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1. Introduction

This paper is devoted to the study of the existence and multiplicity of solutions for the following
p-Kirchhoff-Choquard equation involving a critical exponent:

K (u)
(
−∆pu + V(x) |u|p−2 u

)
= β f (x, u) + λ

(∫
RN

|u (y)|p
∗
µ

|x − y|µ
dy

)
|u (x)|p

∗
µ−2 u, x ∈ RN , (1.1)

where K (u) = M
(∫
RN (|∇u|p + V (x) |u|p) dx

)
, M (·) is a Kirchhoff-type function, V(x), f (x, u) are

continuous functions, µ ∈ (0,N), 1 < p < p∗µ, ∆pu = div
(
|∇u|p−2

∇u
)

is the p-Laplacian operator,
and p∗µ =

2N p−µp
2N−2p is the critical exponent with respect to the Hardy-Littlewood-Sobolev inequality.

Problem (1.1) is intrinsically characterized by the interplay of two distinct nonlinear effects: the
Kirchhoff-type nonlocal term and the Choquard-type nonlocal term. Such a coupling arises naturally
in physical contexts, particularly in quantum mechanics, where it models long-range interactions in
many-body systems, and in condensed matter physics, where it describes the self-trapping of electrons
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in nonlinear media. Additionally, analogous structures emerge in wave packet dynamics in nonlinear
optics, reflecting the nonlocal nature of photon interactions. Recently, the study of Choquard-type
problems, particularly the existence, multiplicity, and qualitative properties of their solutions, has
become a central topic in nonlinear analysis. The intricate balance between local and nonlocal
nonlinearities in such problems presents rich mathematical challenges, driving advances in variational
methods, critical point theory, and regularity analysis. Consider the following Choquard problem:

−∆u + V(x)u = (Iα ∗ F (u)) f (u) , x ∈ RN , (1.2)

where α ∈ (0,N), u : RN → R, f serves as the primitive function of F, and Iα : RN → R is the Riesz
potential, defined as follows:

Iα =
Γ

(
N−α

2

)
Γ

(
α
2

)
2απ

N
2 |x|N−α

,

where Γ is the gamma function. When the potential function F(u) = |u|p−2 u is considered, problem
(1.2) simplifies to the following form:

−∆u + V (x) u = (Iα ∗ |u|p) |u|p−2 u, x ∈ RN . (1.3)

Existing results on Choquard-type problems (1.3) are largely governed by the admissible range
of the exponent p, which critically influences the existence, regularity, and asymptotic behavior of
solutions. In the case where V(x) = 1 and p = 2, the equation was first introduced by Pekar [18] in the
context of modeling the quantum theory of static polarons. Subsequently, Penrose [19] employed
this equation as a self-gravitational model to describe the motion of a single particle in its own
gravitational field while studying the phenomenon of quantum state collapse. Advances in nonlinear
functional analysis techniques have led to substantial progress in understanding solution properties
for Choquard-type problems, particularly when the exponent p reaches the Hardy-Littlewood-Sobolev
critical threshold. When V(x) = 0, p = 2∗µ =

2N−µ
N−2 , and certain perturbation terms are added to the right-

hand side of equation (1.3). Lan et al. [11] demonstrated the existence of multiple solutions to problem
(1.3) by employing the Nehari manifold. Liu et al. [17] utilized the Pohožaev identity, the Nehari
manifold, and the mountain pass theorem to prove both the existence and non-existence of solutions to
problem (1.3) on bounded domains. For more detailed results concerning the Choquard-type problems,
we refer to [20–23] and the references therein.

On the other hand, Kirchhoff-type nonlocal problems have attracted considerable and sustained
research interest due to their distinctive mathematical structure and wide-ranging physical applications.
Specifically, Kirchhoff in [9] extended the classical D’Alembert wave equation by incorporating the
dependence of string tension on vibration amplitude and established a foundational model described
by the following equation:

ρ
∂2u
∂t2 − M

(∫ L

0

∣∣∣∣∣∂u
∂x

∣∣∣∣∣2 dx
)
∂2u
∂x2 = 0, (1.4)

where M
(∫ L

0

∣∣∣∂u
∂x

∣∣∣2 dx
)
=

ρ0
h +

E
2L

∫ L

0

∣∣∣∂u
∂x

∣∣∣2 dx and L, h, E, ρ, and ρ0 are constants. The presence of
the nonlocal term endows it with significant applications across various fields, such as elasticity,
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geophysics, acoustics, and fluid dynamics. Since then, many mathematicians began to investigate
the following Kirchhoff-Dirichlet problem on a bounded domain Ω ⊂ RN:−

(
a + b

∫
Ω
|∇u|2 dx

)
∆u = f (x, u) , x ∈ Ω,

u|∂Ω = 0,
(1.5)

where a, b > 0 are constants and f ∈ C(Ω×R,R). For recent results about Kirchhoff problems, see for
example [1,5,6] and the references cited there. Cheng et al. [4] investigated the following p-Kirchhoff
equation: (

a + λM
(∫
RN

(|∇u|p + b |u|p)dx
)) (
−∆pu + b |u|p−2 u

)
= f (u) , x ∈ RN , (1.6)

where a, b > 0, λ ≥ 0, µ ∈ R, 1 < p < N, functions M, f ∈ C(R+,R+) with R+ = [0,∞), and ∆pu =
div

(
|∇u|p−2

∇u
)

is the p-Laplacian operator. The authors proved the existence of at least a positive
ground state solution via variational methods, monotonicity methods, cut-off functional techniques,
and a priori estimates techniques. When f (u) = |u|m−2 u + µ |u|q−2 u, Chen et al. [3] obtained a positive
ground state solution to problem (1.6) using the Nehari manifold. By employing variational methods,
Li et al. [12] established the existence of at least one positive solution to problem (1.6) with p = 2
and M(t) = t. Moreover, in the case where f (u) = f (x, u) + g (x) |u|p−2 u, Fan et al. [7] proved that
the problem (1.6) admits at least two positive and two negative solutions under different conditions by
using the variational methods. Liu [13] considered the following p-Kirchhoff equation:[

M
(∫

Ω

(|∇u|p + λ (x) |u|p) dx
)]p−1 (

−∆pu + λ (x) |u|p−2
)
= f (x, u) , x ∈ Ω,

where Ω is a smooth bounded domain, ∆pu = div
(
|∇u|p−2

∇u
)

is the p-Laplacian with 1 < p < N, and
λ(x) ∈ L∞ (Ω) satisfies essinfx∈Ω̄ λ (x) > 0. The authors employed the fountain theorem and the dual
fountain theorem to demonstrate the existence of multiple solutions to this problem.

