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1. Introduction

This paper is devoted to the study of the existence and multiplicity of solutions for the following
p-Kirchhoff-Choquard equation involving a critical exponent:

lu ()| .
|x—yy|" dy | Ju P2 u, x € RY, (1.1)

K (u) (=Apu + V) P 1) = Bf (x,u) + 4 ( f
RN

where K (u) = M ( fRN (IVul’ + V (%) |ul”) dx), M () 1s a Kirchhoff-type function, V(x), f (x,u) are

continuous functions, 4 € (O,N), I < p < p;, A,u = div (qul"’_2 Vu) is the p-Laplacian operator,
and p;, = 23\1,”:2’; P is the critical exponent with respect to the Hardy-Littlewood-Sobolev inequality.
Problem (1.1) is intrinsically characterized by the interplay of two distinct nonlinear effects: the
Kirchhoff-type nonlocal term and the Choquard-type nonlocal term. Such a coupling arises naturally
in physical contexts, particularly in quantum mechanics, where it models long-range interactions in

many-body systems, and in condensed matter physics, where it describes the self-trapping of electrons
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in nonlinear media. Additionally, analogous structures emerge in wave packet dynamics in nonlinear
optics, reflecting the nonlocal nature of photon interactions. Recently, the study of Choquard-type
problems, particularly the existence, multiplicity, and qualitative properties of their solutions, has
become a central topic in nonlinear analysis. The intricate balance between local and nonlocal
nonlinearities in such problems presents rich mathematical challenges, driving advances in variational
methods, critical point theory, and regularity analysis. Consider the following Choquard problem:

—Au+V(x)u=(«U,*F@)f(u, xe RV, (1.2)

where @ € (0,N), u : R¥Y — R, f serves as the primitive function of F, and I, : R¥ — R is the Riesz
potential, defined as follows:

r(e)

(gt

where I” is the gamma function. When the potential function F(u) = |u|"~* u is considered, problem
(1.2) simplifies to the following form:

“Au+ V@) u=U, = uf)uf?u, xeR". (1.3)

Existing results on Choquard-type problems (1.3) are largely governed by the admissible range
of the exponent p, which critically influences the existence, regularity, and asymptotic behavior of
solutions. In the case where V(x) = 1 and p = 2, the equation was first introduced by Pekar [18] in the
context of modeling the quantum theory of static polarons. Subsequently, Penrose [19] employed
this equation as a self-gravitational model to describe the motion of a single particle in its own
gravitational field while studying the phenomenon of quantum state collapse. Advances in nonlinear
functional analysis techniques have led to substantial progress in understanding solution properties
for Choquard-type problems, particularly when the exponent p reaches the Hardy-Littlewood-Sobolev
critical threshold. When V(x) =0, p = 2/ = 2]3]%2“, and certain perturbation terms are added to the right-
hand side of equation (1.3). Lan et al. [11] demonstrated the existence of multiple solutions to problem
(1.3) by employing the Nehari manifold. Liu et al. [17] utilized the Pohozaev identity, the Nehari
manifold, and the mountain pass theorem to prove both the existence and non-existence of solutions to
problem (1.3) on bounded domains. For more detailed results concerning the Choquard-type problems,
we refer to [20-23] and the references therein.

On the other hand, Kirchhoff-type nonlocal problems have attracted considerable and sustained
research interest due to their distinctive mathematical structure and wide-ranging physical applications.
Specifically, Kirchhoff in [9] extended the classical D’ Alembert wave equation by incorporating the
dependence of string tension on vibration amplitude and established a foundational model described

by the following equation:
0*u L
—-M
Por (fo

L 2 L
— P E du
where M(fO dx| = w T Jo 15k

the nonlocal term endows it with significant applications across various fields, such as elasticity,

(9_u
ox

2 2
o
dx) 6—;2‘ =0, (1.4)

u

o 2dx and L,h, E,p, and py are constants. The presence of
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geophysics, acoustics, and fluid dynamics. Since then, many mathematicians began to investigate
the following Kirchhoff-Dirichlet problem on a bounded domain 2 c R¥:

{— (a+be|Vu|2dx)Au = f(x,u), x € Q, (1.5)

ulao = 0,

where a, b > 0 are constants and f € C(2 X R, R). For recent results about Kirchhoff problems, see for
example [1,5,6] and the references cited there. Cheng et al. [4] investigated the following p-Kirchhoff
equation:

(a + /lM( (Vul” + b Iulp)dx)) (~dpu+ bl u) = f ), x € RY, (1.6)
RN

where a, b > 0,1 >0, u € R, 1 < p <N, functions M, f € C(R",R*) with R* = [0, c0), and 4,u =
div (qul‘”_2 Vu) is the p-Laplacian operator. The authors proved the existence of at least a positive
ground state solution via variational methods, monotonicity methods, cut-off functional techniques,
and a priori estimates techniques. When f(u) = lul™ % u + u |u|”"? u, Chen et al. [3] obtained a positive
ground state solution to problem (1.6) using the Nehari manifold. By employing variational methods,
Li et al. [12] established the existence of at least one positive solution to problem (1.6) with p = 2
and M(t) = t. Moreover, in the case where f(u) = f(x,u) + g(x) lu|P~2 u, Fan et al. [7] proved that
the problem (1.6) admits at least two positive and two negative solutions under different conditions by
using the variational methods. Liu [13] considered the following p-Kirchhoff equation:

p-1
[M (f (Vul? + A (x) [ul”) dx)] (—Apu + (%) Iulp_z) = f(x,u), x € Q,
Q

where € is a smooth bounded domain, 4,u = div (qul"7 _ZVu) is the p-Laplacian with 1 < p < N, and
A(x) € L™ (Q) satisfies essinf,.5 A (x) > 0. The authors employed the fountain theorem and the dual
fountain theorem to demonstrate the existence of multiple solutions to this problem.

