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Abstract: This paper presented a stable numerical method for solving convection dominated
singularly perturbed nonlinear Volterra integro-differential equations. The equation involved a small
perturbation parameter ε ∈ (0, 1], which leads to a boundary layer in the solution, causing sharp
gradients that classical numerical methods struggle to resolve without excessive computational effort.
To handle this challenge, an exponentially fitted difference method was proposed for the differential
part, which incorporated ε into the discrete operator to accurately capture the boundary layer on coarse
meshes. The Volterra integral term was approximated using the composite Trapezoidal rule. The
stability and convergence analysis confirmed that the proposed method was uniformly convergent
with respect to ε, preserving accuracy even for small values of ε. Numerical experiments were
implemented on four test problems to validate the theoretical results, demonstrating the accuracy,
uniform convergence, and the method’s ability to handle a boundary layer. We extended the method to
handle a nonlinear problem by incorporating Newton’s linearization technique. The computed result
showed that the proposed method was accurate and stable under strong boundary layer condition.
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1. Introduction

Convection-dominated integro-differential equations (CDIDEs) constitute a fundamental class of
mathematical models that arise naturally in the description of multiscale physical systems characterized
by both rapid transient dynamics and long-term memory effects. These equations combine differential
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operators governing local evolution with integral operators encoding nonlocal, history-dependent
interactions, making them particularly suited for modeling phenomena where the instantaneous rate of
change depends not only on the current state but also on the cumulative influence of past states [1, 2].
This mathematical synergy enables the explicit incorporation of memory kernels that weight historical
contributions according to their temporal decay or spatial range, thereby capturing hereditary dynamics
that purely local formulations inherently overlook [3–5].

In fluid dynamics, convection-dominated equations emerge in boundary layer theory, where a
small viscosity parameter ε multiplies the highest-order derivative, leading to sharp gradients near the
boundaries, a phenomenon first systematically analyzed by Prandtl [6]. In viscoelasticity, materials
exhibit stress responses that depend on the entire strain history; such behavior is modeled by
constitutive laws involving convolution integrals, resulting in integro-differential equations of Volterra
type [7–9]. Similarly, in heat conduction with memory (e.g., in materials with thermal relaxation), the
classical Fourier law is replaced by a hereditary integral relation, yielding singularly perturbed models
when thermal diffusivity is small [10, 11].

In population dynamics and epidemiology, CDIDEs describe age-structured or spatially distributed
populations where birth, death, or infection rates depend on historical population levels, often leading
to delay or integral terms [12, 13]. Control theory and systems with aftereffects also give rise to such
equations, particularly in optimal control of processes with memory or in the analysis of feedback
systems with time lags [14,15]. More recently, CDIDEs have appeared in computational neuroscience
(modeling synaptic plasticity with memory kernels) [16], financial mathematics (option pricing with
path-dependent volatility) [17], and semiconductor device simulation (where carrier transport includes
scattering integrals) [18].

The singular perturbation parameter ε typically represents a small physical quantity such as
viscosity, diffusion coefficient, or relaxation time and induces boundary or interior layers in the
solution, where rapid variations occur over intervals of width O(ε). The presence of the integral term
further complicates the asymptotic structure, as it couples the layer region with the entire domain,
potentially smearing or modifying the layer profile [19].

A convection dominated nonlinear Volterra integro-differential equation (VIDE) takes the form:Lw(t) = εw′′(t) + c(t)w′(t) − d(t)w(t) − λ
∫ t

0
Z(t, x,w(x)) dx = f (t), t ∈ (0, 1),

w(0) = A1, w(1) = A2,
(1.1)

where λ is constant, ε ∈ (0, 1] is a perturbation parameter, and Z(t, x,w(x)) is the kernel of the Volterra
integral term. In (1.1) c(t), d(t), and f (t) are assumed to be smooth functions [20]. As ε → 0+, the
solution forms multiscale nature in narrow regions known as boundary layer leading to sharp gradient
behavior that poses significant challenges for numerical approximation [21]. For the case c(t) ≥ 0 the
layer appears near t = 0, where as for the case c(t) ≤ 0 the layer appears near t = 1 [22]. This paper
considers the case c(t) ≥ 0, t ∈ [0, 1].