Although the individual theories of Kirchhoff-type and Choquard-type problems have seen
substantial development, their nonlinear coupling through the p-Kirchhoff-Choquard framework
presents new analytical challenges that require systematic study. In present paper, we are interested
in the existence and multiplicity of solutions for the p-Kirchhoff-Choquard equation involving critical
exponents. Due to the energy functional associated to (1.1) involving the non-local terms, specifically∫
RN |∇u|p dx and

(∫
RN
|u(y)|p

∗
µ

|x−y|µ dy
)
|u (x)|p

∗
µ , it presents some difficulties in analyzing the validity of the

Palais-Smale condition and discussing the mountain pass geometry on the energy functional. Inspired
by [14], we shall apply the concentration-compactness principle to ensure the necessary compactness.
Clearly, problem (1.1) is different from the problem studied in the literature, since (1.1) deals with
p-Kirchhoff equations with Choquard type and critical exponent p∗µ. In this paper, we will prove the
multiplicity of nontrivial solutions for problem (1.1).

Before presenting our main results, we first introduce the following fundamental assumptions on
the Kirchhoff term M (·), the function V (·), and the nonlinearity term f :
(M1) M ∈ C(R+0 ,R

+
0 ), and for θ ∈

[
1, 2N−µ

N−p

)
, there exist 0 < m1 < m2 such that

m1tθ−1 ≤ M(t) ≤ m2tθ−1 f or all t ≥ 0.
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(V1) V(x) ∈ C(RN ,R) and V(x) ≥ minx∈RN V(x) = 0.
(V2) There exists a constant R > 0 such that |{x ∈ BR (y) : V (x) ≤ c}| → 0 as y → ∞ for any c > 0,
where |·| denotes the Lebesgue measure in RN .
(F1) f (x, 0) = 0, f (x, t) ∈ C1

(
RN × R,R

)
.

(F2) There exist constants ri with 1 < r1 < r2 < · · · < rm < p and functions wi (x) ∈ Lϑi
(
RN ,R+

)
,

ϑi ∈
[

p∗

p∗−ri
, 1

1−ri

]
, i = 1, 2, ...,m, such that | f (x, t)| ≤

∑m
i=1 wi (x) |t|ri−1 for all (x, t) ∈

(
RN ,R

)
.

(F3) There exist constants a > 0, q ∈
(
θp, p∗µ

)
such that F (x, t) :=

∫ t

0
f (x, s) ds ≥ a |t|q, for a.e. x ∈ RN ,

and t ∈ R.
(F4) There exists a constant σ ∈ (θp, 2p∗µ) such that 0 < σF(x, t) ≤ f (x, t)t, for every x ∈ RN and t , 0.

Our main results are as follows.

Theorem 1.1. Suppose that the conditions (M1), (V1)–(V2), and (F1)–(F4) hold. Then for β = 1:

(i) There exists λ0 > 0 such that, for any λ ∈ (0, λ0), problem (1.1) admits at least a nontrivial
solution.

(ii) If f (x, t) is odd with respect to t, then for any m ∈ N, there exist λ00 > 0 such that problem (1.1)
has at least m pairs solutions uλ,i and uλ,−i (i=1,2,...,m) for any λ ∈ (0, λ00).

Theorem 1.2. Suppose that λ, β > 0 and conditions (M1), (V1), (F1), (F2), and (F4) hold. Then
problem (1.1) has a sequence of negative energy solutions {un} with Jλ,β(un) < 0 and J′λ,β(un) → 0 as
n→ ∞, where Jλ,β(un) is given in (4.1).

Remark 1.3. To establish the aforementioned results, we employ the mountain pass theorem and the
symmetric mountain pass theorem, motivated by the work of Liang et al. [14] and Yang et al. [25], in
combination with the dual fountain theorem [24]. However, in the proof process, we will encounter
several technical challenges. First, due to the presence of two nonlocal terms, we must verify whether
the nonlocal part of the energy functional is weakly continuous. To address this issue, we shall utilize
the concentration-compactness principle to ensure the necessary compactness. Second, the existence
of the Hardy-Littlewood-Sobolev critical exponents makes it difficult to verify the compactness of (PS )c

sequences. To overcome this obstacle, we determine an appropriate critical level c and constrain the
energy below this threshold to restore compactness. Moreover, the involvement of dual parameters
further complicates the problem, particularly in proving that the energy functional satisfies the
mountain pass geometry. Additionally, we must tackle several technical difficulties, including deriving
estimates for the nonlocal terms and establishing the strong convergence of certain sequences. Finally,
it is worth emphasizing that the results obtained in this work exhibit significant differences from those
in previous studies, highlighting the novelty of our approach.

Throughout this paper, Section 2 is devoted to presenting the preliminary framework, including
some definitions, notations, and functional-analytic tools required for the analysis of problem (1.1).
In Section 3, we prove Theorem 1.1 by applying both the mountain pass theorem and the symmetric
mountain pass theorem. In Section 4, Theorem 1.2 is established by using the dual fountain theorem.

2. Preliminaries

In this section, we begin by introducing the functional framework for analyzing problem (1.1).
We then recall the Hardy-Littlewood-Sobolev inequality and the concentration-compactness principle,
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which serve as essential analytical tools. Finally, we define the corresponding energy functional
associated with problem (1.1).

Let us start by recalling the definition of the Sobolev space:

W1,p(RN) :=
{

u ∈ Lp
(
RN

)
:
∫
RN
|∇u|p dx < ∞

}
,

with the norm

∥u∥W1,p(RN ) :=
(∫
RN

(|∇u|p + |u|p) dx
) 1

p

.

We work within the following space framework:

W1,p
V

(
RN

)
:=

{
u ∈ W1,p

(
RN

)
:
∫
RN

V(x) |u|p dx < ∞
}
,

and

∥u∥ :=
(∫
RN

(|∇u|p + V (x) |u|p) dx
) 1

p

.

Here, we still denote the norm of W1,p
V

(
RN

)
by ∥·∥, and the scalar product is defined as

(u, v) :=
∫
RN
|∇u|p−2

∇u∇v + V (x) |u|p−2 uvdx.

Proposition 2.1. (Hardy-Littlewood-Sobolev inequality [15]). Let 1 < k, l < ∞, 0 < µ < N, and

1
k
+

1
l
+
µ

N
= 2.

Then, there exists a constant C (N, µ, k, l) > 0 such that∫
RN

∫
RN

|u (x)| |u (y)|
|x − y|µ

dxdy ≤ C (N, µ, k, l) ∥u∥Lk(RN)∥u∥Ll(RN).

