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Abstract: In this paper, we investigate the existence of solutions to a class of compressible Navier—
Stokes/Allen—Cahn systems describing the motion of a mixture of two viscous compressible fluids.
Using the energy method and refined interpolation inequalities, we establish the global existence of
solutions in the Sobolev spaces H' for i = 2,4. The system features a temperature-dependent heat
conductivity k(@) = ° with 8 > 0, which characterizes the flow of a two-phase immiscible, thermally
viscous, compressible fluid mixture. The main technical difficulty of this work lies in the complicated
estimates induced by high-order partial derivatives in the proof of solution regularity.
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1. Introduction

Fluid-particle interaction models are significant in sedimentation analysis of disperse suspensions
of particles in fluids, and are applied to biotechnology, medicine, engineering, mineral processing, and
more. In this paper, we are interested in the non-isentropic compressible Navier—Stokes/Allen—Cahn
system (in Lagrange form) which can be written as
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vt = MX7
2
e+ (9), = (%), - 3(%).,
¢ = —vu, (1.1)

1= (¢ —¢)— (%),

u2
6+ (D, — (F2), = ¢,(2) + 2.

14

Here, p, u, ¢, 0 represent the total density, the mean velocity of the fluid mixture, the difference of the
two components for the fluid mixture, and the absolute temperature, respectively. ¢, > 0 represents
viscosity coefficients. 6 > 0 is the thickness of the diffuse interface. The constant S is 8 > 0. We
consider a typical initial boundary value problem for (1.1) in the reference domain {(x,7) : 0 < x <
1,¢ > 0} under the initial conditions and boundary conditions

(V7 u, 97 ¢)(x’ O) = (VO’ Uop, 809 ¢0)’ X € (0’ 1)5 (12)

(1,0, 6:)(0,1) = (u, 6, $)(1,1) = 0, 120, (1.3)

and the compatibility conditions

uo(0) = up(1) = 0, 6.(0) = 6:(1) = 0, ¢:(0) = ¢(1) =0, (1.4)

where v = é represents specific volume. Without loss of generality, we assume that

1 1 1
c,=0=1, f vdx = f vodx, 6(t) = f O(x, t)dt. (1.5
0 0 0

Before introducing our main result, we will give a brief review on some related works.

For the isentropic compressible Navier-Stokes/Allen-Cahn model with constant viscosity: The one-
dimensional case, Ding [1] and Chen [2] established the global existence and uniqueness of classical
solutions without vacuum and with initial vacuum, respectively. Under boundary conditions different
from those in [1, 2], Ding [3] obtained the global existence and uniqueness of strong solutions to the
one-dimensional coupled system with a free boundary. For large initial density perturbations and large
initial velocity data, Chen [4] derived the global existence and large-time behavior of strong solutions
under L-periodic boundary conditions 2 = R and mixed boundary conditions Q = [0, L]. Using
the method of characteristics, Li [5] constructed weak solutions to the diffuse interface model with
fixed boundary values p(0,7) = p(1,7) = 0. For density-dependent viscosity v(o) > 0 satisfying
1 < ¥ < v(p), Su [6] proved the global existence and uniqueness of strong and classical solutions to
the initial-boundary value problem with initial vacuum. Yin [13] investigated the large-time behavior
of solutions to the inflow problem in the half-space. For higher-dimensional problems, Chen [14, 15]
constructed global weak solutions to the compressible Navier-Stokes/Allen-Cahn system with possibly
large initial data in three dimensions, provided finite initial energy and the adiabatic exponent y > 2.
For the viscosity coefficient (o, ¥) = 1 + 0%x?, Chen [16] established blow-up criteria for strong
solutions to the initial-boundary value problem. Ding [17] obtained a blow-up criterion for local
strong solutions to the three-dimensional compressible fluid-particle interaction model with vacuum.
Li [18] studied a coupled Navier-Stokes/Allen-Cahn system modeling the two-phase flow of viscous
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incompressible fluids with different densities in a bounded domain Q ¢ RY(N = 2,3). Based on the
renormalized weak solution framework, Feireisl [11] proved the global existence of weak solutions.
Grasselli [19] showed the existence of trajectory attractors for incompressible Navier-Stokes/Allen-
Cahn and Navier-Stokes/Cahn-Hilliard systems, and derived convergence rate estimates in the phase-
space metric. Xu [20] discussed the global regularity of axisymmetric solutions in R? for large viscosity
and small initial data. Under no-slip and pure-slip boundary conditions, Kotschote [21] proved the
existence and uniqueness of local strong solutions for arbitrary initial data. Assuming that the external
force is a smooth potentialf.(p) = —Ve(p) with ¢ € C*(R,), Kotschote [22] studied the stability
of traveling wave solutions. Zhao [23] investigated the vanishing viscosity limit and showed that
solutions of the Navier-Stokes/Allen-Cahn system converge to those of the Euler/Allen-Cahn system
on a sufficiently small time interval. Luo [24] proved the stability of rarefaction waves in R". Under
spherical symmetry and without initial vacuum, Song [25] obtained the existence and uniqueness
of local classical solutions. Song [26] studied time-periodic solutions to the compressible Navier-
Stokes/Allen-Cahn system. Chen [27] considered immiscible compressible two-phase flows governed
by a compressible Navier-Stokes system coupled with a modified Allen-Cahn equation.

