(V2) > d(V), we can choose a positive constant δ satisfying

d(V1) + c(V2) − d(V) = 2δ. (2.3)

Now we can write

j1+δ

[
Γ−1(V)Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)

1
j!

]
=

jδ

[( j − 1)!]2

(
j−VΓ−1(V)Γ(V + jI)

( j − 1)!

)
jV ×

(
j−V1( j − 1)! Γ−1(V1 + γ1 jI)

)
jV1

×
(

j−V2( j − 1)! Γ−1(V2 + γ2 jI)
)

jV2 . (2.4)

Using (1.4) and d(−V) = −c(V), we obtain

∥∥∥ jV
∥∥∥ ∥∥∥ j−V1

∥∥∥ ∥∥∥ j−V2
∥∥∥ ≤ jd(V)−d(V1)−c(V2)


r−1∑
ϑ=0

(
‖V1‖ r1/2 ln j

)ϑ
ϑ!


×


r−1∑
ϑ=0

(
‖V2‖ r1/2 ln j

)ϑ
ϑ!




r−1∑
ϑ=0

(
‖V‖ r1/2 ln j

)ϑ
ϑ!


≤ j−2δ


r−1∑
ϑ=0

(
max {‖V‖ , ‖V1‖ , ‖V2‖} r1/2 ln j

)ϑ
ϑ!


3

. (2.5)

Using (2.4) and (2.5) and passing to the limit j→ ∞ for |$| = 1, it follows that

lim
j→∞

j1+δ

∥∥∥∥∥∥ j1+δ

[
Γ−1(V)Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)

1
j!

]∥∥∥∥∥∥
≤ lim

j→∞

jδ

[( j − 1)!]2

∥∥∥∥∥∥ j−VΓ−1(V)Γ(V + jI)
( j − 1)!

∥∥∥∥∥∥ ∥∥∥ jV
∥∥∥ ∥∥∥ jV1( j − 1)! Γ−1(V1 + γ1 jI)

∥∥∥ ∥∥∥ j−V1
∥∥∥

×
∥∥∥ jV2( j − 1)! Γ−1(V2 + γ2 jI)

∥∥∥ ∥∥∥ j−V2
∥∥∥

≤ lim
j→∞

j−δ

[( j − 1)!]2

∥∥∥∥∥∥ j−VΓ−1(V)Γ(V + jI)
( j − 1)!

∥∥∥∥∥∥ ∥∥∥ jV1( j − 1)! Γ−1(V1 + γ1 jI)
∥∥∥

×
∥∥∥ jV2( j − 1)! Γ−1(V2 + γ2 jI)

∥∥∥ 
r−1∑
ϑ=0

(
max {‖V‖ , ‖V1‖ , ‖V2‖} r1/2 ln j

)ϑ
ϑ!


3

= 0.

Thus, we conclude that series (2.1) converges absolutely on the unit circle |$| = 1.
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Further, using the Cauchy-Hadamard formula, we get

R−1 = lim sup
j→∞

‖A j‖
1/ j = 0,

where
A j = Γ−1(V)Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)

1
j!
.

Hence, the radius of convergence satisfies R = ∞. Consequently, the series in (2.1) converges
absolutely for all $ ∈ C, and therefore defines an entire matrix-valued function. �

Theorem 2. LetV,V1,V2 ∈ C
l×l be positive stable matrices. Suppose thatV1 andV2 are commuting

matrices and assume further thatV1 +V2 is also positive stable and γ1, γ2 ∈ R+. Then, we get∫ x

t
(x − ϑ)V2−I(ϑ − t)V1−I EVγ1,γ2,V1,V2

[w(ϑ − t)γ1] dϑ

= (x − t)V1+V2−I Γ(V2)Γ−1(V) × EVγ1,γ2,V1+V2,V2
[w(x − t)γ1] . (2.6)

Proof. Consider the left-hand side of (2.6). Using the series Definition 1, we obtain∫ x

t
(x − ϑ)V2−I(ϑ − t)V1−I EVγ1,γ2,V1,V2

[w(ϑ − t)γ1] dϑ

= Γ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ1 jI)
w j

j!