The presence of small parameter ε introduces stiffness into the system, rendering classical numerical
methods ineffective unless extremely fine meshes are used, which in turn increases computational
cost and round-off error [23, 24]. Moreover, these methods fail to achieve uniform convergence with
respect to ε, resulting in solutions that deteriorate as the perturbation parameter goes to zero [25].
To address these challenges, researchers have developed specialized techniques such as fitted finite
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difference schemes, adaptive meshes methods, and asymptotic-based methods that preserves stability
and accuracy across all ranges of ε.

Different schemes had been proposed for solving convection dominated VIDEs, which arise
in modeling phenomena with memory effects in convection-dominated regimes such as in heat
transfer with hereditary properties, population dynamics with delayed feedback, and viscoelastic
fluid flow. Among these, fitted operator finite difference methods have been successfully used
to solve the singularly perturbed Volterra–Fredholm integro-differential equations, where specially
designed discrete operators mimic the asymptotic behavior of the continuous solution to achieve
parameter-uniform convergence [24]. On layer-adapted meshes, particularly Shishkin meshes, Euler-
type difference schemes combined with appropriate quadrature rules have demonstrated robust uniform
convergence of order one [26, 27].

Higher-order accuracy has also been pursued: the trapezoidal rule was employed in [22] to discretize
the Volterra integral term, yielding second-order uniform convergence when coupled with a suitable
spatial discretization. Similarly, second-order backward differentiation formulas were used in [28]
for time-stepping in evolutionary convection dominated VIDEs, while collocation methods based
on piecewise Hermite polynomials were developed in [29] to handle both smooth and layer regions
effectively. In parallel, asymptotic analysis has played a foundational role in understanding the
structure of solutions; works by Angell and co-authors [19,30] and Bijura [2] rigorously characterized
initial and boundary layer behavior, providing analytical approximations that inform numerical design.

Stability considerations for related delay integro differential equations have been addressed using
classical ordinary differential equation (ODE) solvers: Runge Kutta methods and linear multistep
schemes were analyzed in [31, 32], establishing conditions under which numerical stability mirrors
continuous stability. More recently, hybrid approaches combining asymptotic expansions with finite
differences have emerged in [33,34]. The authors designed exponentially fitted schemes for singularly
perturbed boundary value problems (BVPs) by embedding the exact solution’s exponential layer profile
directly into the discrete operator.

Despite these significant advances, a notable gap persisting the application of exponentially fitted
difference methods to convection dominated VIDEs remains largely unexplored. While such methods
have proven highly effective for convection dominated equations offering high accuracy on uniform
meshes without the need for mesh adaptation [35, 36], their extension to integro-differential settings,
particularly those involving Volterra-type memory terms has been limited. A few early attempts exist:
Salama and Alhihi [37] proposed a fourth-order scheme for linear convection dominated VIDEs,
and Çimen [38] explored fitted methods for weakly singular kernels, but neither fully leveraged
asymptotic expansion-based fitting nor provided a comprehensive uniform convergence analysis for
general nonlinear problems.

To the best of authors’ knowledge, no existing work has systematically developed an exponentially
fitted difference method derived from asymptotic expansions specifically tailored for convection
dominated nonlinear VIDEs. This represents a critical opportunity, as such a method could combine
the robustness of fitted schemes with the efficiency of uniform meshes, avoiding the complexity of
layer-adapted grids while maintaining uniform accuracy across all values of the perturbation parameter
ε.