For the non-isentropic model, Chen [7] established the global existence and uniqueness of strong
solutions to system (1.1). Assuming a phase-dependent viscosity n(y) = x® and a temperature-
dependent heat conductivity k(6) = &°(8 > 0), Yan [8] proved the global existence of strong solutions.
Chen [9] obtained the global existence and uniqueness of strong solutions to the Cauchy problem
for system (1.1)-(1.3). Recently, Kotschote [10] proved the existence and uniqueness of local strong
solutions in bounded domains. Luo [12] studied the large-time behavior of solutions for compressible
viscous gases in the half-space.

From the above review, most existing results focus on the existence and uniqueness of solutions
and their partial regularity in H'([0, 1]). Regularity properties in H*([0, 1]) and H*([0, 1]) have not
been addressed. Motivated by these observations, we investigate the higher-order regularity of global
solutions in H*([0, 1]) and H*([0, 1]). To establish higher regularity, we face complicated estimates
induced by high-order partial derivatives, which is the main technical difficulty of this work. To
overcome it, we employ the Sobolev embedding theorem and refined interpolation inequalities to derive
sharp a priori estimates.

2. Main results

We shall use the following notation: For p > 1, L? = L”(0, 1) denotes the usual Lebesgue space
with the norm || - ||;». For k > 1 and p > 1, W*? = W*P(0, 1) denotes the Sobolev space with the norm
Il - lwer and H*(0, 1) = W*2(0, 1). Now, we give our main results as the following.

Theorem 2.1. Suppose that (vo,uo,6y) € (H*([0,11))°, ¢9 € H>([0,1]), and the compatibility
conditions (1.4) hold. Then, there exist unique global solutions (v,u,0,$) to the system (1.1)-(1.3)
forany T > 0, satisfying

2 2 nl12 2 2 2 2
v = Ul + el + 116 = Ol + @l + leaed|* + N0 + bl

t
+ f(llv — Ui + lullfs + 116 = Bll3s + 1Bsll3s + N7 + 1607, + ill7 + Ngul®)(@dr < Co. (2.1)
0
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Here a positive constant C, depends on the H?([0, 1]) norm of the initial data (vo, ug,6p), the
H3([0, 1]) norm of the initial data ¢, MiN (0,1 Vo, MiNye(o,1) 6o, MiNyeo,1 Po and 7.

Theorem 2.2. Suppose that (vo,uo,6y) € (H*([0,11))%, ¢9 € H>([0,1]), and the compatibility
conditions (1.4) hold. Then, there exist unique global solutions (v, u, 0, @) to the system (1.1) —(1.3) for
any T > 0, satisfying

2 2 712 2 2 2 2 2 2 2

v =l + Neellza + 116 = Ol + 1Bl + Nl + lNetall” + 10611 + 10l + lally + lidully
t

2 2 712 2 2 2 2 2

+ f (v = Iz + llullys + 116 = Olls + lllys + luellys + ol [z + 10l + +16ell
0

2 2
HIpullze + l@ull)(DdT < G (2.2)

Here, a positive constant C4 depends on the H*([0, 1]) norm of the initial data (vo, u,6p), the
H>([0, 1]) norm of the initial data ¢, min [o,1] Vo, MiNyeo,1] 6o, MiNyeo,17 Po, and 7.

3. Proof of Theorem 1.1 and a priori estimates

In this section, Theorem 1.1 can be achieved on the following series of priori estimates.

Lemma 3.1. Assume that (vo,6y) € H'(0, 1), ¢o € H*(0, 1), ug € H}(0, 1), and

xé%ﬁ) VO(X) > 0’ xé{(l)ﬁ) HO(X) > O’ ¢0(x) € [_1’ 1]

Then, the initial boundary value problem (1.1) — (1.3) has a unique strong solutions (v, u, 0, ¢) for any
T > 0, satisfying

0<C;' <v(x, 1) <C,0<Cy' <6(x,1) < Cylp(x,0)| < Cy, (x,1) € [0,1] X [0, x)

1 2 2 T
1 5
sup f oy (1 + 0 (v —1nv) + (8 — In6))dx + f V(t)dt < M, (3.1)
o<t Jo 2 40 2 v 0
where
M, := fo (50 + 4—6(¢3 -1+ EV—"OX + (vo — Invg) + (6 — In6y))dx,

V() = f1(989§+”)2‘+w2)d
=y e T e

T
2 2 2 2 2 2 2 2
sup ([[vxll” + lludl™ + 16150 + Nl + Nl )+f (vxllzg + Mol + 116x]T;,
0

0<t<T
+ 1l + Nell7 + vl + Nl + 16,1 (0)de < €, (3.2)
T
max (i} + p* + 6*)(t)dt < C,. (3.3)
o xel0.1]
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Here, a positive constant C; depends on the initial data (vo, uo, 6o, ¢o), min,eo 17 Vo, MiNyefo.17 Go,
min,¢o,1] $o and is dependent on the variable T'.
Proof. See, e.g. [7].