Although the individual theories of Kirchhoff-type and Choquard-type problems have seen
substantial development, their nonlinear coupling through the p-Kirchhoff-Choquard framework
presents new analytical challenges that require systematic study. In present paper, we are interested
in the existence and multiplicity of solutions for the p-Kirchhoff-Choquard equation involving critical
exponents. Due to the energy functional associated to (1.1) involving the non-local terms, specifically

fRN |Vul” dx and ( fR a1 dy) |uu (x)|P#, it presents some difficulties in analyzing the validity of the

N =y

Palais-Smale condition and discussing the mountain pass geometry on the energy functional. Inspired
by [14], we shall apply the concentration-compactness principle to ensure the necessary compactness.
Clearly, problem (1.1) is different from the problem studied in the literature, since (1.1) deals with
p-Kirchhoff equations with Choquard type and critical exponent p,. In this paper, we will prove the
multiplicity of nontrivial solutions for problem (1.1).

Before presenting our main results, we first introduce the following fundamental assumptions on
the Kirchhoff term M (-), the function V (-), and the nonlinearity term f:
(M) M € C(R§,R;), and for 6 € [ , 215,\’%;) there exist 0 < m; < m, such that

m < M) < mot™! for allt > 0.

AIMS Mathematics Volume 11, Issue 6, 17144-17165.



17147

(V) V(x) € CRM,R) and V(x) > min,v V(x) = 0.

(V) There exists a constant R > 0 such that [{x € Bg (y) : V(x) <c}| - 0asy — oo for any ¢ > 0,
where || denotes the Lebesgue measure in RY.

(F1) f(x,0)=0, f (x.f) € C' (R¥ X R,R).

(F,) There exist constants r; with 1 < r; < r, < --- < r, < p and functions w; (x) € L? (RN ,R*),
9 €|, 7| i =12, ...m, such that |f (x, 0] < X7, wi (x) ¢ for all (x,1) € (RV,R).

pr=ri? l=r;
(F3) There exist constants a > 0, g € (Qp,p;) such that F (x, 1) := fotf(x, s)ds > alt|?, for a.e. x € RV,
and r € R.
(F4) There exists a constant o € (6p, 2p;,) such that 0 < oF(x, 1) < f(x, )¢, for every x € RN andt # 0.
Our main results are as follows.

Theorem 1.1. Suppose that the conditions (M), (V1)—(V>), and (F1)—(F4) hold. Then for 8 = 1:

(1) There exists Ap > 0 such that, for any 4 € (0, Ay), problem (1.1) admits at least a nontrivial
solution.

(i) If f(x,?) is odd with respect to ¢, then for any m € N, there exist 4oy > 0 such that problem (1.1)
has at least m pairs solutions u,; and u, _; (i=1,2,...,m) for any A € (0, Ag).

Theorem 1.2. Suppose that A, f > 0 and conditions (M), (Vy), (F1), (F,), and (F4) hold. Then
problem (1.1) has a sequence of negative energy solutions {u,} with J, g(u,) < 0 and Jiﬁ(un) — 0 as
n — oo, where J,s(u,) is given in (4.1).

Remark 1.3. 7o establish the aforementioned results, we employ the mountain pass theorem and the
symmetric mountain pass theorem, motivated by the work of Liang et al. [14] and Yang et al. [25], in
combination with the dual fountain theorem [24]. However, in the proof process, we will encounter
several technical challenges. First, due to the presence of two nonlocal terms, we must verify whether
the nonlocal part of the energy functional is weakly continuous. To address this issue, we shall utilize
the concentration-compactness principle to ensure the necessary compactness. Second, the existence
of the Hardy-Littlewood-Sobolev critical exponents makes it difficult to verify the compactness of (PS ).
sequences. To overcome this obstacle, we determine an appropriate critical level ¢ and constrain the
energy below this threshold to restore compactness. Moreover, the involvement of dual parameters
further complicates the problem, particularly in proving that the energy functional satisfies the
mountain pass geometry. Additionally, we must tackle several technical difficulties, including deriving
estimates for the nonlocal terms and establishing the strong convergence of certain sequences. Finally,
it is worth emphasizing that the results obtained in this work exhibit significant differences from those
in previous studies, highlighting the novelty of our approach.

Throughout this paper, Section 2 is devoted to presenting the preliminary framework, including
some definitions, notations, and functional-analytic tools required for the analysis of problem (1.1).
In Section 3, we prove Theorem 1.1 by applying both the mountain pass theorem and the symmetric
mountain pass theorem. In Section 4, Theorem 1.2 is established by using the dual fountain theorem.

2. Preliminaries

In this section, we begin by introducing the functional framework for analyzing problem (1.1).
We then recall the Hardy-Littlewood-Sobolev inequality and the concentration-compactness principle,
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which serve as essential analytical tools. Finally, we define the corresponding energy functional
associated with problem (1.1).
Let us start by recalling the definition of the Sobolev space:

WP(RY) = {u eLP (RN) : f \Vul? dx < oo},
]RN
with the norm

llullwrr@y) = (f (IVul” + Iul”)dX) -
RN

We work within the following space framework:

W‘l,’p (RN) = {u e W (RN) : LN V(x)|ul” dx < oo},
and

] = ( fR VUl + V() |u|">dx)p .