This paper addresses this gap by proposing a stable numerical method for convection dominated
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VIDEs of the formLw(t) = εw′′(t) + c(t)w′(t) − d(t)w(t) − λ
∫ t

0
Z(t, x)w(x) dx = f (t), t ∈ (0, 1),

w(0) = A1, w(1) = A2,
(1.2)

and extending to the nonlinear formLw(t) = εw′′(t) + c(t)w′(t) − d(t)w(t) − λ
∫ t

0
Z(t, x,w(x)) dx = f (t), t ∈ (0, 1),

w(0) = A1, w(1) = A2.
(1.3)

Our approach integrates an exponentially fitted difference operator constructed via asymptotic analysis
of the reduced and layer problems, the composite trapezoidal rule for accurate discretization of the
Volterra integral term, and applies the Newton linerization for the nonlinear function in the Volterra
integral of (1.3). The resulting scheme is implemented on a uniform mesh, yet achieves parameter-
uniform convergence a significant advantage over standard methods that require Shishkin or Bakhvalov
meshes for similar guarantees. The method is designed to be computationally efficient, easy to
implement, and theoretically sound, with stability and convergence established via discrete maximum
principles and truncation error analysis.

The manuscript is organized in the following parts: Section 2 deals with the continuous problem,
establishes its well-posedness, and analyzes the asymptotic solutions behavior, including sharp bounds
on derivatives. Section 3 derives the exponentially fitted difference scheme, details the trapezoidal
discretization of the integral term, and outlines the iterative solution strategy. It also provides a rigorous
stability and convergence analysis, proving uniform convergence in the maximum norm. Section 4
presents numerical experiments that validate the theoretical results, demonstrating robust performance
across a range of ε values. Finally, Section 5 offers concluding remarks and discusses future directions,
including extensions to systems, higher-order schemes, and time-dependent problems.

2. Properties of the continuous solution

The qualitative behavior of the continuous solution to the problem in (1.2) or (1.3), along with its
derivatives, are discussed in this section. Understanding the properties is crucial for analyzing the
stability and convergence of the proposed numerical method.

Lemma 1 (Uniform bounds for the nonlinear case). Consider the convection dominated nonlinear
VIDE in (1.3) and assume:

1. c, d, f ∈ C4[0, 1], with c(t) ≥ α > 0 and d(t) ≥ β0 > 0 for all t ∈ [0, 1];
2. The kernel Z : {(t, x) : 0 ≤ x ≤ t ≤ 1} × R→ R satisfies:

(a) Z ∈ C4 in all arguments with uniformly bounded partial derivatives up to order 4;
(b) There exist constants M0,M1 > 0 such that for all (t, x,w), |Z(t, x,w)| ≤ M0 + M1|w|;
(c) Z is Lipschitz continuous in its third argument: there exists LZ > 0 such that

|Z(t, x,w1) − Z(t, x,w2)| ≤ LZ |w1 − w2|, ∀w1,w2 ∈ R;

(d) ∂wZ(t, x,w) ≥ 0 (monotonicity in w) for all t, x,w.
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Then, the problem in (1.3) admits a unique solution w ∈ C4[0, 1] which satisfies the uniform bound

∥w∥∞ ≤ C0, (2.1)

and its derivatives satisfy the bound

|w(k)(t)| ≤ C
(
1 + ε−ke−

αt
ε

)
, t ∈ [0, 1], for k = 1, 2, 3, 4, (2.2)

where C0 and C are positive constants independent of ε, explicitly given by

C0 =

(
|A1| + |A2| +

∥ f ∥∞ + λM0

β0 − λLZ

)
exp

(
∥c′∥∞ + λLZ

α

)
,

provided β0 > λLZ.

Proof. We decompose w = v+ u, where v solves the reduced nonlinear problem (ε = 0) and u captures
the boundary layer behavior. Set ε = 0 in (1.3) to obtain the nonlinear VIDE

c(t)v′(t) − d(t)v(t) − λ
∫ t

0
Z(t, x, v(x)) dx = f (t), v(0) = A1. (2.3)

Define the integral operator T : C[0, 1]→ C[0, 1] by

(Tϕ)(t) = A1 +

∫ t

0

1
c(s)

[
d(s)ϕ(s) + λ

∫ s

0
Z(s, x, ϕ(x)) dx + f (s)

]
ds.

