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Abstract: In this paper, we introduce and study a matrix analog of the five-parameter Mittag-Leffler
function. We establish the absolute convergence of the series defining this function on the unit circle
|@| = 1 under certain spectral conditions. Several fundamental properties are derived, including
integral representations, derivative formulas, and differential recurrence relations. Furthermore, we
obtain a variety of finite summation formulas for this matrix function and its related Fox-Wright matrix
analog. Finally, we investigate the composition of the function with generalized fractional calculus
operators introduced by Katugampola, deriving closed-form expressions for both fractional integrals
and derivatives. The results presented here extend the theory of special matrix functions and contribute
to the field of fractional calculus.
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1. Introduction

In the last 20 years, special matrix functions have become a major focus in mathematical analysis
due to their critical applications in the study of Lie algebras, Lie groups, and mathematical physics. In
both pure and applied mathematics, hypergeometric functions of a matrix argument have many uses,
including in statistics and random matrix theory [1-4].

Numerous researchers have contributed to the study of matrix analogs of special functions. Notably,
Abdalla [5,6], Dwivedi and Sahai [7,8], Jodar and Cortés [9—11], Jatav et al. [12], Jatav and Shukla [13,
14], and Pal et al. [15] have investigated a variety of their properties. These include differential and
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integral representations, finite summation formulas, and generating functions. Such matrix functions
are instrumental in solving a wide array of problems across the mathematical sciences, engineering,
probability theory, and statistics. Matrix calculus has also seen many developments in solving problems
involving large, dispersed matrices, including the following: Extended global Arnoldi algorithms for
solving large-scale linear systems of ordinary differential equations [16], the extended block Arnoldi
method for solving generalized differential Sylvester equations [17], and the Krylov method for large-
scale systems of differential equations [18].

Throughout this paper, we work in the space C™! of square complex matrices of order /. For a given
matrix V € C™*!, we denote its spectrum (the set of all eigenvalues) by o-(V). We define the quantities

d(V) = max {R(@) : @ € 7(V)}, (V) =min{R(@) : @ € o(V)}, (1.1)

where d(V) is the spectral abscissa of ‘V, and it follows that c(V) = —d(=YV).
A Hermitian matrix V € C™ is said to be positive stable if every eigenvalue 1 € o(V) satisfies
R() > 0.
The Euclidean norm of a vector x € C' is defined as ||x||, = (x*x)!/2, where x* denotes the conjugate
transpose. The induced two-norm of a matrix V is then given by
II(V Il>

V| = P :mu{%LAeamwvﬁ. (1.2)
2

In what follows, 7 and O denote the identity matrix and the null matrix in C*/, respectively.
Using the Schur decomposition of a matrix V [19], we recall the following estimate for the matrix
exponential:

r—1 ”(V”rl/z)

le”|| < eV . (t>0). (1.3)

9=0

This leads to the inequality

rlnvmmmﬁ
< AV , ez, (1.4)

9=0

I < fle™™

Finally, by the properties of matrix functional calculus [20], if #,(w) and h,(w) are holomorphic
functions defined on an open set w of the complex plane, and if V € C*/ satisfies (V) C w, then

h(V)ha (V) = hy(V)hi (V). (1.5)
In addition, if R € C*! with o(R) c w, and if VR = RV, then

h(V)ha(R) = hay(R)h (V). (1.6)
According to [21,22], the logarithmic norm w(V) of V € C™ s

T +kVI-1
W(V) = lim = (1.7)
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:max{w|w€a'((v;(v*)}. (1.8)
Let W(V) be such that
W(V) = —W(=V) = min {w Er U((V “;(V)} (1.9)

The image of I'"! (@) acting on V, denoted by I'"1(V), is a well-defined matrix. The reciprocal gamma

function .