The best constant for the embedding W1,p(RN) ↪→ Lp∗(RN) is defined as

S := inf
u∈W1,p(RN )\{0},∥u∥p∗=1

∫
RN
|∇u|pdx. (2.1)

Consequently, we define

S µ := inf
u∈W1,p(RN )\{0}

∫
RN |∇u|pdx(∫

RN

∫
RN
|u(x)|p

∗
µ |u(y)|p

∗
µ

|x−y|µ dxdy
) p

2p∗µ

. (2.2)

To prove that the Palais-Smale condition satisfies for our settings, we shall first revisit the
concentration-compactness principle. Following [14, 16], the concentration-compactness principle for
the p-Laplacian setting can be stated as follows.
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Lemma 2.2. Let {un} be a bounded sequence in W1,p
(
RN

)
converging weakly to u ∈ W1,p

(
RN

)
such

that |∇u|p ⇀ ω and |un|
p∗ ⇀ ξ in the sense of measure. Assume that(∫

RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un (x)|p

∗
µ dx ⇀ ν

converges weakly in the sense of measures, where ν is a bounded positive measure on RN . Then, there
exist families of distinct points

{
ν j : j ∈ I

}
,
{
ω j : j ∈ I

}
, and

{
ξ j : j ∈ I

}
in RN satisfying for most

countable set I such that

ν =

(∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un (x)|p

∗
µ dx +

∑
j∈I

ν jδz j ,
∑
j∈I

ν j

1
p∗µ < ∞,

ω ≥ |∇un|
p dx +

∑
j∈I

ω jδz j , ω j > 0,

ξ ≥ |un|
p∗ dx +

∑
j∈I

ξ jδz j , ξ j > 0, S ξ
p

p∗

j ≤ ω j,

where δz j is the Dirac function of mass 1 concentrated at z ∈ RN and ν, ω, and ξ are nonnegative
measurements and bounded on RN . For all j ∈ I, there holds

S µν

p
2p∗µ

j ≤ ω j, and ν
N

2N−µ ≤ C (N, µ)
N

2N−µ ξ j.

Lemma 2.3. Let {un} ∈ W1,p
(
RN

)
be a sequence as in Lemma 2.2, and defined as

ω∞ = lim
R→∞

lim
n→∞

∫
|x|>R
|∇un|

pdx, ξ∞ = lim
R→∞

lim
n→∞

∫
|x|>R
|un|

p∗dx.

Then, there hold
S ξ

p
p∗

∞ ≤ ω∞,

and
lim
R→∞

sup
∫
|x|>R
|∇un|

pdx = ω∞ +
∫
RN

dω, lim
R→∞

sup
∫
|x|>R
|un|

p∗dx = ξ∞ +
∫
RN

dξ.

Lemma 2.4. Let {un} be a bounded sequence in W1,p
(
RN

)
converging weakly to some u ∈ W1,p

(
RN

)
.

Let ν, ω, and ξ be non-negative measurements and bounded on RN , while ω∞ and ξ∞ be the numbers
given as in Lemma 2.3. Assume that

ν∞ = lim
R→∞

lim sup
n→∞

∫
|x|>R

(∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un (x)|p

∗
µ dx.

Then, there hold

lim sup
R→∞

∫
RN
|∇un|

pdx = ω∞ +
∫
RN

dω, lim sup
R→∞

∫
RN
|un|

p∗dx = ξ∞ +
∫
RN

dξ,
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lim sup
R→∞

∫
RN

∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy |un (x)|p

∗
µdx = ν∞ +

∫
RN

dν,

and

C (N, µ)−
2N

2N−µ ν
2N

2N−µ
∞ = ξ∞

(
ξ∞ +

∫
RN

dξ
)
,

S pC (N, µ)
−

p
p∗µ ν

p
p∗µ
∞ = ω∞

(
ω∞ +

∫
RN

dω
)
.

3. Proof of Theorem 1.1

In this section, by applying both the mountain pass theorem and the symmetric mountain pass
theorem, we shall establish the existence and multiplicity of solutions for problem (1.1) when β = 1.

We rewrite problem (1.1) as follows:

K (u)
(
−∆pu + V(x) |u|p−2 u

)
= f (x, u) + λ

(∫
RN

|u (y)|p
∗
µ

|x − y|µ
dy

)
|u (x)|p

∗
µ−2 u, x ∈ RN , (3.1)

with the associated functional Jλ : W1,p
V (RN)→ R:

Jλ(u) =
1
p

M̂ (∥u∥p) −
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy −

∫
RN

F (x, u)dx, (3.2)

where M̂(t) :=
∫ t

0
M(s)ds.

Definition 3.1. We say that u ∈ W1,p
V (RN) is a weak solution of problem (3.1), if, for all v ∈ W1,p

V

(
RN

)
,

there holds 〈
J′λ (u) , v

〉
= M (∥u∥p)

∫
RN
|∇u|p−2

∇u∇v + V (x) |u|p−2 uvdx

− λ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ−2 uv

|x − y|µ
dxdy −

∫
RN

f (x, u) vdx = 0.

Lemma 3.2. Assume that c ≥ 0 and conditions (M1), (V1), (F1), and (F4) hold. Then, any Palais-Smale
sequence {un} for the energy functional Jλ at level c is bounded in W1,p

V

(
RN

)
.

Proof. Let {un} be a Palais-Smale sequence for the energy functional Jλ at the level c in W1,p
V

(
RN

)
, then

we have

c + on(1) =
1
p

M̂ (∥un∥
p) −

λ

2p∗µ

∫
RN

∫
RN

|un(x)|p
∗
µ |un(y)|p

∗
µ

|x − y|µ
dxdy −

∫
RN

F(x, un)dx, (3.3)

and 〈
J′λ (un) , v

〉
= M (∥un∥

p)
∫
RN
|∇un|

p−2
∇u∇v + V (x) |un|

p−2 unvdx

− λ

∫
RN

∫
RN

|un(x)|p
∗
µ |un(y)|p

∗
µ−2 un(y)v(y)

|x − y|µ
dxdy −

∫
RN

f (x, un)vdx,
(3.4)
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17151

for all v ∈ W1,p
V

(
RN

)
.

Consequently, it follows from (3.3) and (3.4) that there holds

c + on (1) ∥un∥ = Jλ (un) −
1
σ

〈
J′λ (un) , un

〉
≥

(
1
θp
−

1
σ

)
m1 ∥u∥θp + λ

(
1
σ
−

1
2p∗µ

) ∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ

|x − y|µ
dxdy

+

∫
RN

(
1
σ

f (x, un) un − F (x, un)
)

dx.

Condition (F4) implies θp < σ < 2p∗µ, thus, we know that any Palais-Smale sequence for Jλ is bounded
in W1,p

V

(
RN

)
. The proof is completed. □

Lemma 3.3. Assume that (M1), (V1), (F1), and (F2) hold. Then, the functional Jλ satisfies the (PS )c

condition for all c ∈
(
0, a

(
1
p −

1
σ

)
α1λ

θp
θp−2p∗µ

)
, where

α1 = min


(
m1S

2p∗µ
p

µ

) θp
2p∗µ−p

,
(
m1Ĉ−1S

p∗µ
p

) θp
p∗µ−p

 ,
and Ĉ is a fixed constant that depends only on the parameters N and µ.