Using the growth condition (2-b) and Lipschitz property (2-c), for any ϕ ∈ C[0, 1] with ∥ϕ∥∞ ≤ R,

|(Tϕ)(t)| ≤ |A1| +

∫ t

0

1
α

(
β∥ϕ∥∞ + λ

∫ s

0
(M0 + M1∥ϕ∥∞) dx + ∥ f ∥∞

)
ds

≤ |A1| +
t
α

(
(β + λM1)∥ϕ∥∞ + λM0 + ∥ f ∥∞

)
.

Choosing R = 2
(
|A1| + α

−1(λM0 + ∥ f ∥∞)
)

and restricting to t ≤ t0 with t0 sufficiently small such that

t0

α
(β + λM1) ≤

1
2
,

T maps the ball {ϕ ∈ C[0, t0] : ∥ϕ∥∞ ≤ R} into itself. The Lipschitz condition (2-c) ensures T is a
contraction on this ball when t0 is sufficiently small. By the Banach fixed point theorem, (2.3) has a
unique local solution.

To extend globally to [0, 1], we use the monotonicity condition (2-d) and Grönwall’s inequality.
From (2.3),

|v′(t)| ≤
1
α

(
β|v(t)| + λ

∫ t

0
|Z(t, x, v(x))| dx + ∥ f ∥∞

)
.

Using the growth bound (2-b) and applying the integral form of Grönwall’s inequality yields

|v(t)| ≤
(
|A1| +

∥ f ∥∞ + λM0

β0 − λLZ

)
exp

(
(β + λM1)t

α

)
, t ∈ [0, 1],
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provided β0 > λLZ. This establishes a uniform bound ∥v∥∞ ≤ C′0 with C′0 independent of ε.
Layer component u = w − v. The correction u satisfies the nonlinear problemεu′′ + c(t)u′ − d(t)u − λ

∫ t

0

[
Z(t, x,w(x)) − Z(t, x, v(x))

]
dx = 0,

u(0) = 0, u(1) = A2 − v(1) =: δ,
(2.4)

where |δ| ≤ |A2| +C′0. Using the Lipschitz condition (2-c),∣∣∣∣∣∣
∫ t

0

[
Z(t, x,w(x)) − Z(t, x, v(x))

]
dx

∣∣∣∣∣∣ ≤ LZ

∫ t

0
|u(x)| dx.

Hence, taking absolute values in (2.4) gives

|εu′′ + c(t)u′| ≤ β|u(t)| + λLZ

∫ t

0
|u(x)| dx. (2.5)

Define the barrier function ψ(t) = Re−αt/ε with R > 0 to be chosen. Direct computation yields

εψ′′(t) + c(t)ψ′(t) =
(
α2

ε
−
αc(t)
ε

)
ψ(t) ≤ 0, since c(t) ≥ α.

Consider the auxiliary function Φ(t) = ψ(t) − |u(t)|. At t = 0, Φ(0) = R − |u(0)| = R ≥ 0. At t = 1,
choose R ≥ |δ|eα/ε so that Φ(1) ≥ 0.

Suppose Φ attains a negative minimum at some t∗ ∈ (0, 1). Then Φ′(t∗) = 0 and Φ′′(t∗) ≥ 0,
implying |u|′(t∗) = ψ′(t∗) and |u|′′(t∗) ≤ ψ′′(t∗). Using (2.5) and the properties of ψ,

0 ≤ εψ′′(t∗) + c(t∗)ψ′(t∗) ≤ ε|u|′′(t∗) + c(t∗)|u|′(t∗) ≤ β|u(t∗)| + λLZ

∫ t∗

0
|u(x)| dx.

Since Φ(t∗) < 0 implies |u(t∗)| > ψ(t∗), we obtain

0 < βψ(t∗) + λLZ

∫ t∗

0
ψ(x) dx = βRe−αt∗/ε + λLZR

∫ t∗

0
e−αx/ε dx ≤ R

(
β +

λLZε

α

)
.