×

∫ x

t
(x − ϑ)V2−I(ϑ − t)V1+(γ1 j−1)I dϑ.

Applying the change of variable s = ϑ−t
x−t , the integral transforms into∫ x

t
(x − ϑ)V2−I(ϑ − t)V1−I EVγ1,γ2,V1,V2

[w(ϑ − t)γ1] dϑ

= (x − t)V1+V2−IΓ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ1 jI)
[w(x − t)γ1] j

j!

×

∫ 1

0
(1 − s)V2−IsV1+(γ1 j−1)I ds.

Evaluating the beta integral yields

= (x − t)V1+V2−IΓ(V2)Γ−1(V)

×

∞∑
j=0

Γ(V + jI)Γ−1(V1 +V2 + γ1 jI)Γ−1(V2 + γ1 jI)
[w(x − t)γ1] j

j!
.

The right-hand side of the above expression is precisely the series representation of the matrix analog
of the five-parameter Mittag-Leffler function, which completes the proof. �
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Corollary 1. Under the hypotheses of Theorem 2, and takingV = I, we obtain∫ x

t
(x − ϑ)V2−I(ϑ − t)V1−I W(γ1,V1),(γ2,V2) (w(ϑ − t)γ1) dϑ

= (x − t)V1+V2−I Γ(V2) ×W(γ1,V1+V2),(γ2,V2) (w(x − t)γ1) . (2.7)

Theorem 3. LetV,V1,V2 ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI are

invertible for all integers k ≥ 0 and $ ∈ C, γ1, γ2 ∈ R+, and the series converges uniformly on compact
subsets for all $ ∈ C. Then, the following derivative formulas hold:(

d
d$

)ζ [
$V1−I EVγ1,γ2,V1,V2

(w$γ1)
]

= $V1−(ζ+1)I EVγ1,γ2,V1−ζI,V2
(w$γ1), (2.8)(

d
d$

)ζ [
$V2−I EVγ1,γ2,V1,V2

(w$γ2)
]

= $V2−(ζ+1)I EVγ1,γ2,V1,V2−ζI
(w$γ2). (2.9)

Proof. We first prove (2.8). Starting from the left-hand side and using the series definition (2.1), we
have (

d
d$

)ζ [
$V1−I EVγ1,γ2,V1,V2

(w$γ1)
]

= Γ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ1 jI)
w j

j!

×

(
d

d$

)ζ
$V1+(γ1 j−1)I.

Differentiating term by term under the summation sign yields(
d

d$

)ζ [
$V1−I EVγ1,γ2,V1,V2

(w$γ1)
]

= $V1−(ζ+1)IΓ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + (γ1 j − ζ)I)Γ−1(V2 + γ1 jI)
(w$γ1) j

j!
.

The right-hand side of the above expression is precisely the series representation of
$V1−(ζ+1)IEV

γ1,γ2,V1−ζI,V2
(w$γ1), which establishes (2.8). The proof of (2.9) follows by an analogous

argument. �

Corollary 2. Under the hypotheses of Theorem 3, and taking V = I, we obtain the following
derivative formulas:(

d
d$

)ζ [
$V1−I W(γ1,V1),(γ2,V2) (w$γ1)

]
= $V1−(ζ+1)I W(γ1,V1−ζI),(γ2,V2)(w$γ1), (2.10)(

d
d$

)ζ [
$V2−I W(γ1,V1),(γ2,V2) (w$γ2)

]
= $V2−(ζ+1)I W(γ1,V1),(γ2,V2−ζI)(w$γ2). (2.11)
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Theorem 4. LetV,V1,V2 ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI are

invertible for all integers k ≥ 0, and $ ∈ C, γ1, γ2 ∈ R+. Then the following differential recurrence
relations hold:

