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1. Introduction

Integrability of a nonlinear partial differential equation (NLPDE) plays a key role in mathematical
physics, nonlinear theory and physical applications. There are different types of integrability actually,
such as the Lax integrable, Painlevé integrable and Liouville integrable, and others (see Remark 1.1).
For example, if a system is Lax integrable, then it is completely solvable, and possesses soliton
solutions, infinitely many conservation laws, etc. On the other hand, the integrability also holds
significant importance in applications, e.g., if an equation is integrable, then the system it describes is
stable and controllable, such a system is truly practical. However, it is not easy to prove the integrability
of an NLPDE, especially for a variable-coefficient NLPDE (vc-NLPDE). In this paper, we investigate
the integrability classification of a generalized variable-coefficient nonlinear wave equation as follows:

u; + a®)ulu, + Bu, + v = 0, (1.1)
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where u = u(x,t) denotes the unknown function of space variable x and time ¢, a = a(t) # 0
is an arbitrary analytic function, p is a positive integer, the other parameters 8 and y are arbitrary
constants. This equation is also called the generalized variable-coefficient Burgers—Korteweg—de Vries
(ve-BKdV) equation sometimes. In particular, if § = 0, then this equation becomes the following
generalized ve-Korteweg—de Vries (ve-KdV) equation:

u; + a(®u’u, + yu, = 0. (1.2)
If y = 0, then Eq (1.1) reduces to the generalized vc-Burgers’ equation (vc-BE) as follows:
u, + a(Ou’u, + Bu,, = 0. (1.3)

Particularly, if p = 1, or p = 2, then Egs (1.2) and (1.3) are classical vc-KdV, vc-
BE, variable-coefficient modified Korteweg-de Vries (vc-mKdV), and variable-coefficient modified
Burgers’ equation (ve-mBE), respectively. Such vc-NLPDEs are of great importance in nonlinear
wave theory, integrable system, physical applications, etc. [1-5]. Recently, we studied the equivalent
transformations, symmetries and exact solutions to some vc-KdV types of equations [6-8], but the
integrable classification of the ve-NLPDEs are not involved.

In recent decades, in order to study exact solutions and other properties of NLPDEs, many effective
methods have been developed. Generally speaking, there are mainly two methods: One is the
dynamical system method, and the other is the integrable method, including the Lie symmetry analysis
approach [4-6, 8]. Moreover, the Painlevé test is a method based on complex analysis. It is a critical
step in the study of nonlinear wave theory, soliton theory, integrable systems, etc. [ 1-3], so this Painlevé
method can be regarded as an integrable system approach. However, most of the existing studies only
give the integrable condition through computer programs; the test procedures are incomplete, e.g.,
the recursion formulas are not presented, so the results are few and not clear. In the current paper, we
investigate the complete integrability classification of a class of generalized ve-NLPDE by the Painlevé
method. Summarizing, the contribution and highlight of the current paper are as follows:

» The complete integrable classification of the ve-NLPDE is presented, and all of the integrability
cases are provided.

» The explicit solutions to the generalized vc-NLPDESs are constructed.

The rest of the paper is structured as follows: in Section 2, the Painlevé test is performed, the

complete Painlevé integrability classification of Eq (1.1) is provided, the integrability, integrable
conditions and recursion formulas are provided, and the exact solutions to the equations are obtained.
Then the integrability and exact solutions to Egs (1.2) and (1.3) are given as its special cases. In
Section 3, the other types of explicit solutions to vc-NLPDE (1.1) are constructed by the invariant
subspace method (ISM) for the first time. Finally, the conclusion and some new findings are given in
Section 4.
Remark 1.1. If a nonlinear equation passes the Painlevé test, then it is said to be Painlevé integrable
in this paper, so the integrability in the present paper refers to Painlevé integrable. Moreover, the
Painlevé integrable is profoundly connected with other integrabilities, such as the Lax integrable, which
is beyond the scope of this paper.

AIMS Mathematics Volume 11, Issue 6, 17115-17123.



17117

2. Integrability classification and exact solutions

First of all, we assume that Eq (1.1) has a Laurent expansion as follows:
u=¢" Z e, 2.1)
=0

where u = u(x,1) is the unknown function, ¢ = ¢(x,1) = x + (1), u; = u;(t) (j = 0,1,2,...) are
analytic functions in a neighborhood of the noncharacteristic singular manifold, u, # 0, p is a positive
integer [2,4].