Proof. Let {un} be a (PS )c sequence for Jλ, namely,

Jλ (un)→ c and J′λ (un)→ 0, as n→ ∞.

By Lemma 3.2, {un} is bounded, and consequently, there exist a function u ∈ W1,p
V

(
RN

)
and

subsequence still denoted by un ⇀ u such that

un ⇀ u weakly in W1,p
V (RN), un → u in Lt

loc f or t ∈ [1, p∗), and un → u a.e. in RN .

Furthermore, according to [8], there exist the bounded nonnegative measures ω, ξ, and ν such that as
n→ ∞, there hold

|∇un|
p dx

∗
⇀ ω, |un|

p∗ ∗⇀ ξ, and
(∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un (x)|p

∗
µ dx

∗
⇀ ν.

By Lemma 2.2, there exist at most countable set I, families of positive numbers
{
ω j : j ∈ I

}
,{

ξ j : j ∈ I
}
, and

{
ν j : j ∈ I

}
, and sequence of points

{
x j

}
j∈I
⊂ RN such that

ν =

(∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un|

p∗µ dx +
∑
j∈I

ν jδx j ,

ω ≥ |∇un|
p dx +

∑
j∈I

ω jδx j , ξ ≥ |un|
p∗ dx +

∑
j∈I

ξ jδx j ,
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ν j ≤ S
−

2p∗µ
p

µ ω
2p∗µ

p

j , and ν
N

2N−µ

j ≤ C (N, µ)
N

2N−µ ξ, (3.5)

where δx is Dirac-mass of mass 1 concentrated at x ∈ RN .
Case 1: To verify the (PS )c condition, we construct a smooth cut-off function φ ∈ C∞0

(
RN

)
satisfying

0 ≤ φ ≤ 1, φ ≡ 1 in B1(0), φ ≡ 0 in RN\B2 (0) , and |∇φ| ≤ 2 in RN .

For ϵ > 0, define the rescaled function

φϵ, j = φ
( x − x j

ϵ

)
.

By Hölder’s inequality, the following inequality holds:

lim
ϵ→0

lim
n→∞

∫
RN

∣∣∣un |∇un|
p−2
∇un∇φϵ, j

∣∣∣dx ≤ lim
ϵ→0

lim
n→∞

(∫
RN
|∇un|

pdx
) p−1

p
(∫
RN

∣∣∣un∇φϵ, j
∣∣∣pdx

) 1
p

≤ Clim
ϵ→0

∫B
2ϵ(z j)
|un|

N p
N−p dx


N−p
pN

∫B
2ϵ(z j)

∣∣∣∇φϵ, j∣∣∣Ndx


1
N

≤ C̃lim
ϵ→0

∫B
2ϵ(z j)
|un|

p∗dx


1
p∗

= 0,

(3.6)

where C = supn∥un∥ and C̃ = C
(∫

B2(0)

∣∣∣∇φϵ, j∣∣∣Ndx
) p

N
.

In addition, according to the definition of the truncation function φϵ, j and the boundedness of {un} ,
we can obtain

lim
ϵ→0

lim
n→∞

∫
RN

f (x, un)unφϵ, jdx = 0. (3.7)

An integration of conditions (3.6) and (3.7) yields

0 = lim
ϵ→0

lim
n→∞

〈
J′λ (un) , unφϵ, j

〉
= lim

ϵ→0
lim
n→∞

M (∥un∥
p)

∫
RN
|∇un|

p−2
∇un∇unφϵ, j + V (x) |un|

p−2 ununφϵ, jdx

− λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ φϵ, j

|x − y|µ
dxdy −

∫
RN

f (x, un) unφϵ, jdx

= lim
ϵ→0

lim
n→∞

M (∥un∥
p)

∫
RN
|∇un|

p−2
∇un

(
φϵ, j∇un + un∇φϵ, j

)
+ V (x) |un|

p φϵ, jdx

− λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ φϵ, j

|x − y|µ
dxdy −

∫
RN

f (x, un) unφϵ, jdx

≥ lim
ϵ→0

lim
n→∞

M (∥un∥
p)

∫
RN
|∇un|

p φϵ, j + V (x) |un|
p φϵ, jdx − λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ φϵ, j

|x − y|µ
dxdy

≥ lim
ϵ→0

lim
n→∞

m1

(∫
RN
|∇un|

p φε, jdx
)θ
− λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ φϵ, j

|x − y|µ
dxdy

≥ m1ω
θ
j − λν j,

(3.8)
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which implies m1ω
θ
j ≤ λν j. Combining ν j ≤ S

−
2p∗µ

p
µ ω

2p∗µ
p

j , we can obtian

either ω j ≥

(
m1λ

−1S
2p∗µ

p
µ

) p
2p∗µ−θp

or ω j = 0.

Assume that case ω j ≥

(
m1λ

−1S
2p∗µ

p
µ

) p
2p∗µ−θp

holds. Then, we deduce that there exists j0 such that ω j0 ≥(
m1λ

−1S
2p∗µ

p
µ

) p
2p∗µ−θp

, and we have

c = lim
n→∞

{
Jλ (un) −

1
σ

〈
J′λ (un) , un

〉}
≥ lim

n→∞

(
1
θp
−

1
σ

)
m1 ∥u∥θp

≥ lim
n→∞

m1

(
1
p
−

1
σ

) (∫
RN
|∇un|

pdx
)θ
≥ m1

(
1
p
−

1
σ

)
ωθ

j0

≥ m1

(
1
θp
−

1
σ

) (
m1λ

−1S
2p∗µ

p
µ

) θp
2p∗µ−θp

,

which is a contradiction with the admissible range of c. Therefore, we deduce that ω j = 0 holds.
Case 2: To obtain the possible concentration of mass at infinity, we need to take a cut-off function ψR

in C∞
(
RN

)
satisfying ψR = 0 in BR(0), ψR = 1 in RN\BR+1 (0), and |∇ψR| ≤ 2/R in RN , where R is

a positive constant. Furthermore, an application of Lemma 2.4 together with the Hardy-Littlewood-
Sobolev and Hölder’s inequality yields

ν∞ = lim
R→∞

lim
n→∞

∫
RN

(∫
RN

|un (y)|p
∗
µ

|x − y|µ
dy

)
|un (x)|p

∗
µ ψR (x) dx

≤ C (N, µ) lim
R→∞

lim
n→∞
∥un∥

p∗µ
p∗

(∫
RN
|un (x)|p

∗

ψR (x) dx
) p∗µ

p∗

≤ Ĉξ
p∗µ
p∗

∞ ,

(3.9)

where Ĉ = sup∥un∥
p∗µ
p∗ . It follows from conditions (3.9) and

〈
J′λ (un) , unψR

〉
= 0 that

0 = lim
R→∞

lim
n→∞

〈
J′λ (un) , unψR

〉
= lim

R→∞
lim
n→∞

M (∥un∥
p)

∫
RN
|∇un|

p−2
∇un∇unψR + V (x) |un|

p−2 ununψRdx

− λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ ψR (y)

|x − y|µ
dxdy −

∫
RN

f (x, un) unψRdx

≥ lim
R→∞

lim
n→∞

m1

(∫
RN
|∇un|

p ψRdx
)θ
− λ

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ ψR (y)

|x − y|µ
dxdy

≥ m1ω
θ
∞ − Ĉλξ

p∗µ
p∗

∞ .
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Hence, m1ω
θ
∞ ≤ Ĉλξ

p∗µ
p∗

∞ . Combining Lemma 2.3, we can obtain

either ω∞ ≥
(
m1Ĉ−1λ−1S

p∗µ
p

) p
p∗µ−θp

or ω∞ = 0.