EVγ1,γ2,V1,V2
($) = V1 EVγ1,γ2,V1+I,V2

($) + γ1$
d

d$
EVγ1,γ2,V1+I,V2

($), (2.12)

EVγ1,γ2,V1,V2
($) = V2 EVγ1,γ2,V1,V2+I

($) + γ2$
d

d$
EVγ1,γ2,V1,V2+I

($). (2.13)

Proof. Analyzing the right-hand side of (2.12) and using (2.1), we have

V1EVγ1,γ2,V1+I,V2
($) + γ1$

d
d$

EVγ1,γ2,V1+I,V2
($)

= V1EVγ1,γ2,V1+I,V2
($) + γ1 j

∞∑
j=0

Γ−1(V)Γ(V + jI)Γ−1(V1 + (γ1 j + 1)I)Γ−1(V2 + γ2 jI)
$ j

j

= Γ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ1 jI)
$ j

j!
.

This leads straight to the proof of the result (2.12). Similarly, we can prove the result (2.13). �

Corollary 3. Under the hypotheses of Theorem 3, and taking V = I, we obtain the following
differential recurrence relation:

W(γ1,V1),(γ2,V2)($) = V1W(γ1,V1+I),(γ2,V2)($) + γ1$
d

d$
W(γ1,V1+I),(γ2,V2)($), (2.14)

W(γ1,V1),(γ2,V2)($) = V2W(γ1,V1),(γ2,V2+I)($) + γ2$
d

d$
W(γ1,V1),(γ2,V2+I)($). (2.15)

3. Finite summation formulas

In this section, we establish several interesting finite summation formulas involving the matrix
analog of the five-parameter Mittag-Leffler function defined in (2.1). The following lemma, due to
Rainville [25], will be useful in our analysis.

Lemma 1. LetV(k, ζ) and R(k, ζ) be matrices in Cl×l. Then the following series relations hold:

∞∑
ζ=0

∞∑
k=0

V(k, ζ) =

∞∑
ζ=0

ζ∑
k=0

V(k, ζ − k),

∞∑
ζ=0

ζ∑
k=0

R(k, ζ) =

∞∑
ζ=0

∞∑
k=0

R(k, ζ + k).

Theorem 5. LetV,V1,V2 ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI are

invertible for all integers k ≥ 0 and $ ∈ C. Then the following finite summation formula holds

j∑
k=0

(
j
k

)
Γ(V − kI) EV−kI

γ1,γ1,V1−γ1kI,V2−γ2kI($) wk = ew$ Γ(V) EVγ1,γ2,V1,V2
($). (3.1)

AIMS Mathematics Volume 11, Issue 6, 17382–17398.



17390

Proof. Analyzing the left-hand side of (3.1) and using (2.1), we have

j∑
k=0

(
j
k

)
Γ(V − kI) EV−kI

γ1,γ2,V1−γ1kI,V2−γ2kI($) wk

=

∞∑
j=0

j∑
k=0

Γ(V + ( j − k)I)Γ−1(V1 + γ1( j − k)I)Γ−1(V2 + γ2( j − k)I)
$ jwk

k!( j − k)!
.

Utilizing Lemma 1, we arrive at

j∑
k=0

(
j
k

)
Γ(V − kI) EV−kI

γ1,γ2,V1−γ1kI,V2−γ2kI($) wk

=

∞∑
j=0

j∑
k=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j+kwk

k! j!

=

 ∞∑
k=0

($w)k

k!


 ∞∑

j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!


= ew$

 ∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!