Then, through the leading order analysis, we get the following result:

(D If y = 0, then Eq (1.1) reduces to the following ve-NLPDE:

u, + a(u’u, + Bu,, = 0. (2.2)

It is the generalized vc-BE (1.3). In this case, by the leading analysis method, we have

p=—. (2.3)
p
In view of p being a positive integer, we have p = 1, thatis, p = 1 and uy = 28/a # 0. So, the condition
uy # 0 is satisfied.
(II) If v # 0, through the leading analysis method, we have

p=—. (2.4)
p
In view of p being a positive integer, from (2.4), we get p = 1 and p = 2, respectively.
When p = 1, we have p = 2 and uy = —12y/a # 0. So, the condition 1, # 0 is satisfied.
When p = 2, we have p = 1 and ué = —6y/a # 0. So, the condition u, # 0 is satisfied also.
Summarizing, we have the following:
Theorem 2.1 Suppose that a = a(t) # 0 is an arbitrary analytic function, p is a positive integer, 5 and
v are arbitrary real numbers. Then Eq (1.1) is non-integrable in the following cases, respectively:
MHy=0andp > 1;
)y #0and p > 2. O
In other words, if y =0and p = 1;ory # O and p = 1,2, then Eq (1.1) is a possible integrable. So,
we only need to discuss the possible integrable cases in what follows.

2.1. Painlevé analysis of Eq (1.1) in the case y =0

Under this condition, Eq (1.1) becomes Eq (2.2). Furthermore, if this equation is integrable, then
p =1, and from (2.3), we getp = 1. So, (2.1)isu = Z;io uj¢f‘1. Substituting it into Eq (2.2), we have

2
i=0, uw=2, (2.52)
a
. 1,
=1 w=-=y, (2.5b)
a
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i=2 W =0, 2.5¢)
j=3, u +4Bus =0. (2.5d)

By (2.5a), (2.5b) and (2.5d), we have u; (j = 0, 1, 3) in a unique manner. However, from (2.5¢), we
cannot get u, definitely. Generally, we obtain the recursion relation of Eq (2.2) as follows:

j-1

G+ DG = 2Buj = =t = (= Dupy = a ) (j =k = D g, (2.6)

k=1

where j = 2,3, ....

In particular, if j = 2, referring to (2.6), then we have 0 = 0, that is, u, is arbitrary.

Therefore, in view of the recursion formula (2.6), the other coefficients u; of (2.1) can be determined
successively in a unique manner. This implies that for Eq (2.2) with p = 1, there exists a Painlevé
series (2.1) with p = 1 in the expansion function ¢ = x+y(¢) with the coeflicients given by (2.6). Thus,
we can say that Eq (2.2) possesses the Painlevé property (PP) under the condition (2.5¢).

In view of (2.5c), we have that uy = c; is a constant. Furthermore, from (2.5a), we get that a(t) =
a # 0 is a constant also.

In addition, letting u, = u3 = 0, by the induction method, we can check u; = 0, for all j = 4,5, ....

Summarizing the above discussion, we get the following:

Theorem 2.2 The vc-NLPDE (2.2) is integrable (in the sense of Painlevé integrability) if and only if
p =1 and a(f) = @ # 0 is a constant. O
Moreover, under the condition u3 = 0, and from (2.1), we get that

U= u0¢_1 + Uy 2.7)

is a solution to Eq (2.2), where u and u; are given by (2.5a) and (2.5b), ¢ = x + ¥(¢) is an analytic
function.

On the other hand, in view of (2.5d), from u3 = 0, we get u] = 0, that is, u; = ¢, is a constant.
Hence, from (2.5b), we have y/(t) = —ac;t + c,. Substituting it into (2.7), we obtain the exact solution
to Eq (2.2) as follows:

2

+
a(x —acit +c¢y)

u(x,t) = cl, (2.8)

where a # 0 and ¢y, ¢, are arbitrary constants.

2.2. Painlevé test for Eq (1.1) in the case y # 0

In this case, and in view of (2.4), we only need to discuss the following two subcases respectively.
Case L. p = 1. In this case, Eq (1.1) becomes

u; + a(t)uu, + Puy + Yy = 0. (2.9)

Referring to (2.4), we getp = 2. So, (2.1) isu = Z;io uj¢j‘2. Substituting it into Eq (2.9), we have

12

j=0, wp=-—2, (2.10a)
a

Jj=1, Buy+5Syu; =0, (2.10b)
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j=2, 2% ug+ au% + 2auguy — 2Bu; = 0, (2.10¢)

J=3, uy—y'u —auu, — aupus = 0, (2.10d)

j=4, u;=0, (2.10e)

J=15, uy+ Y us+ aupus + auuy + aupusz + 2Buy + 6yus = 0. (2.10f)

By (2.10a)—(2.10d) and (2.10f), we can get u; (j = 0,1,2,3,5) in a unique manner. However,
from (2.10e), we cannot get uy definitely. Generally, we have the recursion relation of Eq (2.9) as
follows:

j-1
G+ DU =D = O)yu;=—u; 53— (- Dujy’ —a Z(j — k= 2uyuj i
k=1

=B = 3)(j — Duj-1, (2.11)

for j = 3,4, ....