Following the same approach as in Case 1, we conclude

c = lim
n→∞

{
Jλ (un) −

1
σ

〈
J′λ (un) , un

〉}
≥ m1

(
1
θp
−

1
σ

) (
m1Ĉ−1λ−1S

p∗µ
p

) θp
p∗µ−θp

.

This also leads to a contradiction with the definition of c. Hence, we have ω∞ = 0.
Based on the foregoing analysis, set

α1 = min


(
m1S

2p∗µ
p

µ

) θp
2p∗µ−θp

,
(
m1Ĉ−1S

p∗µ
p

) θp
p∗µ−θp

 .
Thus, for any 0 < c < m1

(
1
p −

1
σ

)
α1λ

θp
θp−2p∗µ , we have ω j = 0 and ω∞ = 0 for all j ∈ I. Hence,

lim
n→∞

∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ

|x − y|µ
dxdy =

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy,

and ∫
RN

f (x, un − u) (un − u)dx→ 0, as n→ ∞.

Now, we proceed to prove that {un} strongly converges to u in W1,p
V

(
RN

)
. First, we need to introduce

a continuous linear function P(u) in W1,p
V (RN) defined by

⟨P(u), v⟩ =
∫
RN
|∇u|p−2∇u∇vdx +

∫
RN

V (x) |u|p−2 uvdx.

Since {un} is uniformly bounded and M(·) ∈ C(R+), it easy to obtain that M(∥un∥
p) and M(∥u∥p) are

uniformly bounded, which leads to

lim
n→∞

M (∥un∥
p) ⟨P(un), un − u⟩ = lim

n→∞
M (∥u∥p) ⟨P(u), un − u⟩ = 0.

Furthermore, there holds

M (∥un∥
p) ⟨P(un), un − u⟩ − M (∥u∥p) ⟨P(u), un − u⟩ = M(∥un∥

p) ⟨P(un) − P(u), un − u⟩

− (M(∥un∥
p) − M(∥u∥p)) ⟨P(u), un − u⟩

= M (∥un∥
p) ⟨P(un) − P(u), un − u⟩ .

Clearly, ⟨J′λ(un) − J′λ(u), un − u⟩ → 0 as n→ ∞. Hence,

on (1) =
〈
J′λ (un) − J′λ (u) , un − u

〉
= M (∥un∥

p) ⟨P (un) , un − u⟩ − λ
∫
RN

∫
RN

|un (x)|p
∗
µ |un (y)|p

∗
µ−2 un (un − u)

|x − y|µ
dxdy

− M (∥u∥p) ⟨P(u), un − u⟩ − λ
∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ−2 u (un − u)

|x − y|µ
dxdy

−

∫
RN

f (x, un − u) (un − u)dx

= M (∥un∥
p) ⟨P (un) − P (u) , un − u⟩ ,
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and
on (1) = ⟨P (un) − P (u) , un − u⟩

=

∫
RN
|∇un|

p−2
∇un∇ (un − u)dx +

∫
RN

V (x) |un|
p−2 un (un − u)dx

−

∫
RN
|∇u|p−2

∇u∇ (un − u)dx −
∫
RN

V (x) |u|p−2 u (un − u)dx

=

∫
RN

(
|∇un|

p−2
∇un − |∇u|p−2

∇u
)
∇ (un − u)dx

+

∫
RN

V (x)
(
|un|

p−2 un − |u|p−2 u
)

(un − u)dx.

For the purpose of proof, we recall the well-known Simon inequality. For any ζ, η ∈ R,

⟨|ζ |p−2 ζ − |η|p−2 η, ζ − η⟩ ⩾

 Cp |ζ − η|
p , p ≥ 2,

Cp
|ζ−η|2

(|ζ |+|η|)2−p , 1 < p < 2,
(3.10)

where Cp is a constant depending only on p. By (3.10), we obtain

∫
RN
|∇un − ∇u|pdx ≤ Cp

∫
RN

(
|∇un|

p−2
∇un − |∇u|p−2

∇u
)
∇ (un − u)dx, (3.11)

and ∫
RN

V (x) |un − u|pdx ≤ Cp

∫
RN

V (x)
(
|un|

p−2 un − |u|p−2 u
)

(un − u)dx. (3.12)

By combining (3.11) and (3.12), we can deduce that ∥un − u∥ = on (1). Thus, {un} is strongly convergent
to u in W1,p

V

(
RN

)
. The proof is completed. □

Lemma 3.4. Assume that conditions (M1), (V1), (F1), and (F2) hold. For λ ∈ (0, λ∗), there exist
ρ, α > 0 such that Jλ ≥ α > 0 for all u ∈ W1,p

V

(
RN

)
with ∥u∥ = ρ.

Proof. It follows from (F2) and Hölder’s inequality that there hold

|F (x, u)| ≤
∫ u

0
| f (x, s)| ds ≤

∫ u

0

m∑
i=1

ωi (x) |s|ri−1ds ≤ C1

m∑
i=1

ωi (x) |u|ri ,

and ∫
RN

F(x, u)dx ≤
∫
RN

C1

m∑
i=1

ωi(x)|un|
ridx ≤ C1

m∑
i=1

∥ωi(x)∥ϑi
∥u∥ri

ϑ∗i
≤ C2

m∑
i=1

∥u∥ri . (3.13)

AIMS Mathematics Volume 11, Issue 6, 17144–17165.



17156

Combining (2.2) with (3.13), assuming ∥u∥ = ρ ∈ (0, 1) is sufficiently small, there holds

Jλ (u) =
1
p

M̂ (∥u∥p) −
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy −

∫
RN

F (x, u)dx

≥
m1

θp
∥u∥θp

−
λ

2p∗µ
S
−

2p∗µ
p

µ ∥u∥2p∗µ −

∫
RN

C1

m∑
i=1

wi (x) |u|ridx

≥
m1

θp
ρθp −

λ

2p∗µ
S
−

2p∗µ
p

µ ρ2p∗µ −C2

m∑
i=1

ρri

≥
m1

θp
ρθp −

λ

2p∗µ
S
−

2p∗µ
p

µ ρ2p∗µ −C2mρr1

= ρr1

(
m1

θp
ρθp−r1 −

λ

2p∗µ
S
−

2p∗µ
p

µ ρ2p∗µ−r1 −C2m
)

= ρr1
(
l1ρ

θp−r1 − λl2ρ
2p∗µ−r1 −C2m

)
.