 .
This leads directly to the intended outcome (3.1) according to Definition 1. �

Corollary 4. Under the hypotheses of Theorem 5, and taking V = I, we obtain the following finite
summation formula:

j∑
k=0

(
j
k

)
W(γ1,V1−γ1kI),(γ2,V2−γ2kI)($) wk = ew$ W(γ1,V1),(γ2,V2)($). (3.2)

Theorem 6. LetV,V1,V2,S ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI

are invertible for all integers k ≥ 0, and assume |$w| < 1. Then, we have

j∑
k=0

(
j
k

)
Γ(V − kI) (S)k EV−kI

γ1,γ2,V1−γ1kI,V2−γ2kI($) wk = (1 −$w)−S Γ(V) EVγ1,γ2,V1,V2
($). (3.3)

Proof. Analyzing the left-hand side of (3.3) and using (2.1), we get

j∑
k=0

(
j
k

)
Γ(V − kI) (S)k EV−kI

γ1,γ2,V1−γ1kI,V1−γ1kI($) wk

=

∞∑
j=0

j∑
k=0

(S)kΓ(V + ( j − k)I)Γ−1(V1 + γ1( j − k)I)Γ−1(V2 + γ2( j − k)I)
$ jwk

k!( j − k)!
.

Utilizing the Lemma 1, we arrive at

j∑
k=0

(
j
k

)
Γ(V − kI) (S)k EV−kI

γ1,γ2,V1−γ1kI,V2−γ2kI($) wk
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=

∞∑
j=0

j∑
k=0

(S)kΓ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j+kwk

k! j!

=

 ∞∑
k=0

(S)k($w)k

k!


 ∞∑

j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!


= (1 −$w)−S

 ∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!

 .
This leads directly to the intended outcome (3.3) according to Definition 1. �

Corollary 5. Under the hypotheses of Theorem 6, and takingV = I, we obtain

j∑
k=0

(
j
k

)
(S)k W(γ1,V1−γ1kI),(γ2,V2−γ2kI)($) wk = (1 −$w)−SW(γ1,V1),(γ2,V2)($). (3.4)

Theorem 7. LetV,V1,V2 ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI are

invertible for all integers k ≥ 0 and $ ∈ C. Then, the following finite summation formula involving
derivatives holds:

j∑
k=0

(w)k

k!
Γ(V − kI)

dk

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
= ew Γ(V) EVγ1,γ2,V1,V2

($). (3.5)

Proof. Analyzing the left-hand side of (3.5) and using (2.1), we have

j∑
k=0

(w)k

k!
Γ(V − kI)

dk

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
=

∞∑
j=0

j∑
k=0

Γ(V + ( j − k)I)Γ−1(V1 + γ1( j − k)I)Γ−1(V2 + γ2( j − k)I)
$ j−kwk

k!( j − k)!
.

Utilizing Lemma 1, we arrive at

j∑
k=0

(w)k

k!
Γ(V − kI)

dk

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
=

∞∑
j=0

j∑
k=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ jwk

k! j!

=

 ∞∑
k=0

(w)k

k!


 ∞∑

j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!


= ew

 ∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!

 .
This leads directly to the intended outcome (3.5) according to Definition 1. �
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Corollary 6. Under the hypotheses of Theorem 7, and taking V = I, we obtain the following finite
summation formula:

j∑
k=0

(w)k

k!
dk

d$k

(
W(γ1,V1−γ1kI),(γ2,V2−γ2kI)($)

)
= ew W(γ1,V1),(γ2,V2)($). (3.6)

Theorem 8. LetV,V1,V2,S ∈ C
l×l be positive stable matrices such thatV1 + γ1kI andV2 + γ2kI

are invertible for all integers k ≥ 0, and assume |$w| < 1. Then, we get

j∑
k=0

(w)k

k!
(S)k Γ(V − kI)

dk

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
= (1 −$w)−S Γ(V) EVγ1,γ2,V1,V2

($). (3.7)

Proof. Analyzing the left-hand side of (3.7) and using (2.1), we get

j∑
k=0

(w)k

k!
(S)k Γ(V − kI)

d$

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
=

∞∑
j=0

j∑
k=0

Γ(V + ( j − k)I)Γ−1(V1 + γ1( j − k)I)Γ−1(V2 + γ2( j − k)I)
$ jwk

k!( j − k)!
.