Lemma 3.2. Let (v,u, 0, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
forVY(x,t) € [0,1] x [0, T],

1
luaf|I* + f llugl*(7)dT < Cs. (3.4)
0
Proof. Differentiating (1.1), with respect to ¢ leads to

6 Uy 1 ¢
U + (=) = () — _(_z)xt- (3.5)
% % 2y
Multiplying the above equation by u, and integrating over [0, 1], using integration by parts and Young’s

inequality, one obtains

1d, Y2, o u, 2
_ + 2dx = — _ = - xd
2dt|lutll fo P ; ( St 2v2)tut x

1 2

9 X XY X X
:f(—i—” Loy $obu Py,
1% 1% 1%
f = dx + Crl6P + NeeclF ot + 1l Z Bl + 1llZ el ), (3.6)

which together Lemma 3.1, yields
!
llu i + f lugl’dr < Cs,  Vt>0.
0

Lemma 3.3. Let (v,u, 6, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
for¥(x,1) € [0,1] x [0, T],

Osuan((—)t)n " f I ")x)x,)n ()dr < Cs. 3.7)

Proof. Rewrite (1.1)34 as

2o ®-w -0 (3.8)

Differentiating (3.8) with respect to ¢, one has

¢

O (O
1%

)= (T - (3¢” = . (3.9)

Multiplying it by (%), and integrating the result over [0,1] yields

1
f RPN +%di f D2y = - f (—)("””’ ‘b’v")td - f (362 —1)¢,<¢’>tdx (3.10)
t 0 \%
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where we have used the fact

)
1% 1%

Thus, using Lemmas 3.1-3.2 and Young’s inequality, Cauchy inequality, it follows from (3.10) that

¢t 2 ¢x

f (_)t ¢xtux + ¢xuxt _ 2¢xu)2¢ . Vx O Uy + O Villy
1%

f (¢ - Do Ly

Szf (ﬁ)?dx +C f (vx(_x)t)zdx + C1(ll¢ill7 + sl + ||¢x||L°°)||(&)t”2
o V 0 1%

+ Crlligall + 1l + Notel? + et 7 leead P + et )
f (¢I) dx + Cl”(&)t”Lw + Crllgallzs + el + a3l

+ Crlligillz + Noaall® + Nl

||<¢’ i

e

Px

e I? + Call(= )m)ll2 + Crlligallzys + Netall® + llal®)

||("”>t|| cl||<¢—x>f|| +C2||<¢

||(¢f) P+ C2||(¢x

WP+ Cill(=
+ (@ = O + Crlllgdlz + gl + Nl )

P+ Calligllz + Nll® + el ). (3.11)

Using Gronwall’s inequality, we obtain

||(_)z|| +f ||(¢t)z||2dT<C2 (3.12)

Finally, we get from (3.9) that

f II(—)lelsz < CZJ(:[H((ZSt)t” + ligil*1dr < Cs. (3.13)

This, together with (3.12)-(3.13), leads to Lemma 3.3.

Lemma 3.4. Let (v,u, 0, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
for¥(x,1) € 10,11 x [0, T],

A
16,11 + f 16412 (T)dT < C,. (3.14)
0

Proof. Differentiating (1.1), with respect to ¢, by (1.1);, we get

Oy  Ouy 0> 2uuy BF16,0, aﬁex, 6°0 ux

0p = (— - + 2x + - ;) ( )x + (ux,u + 2vﬂﬂt) (315)
1% 1% 1% 1% 1% 1% 1%
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Multiplying the resulting equation (3.15) by 6, and integrating over [0, 1], using integration by parts
and Young’s inequality, Lemma 3.1, one obtains

1d L oPg? Y oOu,  Ou, 6 2uu, W
PTL f—’dxzf(—’ - T, )0

f ,865 16t _ & ux

)extdx+f (”x/l + 2vup )8 dx

1

<! f P, f (O + )+ C, f (ue” + 2o )0
2 0 1% 0 0

1
2 2 3
+C1f(9,|ux|+qu,0z|+|ux9,l+quuxt9z|+|ux6’t|)dx

1
< 2f —dx+C1 sup ||6, I& (u +02)dx+C1[max,u f idx+f(vu)2ut2dx]
0

1€[0,T] x€[0,1]

1
2 2 4 2 2 2 4 2
+ Cr (ol 161 + ol I + Noll™ + Nl i o™ + Tl l 7 oall )+C1f b dx
0

1 (ke 1
<5 f “dx + Colllull? +16IP + max g + vl Pl + ot + llaeal) + € f 0 dx
o v x€[0.1] 0

1 : Gﬂejzct 2 2 4 2 4
<3 | Ol + 161P + max i+l +
0 X€
+ vl sup 119 sup l6” = 1P + sup ||<%>M|| ). (3.16)

0<t<T 0<t<T 0<t<T

Integrating the above equality (3.16) over [0, ¢], using Lemmas 3.1 — 3.3, we get

t t
16,11 + f 16 lldT < sz [rg[oa)f](#4 et ll*) + vl + Nl > + 16,1 1dT < C.
0 0 b

The proof of (3.14) is completed.