Here, we still denote the norm of W‘l,’p (RN ) by ||-||, and the scalar product is defined as

(u,v) = f IVulP~2 VuVv + V (x) [u|’~? uvdx.
RN

Proposition 2.1. (Hardy-Littlewood-Sobolev inequality [15]). Let 1 < k,/ < 00,0 < u < N, and

1 1 pu
LY Y
r It

Then, there exists a constant C (N, u, k, [) > 0 such that

[u ()] | (¥)]
—————dxdy < C (N, p, k, 1) |leall oyl 11 mvy -
L RN |x —y|’u Y K LA(R ) L[(R )

The best constant for the embedding W'?(RY) — L” (RV) is defined as

g inf |Vulpdx (21)
ueW'vP(RN)\{O}»”u”p* =1

Consequently, we define

Jox IVuldx

P
ORI 20
(o Ly My

To prove that the Palais-Smale condition satisfies for our settings, we shall first revisit the
concentration-compactness principle. Following [14, 16], the concentration-compactness principle for
the p-Laplacian setting can be stated as follows.

Su= inf

ueWhtp(RM)\{0

(2.2)
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Lemma 2.2. Let {u,} be a bounded sequence in W' (RN ) converging weakly to u € W' (RN ) such
that [Vul’ — w and |u,|”” — & in the sense of measure. Assume that

( |, ()17

|#

dy) iy OV dx = v

Y [X—y

converges weakly in the sense of measures, where v is a bounded positive measure on RY. Then, there
exist families of distinct points {vj 1 jetl }, {w jijerd }, and {f i jeld } in RV satisfying for most
countable set 7 such that

1

lut, ()17 . L
= d 2 (O dx + 0, ., P < 00,
’ (fR oyl Ot Do, v

jel jel

w > |Vu,|” dx + Z w0, w; >0,
jeI

£l dx+ Y £0,,6>0, SE <w,

jer
where 0 is the Dirac function of mass 1 concentrated at z € R" and v, w, and & are nonnegative
measurements and bounded on RY. For all j € 7, there holds

P
Suv; " < wj, and vy < C (N, )™+ .

Lemma 2.3. Let {u,} € W!? (RN ) be a sequence as in Lemma 2.2, and defined as

Weo = lim lim Vi, 'dx, & = lim lim |ut,|” dx.

R—00 n—o0 IxI>R —00 n—00 IxI>R

Then, there hold

i
S& £ W,

lim sup f Vi, |Pdx = weo + f dw, lim sup f |un|? dx = £ + f dé.
R—eo Ix[>R RN R—eo Ix[>R RN

Lemma 2.4. Let {«,} be a bounded sequence in W!? (RN ) converging weakly to some u € W'~ (RN )
Let v, w, and & be non-negative measurements and bounded on R, while w,, and &, be the numbers
given as in Lemma 2.3. Assume that

Py .
Voo = Igimlim supf (f Ir" ()’)||# dy) |y, (X)IP+ dx.
% pooo >R \JRN [X—Y

and

Then, there hold

lim supf Vu,|Pdx = we +f dw, lim supf lunl” dx = £ +f dé,
R— RN RN R—o0 RN RN
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P
lim sup f f iy O o P = v + f dv,
R—co RV JRV X — yl RN

C (N, u)” 2N#v §m(§oo+fd§),
RN

SPC (N, u) i voo = w(woo+f da))
RN

and

3. Proof of Theorem 1.1

In this section, by applying both the mountain pass theorem and the symmetric mountain pass
theorem, we shall establish the existence and multiplicity of solutions for problem (1.1) when g = 1.
We rewrite problem (1.1) as follows:

p
K (u) (=Apu+ V) lul” 1) = £ (x,u) +/l( f )™ )|u(x)|l’u u,x RV, (3.1)
Ry [ =y
with the associated functional J, : W‘l,’p (RY) — R:
1~ pl Pi Pi
Ja) = =M () - =— f b COP e O vy f F (x, u)dx, (3.2)
p 219; RNV JRN |x = I RV

where (1) := [} M(s)ds.

Definition 3.1. We say that u € W‘l,’p (RM) is a weak solution of problem (3.1), if, for all v € W‘l,’p (RN ),
there holds

Jyw),vy=M (||u||”)f IVulP=2 VuVy + V (x) |ul’ "% uvdx
RN

12 P2
_ﬁf b ™ e ) uvdxdy—f £ () vdx = 0
RN JRV lx — yi RN

Lemma 3.2. Assume that ¢ > 0 and conditions (M), (V1), (F;), and (F4) hold. Then, any Palais-Smale
sequence {u,} for the energy functional J, at level c is bounded in W‘l,’p (RN )

Proof. Let {u,} be a Palais-Smale sequence for the energy functional J, at the level ¢ in W‘l,’p (RN ), then
we have

1. 1 2P 1, ()P
¢+ 0,(1) = ~M (lunll) = 5 f f WO Wn O gy — f Fuudx,  (3.3)
p P RN JRN RN

# |x — yl#

and
Uﬂ%%ﬁ=ﬂﬂwm@j‘WwWQWNwHKwWMQMMx

RN

P P2
. f OV it ()] : UOWO) e f F(x, up)vdsx,
RN JRN |X -y | RY
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forallv e W‘l,’p (RN )
Consequently, it follows from (3.3) and (3.4) that there holds

1
¢+ 0, (D lull = T () — - (J () , )
11 11 O |y, ()|
>|— - —|m ”u||917 +Al= = f f |l/l (x)l |l/l (y)l dXdy
bp o o 2p;) Jry Jry |x =y

+ f (lf(x, up) u, — F (x, Mn)) dx.
RN \O”

Condition (F,) implies 6p < o < 2p;,, thus, we know that any Palais-Smale sequence for J, is bounded
in W\l,’p (RN ) The proof is completed. O

Lemma 3.3. Assume that (M;), (V}), (F,), and (F,) hold. Then, the functional J; satisfies the (PS),
op

l) A% ) where

condition for all ¢ € (O, a (% -1

P/ 9
a; = minq(myS NAmC' S ,

and C is a fixed constant that depends only on the parameters N and .