Define

h (t) = l1tθp−r1 − λl2t2p∗µ−r1 −C2m, f or all t > 0,

where l1, l2 are some positive constants. Since 0 < r1 < θp < 2p∗µ, the function h(t) attains its
maximum at a point t0 satisfying h′ (t0) = 0, which is explicitly given by

t0 =

 l1 (θp − r1)

λl2

(
2p∗µ − r1

)
1

2p∗µ−θp

,

and

h (t)max = h (t0) =
(2p∗µ − θp

2p∗µ − r1

)
l

2p∗µ−r1
2p∗µ−θp

1

(
1
l2

) θp−r1
2p∗µ−θp

(
θp − r1

2p∗µ − θp

) θp−r1
2p∗µ−θp

λ
−

θp−r1
2p∗µ−θp −C2m.

Take

λ∗ =


(

2p∗µ−θp
2p∗µ−r1

)
l

2p∗µ−r1
2p∗µ−θp

1

(
1
l2

) θp−r1
2p∗µ−θp

(
θp−r1

2p∗µ−θp

) θp−r1
2p∗µ−θp

C2m


2p∗µ−θp
θp−r1

,

then, h(t0) > 0 for any λ ∈ (0, λ∗). Therefore, for λ ∈ (0, λ∗), there exist α > 0 with Jλ (u) ≥ α > 0
while u ∈ W1,p

V

(
RN

)
with ∥u∥ = ρ ∈ (0, 1) is sufficiently small. This completes the proof. □

Lemma 3.5. Suppose that conditions (M1), (V1), and (F1)–(F3) are satisfied. Then, there exists an
element e ∈ W1,p

V

(
RN

)
with ∥e∥ ≥ ρ such that Jλ (e) < 0 for all λ > 0, where ρ is the constant given in

Lemma 3.4.
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Proof. According to conditions (M1) and (F3), for any t > 0 and u ∈ W1,p
V

(
RN

)
, we have

Jλ (tu) =
1
p

M̂ (∥tu∥p) −
λ

2p∗µ
t2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy −

∫
RN

F (x, tu)dx

≤
m2

θp
tθp ∥u∥θp

−
λ

2p∗µ
t2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy − atq

∫
RN
|u|q dx

→ −∞ as t → +∞.

(3.14)

From the established results, there exists a sufficiently large t1 > 0 such that Jλ (t1u) < 0 and ∥t1u∥ > ρ.
Let e = t1u. Then, ∥e∥ > ρ, and Jλ (e) < 0 for all λ > 0. This completes the proof. □

In view of Lemma 3.5 and (F3), we conclude that

Jλ (u) ≤
m2

θp
∥u∥θp

−
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy − a

∫
RN
|u|q dx

≤
m2

θp
∥u∥θp

− a
∫
RN
|u|q dx := J1(u).

(3.15)

Clearly, the functional J1 (u) : W1,p
V

(
RN

)
→ R and Jλ (u) ≤ J1 (u).

For every 0 < δ < 1, we can take uδ ∈ C∞0 (R) with |uδ|q = 1 and supp uδ ⊂ Brδ(0) such that ∥uδ∥
p
Lp ≤ δ.

Set
u = uδ

(
λ̃x

)
, where λ̃ := λ

−
p

(θp−2p∗µ)N ,

and then supp u ⊂ Bλ̃rδ(0). Consequently, for t ≥ 0 and λ ∈ (0, 1), we have

J1 (tu) =
m2

θp
tθp ∥u∥θp

− atq
∫
RN
|u|q dx

=
m2

θp
tθp

(∫
RN
|∇u|p + V (x) |u|p dx

)θ
− atq

∫
RN
|u|q dx

=
m1

θp
tθp

(
λ

p
θp−2p∗µ

∫
RN
|∇uδ (x)|p + V

(
λ̃−1x

)
|uδ (x)|p dx

)θ
− atqλ

p
θp−2p∗µ

∫
RN
|uδ (x)|qdx

= λ
θp

θp−2p∗µ

m1

θp
tθp

(∫
RN
|∇uδ (x)|p + V

(
λ̃−1x

)
|uδ (x)|p dx

)θ
− atqλ

(1−θ)p
θp−2p∗µ

∫
RN
|uδ (x)|qdx

 .
(3.16)

Let

ψλ (tuδ) =
m1

θp
tθp

(∫
RN
|∇uδ (x)|p + V

(
λ̃−1x

)
|uδ (x)|p dx

)θ
− atqλ

(1−θ)p
θp−2p∗µ

∫
RN
|uδ (x)|qdx, (3.17)

which indicates that ψλ ∈ C1
(
W1,p

V

(
RN

)
,R

)
. According to the definition of ψλ, it is evident that there

exists t2 ≥ 0 satisfying

max
t2≥0

ψλ (t2u) ≤
m2

θp
tθp
2

(∫
RN
|∇u|p + V

(
λ̃−1x

)
|u|p dx

)θ
.
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It can be inferred from conditions (V1)–(V2), and suppuδ ⊂ Brδ(0) that there exists λδ > 0 such that

0 ≤ V
(
λ̃−1x

)
≤

δ

|uδ|pp
,

for all |x| ≤ rδ and λ ∈ (0, λδ). Combined with the above conclusions, we can get

maxt2≥0ψλ (tuδ) ≤
m2

θp
tθp
2 (2δ)θ .

Therefore,

maxt≥0Jλ (tuδ) ≤
m2

θp
tθp
2 (2δ)θ λ

θp
θp−2p∗µ , (3.18)

for all λ ∈ (0,min {1, λδ}).
Combining the previous results, we conclude the following result.

Lemma 3.6. Assume that conditions (M1), (V1)–(V2), and (F1)–(F3) are satisfied. There exists an
element êλ ∈ W1,p

V

(
RN

)
with ∥êλ∥ > ρ such that Jλ (êλ) < 0, and

max
t∈[0,1]

Jλ (têλ) ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ ,

where α1 is defined in Lemma 3.3.

Proof. We have an arbitrarily small δ > 0 satisfying:

m2

θp
tθp
2 (2δ)θ ≤

(
1
p
−

1
σ

)
α1.