In terms of the recursion formula (2.11), we can get all the coefficients u; (j = 3,4, ...) of (2.1) except
uy and ug. For example, if j = 3,5, then the coefficients u3 and us are given by (2.10d) and (2.10f),
respectively. If j = 4, and in view of (2.10e), we have

j =4, Quq = —u'l = 0. (212)

So, uy is arbitrary.
Furthermore, if j = 6, then from (2.11), we get Oug = —u} — 2¢/'uy — 2au us — 2auouy — au% — 60us,
i.e.,
J=06, ui+20 us+ 2auus + 2auyuy + au% + 6Bus = 0. (2.13)

Setting «, = u3 = 0 and uy = 0, then from (2.10f), we have us = 0. Substituting these results
into (2.13), we get 0 = 0, so ug is arbitrary. Meanwhile, also setting us = 0, by the induction method,
we can check u; = 0 for j = 3,4, ...

Therefore, under the condition u’, = u3 = 0, the Painlevé series (2.1) can be truncated as follows:

u=updp* +u ¢ + u, (2.14)
where ¢ = x + ¥(?), ug, u; and u, are given by (2.10a), (2.10b) and (2.10c), respectively.
In addition, in view of (2.10b) and (2.10e), we have that u; = % is a constant, that is, a = a(f) =
a # 0 1is also a constant. Furthermore, from (2.10c), we have u, = 2[53; - iz//.

On the other hand, in view of (2.10¢) and u, = 0, we get " = 0, so we have y/(1) = ¢f + c;.
Then, substituting ug, u;, u, and u3 = 0 into (2.10d), we get 8 = 0.
Summarizing the above discussion, we get the following result:
Theorem 2.3. The vc-NLPDE (2.9) is integrable (in the sense of Painlevé integrability) if and only if
B =0and a(r) = a # 0 is a constant. O
Substituting ug, u;, u, and ¢ into (2.14), we obtain the exact solution to Eq (2.9) as follows:

-12
u(x,t) = Y a

_a 2.15
alx+cit+c)?  «a 2.15)
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where a # 0 and ¢y, ¢, are arbitrary constants.
Case II. p = 2. In this case, Eq (1.1) becomes

u, + a(OuPuy + Bugy + Yty = 0. (2.16)

Referring to (2.4), we getp = 1. So (2.1) isu = 372, u;¢’~!. Substituting it into Eq (2.16), we have

j =0, au% + 6'}/ =0, (2173)

j=1, aupu; —p =0, (2.17b)

ji=2, ¥ +auw +aupu; =0, (2.17¢)

j=3, uy=0, (2.17d)

Jj=4, u+y uy + 2aupuus + auoui + au%uz + 2Buz = 0. (2.17e)

By (2.17a)—(2.17¢c), we can get u; (j = 0,1,2) in a unique manner. However, from (2.17d)
and (2.17e), we cannot get u3 and u4 definitely. In general, we have the recursion relation of Eq (2.16)
as follows:

(J+ DG =3 = BHyu; =~ 3= (= uj20" = B(j = 2)(j = 3u;-

j-1 j-1 k
+a UoUgUj—i — d Z [(j —k-1) Z u,-uk_,-uj_k], (2.18)
k=1 k=1 i=0

for j =3,4,....
In view of the recursion formula (2.18), we can get all the coefficients u; (j = 3,4,5,...) of (2.1)
except u3 and uy. For example, if j = 3, then we have

j=3, Ouz=uy=0. (2.19)
If j = 4, then we have
j=4, Ouy=—u, —'uy — 2Bu3 — 2auou,us — augus — au'u, = 0. (2.20)

So, us and u, are arbitrary.
Furthermore, if j = 5, then we have

Jj=15, 12yus =—u5 -2y uz — 6Bus — 4auouus — 4aupuus — 2au%u3 - 2au1u§ =0, (2.21)

and so on.