Lemma 3.5. Let (v, u, 8, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
Jor¥(x,1) €[0,1]1 X [0,T],

!
Vel + et P+ 1162l > + f(llvxxll2 + el + 16el ) ()T < Cs. (3.17)
0

Proof. Using (1.1), and Lemma 3.1, we obtain

lxall < CrllusllzollVall + Vll + Ol + sl Iz + [loaxl])
< Crllvall + 116l + {1l + llaeelD), (3.18)

10xll < Colluall + 1ol o1l |l Paall + 164l + 116D
< Collluxll + sl + N0l + 164D, (3.19)

16l < Callg® = Tl + el + Nl (3.20)
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Differentiating (1.1), with respect to x, using v, = Uy, We get
Ve, 0 Vax
(_)t + _(_) = Uyt E(X, t)’ (321)
v {ARY

where

O 20v, 200% 2u,v2 2up? 1 ¢
E(X, t) = 7 - + + - + E(ﬁ)xx

V2 V3 V2 V3

Multiplying the resulting equation (3.21) by=* and integrating over [0, 1], along with integration by
parts and Young’s inequality, using Lemmas 3.1 — 3.2, one obtains

d Vi o 1 Yax 2 L Vo 2 2 2 2 4
— =" + C{ ' [|=II" £ = II—=II" + C1(l|0xxll” + 10xll7Vill” + [10xll7 [V
dt” 1 Ll " II” < 2C1” ” I TG l” 4 167 [1Vll™ + 10|70 [Vl
2 2 2 2 4 3 2
el + 1Vl pe ol ™ + leallz [l +||(v—§)xx|| ) (3.22)
which implies
!
||vxx||2+fIIVXXIIZ(T)dTSCz. (3.23)
0

Differentiating (1.1),, (1.1)3, (1.1)4 with respect to x, respectively, using Lemmas 3.1 — 3.2, we get

el < Colluxllgz + W10llmr + Vil + | @ll2)s (3.24)
el < Colllallrollvaell + Vallzelldaall + [|@xll2) < Colllvallen + llallz2), (3.25)
10xll < Collluallz + 16:llgz + vallar + lldsllm2), (3.26)
or
letxxxll < Collleallz + 16:llzn + 1vallz + Nl + NleaxlD, (3.27)
||¢xxx|| < CVZ(HVJCHHl + ||¢x||H1 + ||¢xt||)a (328)
10xxall < Collucllygr + 10kl + [Villert + [1@llz2 + 1602l (3.29)

By (3.18) — (3.20),(3.27) — (3.29), (3.23) and Lemmas 3.1 — 3.4, we get (3.17).
Proof of Theorem 1.1. By Lemmas 3.1-3.5, we complete the proof of Theorem 1.1.
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4. Proof of Theorem 1.2 and a priori estimates

In this section, we give the proof of Theorem 1.2 by a series of a priori estimates.

Lemma 4.1. Let (v, u, 0, ) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T|. Then, it holds that
forVY(x,t) € [0,1] x [0, T],

t
lgall® + et + 1161* + f (1ul® + Nl > + 116:*)(T)dT < Cy. (4.1)
0

Proof. By virtue of (3.8), we obtain

b, = V(& — ) + bur — ‘“v”. 4.2)

Differentiating (4.2) with respect to ¢, multiplying the resulting equation by ¢, in L*[0, 1], and using
Lemma 3.1, we obtain

ld 1 1 1
Sl + f Fdx = - f U8 — D)pudx f V38 - Dbypudx
0 0

0

1 1 1
Vx MXX qux
- f ¢ budx — f = pudx + f —2 b budx
oV o Vv o V

< Cillgull(1g® = Ulzslleedl + 116% = Ulzsligall + Vllzslall + Ipallzo el + Nl el vl
< ellgull® + Cr(@)led® + el + sl > + leaal * + [1velI?). (4.3)

Choosing € € (0, 1) small enough, we have

! t t
lll” + f 1ull*dT < Sf gul’dr + C(e) f (et ? + el + sl > + Netel * + IvolPd7 < Ca.
0 0 0
4.4)

Multiplying (3.5) by u,, and integrating over [0, 1], using integration by parts, we obtain

1d (2 1w U 2u ) 1 ! ¢?
2 Xt _ X% xt xYxtt x
oz~ + EE . de = _5 fo 2 X+ L 2 dx + ﬁ (_;)xtutldx - 5 ﬁ (v_z)xtuttdx
4

Now, we focus on the estimates of the terms on the right-hand side of (4.5). First, due to Young’s
inequality and Lemmas 3.1-3.5, we obtain

Ay < Cllulzellugl® < CalluglP, (4.6)

d (2 12ud "ou,
A, = o i V—;u,xdx+ ) v—;‘u,xdx— 7 u; dx
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d (M 2 : 42 2
< — | Fundx + Cilluglis f u ity dx + Collo]|z[uel
dt v 0
d 1 u2 1
4. 2 2
< | Gundxs G f Wil dx + Collues, 4.7)
0

2 2 2 2 2 2 2 2, € 2
Az < Ci(@)10xll” + Newell7 10117 + villze 1017 + Netall” + eIz lvill™) + =gl

2
E
< YNNI + 107 + 167 + el + ) + Sl 48)
Furthermore, A, is estimated as
Ay < cl(sxn&) I ||(@>x|| ; ||(ﬁ>xt|| ||(@>|| )+ Sl 4.9)

Substituting the above estimates into (4.5), we obtain

[ +2dtf _xde<C2”uxt” + Cr(&) 0l + 16 + 6P + Nl + [Ival?)