Proof. Let {u,} be a (PS). sequence for J,, namely,

Ja(u,) = ¢ and Jy(u,) = 0, asn — oo.

By Lemma 3.2, {u,} is bounded, and consequently, there exist a function u € W‘l,’p (RN ) and

subsequence still denoted by u, — u such that

fortell, p*), and u, — u a.e. in RN.

. 1, .
u, = u weakly in W,"RY), w, > u in L,

Furthermore, according to [8], there exist the bounded nonnegative measures w, &, and v such that as
n — oo, there hold

lu, ()|

v lx =yl

IVu,|” dx 2w, it P N &, and (f dy) lu,, (X)|P dx A
R

By Lemma 2.2, there exist at most countable set J, families of positive numbers {a) it Jj€TL }

i je I, and v;: je I}, and sequence of points {x; c RY such that
{¢:je T} and{y;: j e I} and seq points {x;}

Jj€

it (I ) :
V= dy|luPrdx+ ) v6,.,
(fRN x = yb Z o

jel

w > [Vu,|? dx + Z WSy, € lu,l” dx + Z £i5,

jel jel
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2 pf‘ 2 p;;

2 2 N N
vi<S, " w/, and vjz.N"‘ < C(N, )™ &, (3.5)
where ¢, is Dirac-mass of mass 1 concentrated at x € R".

Case 1: To verify the (PS). condition, we construct a smooth cut-off function ¢ € Cy (RN ) satisfying
0<¢<l1, o=1inBi0), ¢=0inR"\B,(0), and |V¢| <2 inR".

For € > 0, define the rescaled function

X—Xj)

Qpe,j:‘p( €

By Holder’s inequality, the following inequality holds:

p=1 1
p p
limlim | u, Vit P2 Vu, Voo ldx < lim lim ( f |Vu,,|1’dx) f u, Ve |'d )
e-0n—c JpN e—0n—oo
N-p 1
pN N
< Clim f |t | ¥ pdx] [ |V<PEJ dx ] (3.6)
e—0 B N
() Ba)

< Clim f Iunlp*dx] =0,
e—0 B

()

ya
~ N N
where C = supn”un” and C = C(LZ(O) |V906,j dX) .
In addition, according to the definition of the truncation function ¢, ; and the boundedness of {u,} ,
we can obtain

limlim f f G u)ue jdx = 0. 3.7
RN

e—0n—oo

An integration of conditions (3.6) and (3.7) yields
0 = lim lim (7 (u,) , unoc ;)

e—0 n—co

= lim lim M (et |17 f Vital" 2 Vit Vitpe j + V () "™ syt pe, jdx

P P
_llbf‘ it QP Jutn D e dy __t[‘ £ Gt t) g
R RN

|x =yl

= tim lim M (") f Vit ity (69 + 10,9 0e) + V () tnl? e slx

Py Pu
B /lf |y, (O|P# Jua,, (9)|P+ QDEJd dy _f f(x,uy) uppe jdx
. RV

x =y
Uy (X p; Uy p; €,]
>l1m hm M(||un||p)f Vi, |” @e; + V(%) |ty @, jdx — /lf f | ()|| | %)l ‘p’]dxdy
X—=y
Uy (X pﬂ U, pﬂ €]
> lim lim 7, f A —/lf ity O ltn DI P 4
€—0 n—oo RN lx =y
Zmle—/lvj,
(3.8)
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Zp; Zpﬂ
. . . 0 o . - P T
which implies mw} < Av;. Combining v; < S, " w;

, We can obtian

_pr

2pﬂ 2pj~bp
either w; > (ml/l 1S ) orw;=0.

ﬁ 2p;,—0p
Assume that case w; > (ml/l‘lS i ) holds. Then, we deduce that there exists jo such that wj, >

ZL 2p,,—6p
(ml/l‘lSﬂ” ) , and we have

1
¢ = lim {J/l (Mn) - — <J//l (Ltn),l/ln>}
n—oo g
11 11 ¢ 11
> lim | — — — | my [Jul? > hmm1 - - = f VuulPdx| >m|= - =]
e \Op o p o)\ Jey p o]

11 o i
Zml _—— ml/l S'up D)
p o

which is a contradiction with the admissible range of c. Therefore, we deduce that w; = 0 holds.