[(@)’
is an entire function of the complex variable @w. If V + jI is invertible for all integers j > 0, then the
reciprocal gamma function of a matrix is defined as follows (see [10]):

I (w) =

IV =VV+D...(V+(G-DDHT NV + D), j>1. (1.10)

The Pochhammer symbol [10] for V € C* is

I, if j=0
((V)j:{ . e (1.11)
VV+ID..(V+(G-DI), ifj=>1,

which provides
V), =T WI(V+jI), j>1 (1.12)

If V € C™is a positive stable matrix and j > 1 is an integer, then the gamma matrix function admits
the following limit representation [9]:

I(V) = lim(j - DI V)7 7. (1.13)
Jj—ooo
For any matrix V € C™!, one gets the following relation due to Jodar and Cortés [9]:

(1-1" = Z %ﬂ, < 1. (1.14)

J=0

Now, let V, R € C™! be two positive stable matrices. The gamma matrix function I'(‘V) and the beta
matrix function B(V, R) [9, 10] are defined by

(V) = f e 9V a9, 9V = exp(V - I)In9), (1.15)
0
and

1
B(V,R) = f 9V - ay. (1.16)
0
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According to [10], let V, R € C*! be two commuting matrices such that V+ jI, R+ jI, and V+R+ jT
are invertible for every integer j > 0.

B(V,R) = [(V)[(R) [T(V +R)] " (1.17)

In the recent studies of special matrix functions, Jatav et al. [12] introduced Shively’s pseudo Laguerre-
type matrix polynomial and defined it as

(0 + 2nl) ~— (—nl) A¥ZF

' |
n! k=0 k!

RYO(z) = I(Q + (®©k + n)), (1.18)
where Q € C* is a positive stable matrix, and ® € Z*, 1 € C with R(1) > 0.

In this paper, we introduce and investigate a matrix analog of the five-parameter Mittag-Lefller matrix
function, which was defined by Ozarslan and Fernandez [23] in 2021:

°° (W), @’
EY = ] g
W1,W2,710’2(w) ]Z:(; F(Wl_] + yl)F(sz + 72) .]‘

weC, (1.19)

where Wy, Wy, y1,v2,W € C, and R(w; + wp) > 0. For w = 1, this reduces to the general Fox-Wright
function studied by Luchko [24]:

T
A TW1j+y)TWoj +72)

W, 1), w2, (@) = (1.20)

2. The five-parameter Mittag-Leffler matrix function

In this section, we present the five-parameter Mittag-Leffler matrix function. We study its
convergence on the unit circle |@| = 1 and establish its key analytical properties.

Definition 1. Let V, V|, V, € C™ be positive stable matrices such that V, +y,kI and V, +vy,kI are
invertible for all integers k > 0. Then, the five-parameter Mittag-Leffler matrix function is defined as
follows:

w

EY 4, @) =T7(V) Z LV + jDT NV + v jDT NV, + 9, 1) 2.1)

J
=0 !
where w € C,y;,y, € R*.

For V = 1, using (1.12) and (1); = j!, (2.1) reduces to the four-parameter Fox-Wright matrix
function:

W, v).oam(@) = Z TNV +y DT (Vs + 720 & (2.2)
=)

We now establish the absolute convergence of the series defined in (2.1) on the circle |@| = 1.
The following theorem presents the corresponding convergence result for the matrix analog of the
five-parameter Mittag-Lefler function.
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Theorem 1. Let V,V,,V, € C™ be positive stable matrices satisfying
d(Vy) + c(V2) > d(V),

where the matrix analog of the five-parameter Mittag-Leffler function defined in Eq (2.1) converges
absolutely for all |@| = 1.

Proof. By the assumption d(V;) + c(V,) > d(V), we can choose a positive constant ¢ satisfying
d(Vy) + c(Vy) —d(V) = 26. (2.3)

Now we can write

. — 7 - ] - ] 1
i+ [F YWY + jDT NV, + 91 DTV, + 72Jf)ﬁ]

_F (ﬂr-lmr((v + jf)) oy
CLG-DIP G-1)! /
x (77720 = DTN (Va+ 0 jD)) 7 (2.4)

x (VG = DTV + D) j

Using (1.4) and d(—V) = —c(V), we obtain

”JW””J'JV‘H ||j‘“’2|| < jdmd(%)cwz){r ! ||(V1||r”2 ln]) }

9=0
! ||(V2|| 21 J)ﬂ ! (||(V|| 2 1n j)’
X 2
9=0 9=0

(2.5)

S
e {” (max (VI VAl 1V2Il 72 n ) }
<] - .