+C; max iy f 0y dx + —f —Udx + C](s)(||(¢"),|| ”(_)x” + ||(¢_x)xt|| ||(—)|| ) + &lluty| .
(4.10)

Integrating (4.10) over [0, 7], using Gronwall’s inequality, we show that

! !
el + f lugl*dr < C(e) f U16ll> + N6 + 16411 + lleerel > + vl )ed
!
+Cy | max u, uldr ”uxt” dr + Ci(&)(sup ||(—):||2f ||(¢x)x||2dT+f ||(—)le|sz)~ (4.11)

0 *X€ 0<t<T

Using Lemmas 3.1-3.5, we obtain

t
||uxt||2+f lluPdr < Cy. (4.12)
0

Due to (3.15), we get

2
Ou, Ouy, Ou; N 2U, Uy

Gtt = (_

S g o o o
=)+ ()b + () + () + ()b
1% 1% \%

b +2¢t<"’—X>x, 2WGF -1, (@13)

v v V2 v

Multiplying (4.13) by 6,, and integrating over [0, 1], using integration by parts, we obtain

1 2 3 1
O,u, Gux Hux 2u U 68 &
f brdx = f (~ = = o T 6 dx + f ()b + ()10l
0

1%
‘EE f (=) dx + f ()6 dx + f [t +2¢,<@)xt 2623¢* ~ Dl6udx.  (4.14)
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Then, we obtain

f92d+ f()e

< ColllG + Nl + el + 10l + 1601 + Nt 21 + Call6=110:P
1
b
+ f i + 1)l + 11 PID + el (4.15)
0

Using Lemmas 3.1-3.5, Young’s inequality and Nirenberg’s interpolation inequality, we obtain

1

! !
2 2 2 2 2 2 2
16l +f 116l dTSsz(llezll + e ll” + 116 l” + 110l + ol [7)dT + m[gvlilud
0 0 0

+C2(f max:u4dT+f”(_)xt”2d7—+f||¢t||2dT)SC4- (4.16)
0

The proof of Lemma 4.1 is completed.
Lemma 4.2. Let (v, u, 0, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
forVY(x,t) €[0,1] x[0,T],

!
lgall® + 161> + f(||¢txx||2 + lltral P+ 16lP)(T)dT < Cop. (4.17)
0

Proof. Differentiating (1.1); with respect to x, t respectively, using (3.8), we obtain

¢ Ps

Prux = —(pt + Vitp)y =[x 72+ V(T (3¢ = D)) (4.18)

Multiplying the resulting equation (4.18) by ¢,, in L*[0, 1], and integrating by parts, using Lemma 3.1
and Young’s inequality, we obtain

i _ [0 ¢ :
~ 7, 1¥1x . txxd = xt 3 -1 t txxd
2dt||¢ == | wdmdx— f V(D = B¢ = D
b0

~Cill¢ral? +C1(8)(II—|I lltllze + a7l + 1vell7 Nl

2 2
HIallFollitall® + IV lZ et F Nl P + Nitill7llp* — 111%)
P10

~Cilipeill® + C1(8)(|I—|I + 1Bl + lpeal® + leeell® + 116> = 11P). (4.19)
Thus,
!
el * + f lpraal Pl
< C2+C2(s)f(||—|| + 1B2l12 + pell” + lluell® + ll6° — 1PP)d7 < Cy. (4.20)
By virtue of (3.15), we obtain
6 0 6°0,
On = (__ + _)tux + (__ + _) Uy + (— )xt + (V,U )i- 4.21)
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Similarly, we derive from (4.21) that

1d

1 2 1 1

T 690,

Ed_lletxllz = f (__Mx + _)txetxd-x + f ( )xxtgtxd-x + f (V:u2)lx91xd-x
t 0 1% 1% 0 1% 0

Using Lemmas 3.1-3.5-4.1 and the interpolation inequality, we have

Ji < CllOuICIG AL + 1Vl O] + Nl + [l ]16:]]
2
+ lletnll + Nl o[Vl + il gl + Mvcll o floexl17)
2 2 2 2
< Ellugnll” + Cr(E) 163l + Neaxlly + lluexl ),

2 2 2
J2 £ =Cillfcxll” + CillOrxl 1O NO [ + 10l Ol + Hoa IOz + [Notcll o [10xl1 2 16l

+ Vil [1Brell + 1165l Netall + 11Vllzo 1Ol [z lletll + 16, o 10all + Netall o [16cx]])
2 2 2 2 2
< —Co@NOll” + Co&lO” + 16:l1” + Nl + 110217

By virtue of (3.9), we obtain

1 1
5= [ st == [t + 200210,
0 0

1
< &llbrl? + Cr(@) el f pdx + ||¢t||[2f°(”(%)xt”2 + llilI)]
0
1
< &b’ + Cz(s)[f pdx + II(%)MII2 +[1g1-
0

Differentiating (1.1), with respect to t, using Lemmas 3.1-3.5-4.1, we have

sl < Cillunll + Collluxller + el + 116xll + 1641 + (el + [l + Nl Bullrr)-

Moreover, using Lemma 3.1, (4.12), (4.20), we get

! ! !
2 2 2 2 2
f lulPd < C, f lualPdT + C f (el + a2+ 161)dT
0 0 0

t
+C f UIll® + NIl + 1117, )T < Ca,
0

which, combined with (4.22)-(4.27) and Lemmas 3.1-4.2, gives that for € € (0, 1) small enough

t f t
16411 + f [6eldT < Ca(e) + Cz(e)[f max *dr + f (II(@)MII2 + 1 ll” + Nl )]
0 o *€l0.1] 0V

!
< Cy(8) + Ca(e) f sl PdT < Cyle).
0

The proof of Lemma 4.2 is completed.