Case 2: To obtain the possible concentration of mass at infinity, we need to take a cut-off function g
in C (RV) satisfying yx = 0in Bg(0), Y = 1 in R¥\Bg,, (0), and [Vyl < 2/R in R, where R is
a positive constant. Furthermore, an application of Lemma 2.4 together with the Hardy-Littlewood-
Sobolev and Holder’s inequality yields

pﬂ
Voo = lim lim f (f i O )Iun (0P g (x) dx
R—00 n—o0 RN RN | —yl

< C (N0 lim Tim |l |} ( f (O s () dx)
—00 n—00 R

P

£

< Cel,

(3.9)

where € = supllunIIZ‘} . It follows from conditions (3.9) and <J/’z (u,), uan> = 0 that
0= hm hm <J:l (un) > unlr//R>

= lim lim M(Ilunllp)f Vitl”™ Vity Vit + V () 4|~ eyt

L <’“)'W|Lu" i O gy - [ G

pﬂ P}A
> lim lim m, (f V| l//Rdx) —/lf f i O 4 (“Vll il (y)
R—00 n—o0 RN RN N |_x yl

]77[1
>mwl, - CAEL .
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pl
Hence, mjw?, < CAEL . Combining Lemma 2.3, we can obtain

o <
P
. AT a1 P\ ri-op

either we > (m1C L ) or We = 0.

Following the same approach as in Case 1, we conclude

1 11 R v \ 7
¢ = lim {J,l () — — (Jy (uy) ,u,,)} > m (— - —) (mlC_l/l_‘S 7) "
n—eo loa p o

This also leads to a contradiction with the definition of ¢. Hence, we have w., = 0.
Based on the foregoing analysis, set

27, % /.
. H Pu~tp Al 1’7;1 p;fé)])
«; = minq|(m;S,’ ,(mlC S ) .

op
Thus, for any 0 < ¢ < m; (% - é)al/l"”‘zl’/’i , we have w; = 0 and w., = 0 for all j € 7. Hence,

I Py I P
i f f [t (X)] |u,;1(y)| dxdy = f f |ue ()17 u iy)| dxdy.
n—eo JpN JRN lx =yl RN JRN lx =yl

f fouy —u)(u, —u)dx — 0, asn — oo.
RN

and

Now, we proceed to prove that {u,} strongly converges to u in W‘l,’p (RN ) First, we need to introduce

a continuous linear function £(u) in W‘l,’p (RY) defined by

<ﬂmwzjﬁwwﬂwwmﬁjﬂvmmwhmx
RN RN

Since {u,} is uniformly bounded and M(-) € C(R"), it easy to obtain that M(||u,||”) and M(||u||”) are
uniformly bounded, which leads to

m M (llu||”) (P (), ey — ) = im M (llull”) (P (), u, — ) = O.

Furthermore, there holds
M (lun|l”) <P W), e — uy = M (Jull”) (P@), uy — uy = M(|lun|l”) (Pu) — Pu), uy — )
= (M(llunll”) = MUlull”)) (P (w), un — u)
= M (luall”) (P (un) — P), uy — u).

Clearly, (J'(u,) — J'(u), u, —u) — 0 as n — oo. Hence,
0, (1) = (J) (u,) = J) (W) , u, — u)

= M) P () sty — 4} — A f

RN

f |ty ()P |2ty DIPE2 1, (1t — 1) dxdy
RN

lx =y
e (P 1 (s —
= M (lull”) (PG, u, — u) — A f e ()17 e )P (u, — w0)

RN JRN lx — Y|ﬂ

dxdy

- | fOou, —u) (u, — uwdx
RN

= M(||u,,||p) <P (un) - P(l/l) s Uy — l/l> ’
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and
on (1) = (P (u,) =P W), u, — u)

= f IVit,|P~2 Vu, V (u, — u)dx + f V (%) )" %ty (u, — u0)dx
RN RN

— | IVulP™> VuV (u, — u)dx — f V() w2 u (u, — u)dx
RN RN
= f (|Vun|1”_2 Vu, — |Vul’~2 Vu) V (u, — u)dx
RN
+ f V(x) (lunl‘”_2 u, — ulP~? u) (u,, — u)dx.
RN

For the purpose of proof, we recall the well-known Simon inequality. For any £, € R,

Cpld—ml”, p=2,
P2 ¢ =10, =) > { o (3.10)
Cogomer> 1 <P <2
where C, is a constant depending only on p. By (3.10), we obtain
\Vu, — Vul’dx < C,, f (|Vu,,|”—2 Vu, — |Vul’™? Vu) V (u, — u)dx, (3.11)
RN RN
and
f V(x)|u, —ul’dx < C, f V(x) (Iunlp_2 u, — |ulP~? u) (u, — u)dx. (3.12)
RN RN

By combining (3.11) and (3.12), we can deduce that ||u,, — u|| = 0, (1). Thus, {«,} is strongly convergent
to u in W,” (RN ) The proof is completed. o

Lemma 3.4. Assume that conditions (M;), (V}), (F), and (F,) hold. For A € (0, A*), there exist
p. @ > 0 such that J, > a > 0 for all u € W, (R) with [[u]| = p.