Utilizing Lemma 1, we arrive at

j∑
k=0

(w)k

k!
(S)k Γ(V − kI)

dk

d$k

(
EV−kI
γ1,γ2,V1−γ1kI,V2−γ2kI($)

)
=

∞∑
j=0

j∑
k=0

(S)k Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j+kwk

k! j!

=

 ∞∑
k=0

($)k (w)k(S)k

k!


 ∞∑

j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!


= (1 −$w)−S

 ∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI)Γ−1(V2 + γ2 jI)
$ j

j!

 .
This leads directly to the intended outcome (3.7) according to Definition 1. �

Corollary 7. Under the hypotheses of Theorem 8, and takingV = I, we obtain

j∑
k=0

(w)k

k!
(S)k

dk

d$k

(
W(γ1,V1−γ1kI),(γ2,V2−γ2kI)($)

)
= (1 −$w)−SW(γ1,V1),(γ2,V2)($). (3.8)

4. Composition of fractional calculus with the five-parameter Mittag-Leffler matrix function

In this section, we derive the composition formulas involving generalized fractional calculus
operators and the five-parameter Mittag-Leffler matrix function. To this end, we first recall the
definitions of the generalized fractional integral and derivative due to Katugampola [26, 27].
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Definition 2. [26, 27] Let h1 ∈ Xp
c (c, d). The generalized fractional integral βIα0+

of order α ∈ C is
defined by

(
βIα0+h1

)
(x) =

β1−α

Γ(α)

∫ x

0

uβ−1h1(u)

(xβ − uβ)1−α du, x > 0, <(α) > 0, β > 0, (4.1)

where Xp
c (c, d) (with c ∈ R, 1 ≤ p ≤ ∞) denotes the space of complex-valued Lebesgue measurable

functions on [c, d].

Definition 3. [26, 27] The generalized fractional derivative βDα
0+

of order α ∈ C for a function
h1 ∈ Xp

c (c, d) is defined by

(
βDα

0+h1

)
(x) =

(
x1−β d

dx

)ζ (
βI

ζ−α
0+

h1

)
(x), <(α) ≥ 0, β > 0, (4.2)

where ζ = [<(α)] + 1.

Remark 1. In the limit β → 1, the generalized fractional integral and derivative of order α defined
by (4.1) and (4.2) reduce to the classical Riemann-Liouville fractional integral and derivative of order
α [28]:

lim
β→1

(
βIα0+h1

)
(x) =

(
Iα0+h1

)
(x), (4.3)

lim
β→1

(
βDα

0+h1

)
(x) =

(
Dα

0+h1
)

(x), (4.4)

for x > 0 and<(α) > 0.

Lemma 2. LetV ∈ Cl×l be a positive stable matrix, and let<(α) > 0. Then, the generalized fractional
integral of a power function admits the representation

βIα0+

(
xV−I

)
= β−α xV+(βα−1)I Γ

(
V + I(β − 1)

β

)
Γ−1

(
V + I(β − 1)

β
+ αI

)
, (4.5)

with β > 0.

Proof. Using Definition 2 and applying the change of variable u = tx, we obtain

βIα0+

(
xV−I

)
=
β1−αxβα+V−I

Γ(α)

∫ 1

0
tV−I+β−1

(
1 − tβ

)α−1
dt.

Now setting tβ = z, we have

βIα0+

(
xV−I

)
=
β−αxβα+V−I

Γ(α)
B

(
V + I(β − 1)

β
, αI

)
= β−α xβα+V−I Γ

(
V + I(β − 1)

β

)
Γ−1

(
V + I(β − 1)

β
+ αI

)
.

�
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Remark 2. Under the hypotheses of Lemma 2, taking the limit β → 1 yields the following result due
to Bakhet et al. [29]:

lim
β→1

βIα0+

(
xV−I

)
= xV+(α−1)I Γ (V) Γ−1 (V + αI) = Iα0+

(
xV−I

)
, (4.6)

where<(α) > 0.