For sufficiently small ε (or by adjusting constants), this leads to a contradiction unless Φ(t) ≥ 0 for
all t ∈ [0, 1]. Thus |u(t)| ≤ ψ(t) = Re−αt/ε. Differentiating (1.3) k times and using the boundedness of
coefficients and kernel derivatives, each differentiation of the exponential layer term e−αt/ε introduces
a factor of ε−1. Specifically, ∣∣∣∣∣∣ dk

dtk

(
e−αt/ε)∣∣∣∣∣∣ = (

α

ε

)k
e−αt/ε.

Since v ∈ C4[0, 1] with ε-independent derivative bounds, and u(k)(t) inherits the exponential structure
with ε−k scaling, we obtain for k = 1, 2, 3, 4,

|w(k)(t)| ≤ |v(k)(t)| + |u(k)(t)| ≤ C′k +C′′k ε
−ke−αt/ε ≤ C

(
1 + ε−ke−αt/ε

)
,

where C = max{C′k,C
′′
k } is independent of ε. Combining the bounds for v and u,

∥w∥∞ ≤ ∥v∥∞ + ∥u∥∞ ≤ C′0 + Re−α·0/ε ≤ C′0 + |δ|e
α/εe−α·0/ε.
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Since |δ| ≤ |A2|+C′0 and the exponential factor is bounded by eα/ε at t = 0 but decays rapidly away from
the boundary, the maximum occurs at t = 0 where |u(0)| = 0. Careful estimation using the explicit
barrier construction yields the uniform bound (2.1) with C0 as stated, independent of ε. This completes
the proof. □

Corollary 1 (Uniform bounds for the linear case). Consider the linear problem in (1.2). Assume:

1. c, d, f ∈ C4[0, 1], with c(t) ≥ α > 0 and β = maxt∈[0,1] d(t) ≥ 0;
2. The kernel Z ∈ C4({0 ≤ x ≤ t ≤ 1}) is bounded: there exists M > 0 such that

|Z(t, x)| ≤ M, 0 ≤ x ≤ t ≤ 1.

Then w(t) satisfies the bound
∥w∥∞ ≤ C0, (2.6)

and its derivatives satisfy the bound

|w(k)(t)| ≤ C
(
1 + ε−ke−

αt
ε

)
, for k = 1, 2, 3, 4, (2.7)

where C0 and C are independent of ε, and C0 =
(
|A1| + |A2| + α

−1q
)

eα
−1β, q = ∥ f ∥∞ + λM.

The exponential fitting parameter

From the theory of asymptotic methods discussed in [39], we compute the exponential fitting
operator for (1.2) or (1.3). The asymptotic solution ofεw′′(t) + c(t)w′(t) − d(t)w(t) = 0, t ∈ (0, 1),

w(0) = A1, w(1) = A2,
(2.8)

to its zeroth order is approximated by

w(t) = w0(t) + (A1 − w0(0)) e−
c(0)t
ε + O(ε), (2.9)

where w0(t) is the reduced problem’s solution obtained by setting ε = 0 in (2.8).
Uniform mesh ti = ih, t0 = 0, tN = 1, i = 0, 1, 2, . . . ,N for h = 1

N , is used for domain discretization.
On the mesh points ti, evaluating the result in (2.9) gives:

w(ti) = w0(ti) + (A1 − w0(0)) e−
c(0)(ih)

ε . (2.10)

For a mesh function wi := w(ti), we use the following finite differences:

D+wi =
wi+1 − wi

h
, D−wi =

wi − wi−1

h
, D0wi =

wi+1 − wi−1

2h
, D+D−wi =

wi+1 − 2wi + wi−1

h2 .

To handle the influence of ε, we multiply an exponential fitting parameter σ on the diffusion part of
the the discrete equation as

σεD+D−w(ti) + c(ti)D0w(ti) − d(ti)w(ti) = q(ti). (2.11)
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Putting (2.10) into (2.11) and simplifying, we obtain an exponential fitting parameter as

σ =
ρc(ti)

2
coth

(
ρc(ti)

2

)
, (2.12)

where ρ = h/ε, coth(ρc(ti)
2 ) is the hyperbolic cotangent function. For the detail of the derivation of the

fitting parameter, one can refer to [40].