Proof. It follows from (F,) and Holder’s inequality that there hold

|F (x,u)| < f lf (x, )l ds < f w; ()]s ds < Cy ) wi () |ul",

and
f F(x, w)dx < f C1 Y wi@lul"dx < C ) (Ol lully < Co ) Il (3.13)
R¥ RY 0 i=1 l i=1
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Combining (2.2) with (3.13), assuming ||u|| = p € (0, 1) is sufficiently small, there holds

1 P P
J, (u) _M(”ullp) _ - f |M (X)| |M/€y)| a’xa’y _ f F (x’ w)dx
p 219 RNV JRV lx =yl RN

2pk P

ml 9 /l _77 2 i 7
> — |lull” = =—=S, * llull ”“—f Ci ) wi(x)|ul"dx
9p 2p’u N ;
2/7
> —p’ - pri—Cy ) pf
Op 219# Z
2[)”
6p 219,1
2
— pr| ﬂpé}p—rl _ p#plpﬂ r sz
op 2py

=p" (11,09'"41 — Abp*Pi" — sz)-

Define
h(t) = L™ = AP — Cym, forall t> 0,

where /;, [, are some positive constants. Since 0 < r; < 6p < 2p,, the function h(z) attains its
maximum at a point fy satisfying A’ (ty) = 0, which is explicitly given by

_( L(Bp—r) ]z,,;_gp
h=|—F7———~ s
/112(2]7;—1’1)

and
2pk - M Op-r1
21)* - Qp £ 1 2pF —6p 9 _ 2% —op Op-rq
2050 H r Pu=tP =
h(D),. = h(ty) = | —L—Z ) 17 |~ op—n 7% — Com.,
max 0 2p* - 1 12 2p* _ Hp 2
u u
Take
2p;;—9p
i 2P;;fr1 op-r| Hli_rl “op-r;
2pu—bp lZp;—Qp 1\2p50p | _Op=r1_\*u~0P
2ps—r1 1 153 2pi—0p
* H M
A = ,
C2m

then, A(ty) > O for any A4 € (0, A*). Therefore, for A € (0, A%), there exist @ > 0 with J, (u) > @ > 0
while u € W‘l;" (RN ) with [|u|| = p € (0, 1) is sufficiently small. This completes the proof. O

Lemma 3.5. Suppose that conditions (M), (V;), and (F)—(F3) are satisfied. Then, there exists an
element e € W1 o’ (RN ) with ||e|| > p such that J, (e¢) < O for all 4 > 0, where p is the constant given in
Lemma 3.4.
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Proof. According to conditions (M) and (F3), for any r > 0 and u € W‘l,’p (RN ), we have

1. A 5. Pi Pi
Ty () = =M (laf?) = <=2 f f QO W O )y f F (x, w)dx
p 2P,1 RV JRV RN

e = yI*
< 20 |y — f WP O ey —art [t dx G194
Op 2P# RN JRN lx =yl RV

— —00 ast— +oo.

From the established results, there exists a sufficiently large #; > 0 such that J, (t;u) < 0 and ||t,u|| > p.
Let e = tu. Then, |le|| > p, and J, (e) < O for all A > 0. This completes the proof. O

In view of Lemma 3.5 and (F3), we conclude that

1 Py P
L) < 22 )l - = e COP e O™ iy —a [ upt dx
* u

Op 2P,1 RN JRWV |x =yl RV

(3.15)
< ';2 ull?? — af ul? dx = J, ().
P RN

Clearly, the functional J; (u) : W‘l,’p (RN ) — Rand J, (1) < J; (u).
Forevery 0 < 6 < I, we can take u; € Cy’ (R) with |us|, = 1 and supp us C B, such that llutsll?, < 6.
Set

U= us (;lx) , where A := A_W,
and then supp u C Bj,,(0). Consequently, for # > 0 and A € (0, 1), we have

my

Ji (tu) = =% ||u)|?P — ar? lu|? dx
Hp RN
nmy; 4 o
= —P Vul? + V (x) |ul’ dx| — at? |u|? dx
Op RN RN 116
_ Mg /Iﬁ \v/ p -1 Pd ’ Y= a4 G-10)
=1 P [Vus ()] +V(/1 x)|u5(x)| x| —at' A7 | |us (x)|%dx
14 RN RV
e;flz)* mj 6p p 3-1 p ’ q 9(1:2)711 q
= AT St | Vi QO + V() s QOF dx| = at A7 | g () dx
P RN RN
Let
_ o (1-6)p
wattug = ([ 905008+ V(@) o ) = ara [ wcoras, @1
RN RN

which indicates that y; € C! (W‘],’p (RN ) , R). According to the definition of ¢,, it is evident that there
exists #, > 0 satisfying

0
max y, (fu) < @tgp (f [Vul? + V(;l_lx) ul? dx) .
>0 Hp RV
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It can be inferred from conditions (V;)—(V>), and suppus C B, that there exists 4; > 0 such that

0< V(i) 2

B |M5|Z’
for all |x| < rs and A € (0, 45). Combined with the above conclusions, we can get

m

max,, o, (tus) < 9—2t§p (26)°.
P
Therefore,
m op 0 i
max,soJa (tus) < 9—5 (20)” A2, (3.18)
14

for all 4 € (0, min {1, As}).
Combining the previous results, we conclude the following result.

Lemma 3.6. Assume that conditions (M), (V;)—(V,), and (F;)—(F5) are satisfied. There exists an
element 2, € W,,” (RY) with [|¢,]| > p such that J, (¢,) < 0, and

1 1 o
max J, (1éy) < |— — —|a A7,
1€10,1] p o

where « is defined in Lemma 3.3.

Proof. We have an arbitrarily small 6 > 0 satisfying:
1 1
22 26) < (— - —)al.
6p p O

Moreover, we may choose 7 > 0 satisfying ||fe,|| > p and define &, = fe,. It follows that J,(&;) < 0 and

1 1 op _
max J, (te;) <|— — —|a1 A%,
1€[0,1] p o

for all ¢ > 7. This completes the proof. O

For any m € N, consider functions u} € C5° (RN ) such that supp u} (supp u, = O forall 1 <i# j <
m, and |ug|q =1, |ug|i < 6. Let r > 0 be such that supp u} C B (0) forall i = 1,2, ...,m. Define

u = ufs (;bc) ,

and
7—(;',’5 = span {ul, w, ..., um} .