9=0

Using (2.4) and (2.5) and passing to the limit j — oo for |@| = 1, it follows that

lim j'*|;j'*0 [F‘l((V)I“((V + DTNV + v i (Vs + v, jI)HH
J—0 .
< tim NI D v 91— e+t vs 4 900 7]

j=e [(j— DI (-1
x|772G = DI TNV + i D)|| 17|
0 7T DY + D)

Vies —1 .
< lim = T 7" G = DIV + )|
3
< (max (IVIL VAL V2l 2 10 )
X ||](V2(J - 1! F‘l((Vz + ’yzjf)” {Z ( lﬁ' 2 ) } - 0.
9¥=0 '

Thus, we conclude that series (2.1) converges absolutely on the unit circle |@| = 1.
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Further, using the Cauchy-Hadamard formula, we get

R™' =limsup||A|'"/ =0

J—oo

where |
A =T WV + jDOT (V) +y DU (Vs + )’zjf)ﬁ-

Hence, the radius of convergence satisfies R = oco. Consequently, the series in (2.1) converges
absolutely for all @w € C, and therefore defines an entire matrix-valued function. O

Theorem 2. Let V,V,,V, € C*! be positive stable matrices. Suppose that V\ and V, are commuting
matrices and assume further that Vy + V, is also positive stable and vy,7y, € R*. Then, we get

f x =NV F@-0)"TE) ., o, W@ -1 ]dY

= (X t)(V1+(V2 - LV~ ((V) X E)’l 72, Vi+V2, Vs [wix —1)™]. (2.6)

Proof. Consider the left-hand side of (2.6). Using the series Definition 1, we obtain
X
f X =N T@-H"TE) o 4, WS -] dY

=T7'(V) Z LV + jDT (Vi + 3 DT (Vs + mf)—

Jj=0

X f x =" (@ -V gy,
t
Applying the change of variable s = f—j, the integral transforms into

f x-HVF@ -0 E) ., o, W@ -1 ]dY

= )= 0T ) S I+ DV, DV, 4, D

j=0

1
X f (1 _ S)VZ_IS(VI'F(’}/I‘]_I)I dS-
0

Evaluating the beta integral yields

= (=PI (V)

[w(x — t)”]f

x Z LV + DI (Vi+ Vo + DT (Va7 D——,

j=0

The right-hand side of the above expression is precisely the series representation of the matrix analog
of the five-parameter Mittag-Lefller function, which completes the proof. O
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Corollary 1. Under the hypotheses of Theorem 2, and taking V = I, we obtain

X
f x =NV =)V W, .00 W — 1)) di
t
= (X - t)(Vl+(V2_I r((VZ) X W()/l,(Vl-i-(Vz),(’)/z,(Vz) (W(X - t)%) . (27)
Theorem 3. Let V,V,,V, € C*! be positive stable matrices such that 'V, + y\kI and V, + y,kI are

invertible for all integers k > 0 and @ € C, y,,y, € R*, and the series converges uniformly on compact
subsets for all w € C. Then, the following derivative formulas hold:

d e

— Vi-I gV my| = ~Vi-@+DI gV "

(dw [w Eyl’yz’q/l’q/2 We )] - E71,72,(V1—{I,’V2(Ww ); (2.8)
d e

— V-I gV | = ~V2-@+DI gV v

( — |&" T E) o, W) = @ EY v (Wa). (2.9)

Proof. We first prove (2.8). Starting from the left-hand side and using the series definition (2.1), we
have

d\ [ -
(%) [wq}l ! E;Z»Yszlsz (me)]
1 N . 1 : 1 w/
=I7V) 2TV + DU (Vi D (Vo + D=
Jj=0 )
d ‘ Vi+(y1j-DI

Differentiating term by term under the summation sign yields

d 4
(d_w') [w%_l— Ez,n,% M%) (Www )]

(W)
J!