Moreover, we may choose t̂ > 0 satisfying ∥t̂eλ∥ > ρ and define êλ = t̂eλ. It follows that Jλ(êλ) < 0 and

max
t∈[0,1]

Jλ (têλ) ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ ,

for all t ≥ t̂. This completes the proof. □

For any m ∈ N, consider functions ui
δ ∈ C

∞
0

(
RN

)
such that supp ui

δ

⋂
supp u j

δ = ∅ for all 1 ≤ i , j ≤
m, and

∣∣∣ui
δ

∣∣∣
q
= 1,

∣∣∣ui
δ

∣∣∣p
p
< δ. Let rm

δ > 0 be such that supp ui
δ ⊂ Brm

δ
(0) for all i = 1, 2, ...,m. Define

ui = ui
δ

(
λ̃x

)
,

and
Hm

λ,δ = span
{
u1, u2, ..., um

}
.

Put u =
∑m

i=1 ciui ∈ Hm
λ,δ. Then for any u, we have

Jλ (u) ≤ C∗
m∑

i=1

Jλ
(
ciui

)
,
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where C∗ is some constant. From (3.16), we obtain

Jλ
(
ciui

)
≤ λ

θp
θp−2p∗µψλ

(
ciui

)
.

Set
ηδ := max

{∣∣∣ui
δ

∣∣∣p
p

: i = 1, 2, ...,m
}
,

and let λm,δ > 0 be chosen such that for all |x| ≤ rm
δ and λ ≤ λm,δ,

V
(
λ̃−1x

)
≤
δ

ηδ
.

From the preceding results, we deduce that for all λ < λm,δ,

max
u∈Hm

λ

Jλ (u) ≤
m2

θp
tθp
2 (2δ)θ C∗λ

θp
θp−2p∗µ , (3.19)

which yields the following conclusion.

Lemma 3.7. Assume conditions (M1), (V1)–(V2), and (F1)–(F3) hold. Then for any m ∈ N, there exists
λm,δ such that for all λ < λm,δ, we can find an m-dimensional subspaceHm

λ satisfying

max
u∈Hm

λ

Jλ (u) ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ .

Proof. We select δ > 0 sufficiently small to ensure

m2

θp
tθp
2 (2δ)θ C∗ ≤

(
1
p
−

1
σ

)
α1.

Furthermore, combining this with (3.19) and settingHm
λ,δ = H

m
λ , we have

max
u∈Hm

λ

Jλ (u) ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ .

This completes the proof. □

Let E be a Banach space. We denote by Σ the family of all closed subsets A ⊂ E\{0} that are
symmetric (i.e., A = −A).

Definition 3.8 ( [10]). For a set A ∈ Σ, the Krasnosel’skii genus γ(A) is defined as the smallest positive
integer k for which there exists an odd continuous mapping ϕ ∈ C(A,Rk\0) that is odd with respect to
the origin.

Proof of Theorem 1.1. Building upon the preceding analysis, we set λ0 = min {1, λδ, λ∗}. Subsequently,
for an arbitrary λ ∈ (0, λ0) and the application of Lemmas 3.2–3.5, there exists a convergent sequence
{un} such that

Jλ (un)→ c and J′λ (un)→ 0, as n→ ∞,
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where
c := inf

y∈Γλ
max
t∈[0,1]

Jλ (y (t)) ,

and
Γλ =

{
y ∈ C

(
[0, 1],W1,p

V (RN)
)

: y(0) = 0 and y(1) = êλ
}
.

According to Lemma 3.6, we obtain

α ≤ c ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ .

By Lemmas 3.2 and 3.3, the functional Jλ satisfies the (PS )c condition. An application of the mountain
pass theorem yields a function u0 ∈ W1,p

V

(
RN

)
satisfying Jλ(u0) = c and J′λ(u0) = 0. Consequently, u0

constitutes a solution to problem (3.1).
Let

Γ :=
{
g ∈ C

(
W1,p

V

(
RN

)
,W1,p

V

(
RN

))
: g is an odd homeomorphism

}
,

where C(X,Y) denotes the space of continuous mappings from X to Y . For every A ∈ Σ, we define the
quantity

j (A) := min
g∈Γ

γ
(
g (A) ∩ ∂Bρ

)
,

where ρ > 0 is the constant given in Lemma 3.3, and γ(·) denotes the Krasnosel’skii genus. This
construction yields a variant of the Benci pseudo-index [2].

Set
ci := in f

j(A)≥i
sup
u∈A

Jλ (u) , i = 1, 2, ...,m.

Clearly, we have the monotonicity of {c j}
m
j=1 with c1 ≤ c2 ≤ · · · ≤ cm. We shall prove that the estimates

c1 ≥ α and cm ≤ sup
u∈Hm

λ

Jλ (u) hold, where α is the constant given in Lemma 3.3. In fact, for any

admissible set A ∈
∑

with j(A) ≥ 1, it follows that γ
(
g(A) ∩ ∂Bρ

)
≥ 1, which implies g(A) ∩ ∂Bρ , ∅.

From Lemma 3.3, we derive the lower bound

Jλ(u) ≥ α for all |u| = ρ. (3.20)

Consequently, the inequality supu∈A Jλ(u) ≥ α yields c1 ≥ α. The Krasnosel’skii genus satisfies Benci’s
dimension property [2], giving

γ
(
g(Hm

λ ) ∩ ∂Bρ
)
= dimHm

λ = m, for any g ∈ Γ, (3.21)

which implies j(Hm
λ ) = m. Therefore, we obtain the upper bound cm ≤ sup u ∈ Hm

λ Jλ(u). Combining
with Lemma 3.7, there exists λ00 = λm,δ such that for all λ satisfying λ < λ00, we establish the chain of
inequalities:

α ≤ c1 ≤ c2 ≤ · · · ≤ cm ≤ sup
u∈Hm

λ

Jλ(u) ≤
(

1
p
−

1
σ

)
α1λ

θp
θp−2p∗µ .

By critical point theory, all critical values ci (1 ≤ i ≤ m) are well-defined. The evenness of Jλ
guarantees the existence of at least m pairs of critical points, which correspond to m pairs of solutions
for problem (3.1).
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4. Proof of Theorem 1.2

In this section, we employ the dual fountain theorem to prove the existence of infinitely many
nontrivial solutions to problem (1.1) for any λ, β > 0. Clearly, the functional Jλ,β : W1,p

V (RN) → R
associated with problem (1.1) can be expressd as follows:

Jλ,β(u) =
1
p

M̂ (∥u∥p) −
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy − β

∫
RN

F (x, u)dx. (4.1)

We begin by recalling some relevant theoretical preliminaries. Let X be a reflexive and separable
Banach space, then there are e j ∈ X and e∗j ∈ X∗ such that

X = span
{
e j | j = 1, 2, · · ·

}
, X∗ = span

{
e∗j | j = 1, 2, · · ·

}
,

and 〈
e∗i , e j

〉
=

{
1, i = j,
0, i , j.

To establish our framework, we define the following subspaces: X j := span
{
e j

}
, Yk := ⊕k

j=1X j, and

Zk = ⊕
k
j=1X j. Furthermore, we introduce the sets

Bk := {u ∈ Yk | ∥u∥X ≤ ρk} and Nk := {u ∈ Zk | ∥u∥X = Yk} ,

where the radii satisfy ρk > γk > 0 for all k ∈ N.