Putu = Y7, c;u' € H',. Then for any u, we have

Ji(w) < C* Zm: Iy (car),
i=1
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where C* is some constant. From (3.16), we obtain

Op

Ja (ciui) < APy, (c,»ui).

Set
s 1= max“ugﬁ Q= 1,2,...,m},

and let 4,,5 > 0 be chosen such that for all |x| < 7" and A < 4,5,

From the preceding results, we deduce that for all 4 < 4,4,

op

max J, (u) < ’;i;tgf’ (26) C* A, (3.19)

ueHy

which yields the following conclusion.

Lemma 3.7. Assume conditions (M), (V;)—(V,), and (F)—(F3) hold. Then for any m € N, there exists
Ams such that for all A < 4,5, we can find an m-dimensional subspace H" satisfying

1 1 op .
max J; (u) < (— - —) a A
p O

ueH?y

Proof. We select ¢ > 0O sufficiently small to ensure

11
20 25y C* < (= = = |an.
Op p

ag

Furthermore, combining this with (3.19) and setting HY'; = H', we have

1 1 op .
max J, (u) < (— _ _) al/lgp72p‘u )
P o

m
ueHy

This completes the proof. m|

Let E be a Banach space. We denote by X the family of all closed subsets A c E\{0} that are
symmetric (i.e., A = —A).

Definition 3.8 ([10]). For a set A € X, the Krasnosel’skii genus y(A) is defined as the smallest positive
integer k for which there exists an odd continuous mapping ¢ € C(A, R¥\0) that is odd with respect to
the origin.

Proof of Theorem 1.1. Building upon the preceding analysis, we set 4o = min {1, 45, A*}. Subsequently,
for an arbitrary A € (0, 4p) and the application of Lemmas 3.2-3.5, there exists a convergent sequence
{u,} such that

Ja(u,) = ¢ and J (u,) = 0, asn — oo,
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where

c:= inf max J, (y(¢)),
yvel'y t€[0,1]

and
L= {yeC([0. 1, Wy ®")) : y(0) = 0and y(1) = &,}.

According to Lemma 3.6, we obtain

By Lemmas 3.2 and 3.3, the functional J, satisfies the (PS ). condition. An application of the mountain
pass theorem yields a function uy € W‘l,’p (RN ) satisfying J,(ug) = ¢ and J'(up) = 0. Consequently, ug
constitutes a solution to problem (3.1).
Let
= {g eC (W‘l,”7 (RN) , W‘l,’p (RN)) 1 gisanodd homeomorphism} ,

where C(X, Y) denotes the space of continuous mappings from X to Y. For every A € X, we define the
quantity
j(A) = miny (s naB,),

where p > 0 is the constant given in Lemma 3.3, and y(-) denotes the Krasnosel’skii genus. This
construction yields a variant of the Benci pseudo-index [2].
Set
ci:=inf supJy(w), i=172,..,m.
J(A)zi ueA

Clearly, we have the monotonicity of {c;}., with ¢; < ¢; <--- < ¢,,. We shall prove that the estimates

c1 > aand ¢, < supJ,(u) hold, where « is the constant given in Lemma 3.3. In fact, for any
ueH?

admissible set A € ¥, with j(A) > 1, it follows that y (g(A) N 8B,) > 1, which implies g(4) N 3B, # 0.
From Lemma 3.3, we derive the lower bound

Jy(u) > a forall |u| = p. (3.20)

Consequently, the inequality sup,., Ja(u) > @ yields ¢; > @. The Krasnosel’skii genus satisfies Benci’s
dimension property [2], giving

Y(g(HY) NdBp) = dim‘HY =m, foranygeTl, (3.21)

which implies j(HY') = m. Therefore, we obtain the upper bound c,, < supu € HY'J,(u). Combining
with Lemma 3.7, there exists Aoy = 4,,s such that for all A satisfying 4 < Aoy, we establish the chain of
inequalities:

1 1 op_
L Lo Zep S sup J/l(u)s(——— a A%,
ueH? P o

By critical point theory, all critical values ¢; (1 < i < m) are well-defined. The evenness of J,
guarantees the existence of at least m pairs of critical points, which correspond to m pairs of solutions
for problem (3.1).
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4. Proof of Theorem 1.2

In this section, we employ the dual fountain theorem to prove the existence of infinitely many
nontrivial solutions to problem (1.1) for any 4,8 > 0. Clearly, the functional J,z : W‘l,’p ®RY) - R
associated with problem (1.1) can be expressd as follows:

1 A u ()|Px [ (y)|Pr
J,L/g(u):—M(Hqu)——*f e O | £y| dxdy—ﬁf F (x, u)dx. @.1)
p 2p;, Jry Jrv lx =yl RN

We begin by recalling some relevant theoretical preliminaries. Let X be a reflexive and separable
Banach space, then there are e; € X and ¢ € X* such that

X = span{ej | j= 1,2,-~~}, X" = span{e;‘. | j= 1,2,--~},
and
Li=j
(ed={ 017
To establish our framework, we define the following subspaces: X; := span {e j}, Yy = @’;ZIX ;» and
Zy = @’;Z]X ;. Furthermore, we introduce the sets
By :={u € Yi | lully < px} and Ny :={u € Zi | llully = Y},
where the radii satisfy p; > v, > 0 for all k € N.