= V1Y) Z DV + DU (Vi+ (0 = QD (Vo + 17T

Jj=0

The right-hand side of the above expression is precisely the series representation of
V-t E;‘f i1y, (W), which establishes (2.8). The proof of (2.9) follows by an analogous
argument. ’ i

Corollary 2. Under the hypotheses of Theorem 3, and taking V = 1, we obtain the following
derivative formulas:

d | Vi-1 Vi-@+DI

(% @ Wor vy Wa™) | = @D W, o g (W), (2.10)
d |’ Vo1 Vo—(+D)I

(% [w 2 W()’l,(Vl)a()’qu/Z) (an)] = (¢+1) W(yl,qll),(72,W2—§I)(Ww72)- (211)
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Theorem 4. Let V,V,,V, € C*! be positive stable matrices such that 'V, + y\kI and V, + y,kI are
invertible for all integers k > 0, and @ € C, y{,y, € R*. Then the following differential recurrence
relations hold:

d
% _ % 4%
EYI 7¥2:Vi ,(Vz(w-) =V E)’l,)’z,(Vl +ffV2(w) + ’)/IWEEVI 72,V1 +I,(V2(w)’ (212)

vV _ vV 4%
E71 772:V1,V2 (ZD') =V, E)’la)’zfvlﬂ’ﬁf(w) tNw E)’lsz,(Vl ,(V2+I(w)' (213)

dw
Proof. Analyzing the right-hand side of (2.12) and using (2.1), we have

d 4%
(Vl Y172, V1+1. Vz(w) + Yde_EYI 2, Vi+1 (Vz(w)

=VIEY i@+ 1) Z T VIV + DTV + (1 + DDT Vs + mf)—

j=0

=1 ((V)ZF((V+]I)F (Vi +y1jDI™ ((Vz+71jf)—

j=0
This leads straight to the proof of the result (2.12). Similarly, we can prove the result (2.13). O
Corollary 3. Under the hypotheses of Theorem 3, and taking V = 1, we obtain the following

differential recurrence relation:
d
Woivn.g0m(@) = ViWe, y10).00.9)(@) + 1@ %Wmm +D).2. V) (@), (2.14)
d
Wo .00 (@) = VoW, ) 00,4 0)(@) + 72@ %le,w,(n%u)(w )- (2.15)
3. Finite summation formulas

In this section, we establish several interesting finite summation formulas involving the matrix
analog of the five-parameter Mittag-Leffler function defined in (2.1). The following lemma, due to
Rainville [25], will be useful in our analysis.

Lemma 1. Let V(k, ) and R(k, () be matrices in C™. Then the following series relations hold:

0 o {
S vwo=3 S v
=0 k=0 =0 k=0

o ¢ 0 oo

DY RED =)D RUL+D).
=0 k=0 =0 k=0

Theorem 5. Let V,V,,V, € C*! be positive stable matrices such that 'V, +y,kI and V, + y,kI are
invertible for all integers k > 0 and @ € C. Then the following finite summation formula holds

J o
J - @
Z (k) rev - kj) E;‘i“/kl,](Vl—Vlkf,(Vz—)’zkf(w) W =e" L(v) E71 72, V1, Va2 (@). (3.1
k=0
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Proof. Analyzing the left-hand side of (3.1) and using (2.1), we have

i
] —
Z (k)r‘((v —kDEY K (@) W
k=0
(o] J . —1 . _1 . ijk
= Z LV+G-DI (Vi+rn( - (Vo +y2(j - D) -
ot kI(j = k)!

Utilizing Lemma 1, we arrive at

J

z(;()m/ DES o

k=0
o J gk
= Z LV + D V1+ 7D (Vs y2i D=
j=0 k=0 e

/\

o0 k
- (Z kv) )[Z LV + jDU (Vi + 51 jDT ((V2+y2]I)—)

k=0 =0
=e"” {Z DV + DT (Vi + 1 DT (Va + VzJI)—]
j=0
This leads directly to the intended outcome (3.1) according to Definition 1. O

Corollary 4. Under the hypotheses of Theorem 5, and taking V = I, we obtain the following finite
summation formula:

Jj .