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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Lemma 4.3. Let (v,u, 6, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
Jor¥(x,1) €[0,1]1 X [0,T],

!
ull> + ol > + f(llf/’mll2 + | P)(T)dT < Cu, (4.28)
0

1617 + f 16,02l P(7)dT < Cy + C4(8)f II(%)xnllz(T)dT- (4.29)
0 0

Proof. Differentiating (4.2) with respect to ¢ twice, multiplying the resulting equation by ¢, in L*[0, 1],
and integrating by parts, using Lemmas 3.1 — 4.1 and Young’s inequality, we obtain

1d !
Mncpnnz + fo ¢r dx
< Cillull(leaslll® = 111 + N> = Ul llgll + el + Callall?

+ Cilloall(valles @l + el + Nl l@xlllvallzs + @l lltxull)

2
+ |l @l o ol | + Vil o ll@cllzoe oaell + 11V-ellzeo 1l |2 [l
2 2 2 4 2 2 2
< Colllsll” + M1l + NotlI” + Nl * + Netraal %) + Ell@anll” + Ca@)ull”. (4.30)

Choosing € € (0, 1) small enough, by Lemmas 3.1-4.2, we have

! ! !

lall® + f gl PdT < Cy f lotsell® + Bl + Noaeell® + max 0} + el P)dT + C4(8)f gulPdr < Ca.
0 0 Xel®, 0

(4.31)

Differentiate (1.1),, (1.1)3, (1.1)4 with respect to x twice, respectively, using Lemmas 3.1-3.5 to get

sl | < Collsllis + 1Oxll 2 + [Vl + | @lls), (4.32)
@xxll < Collvillez + llulla), (4.33)
10cxll < Collleeallerz + 1164l + villez + lldalls), (4.34)
or
txxxxll < Colllul ez + 10xllez + [Valle + [1dalls + et (4.35)
[@cxxxll < Colllvallez + 1@l + @l (4.36)
10l < Collleallzz + 10l + villzz + sl + 116l (4.37)

Differentiating (1.1), with respect to ¢ twice, multiplying the resulting equation by in L*[0, 1], and
performing an integration by parts, we obtain

' L (e
__””zt” f(_)ttuttxdx: f (;)ttultxd-x—l' Ef (ﬁ)n”ztxdx- (4.38)
0 0
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Using Theorem 1.1, we then get

d 1 u2 1 M2

2 2 6 2
—llugll* + | —=dx<e | —dx+ Ca(&)(luallollawll® + llueells + 116l
dt 0 1% 0 1%

2 2 2 4 2 2 4
Iz N0 + Notll” + Hotllzeo + N1l lrall™ + [l
2 2 2 4 2 4 4

ez Nl pallZes + NPl Lo o™ + [l lluaxll™)

1,2
u X
< Sf ;’ dx + Co(&)(luall® + el 7 + N6AP + 164l + bl * + lpillF,)- (4.39)
0

Thus, by Theorem 1.1, Lemmas 3.1-3.5, and (4.31), we obtain

! t
et > + f P < Cy + Cale) f Ial® + 11641} < Cs. (4.40)
0 0

Differentiating (3.15) with respect to ¢, and multiplying the resulting equation by 6, in L*[0, 1], we
have

1d Vo u, Vo u, Vo u,
__”911”2 = f (== + —=)uutOudx + 2[ (== + =)t bydx + f (== + —)ub,dx
2dt 0o vV Vv 0o vV v 0o vV v
' 6o, ! 2
+ f (T)xngttd.x + f (Vﬂz)ttendx = Z Bi' (4'41)
0 0 i=1

We employ Lemmas 3.1-3.5-4.1-4.2, the interpolation inequality and Young’s inequality to get

By < Colluxllpol1Bpll (el NG + Notell + Netllzo el + 1165ll + Hotzaxll + Nl lzollttsll + Hotllgr)
< ColOCNG A + Netsel| + 116rell + etzenll + o]z}
2 2 2 2 2
< Ellusl|” + Co(E)UGH" + Nl + 11017 + leelly), (4.42)

2 2 2 2 2 2 2 4 2
By < Colllunl PN + Nearal NGl + Notellzeo lotrll™ + 1165 l17 + el [ 120l
2 2
< Collarall™ + 11621, (4.43)

Bs < éllund® + C2()164I, (4.44)

-1 2 2 2 2 2 2 4 2 2
By < =C 10usll” + Coll0xlI7NON" + el [ 16l + 1Oxl7 164117 + NOcll7o 16
2 2 2 2 2 2 4
+ Oz 16,7 el I + Ol Lo o™ + 116l 7o el
-1 2 2 2 2 2
< =G 18uxll” + Co(llBll” + NOll™ + Noall™ + Moacll)s (4.45)

Bs < Colligll7(lluell + lluel]) + ||¢t||L°°||ux”L°"”(¢7x
+ ||¢n||||(¢—x)xt|| + el 7 llpoll + ||¢>;|leII(&)MII]II%II

1% 1%

Yarll + 1Bl bl
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s Px

)mll2 +11ull® + Nl + 1= )mll 1+ Co@N6ull*. (4.46)

< Coellluyll® + llud* + 11(=
Thus, we get from (4.42)-(4.46), and Lemma 4.1 that for € € (0, 1) small enough,

[1611° +f (1672l (T)dT<C4+C4(8)f(|I9n|| + ull +||(¢_x)xtt” )T)dt

< Gy + Cy(o) f (=5l P (7). (4.47)

The proof of Lemma 4.3 is completed.