Setting u, = u3 = uy = 0, then from (2.21), we have us = 0. Generally, by the induction method,
we can check u; = 0 for all j = 3,4, ....

Therefore, under the condition u, = 0, the Painlevé series (2.1) is truncated as follows:

u= uoqﬁ_l + uy, (2.22)

where ¢ = x + ¥ (?), ug and u; are given by (2.17), respectively.
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In addition, in view of (2.17a) and (2.17d), we get that a = a(t) = a # 0 is a constant. Furthermore,
from (2.17b), we have that u; = B is a constant. So, (2.17¢) and (2.20) are satisfied.

aug
On the other hand, substituting u#; and u, = 0 into (2.17c), we have ¥ (7) = g—;t + ¢).
Summarizing the above argument, we get the following:
Theorem 2.4. The vc-NLPDE (2.16) is integrable (in the sense of Painlevé integrability) if and only if
a(t) = a # 0 1s a constant. O
Substituting uy, u; and ¢ into (2.22), we obtain the exact solution to Eq (2.16) as follows:

o, B

u(x,f) = ————— ,
(1) 6yx+pBt+c;  aug

(2.23)
where u 1s given by (2.17a), @ # 0 and ¢ are arbitrary constants.
3. Explicit solutions to vc-PDEs by the ISM

In this section, we investigate the other types of exact solutions by the invariant subspace method
(ISM) [9-11], it is also called the generalized separation of variables method (GSVM) sometimes, this
method is a systematic approach to constructing explicit solutions to NLPDEs [10, 12, 13]. Actually,
the ISM is a dynamical system approach based on Lie group analysis. Recently, by the ISM, we [8]
studied the exact solutions to the nonlocal Timoshenko beam model, which is a PDE system with
space-dependent coefficients. Now we employ this method to investigate the exact solutions to the
vc-PDEs in the present paper. As an example, we consider the case p = 1. In this case, Eq (1.1) is of
the form

u; + a(t)uuy + Puyy + Yty = 0, 3.1

where a = a(¢) is an arbitrary analytic function, 8 and vy are constants.
First, we rewrite Eq (3.1) as the form u, = F[u] = —a(t)uu, — Bu,, — Y.y, So, Eq (3.1) admits the
subspace W, defined by the following ordinary differential equation (ODE):

Lyl =y" + a1y +agy =0, (3.2)

where y' = dy/dx, a, = a,(t) and ay = ay(t) are functions to be determined.
In this case, the invariance condition takes the form

(D°F + a\DF + aoF)\yew, = 0. (3.3)

By the ISM, we get W, = {1, x}. Therefore, we suppose that Eq (3.1) has the form solution as
follows:

u=f@+g0x, (3.4)
where the functions f = f(¢) and g = g() satisfy the following ODE system:
df dg 2
— =0, — =0. 35
0 Tafs 0 T8 (3.5)

_ a(t)
Solving this ODE system, we get f(¥) = cie | 7w dt, g(t) = ——. Thus, we obtain the exact solution

A(t)+co
to Eq (3.1) as follows:
e b X
1) = , 3.6
u(x,t) = cpe 27+ D+e (3.6)
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where A(?) = f a(t)dt, ¢, and ¢, are arbitrary constants.
Similarly, since the other explicit solutions can be constructed by the ISM, the details are omitted.

4. Conclusions and remarks

In the current paper, the Painlevé integrability of a class of generalized variable-coefficient nonlinear
evolution equations is investigated by the Painlevé analysis method, the complete integrability
classification and recursion formulas of the generalized vc-NLPDE are provided, and the exact explicit
solutions are investigated by the truncated expansion and ISM for the first time. Summarizing the
above discussion, we have the following result:

Theorem 4.1. If the generalized ve-NLPDE (1.1) is integrable in the sense of Painlevé integrability,
then a(f) = « is a constant. O

In other words, if @ = a(t) is a function of ¢, then Eq (1.1) is non-integrable. Generally, for a
non-integrable PDE, the exact solution is poorer and hard to study. So far, there is no systematic and
effective method to deal with it as far as we know, but the exact solutions to vc-PDE (3.1) can be given
by the ISM.

Remark 4.1. In this paper, the Kruskal simplified method is employed to deal with generalized vc-
NLPDE (1.1). More generally, if the general Painlevé test [1-3,5, 6] is employed to such equations,
then the results on integrability are the same as above. However, since some other results such as
Bicklund transformations (BTs) may be obtained (under some conditions), we omit it in the present

paper.
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