J k _ W
Z ( k) Wi vk 2 Vayak (@) W = €7 Wey, ) 1) (@). (3.2)
k=0

Theorem 6. Let V,V,,V,,S € C™ be positive stable matrices such that V, + y,kI and V, + y,kI
are invertible for all integers k > 0, and assume |ww| < 1. Then, we have

J
Z( )r((v kD) (SWEY M, i ur@W = (1 —aW) S TVE) ., o (@) (3.3)
k=0

Proof. Analyzing the left-hand side of (3.3) and using (2.1), we get

i .
Z (IJC)F((V — kL) (S E;‘: YIZI(Vl —y1kI,V, ylkf(w) wk
k=0
) w/wk
Z 2 OV + (= DDE V471G = DD (Vo + 32 = D) =
j=0 k=0 T

Utilizing the Lemma 1, we arrive at

J .
Z ( )r((V kI) (S)k )/2 (Vl —y1kI,Vo— 'yzk[(w) W
k=0
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j+ka
k! j!

o
= > SOEV + DT (V) + 3 DT (Vy + 72 jT)

=0 k=0

s k
= [Z (S)I{]E—:HW)] (Z LV + jDI (V) + y DT (V, + ),2]]')_]

=0
=(1-aw)S [Z (Y + DI (Vi +y DU (Vs + mf)—]
j=0
This leads directly to the intended outcome (3.3) according to Definition 1. O
Corollary 5. Under the hypotheses of Theorem 6, and taking V = I, we obtain
L ()
Z (k) (S Worvi-nkD i Vampsk (@) W = (1= @W) ™ Wey, 3 (@). (3.4)

k=0

Theorem 7. Let V,V,,V, € C*! be positive stable matrices such that 'V, +y,kI and V> + y,kI are
invertible for all integers k > 0 and @w € C. Then, the following finite summation formula involving
derivatives holds:

J k g~
(w)
Z I“(V kI) ( ;‘TVI:—(Vl —y1kI,Vy— szf(w)) =€ F((V) E71 2,V (Vz(w)' (35)
k=0
Proof. Analyzing the left-hand side of (3.5) and using (2.1), we have
k

J
( d V-kI
Z k_ [V - kL) dw* (E71,72,(V1 —ylkI,sz—yzkI(w))

o ol kwk
= 2 D TV + (G =D (Vi + 571G = DD (Vo + 720 = DD

720 %20 k(G =)
Utilizing Lemma 1, we arrive at

‘ (W)k k (V kI
ZVF((V k1) _( 7 n,%—y.kf,%—yzkf(w))

o ]Wk
= 2 2 TV + DU Vi 4y D (Vo + 32iD)

0 k
_ (Z (‘2’_] {Z LV + jOT (V) +y, jDT (Y, + mf)—]
k=0

j=0

[Z TV + jDE (Vi + 71 DT (Vo + mI)—}
j=0

This leads directly to the intended outcome (3.5) according to Definition 1. O
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Corollary 6. Under the hypotheses of Theorem 7, and taking 'V = I, we obtain the following finite
summation formula:

W w
Z T _wk Woy, vy k0 273k (@) = € Weg vy 35,00 (). (3.6)
k=0

Theorem 8. Let V,V,,V,,S € C™ be positive stable matrices such that V, + y,kI and V, + y,kI
are invertible for all integers k > 0, and assume |ww| < 1. Then, we get

J k
Z @ (S) (V- kI) — (EV s (@)

V1,72, V1=y1kI,Va—vy2
k=0
-S
= (1-aW) STVEY 4 4.(@). (3.7)