Lemma 4.4. Let (v,u, 0, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
Jor¥(x,1) €[0,1]1 X [0,T],

07 + f Il (@ < (4.48)
Proof. Differentiating (3.8) with respect to x, we obtain
= (- @ -9 (4.49)
Thus
G- By = - g B (4.50)

Differentiating (4.50) with respect to ¢ twice, multiplying the resulting equation by ("57‘),, in L*[0, 1],
and integrating by parts, we obtain

1 d X 1 X 1 X 1 tVx X 1 XX X
SR + f (Lo i = - f @ = B2 + f AL f RALSWEAS
o Vv 0 v o Vv % 0o Vv %

- i M. (4.51)

i=1

By virtue of Lemmas 3.1-3.5, we deduce

1 o,
M < ¢ f ((ﬂ)i,,dwCl(llabxllim||<z>,||im||</>,||2 + el 2l pell” + pallZlipal® + 116° = L7 lpeexll)

< f B+ oI + gl + 1001 + 16001 (4.52)
Now, we will estimate M.
Using (4.50), we have
A= )y + 28, +
[(‘ﬁ)‘)m 6667 — (3¢° — D I(= )+2<¢— - Sl - ey
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Upee 2yl UgVy  2UV°
+ (@)(’— - =222 ), (4.53)
v \% 1% 1%

Using Young’s inequality, Poincaré’s inequality, and Lemmas 3.1-3.5, we get

1 (" .
<3 f (7)§t,dx+c1<||¢t||im||vx||%w||¢,||2+||¢2—1||%w||vx||iw||¢n||2+||¢n||2||uxx||2
0

2 2 2 2 2 2 2 2 4

+ ([l [z [Vl o1 ael ™ + bellzeo ot cll oo Netsal I* + N el oo [[Vall o [l )
2 2 2 2 2 21,0 112 4

+ C(llellzo ol l™ + Nl Lo V-l Netsal 17+ {1l ol o Vel )

<z f (—)mdx + Collgall® + 1pall? + eerel * + et I* + Notgaal P + e |). (4.54)

Analogously, we get

M; < —f (—)de+C1 Uil + sl Pl 7o + et Pllall7 e + loael bl 7
+||(_)t||L°°(”uxt” S 12 0 T 1 1799 g 181 287 8 72 e < M N (7 N [
¢ 2 2 2 2 4 2
ng(f)de+Cz[ll¢nxll + el + llepsell” + Mol + Nutgexl 7], (4.55)
0

which, combined with (4.52)-(4.55), yields

ld ¢«

Ed_t“(_)”” f(—)md _Sf(—)xt,dX+Cz(|I¢t||§,1+|I¢n||§,1

Hlleeell® + Noaal* + Neteall70 + Nl (4.56)
Using Lemmas 3.1-4.2 and (4.28), we obtain
!
II(—)nII + f II(—)mllsz <G f (ell7, + Il 7,1
0
Hlletll® + el + a7, + il P)dT < Ci

The proof of Lemma 4.4 is completed. By Lemma 4.4, we obtain Lemma 4.3.

Lemma 4.5. Let (v, u, 60, ¢) be a smooth solution of (1.1) — (1.3) on [0, 1] X [0, T]. Then, it holds that
Jor¥(x,1) €[0,1] x [0, T],

2 2 2 2 2 2 2
Vel + el + WOl + @l + lltcall” + ™ + 16xxll

!
2 2 2 2 2 2 2
+ f (”Vxxx”Hl + ”uxxx”Hl + ||9xxx||Hl + ||¢xxx||H1 + ”uxxl” + ||¢xxt|| + ||9xxt|| )(T)dT < C4, (457)
0

t
2 2 2 2 2 2 2
f(”vxxxx” + [l l” + 1cceel” + ool + lltxall” + | bxullzn + NOrcallH(0)dT < Cy - (4.58)
0
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Proof. Differentiating (3.21) with respect to x, we obtain

0 VXXX

VX X
(=) + =(=2) = upy + Ei(x,0), (4.59)
v AR
where
VixVx 0. Vix OV,ixVx
Ei(n0) = (58, - (0,2 + 222y B
% vy V

Differentiating (4.49) with respect to x, we obtain

= - @ - D). (4.60)
\% \%
Hence,
)l < CLIE P + I8P + 167 = 1Bl

< Co(llpall? + el > + N piall® + el + el (4.61)

We can infer from Lemmas 3.1-4.2, and (4.61) that

IE1Cx, DI < Collluallez + Nvaller + 116xll2 + llsllz)
< ColluellZe + MVallZs + 116l + psllZ + peael* + 1bisll®). (4.62)

This leads to
!
f |E\(x, 7)|*dT < Cy4, Vit > 0. (4.63)
0
Multiplying (4.59) by == in [0, 1] x [0, 7], and integrating by parts, using Lemmas 3.1-4.4, (4.63), and
Young’s inequality, we obtain