Remark 1 (Boundedness properties of the fitting parameter). Assume c(ti) > 0. Then, consider the
behavior of coth

(
ρc(ti)

2

)
as a function of ρ = h/ε > 0: For ε ≪ h, ρ→ +∞.

1. As ρ→ 0+: ρc(ti)
2 → 0+ ⇒ coth

(
ρc(ti)

2

)
∼ 2

ρc(ti)
→ +∞. So the function blows up near ρ = 0.

2. As ρ→ +∞: ρc(ti)
2 → +∞ ⇒ coth

(
ρc(ti)

2

)
→ 1+. The function monotonically decreases to 1.

3. Monotonicity: For z > 0, coth(z) is strictly decreasing and satisfies coth(z) > 1.
4. Boundedness on intervals: On [ρ0,∞) with ρ0 > 0, the function is bounded: 1 < coth

(
ρc(ti)

2

)
≤

coth
(
ρ0c(ti)

2

)
< ∞. However, on (0,∞), it is unbounded above due to the singularity at ρ = 0.

3. The exponentially fitted difference method

We discretize the interval [0, 1] using N points with uniform step size h = 1
N , so that ti = ih, i =

0, 1, 2, . . . ,N. Using the series approximation,

wi±1 = wi ± hw′i +
h2

2
w′′i ±

h3

6
w(3)

i +
h4

24
w(4)

i ± O(h5).

The second derivative is approximated as

wi+1 − 2wi + wi−1 = h2w′′i +
h4

12
w(4)

i + O(h5)

w′′i ≈
1
h2 (wi+1 − 2wi + wi−1) −

h2

12
w(4)

i + O(h3).

The truncation error of this approximation is O(h2),meaning the discretization of w′′(t) is second-order
accurate. The central difference formula for the first derivative is:

wi+1 − wi−1

2h
= w′i +

h2

6
w(3)

i + O(h4),

w′i ≈
1

2h
(wi+1 − wi−1) −

h2

6
w(3)

i + O(h4),

with truncation error O(h2), which means it is second-order accurate as well. Thus, the differential part
at ti is approximated as

σε

h2 (wi+1 − 2wi + wi−1) +
ci

2h
(wi+1 − wi−1) − diwi − λIi = fi,

where Ii is the discretization of the integral term.
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3.1. For the linear case

The integral term
∫ ti

0
Z(ti, x)w(x) dx is approximated using the composite trapezoidal rule as

Ii ≈
h
2

Z(ti, t0)w0 + 2
i−1∑
j=1

Z(ti, t j)w j + Z(ti, ti)wi

 .
For i = 1, 2, . . . ,N − 1, substituting Ii into the difference equation gives:

σε

h2 (wi+1 − 2wi + wi−1) +
ci

2h
(wi+1 − wi−1) − diwi (3.1)

−
λh
2

Z(ti, t0)w0 + 2
i−1∑
j=1

Z(ti, t j)w j + Z(ti, ti)wi

 = fi.

We express the given system in (3.1) in matrix form as

(K − S )w = f , (3.2)

where K is the tridiagonal matrix derived from the exponentially fitted difference and integral
discretization, w = [w0,w1, . . . ,wN]T is the unknown vector, f is the righthand side known vector,
and S represents lower triangular matrix contributions from the integral discretization.

The tridiagonal matrix K is given by

ki,i−1 =
εσ

h2 −
ci

2h
, ki,i = −

2εσ
h2 − di −

λh
2

Z(ti, ti), ki,i+1 =
εσ

h2 +
ci

2h
(3.3)

for i = 1, 2, ...,N − 1. So, in matrix form it can be written as

K =



k1,1 k1,2 0 · · · 0
k2,1 k2,2 k2,3 · · · 0

k3,2 k3,3
. . .

...
...

...
. . .