Theorem 9. Let V1,V2 ∈ Cl×l be positive stable matrices, and let β > 0 and <(α) > 0. Then, the
generalized fractional integral of the five-parameter Mittag-Leffler matrix function is

βIα0+

[
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
]

= β−αxV2+(βα−1)I EV
γ1,

γ2
β ,V1,

V2+I(β−1)
β +αI

(ωxγ2).

Proof. On using Definition 2 and (2.1), we have

βIα0+

[
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
]

=
β1−α

Γ(α)

∫ x

0

uβ−1

(xβ − uβ)1−α uV2−IEV
γ1,

γ2
β ,V1,

V2+I(β−1)
β

(ωuγ2)du

= Γ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI) Γ−1
(
V2 + I(β − 1)

β
+
γ2

β
jI
)
ω j

j!

× βIα0+

(
xV2+(γ2 j−1)I

)
.

Upon using Lemma 2, we have

βIα0+

[
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
]

= Γ−1(V)
∞∑
j=0

Γ(V + jI)Γ−1(V1 + γ1 jI) Γ−1
(
V2 + I(β − 1)

β
+
γ2

β
jI
)
ω j

j!

× β−α xV2+γ2 jI+(βα−1)I Γ

(
V2 + I(β − 1)

β
+
γ2

β
jI
)
Γ−1

(
V2 + I(β − 1)

β
+ αI +

γ2

β
jI
)

= Γ−1(V)
∞∑
j=0

Γ(V + jI) Γ−1(V1 + γ1 jI) Γ−1
(
V2 + I(β − 1)

β
+ αI +

γ2

β
jI
)
ω j

j!

× β−α xV2+γ2 jI+(βα−1)I .

Now in accordance with (2.1), this yields the proof of Theorem 9. �

Corollary 8. Under the hypotheses of Theorem 9, taking the limit β→ 1 yields

Iα0+

[
xV2−I EVγ1,γ2,V1,V2

(ωxγ2)
]

= xV2+(α−1)I EVγ1,γ2,V1,V2+αI(ωxγ2), (4.7)

where<(α) > 0.
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Theorem 10. Let V1,V2 ∈ Cl×l be positive stable matrices, and let β > 0 and <(α) > 0. Then,
the generalized fractional derivative of the five-parameter Mittag-Leffler matrix function admits the
following representation:

βDα
0+

[
xV2−I EV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
]

= β−(ζ−α) xV2−(βα+1)I EV
γ1,

γ2
β ,V1,

V2+I(β−1)
β −αI

(ωxγ2). (4.8)

Proof. From Definition 3, we get

βDα
0+

[
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
]

=

(
x1−β d

dx

)ζ [
βI

ζ−α
0+

(
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2)
)]
.

Using Theorem 9 gives

βDα
0+

[
xV2−IEV

γ1,
γ2
β ,V1,

V2+I(β−1)
β

(ωxγ2 )
]

= xζ(1−β) ×

(
d
dx

)ζ [
β−(ζ−α)xV2+(β(ζ−α)−1)I EV

γ1,
γ2
β ,V1,

V2+I(β−1)
β +(ζ−α)I

(ωxγ2 )
]
.

From Theorem 3, this immediately yields the desired proof of Theorem 10. �

Corollary 9. Under the hypotheses of Theorem 10, taking the limit β→ 1 yields

Dα
0+

[
xV2−IEVγ1,γ2,V1,V2

(ωxγ2)
]

= xV2−(α+1)I EVγ1,γ2,V1,V2−αI
(ωxγ2), (4.9)

where<(α) > 0.

5. Conclusions

In this paper, we have introduced and systematically investigated a matrix analogue of the five-
parameter Mittag-Leffler function. We established the absolute convergence of the defining series on
the unit circle |$| = 1 under specific spectral conditions involving the positive stable matrices V,V1,
andV2. Several fundamental properties of this matrix function were derived, including:

• Integral representations: A key integral formula was proved, linking the function to beta-type
integrals.
• Derivative formulas: Explicit formulas for repeated differentiation were obtained, demonstrating

how the parameters shift within the function.
• Differential recurrence relations: Simple recurrence relations connecting the function to its

derivatives were established.
• Finite summation formulas: A variety of new finite sums involving the matrix function and the

Fox-Wright matrix analog were derived using classical summation techniques.