Vx

XX ! vxxx !
1= ||2+f IITIIZdTS sz(llumll2 +|IE1(x, D)7 < Cy. (4.64)
0 0

By virtue of (3.27)-(3.29), (4.35)-(4.37), and Lemmas 3.1-4.4, we have

t
e aal ® + 10sel P + Nl rall” + f (tanl 21 + 165xll71 + laasl 2 )dT < C. (4.65)
0
Differentiating (1.1)4, (1.1)s with respect to ¢, using Lemmas 3.1-4.3, and (4.28), we have

@l < Cillgull + Colllvall + sl + lexll + [l (4.66)

10xll < CrllOsll + llarll) + C2llOxllzr + Neaallzn + lotsell + 1611, (4.67)
which, combined with (4.35)-(4.37), implies
i nexll + 165xcal” + N anel® + Netrel P+ 10aal* + [l sell®
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!
2 2 2 2 2 2
+f(||uxxxx” F [|Ocexll” + el + ™ + 10xall” + ldxull)dT < Ca.
0

Differentiating (4.59) with respect to x, we obtain

Vxxxx 0 Vixxx
( )t + _( ) = Uxxn + Ez(x, t)a

where

VixxVix 0. Virx  OviaVy
Er(x, 1) = (—=—)r — ()« +—
1% 1% 1% 1%

+ FE 1x-
Using the embedding theorem, Lemmas 4.1-4.4, and (4.66)-(4.69), we obtain

IEcdll < Collluealls + vl + 10xllzs + sl

E Il < Collliels + illez + 10kl + 1E D

Hence,

IE2ll < Colllualles + Vel + E KD < Colllualles + lvillez + 160l lms + [1@alls)-

Differentiating (1.1), with respect to x, ¢, using Theorem 1.1 and Lemmas 4.1-4.3, we obtain

¢
ltexxrll < Colllstreall + Nuasllerz + 110l + NValler + WOl + Nl + ||(7x)t||H2 + Il

< Colllrall + Nl [z + 116xller + 1Valler + W0l + Nutellerz + (1 Puaxll + el + all + lipllzrr)-

Hence,

73 t
2 2 2 2 2 2
f el "dT < Co f (letreall” + 110raall” + Netel 72 + @reall” + Nl el )dT + Co < Cas.
0 0

Multiplying (4.69) by 2= in L*(0, 1), we derive

d v 2 v 2 2 2
EII%II +C1II%|I < Cilluxll” + IE2(x, D).

Whence by (4.75), we obtain

! t
Vixxx 2 Vixxx 2 2
1= f I |Pdr < Cy + €y f IE>(x, DliPd
0 0

! t
2 2 2 2 2
<G+ G f (lellps + vl + 16:llzs + ll@alla)dT < Ca + C2f llxllad.
0 0

Differentiating (1.1), with respect to x, ¢, using Lemma 3.1, we get

@recxll < Colllrall + el + Nl + ol + Wil + llbellzrr).

(4.68)

(4.69)

(4.70)

4.71)

4.72)

(4.73)

(4.74)

(4.75)

(4.76)

4.77)
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Differentiating (1.1)4 with respect to x three times, using Lemmas 2.1-4.3, (4.77) and Young inequality,
we get

2 2 2 2 2 2 2 2 2
[@cvexll” < Cillraaall™ + €llvallis + Calldallys < ellvallys + Collledallys + el + N1dill7 + leaallyy2)-
(4.78)

Then,

! t ! !
2 2 2 2 2 2 2
f IpererlPdr < & f VoEsdr + Cs f (6allZs + 1Bl + 1164113 + el Z)dr < Co + & f V2 dr.
0 0 0 0

4.79)
Choose € enough small and combining with (4.79), we get
t
”Vxxxxllz + f ”Vxxxxllsz < C4- (480)
0
Differentiating (1.1)s with respect to x, 7 , using Lemmas 3.1-4.4, we obtain
1Orcexll < ColllOrzall + 1052 + el ez + el + MO + Naclln + ”(%)xt”)- (4.81)
Thus,
t !
f(ll@mll2 + lpranel )T < Cs f Ntienl P+ 060l + 161175 + et + llell2
0 0
Hvallrn + Nl + 105 + Il + dullr + ”(%)xt”z)dT < Cy. (4.82)

Differentiating (1.1),, (1.1)s with respect to x three times, respectively, using Lemmas 3.1-4.4, we get

”uxxxxx” < C2(||9x||H3 + ||ux||H3 + ||vx||H3 + ||¢x||H4 + ”uxxxt”)’ (483)

||9xxxxx|| < C2(||0x||H3 + ||ux||H3 + ||Vx||H3 + ||¢t||H3 + ||9xxxt||)- (484)
By (4.79) and (4.80), (4.82), and (4.65), we get

t !
2 2 2 2 2 2
f(”uxxxxx” + 10xxxxel DT < sz(IIGme + lleallys + vallys + Nl
0 0
2 2 2
Hluceull” + 1@l + 100l DHdT < Ci. (4.85)

Differentiating (1.1)4 with respect to x twice and differentiating (1.1)4 with respect to ¢, using Lemmas
3.1-4.4, (4.64)- (4.65), we obtain

pircaxll < Colll@uxll + 1@l + pallzz + Nluaallzs + [Vill2)- (4.86)
Then,

t t
2 2 2 2 2 2
[@recedldT < Co | (I@unall” + biellys + sl + Nl + lvillz)d7 < Ca
H H H H
0 0

Proof of Theorem 1.2. By Lemmas 4.1-4.5, we thus complete the proof of Theorem 1.2.
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