Proof. Analyzing the left-hand side of (3.7) and using (2.1), we get

Ly (wyt BV
Z _(S)k V- kf) ( Y172, Vi=y1kI Vo—y2kI (w))
k=0

o 1 1 w/wk
- Z Z LV + (=D (Vi + 701G = DD (Va + 72 - k)f)m-
j=0 k=0 '] '

Utilizing Lemma 1, we arrive at

Ly (wyt d* BV
Z _(S)k IV -kl ) ( Y12V —ylkI,(Vz—yzkI(w))

j+ka

o
ZZ(S)k LV + DU Vi DU Va4 7] D=
=0

J=0 k

0 k (w )k
(Z (@)" (W) (S)k) [Z LV + jDI (V) + v jDT N (V, + 72]I)—]
k=0

Jj=0

=(1-aw)™ (ZF(V+JJ)F (Vi+y DI ((V2+)/2]I)—]

j=0
This leads directly to the intended outcome (3.7) according to Definition 1. O

Corollary 7. Under the hypotheses of Theorem 8, and taking V = I, we obtain
5 (w)
Z - (S)k (Wm Vgt s Vs sk (@) = (1= W) W, ) 3,0 (@). (3.8)
k=0

4. Composition of fractional calculus with the five-parameter Mittag-Leffler matrix function
In this section, we derive the composition formulas involving generalized fractional calculus
operators and the five-parameter Mittag-Leffler matrix function. To this end, we first recall the

definitions of the generalized fractional integral and derivative due to Katugampola [26,27].
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Definition 2. [26,27] Let h, € X’(c,d). The generalized fractional integral PT 0, of order a € C is
defined by

B WP ()
L) Jo (8 —ub)'™®

(Prg.m)(x) = du, x>0, R(a)>0, >0, (4.1)

where X2 (c,d) (with c € R, 1 < p < o) denotes the space of complex-valued Lebesgue measurable
functions on [c,d].

Definition 3. [26, 27] The generalized fractional derivative BDS . of order a € C for a function
hy € X2(c,d) is defined by
d ¢
(D) () = (x‘-ﬁa) (I5 m) @, R@=0,8>0, 42)

where { = [R(a)] + 1.

Remark 1. In the limit § — 1, the generalized fractional integral and derivative of order a defined
by (4.1) and (4.2) reduce to the classical Riemann-Liouville fractional integral and derivative of order
a [28]:

tim (25, 1) () = (Z5, ) (0, (4.3)
lim (PD5, 1) (x) = (DG, ) (), (4.4)

for x > 0 and R(a) > 0.

Lemma 2. Let V € C™ be a positive stable matrix, and let R(«) > 0. Then, the generalized fractional
integral of a power function admits the representation

Prg, (xVT) = g VeI (—(V i Iﬂ 6= 1)) r (% + a/f) , (4.5)

with 8 > 0.

Proof. Using Definition 2 and applying the change of variable u = 7x, we obtain

rg, (xV ) = ’8—1_??;%] fo 1 VA1 - tﬁ)a_l dt.

Now setting ## = z, we have

—a pat+V-T _
ﬁf&(xv_z):ﬂ P B(fV+I(ﬁ 1)’a[)

(@) B
e WW-—TF((V + Iﬁ(ﬂ - 1))F_1 ((v + Iﬁ(ﬁ - w_)'

O
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Remark 2. Under the hypotheses of Lemma 2, taking the limit § — 1 yields the following result due
to Bakhet et al. [29]:

lim 75, (V) = DDV (V + o) = If, (), (4.6)

where R(a) > 0.