. . . kN−2,N−1

0 0 · · · kN−1,N−2 kN−1,N−1


. (3.4)

The discrete integral contribution at node ti is given by

(S w)i =
λh
2

Z(ti, t0)w0 + λh
i−1∑
j=1

Z(ti, t j)w j, i = 1, 2, . . . ,N − 1. (3.5)

Consequently, the integral matrix S ∈ R(N−1)×(N−1) is strictly lower triangular:

S i j =


λh
2 Z(ti, t0), j = 0,

λh Z(ti, t j), 1 ≤ j < i,

0, j ≥ i.

(3.6)
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The combined system (K − S )w = f takes the explicit form



k1,1 k1,2 0 · · · 0
k2,1 − λhZ(t2, t1) k2,2 k2,3 · · · 0

− λh
2 Z(t3, t0) k3,2 − λhZ(t3, t2) k3,3

. . .
...

...
...

. . .
. . . kN−2,N−1

− λh
2 Z(tN−1, t0) −λhZ(tN−1, t1) · · · kN−1,N−2 − λhZ(tN−1, tN−2) kN−1,N−1





w1

w2

w3
...

wN−1


=



f1 − k0,0w0

f2
f3
...

fN−1 − kN,NwN


, (3.7)

where the boundary values w0 and wN have been incorporated into the righthand side.

Algorithm 1 Algorithm of the proposed scheme for linear SPVIDE.

Require: Grid size N, step size h = 1
N , parameters ε, σ, λ, functions c(t), d(t), f (t), kernel Z(t, x),

boundary values A1, A2

Ensure: Approximate solution w = [w0,w1, . . . ,wN]⊤

1: Initialize grid: ti ← ih for i = 0 to N
Compute coefficients and assemble system:

2: for i = 1 to N − 1 do
ki,i−1 ←

εσ
h2 −

c(ti)
2h , ki,i ← −

2εσ
h2 − d(ti) − λh

2 Z(ti, ti), ki,i+1 ←
εσ
h2 +

c(ti)
2h .

Fill matrix A:
3: if i > 1 then

Ai,i−1 ← ki,i−1

4: end if
Ai,i ← ki,i

5: if i < N − 1 then
Ai,i+1 ← ki,i+1

6: end if
Integral terms:

7: for j = 1 to i − 1 do
Ai, j ← Ai, j − λh Z(ti, t j)

8: end for
RHS vector:

9: bi ← f (ti) − λh
2 Z(ti, t0)A1

10: if i = 1 then
11: b1 ← b1 − ki,i−1 A1

12: end if
13: if i = N − 1 then
14: bN−1 ← bN−1 − ki,i+1 A2

15: end if
16: end for
17: Solve linear system Awint = b
18: Construct full solution: w← [A1,w⊤int, A2]⊤

19: return w
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3.2. For the nonlinear case

The integral term
∫ ti

0
Z
(
ti, x,w(x)

)
dx is approximated using the composite trapezoidal rule as

Ii ≈
h
2

Z(ti, t0,w0) + 2
i−1∑
j=1

Z(ti, t j,w j) + Z(ti, ti,wi)

 . (3.8)

Substituting (3.8) into the difference equation yields the nonlinear scheme:

σε

h2 (wi+1 − 2wi + wi−1) +
ci

2h
(wi+1 − wi−1) − diwi

−
λh
2

(
Z(ti, t0,w0) + 2

i−1∑
j=1

Z(ti, t j,w j) + Z(ti, ti,wi)
)
= fi, (3.9)

Due to the dependence of Z on w j, the system (3.1) is nonlinear and cannot be expressed as a linear
matrix equation. Instead, define the nonlinear residual operator F : RN+1 → RN−1 by

[
F (w)

]
i =σε

wi+1 − 2wi + wi−1

h2 + ci
wi+1 − wi−1

2h
− diwi

−
λh
2

(
Z(ti, t0,w0) + 2

i−1∑
j=1

Z(ti, t j,w j) + Z(ti, ti,wi)
)
, i = 1, . . . ,N − 1

We aim to find w = [w0,w1, . . . ,wN]⊤ such that

F (w) = f, (3.10)

for the Dirichlet boundary conditions w0 = A1 and wN = A2.
To solve (3.10), one typically employs an iterative method such as Newton’s method. The Jacobian

matrix J(w) = ∂F /∂w has the following structure:
Tridiagonal part: Arising from the finite difference discretization of the differential operator.
Strictly lower triangular part: Arising from the derivative of the nonlinear Volterra term with respect to
w j for j < i. Assuming Z is continuously differentiable with respect to its third argument, denote

Zw(t, x,w) :=
∂Z
∂w

(t, x,w).