Definition 4.1. Let φ ∈ C1(X,R) and c ∈ R. The functional φ satisfies the (PS )∗c condition (with respect
to (Yn)) if any sequence

{
un j

}
⊂ X such that

un j ∈ Yn j , φ(un j)→ c, and φ′ |n j (un j)→ 0 in X∗ as n j → ∞.

Then, φ admits a convergent subsequence.

Theorem 4.2. (Dual fountain theorem [24]). Let φ ∈ C1(X,R) with φ(u) = φ(−u). Suppose that for
every k ≥ k1, there exists ρk > γk > 0 such that
(A1) ak := in f

∥u∥X=ρk ,u∈Zk

φ (u) ≥ 0;

(A2) bk := max
∥u∥X=γk ,u∈Yk

φ (u) < 0;

(A3) dk := in f
∥u∥X≤ρk ,u∈Zk

φ (u)→ 0, as k → ∞;

(A4) φ satis f ies the (PS )∗c condition f or every c ∈
[
dk1 , 0

)
.

Then, φ has a sequence of negative critical values converging to 0.

Lemma 4.3. Assume that conditions (V1), (V2), and (F2) hold. Then, for 1 ≤ q < p∗, we have

ζk := sup
u∈Zk ,∥u∥=1

∥u∥q → 0 as k → ∞.
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Proof. It is clear that 0 < ζk+1 < ζk, so there exists ζ0 ≥ 0 such that ζk → ζ0 as k → ∞. According
to the definition of ζk, there exists uk ∈ Zk such that ∥uk∥ = 1, 0 ≤ ζ0 − |uk|q <

1
k for every k > 0.

Consequently, there exists a subsequence {uk} (still denoted by the same index) such that uk ⇀ u in
W1,p

V

(
RN

)
. Moreover, we have 〈

e∗j, u
〉
= lim

k→∞

〈
e∗j, uk

〉
= 0, j = 1, 2, · · · ,

which yields that u = 0. Thus, uk ⇀ 0 weakly in W1,p
V (RN). By the compact embedding W1,p

V (RN) ↪→
Lq(RN), we obtain the strong convergence uk → 0 in Lq(RN). We therefore conclude that ζ0 = 0. □

Lemma 4.4. Assume that (M1), (V1), (F1), and (F2) hold. Let {un} ⊂ W1,p
V (RN) be a Palais-Smale

sequence for Jλ,β. Then, Jλ,β satisfies the (PS )c condition for c < 0.

Proof. Let {un} ⊂ W1,p
V (RN) be a (PS )c sequence for Jλ,β. It is clear that {un} is bounded on W1,p

V (RN).
Following an argument similar to that in Lemma 3.3, we obtain
Case 1:

0 > c = lim
n→∞

Jλ,β (un) −
1
σ

〈
J′λ,β (un) , un

〉
≥ lim

n→∞

{(
1
θp
−

1
σ

)
m1 ∥un∥

θp + β

∫
RN

(
1
σ

f (x, un) un − F (x, un)
)

dx
}

≥

(
1
θp
−

1
σ

)
m1

(
m1λ

−1S
2p∗µ

p
µ

) θp
2p∗µ−θp

+ β

∫
RN

(
1
σ

f (x, un) un − F (x, un)
)

dx.

It is clear that for any λ, β > 0, the right-hand side of the above equation is positive, which are absurd.
Case 2:

0 > c = lim
n→∞

Jλ,β (un) −
1
σ

〈
J′λ,β (un) , un

〉
≥

(
1
θp
−

1
σ

)
m1

(
m1Ĉ−1λ−1S

p∗µ
p

) θp
p∗µ−θp

+ β

∫
RN

(
1
σ

f (x, un) un − F (x, un)
)

dx.

For all λ, β > 0, the right-hand side of the above equation is likewise positive, which are absurd. An
analysis of Cases 1 and 2 yields the following: For any λ, β > 0 and c < 0, we have ωi = 0 for all i ∈ I
and ω∞ = 0.

Now, the rest of the proof follows in a similar manner as in the proof of Lemma 3.3. From the above
discussion, we obtain the compactness of the (PS )c sequence with c < 0. □

Proof of Theorem 1.2. As established in the proof of Lemma 4.4, condition (A4) of Theorem 4.2 is
satisfied. We proceed to verify conditions (A1)–(A3).

To verify condition (A1), we choose r > 0 sufficiently small so that for all u ∈ Zk with ∥u∥ ≤ r, the
following inequality holds:

m1

2θp
∥u∥θp

≥
λ

2p∗µ
S
−

2p∗µ
p

µ ∥u∥2p∗µ .
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By combining inequalities (2.2) and (4.1) with assumptions (M1) and (F2), we obtain the following
estimate:

Jλ,β(u) =
1
p

M̂ (∥u∥p) −
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy − β

∫
RN

F (x, u)dx

≥
m1

θp
∥u∥θp

−
λ

2p∗µ
S
−

2p∗µ
p

µ ∥u∥2p∗µ − βmC2ζ
r1
k ∥u∥

r1

≥
m1

2θp
∥u∥θp

− βmC2ζ
r1
k ∥u∥

r1 .

Set ρk :=
(

2θβpmC2ζ
r1
k

m1

) 1
θp−r1 . It follows from Lemma 4.3 that ρk → 0 as k → ∞. Hence, there exists

k1 ∈ N such that ρk ≤ r for all k ≥ k1. It follows that for any k ≥ k1 and u ∈ Zk with |u| = ρk, we have
Jλ,β(u) ≥ 0. This verifies condition (A1).

For condition (A2), for any u ∈ Yk and ∥u∥ = γk < 1 with 0 < γk < ρk, we have

Jλ,β(u) =
1
p

M̂ (∥u∥p) −
λ

2p∗µ

∫
RN

∫
RN

|u (x)|p
∗
µ |u (y)|p

∗
µ

|x − y|µ
dxdy − β

∫
RN

F (x, u)dx

≤
m2

θp
∥u∥θp

− βmC3 ∥u∥rm .

Since all norms are equivalent on the finite-dimensional subspace Yk, and rm < θp, for β > 0, term
βmC3 ∥u∥rm dominates asymptotically when ∥u∥ = γk is sufficiently small, and condition (A2) follows.

Regarding condition (A3), for any k ≥ k1 and u ∈ Zk with |u| ≤ ρk, we obtain the lower bound

Jλ,β(u) ≥ −βmC2ζ
r1
k |u|

r1 ≥ −βmC2ζ
r1
k ρ

r1
k .

Lemma 4.3 guarantees that both ζk → 0 and ρk → 0 as k → ∞. Consequently, condition (A3) is
satisfied, and we conclude that problem (1.1) admits a sequence of negative energy solutions.
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