Theorem 9. Let V,,V, € C* be positive stable matrices, and let B > 0 and R(«) > 0. Then, the
generalized fractional integral of the five-parameter Mittag-Leffler matrix function is

ﬁ[a VoIV yo| — p-a Vo+(Ba-DI gV V2
x"*E (x| =" E _ (wx™).
0+ 22 v, 2t Y1 YD o

Proof. On using Definition 2 and (2.1), we have

(] VoIV
ﬁIO+ X : E 72 Vo+I(B-1) (wx’)’z)
71 ,f,(Vl D

ﬁl—a X uﬁ—l
— u(Vz—IE(V

- iy (U")du
F(a/) 0 (xﬁ—uﬁ)l_a/ 717%,(\/1,%( )

(V2+I(,6’—1)+)£] w’

=T (v mr(v 70 % 7 r—l( —
( )j_zo( + DTNV +y14T) 5 b

% BI8+ (x(V2+(72j—1)1) )

Upon using Lemma 2, we have

ﬁ]8+ [X(VZ_IEZ’VE’(VI’%%(/M) (wx™)
N V,+I1B-1 J
=T7'(V) ) TV + DT (Vi 4y jD T (—2 $-D,» jl) “
. B B !
J=0
x 0 x Vel eI r(—% - 7, )F‘l ((V—2 E-D g ﬁjl)
B B B
N Vo+1B-1 J
=T V) Y DV + DTV + 9,0 T (Z—w) + ol + ﬁﬂ) cd
j=0 B B J!
Xﬁ—af x(V2+y2j1+(ﬁa—1)1.
Now in accordance with (2.1), this yields the proof of Theorem 9. O
Corollary 8. Under the hypotheses of Theorem 9, taking the limit f — 1 yields
]g+ [X(VZ_I E;‘f’yz’(vl’(VZ (a)xyz)] = x(vz+(a_1)] E;‘:O’Z,(Vl fV2+czI(wxyz)’ (47)

where R(a) > 0.
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Theorem 10. Let V,,V, € CX be positive stable matrices, and let § > 0 and R(a) > 0. Then,
the generalized fractional derivative of the five-parameter Mittag-Leffler matrix function admits the
following representation:

B DY V-I gV v\ | — p(—@) [ Vr—(Ba+DI gV 2
. E - (WX = X E . wx"?). 4.8
o [ 71’%’(‘/1’%( ) B 715%,(‘/1,%—&[( ) ( )

Proof. From Definition 3, we get

A\ s v
g [xVZ"EV v2+;w_l>(wx72>] = (xl-ﬁa) [ﬁfg+ (x%-’EW Vﬁm_.)(wx”))].

y Y
71,72,q/1, 71,%,(‘/1, B

Using Theorem 9 gives

03 Vo-IzV
PR \xVTEY e (@X7)
5 Vi—p5—

B
d ¢
= X0 x [ L) | gy Vs gV wx)|.
o) P n g 2 )

From Theorem 3, this immediately yields the desired proof of Theorem 10. m|
Corollary 9. Under the hypotheses of Theorem 10, taking the limit § — 1 yields

@ | yV2uIgV | = Va-(e+DI gV v
0+ [x EVI’VZ,(VI,(VZ(wx )] =X EY],YZ,(Vl,(Vz—(I](w’x )7 (4.9)

where R(a) > 0.
5. Conclusions

In this paper, we have introduced and systematically investigated a matrix analogue of the five-
parameter Mittag-Leffler function. We established the absolute convergence of the defining series on
the unit circle |@| = 1 under specific spectral conditions involving the positive stable matrices V, V|,
and V. Several fundamental properties of this matrix function were derived, including:

e Integral representations: A key integral formula was proved, linking the function to beta-type
integrals.

e Derivative formulas: Explicit formulas for repeated differentiation were obtained, demonstrating
how the parameters shift within the function.

e Differential recurrence relations: Simple recurrence relations connecting the function to its
derivatives were established.

e Finite summation formulas: A variety of new finite sums involving the matrix function and the
Fox-Wright matrix analog were derived using classical summation techniques.

Furthermore, we explored the interaction of this new matrix function with fractional calculus.
Specifically, we examined the composition of the generalized (Katugampola) fractional integral and
derivative operators with the five-parameter Mittag-Leffler matrix function, obtaining closed-form
expressions that naturally extend the function’s parameters.

The results presented in this work contribute to the growing theory of special matrix functions and
their applications. Future research could focus on investigating further properties such as Laplace
transforms, applications to solving fractional differential equations of matrix order, and exploring
connections with other orthogonal matrix polynomials.
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