Definition 4.1. Let ¢ € C'(X,R) and ¢ € R. The functional ¢ satisfies the (PS)* condition (with respect
to (¥,,)) if any sequence {unj} C X such that

Up; € Yo 0(uy,) — ¢, and ¢’ o, ;) = 0in X" asn; — oo.

Then, ¢ admits a convergent subsequence.

Theorem 4.2. (Dual fountain theorem [24]). Let ¢ € C'(X,R) with ¢(u) = ¢(—u). Suppose that for
every k > ki, there exists p; > y; > 0 such that

(A ap:= inf @) =0;
llellx=pk,u€zy

(A)) by := max ¢(u)<0;
Ileel | x =Y - uE Y

(A3)dy = inf W) — 0,as k — oo;
Ileal | x <ppx.u€Zy

(Ay) ¢ satisfies the (PS)? condition for every c € |dy,,0).
Then, ¢ has a sequence of negative critical values converging to 0.

Lemma 4.3. Assume that conditions (V}), (V;), and (F3) hold. Then, for 1 < g < p*, we have

Go:= sup  Null, > 0ask — oo.
UEZy,[lull=1
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Proof. It is clear that 0 < {41 < &, so there exists {y > 0O such that § — ) as k — oo. According
to the definition of ¢, there exists u; € Z; such that [lu|| = 1, 0 < {o — |wl, < % for every k > 0.
Consequently, there exists a subsequence {u;} (still denoted by the same index) such that u; — u in
W‘l,’p (RN ) Moreover, we have

()= ) =012

which yields that u = 0. Thus, u; — 0 weakly in W,,”(RY). By the compact embedding W,”(R) <
L1(RY), we obtain the strong convergence u; — 0 in LY(RY). We therefore conclude that £, = 0. O

Lemma 4.4. Assume that (M), (V,), (F;), and (F,) hold. Let {u,} C W‘l,’p (RY) be a Palais-Smale
sequence for J, 4. Then, J, 4 satisfies the (PS). condition for ¢ < 0.

Proof. Let {u,} C W‘l,’p (R™) be a (PS). sequence for J 1. Itis clear that {u,} is bounded on W‘l,’p (RM).
Following an argument similar to that in Lemma 3.3, we obtain
Case 1:

1
0 = lim J n) — J, n) > Un
>c lim 1 () o-< Aﬁ(u) u>
) 1 1 0 1
> lim §| — — —|my [l + B —f (x, u,) u, — F (x,u,) | dx
n—oo Qp ag RN g

op
11 AR 1
>|— - —|m|mAS§,, +5 —f(x,uy) u, — F (x,u,)|dx.
6p o RN\ O

It is clear that for any A, 8 > 0, the right-hand side of the above equation is positive, which are absurd.
Case 2:

1
0>c=1limJ w) — — (S () .ty
¢ nl—g}o Ap (I/l) O'< B (I/l) I/t>

> (L - l) my (mlé_l/l_lS ?)p;_ep +ﬁf (lf (x,u)u, — F (x, u,,)) dx.
6p o RN\ O
For all 4, B > 0, the right-hand side of the above equation is likewise positive, which are absurd. An
analysis of Cases 1 and 2 yields the following: For any 4, 8> 0 and ¢ < 0, we have w; = O foralli € 7
and we, = 0.

Now, the rest of the proof follows in a similar manner as in the proof of Lemma 3.3. From the above
discussion, we obtain the compactness of the (PS). sequence with ¢ < 0. O

Proof of Theorem 1.2. As established in the proof of Lemma 4.4, condition (A4) of Theorem 4.2 is
satisfied. We proceed to verify conditions (A;)—(A3).

To verify condition (A;), we choose r > 0 sufficiently small so that for all u € Z; with ||u|| < r, the
following inequality holds:

2p;i
_TE 2
Sy " a7

ny op
— |[ul[" =
20p luel py

U
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By combining inequalities (2.2) and (4.1) with assumptions (M) and (F,), we obtain the following
estimate:

Jﬂ.ﬁ(”):%M(”””p)—z—/l*f f |t (x)|P lu(y)lpﬂdxdy—ﬁf F e i
N N RN

P,y JrY Jr lx =y
2[7;';
_ 2
Sy u lul Pu = BmCad lull”
Py

m; 6 r r
> 20p ull™” = BmC & ull™

my 0
> — |Jul| " -
Op

1
208pmCyL, \ o=

Set py = ( ", It follows from Lemma 4.3 that pr — 0as k — co. Hence, there exists

ky € N such that p;, < r for all k > k;. It follows that for any k > k; and u € Z; with |u| = p;, we have
Jap(u) > 0. This verifies condition (A;).

For condition (A,), for any u € Y; and |[u]| = yx < 1 with 0 < y; < pr, we have

Ly A O u )1
i = Qi - 5 [ Oty -p [ F
p 217,1 RN JRW |x =yl RN

my 0 :
< — |[ull” = BmCs [jul|™ .
Op

Since all norms are equivalent on the finite-dimensional subspace Yy, and r,, < 8p, for 8 > 0, term
SmCs |lu||™ dominates asymptotically when ||u|| = vy is sufficiently small, and condition (A,) follows.
Regarding condition (A3), for any k > k; and u € Z; with |u| < p;, we obtain the lower bound

Jipu) = —BmCrM ul" > —pmCad ' p;

Lemma 4.3 guarantees that both £ — 0 and py — 0 as k — co. Consequently, condition (A3) is
satisfied, and we conclude that problem (1.1) admits a sequence of negative energy solutions.
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