Furthermore, we explored the interaction of this new matrix function with fractional calculus.
Specifically, we examined the composition of the generalized (Katugampola) fractional integral and
derivative operators with the five-parameter Mittag-Leffler matrix function, obtaining closed-form
expressions that naturally extend the function’s parameters.

The results presented in this work contribute to the growing theory of special matrix functions and
their applications. Future research could focus on investigating further properties such as Laplace
transforms, applications to solving fractional differential equations of matrix order, and exploring
connections with other orthogonal matrix polynomials.

AIMS Mathematics Volume 11, Issue 6, 17382–17398.



17396

Author contributions

Salma Aljawi, Vinod Kumar Jatav and Ankit Pal: Conceptualization, methodology, writing–original
draft, writing–review and editing. All authors of this article have contributed equally. All authors have
read and approved the final version of the manuscript for publication.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

The authors express their gratitude to Princess Nourah bint Abdulrahman University Researchers
Supporting Project number (PNURSP2026R514), Princess Nourah bint Abdulrahman University,
Riyadh, Saudi Arabia.

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. R. Goyal, P. Agarwal, G. I. Oros, S. Jain, Extended beta and gamma matrix
functions via 2-parameter Mittag-Leffler matrix function, Mathematics, 10 (2022), 892.
https://doi.org/10.3390/math10060892

2. A. T. James, Special functions of matrix and single argument in statistics, In: Theory and
Application of Special Functions, Academic Press, 1975, 497–520. https://doi.org/10.1016/B978-
0-12-064850-4.50016-1

3. A. M. Mathai, A handbook of generalized special functions for statistical and physical sciences,
Oxford: Oxford University Press, 1993.

4. W. Miller, Lie theory and specials functions, New York: Academic Press, 1968.

5. M. Abdalla, On the incomplete hypergeometric matrix functions, Ramanujan J., 43 (2017), 663–
678. https://doi.org/10.1007/s11139-016-9795-z

6. M. Abdalla, Special matrix functions: characteristics, achievements and future directions, Linear
Multilinear A., 68 (2020), 1–28. https://doi.org/10.1080/03081087.2018.1497585

7. R. Dwivedi, V. Sahai, On the hypergeometric matrix functions of two variables, Linear Multilinear
A., 66 (2018), 1819–1837. https://doi.org/10.1080/03081087.2017.1373732

8. R. Dwivedi, V. Sahai, On the basic hypergeometric matrix functions of two variables, Linear
Multilinear A., 67 (2019), 1–19. https://doi.org/10.1080/03081087.2017.1406893

9. L. Jodar, J. C. Cortés, On the hypergeometric matrix function, J. Comput. Appl. Math., 99 (1998),
205–217. https://doi.org/10.1016/S0377-0427(98)00158-7

AIMS Mathematics Volume 11, Issue 6, 17382–17398.

https://dx.doi.org/https://doi.org/10.3390/math10060892
https://dx.doi.org/https://doi.org/10.1016/B978-0-12-064850-4.50016-1
https://dx.doi.org/https://doi.org/10.1016/B978-0-12-064850-4.50016-1
https://dx.doi.org/https://doi.org/10.1007/s11139-016-9795-z
https://dx.doi.org/https://doi.org/10.1080/03081087.2018.1497585
https://dx.doi.org/https://doi.org/10.1080/03081087.2017.1373732
https://dx.doi.org/https://doi.org/10.1080/03081087.2017.1406893
https://dx.doi.org/https://doi.org/10.1016/S0377-0427(98)00158-7


17397

10. L. Jodar, J. C. Cortés, Some properties of Gamma and Beta matrix functions, Appl. Math. Lett., 11
(1998), 89–93. https://doi.org/10.1016/S0893-9659(97)00139-0
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