Then, the elements of the Jacobian are:

∂Fi

∂wi−1
=
σε

h2 −
ci

2h
,

∂Fi

∂wi
= −

2σε
h2 − di −

λh
2

Zw(ti, ti,wi),

∂Fi

∂wi+1
=
σε

h2 +
ci

2h
,

∂Fi

∂w j
= −λh Zw(ti, t j,w j), for j = 1, . . . , i − 1,
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∂Fi

∂w0
= −

λh
2

Zw(ti, t0,w0).

All other entries are zero. Thus, J(w) is a lower Hessenberg matrix (zero above the first superdiagonal),
reflecting the causal nature of the Volterra integral.

In compact form, the Jacobian can be written as

J(w) = K − S(w),

where: K ∈ R(N−1)×(N+1) is the tridiagonal matrix from the linear differential operator, and S(w) ∈
R(N−1)×(N−1) is a dense lower-triangular matrix with elements

[S(w)]i, j =



λh
2

Zw(ti, t0,w0), j = 0,

λh Zw(ti, t j,w j), 1 ≤ j < i,
λh
2

Zw(ti, ti,wi), j = i,

0, j > i.

At each Newton iteration m, one solves the linear system

w(m+1) = w(m) − J−1(w(m))
(
F (w(m)) − f

)
, m = 0, 1, . . . ,

and updates w(m+1) with w(m)
0 = A and w(m)

N = A2 enforced at every step.
This formulation preserves the Volterra causality and allows for an efficient solution via forward

substitution or direct solvers, while maintaining the high accuracy of the trapezoidal rule and the
stability of the underlying finite difference stencil.

3.3. Uniform stability and uniform convergence

3.3.1. Uniform stability bound

In this section, we discuss some important lemmas that play a key role in analyzing the numerical
method proposed earlier. Let us consider the discrete form of the differential part

LD
⟨

wi :=
σε

h2 (wi+1 − 2wi + wi−1) +
ci

2h
(wi+1 − wi−1) − diwi (3.11)

rearranged into a tridiagonal form as

LD
⟨

wi = ki,i−1wi−1 − ki,iwi + ki,i+1wi+1, (3.12)

where ki,i−1 =
σε
h2 −

ci
2h , ki,i =

2σε
h2 + di, ki,i+1 =

σε
h2 +

ci
2h . Now, here are a few key results related to the

above operator.

Lemma 2 (Discrete Minimum Principle). Let w = [w0,w1, . . . ,wN]T be a real-valued grid function
defined on a uniform mesh ti = ih, i = 0, 1, . . . ,N, with mesh size h = 1/N. Consider the discrete
linear operator LD

⟨
wi from (3.11) where σ > 0, ε > 0 are constants, ci ∈ R, and di ≥ 0 for all

i = 1, . . . ,N − 1. Assume the mesh condition
σε

h
≥

1
2

max
1≤i≤N−1

|ci|. (3.13)

If LD
⟨

wi ≥ 0, for all i = 1, . . . ,N − 1, and the boundary values satisfy w0 ≥ 0, wN ≥ 0, then
wi ≥ 0 for all i = 0, 1, . . . ,N.
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Algorithm 2 Algorithm of the proposed scheme for nonlinear SPVIDE with Newton iteration.

Require: Grid size N, step h = 1
N , parameters ε, σ, λ, functions c(t), d(t), f (t), kernel Z(t, x,w),

boundary values w0 = A1,wN = A2, tolerance tol < 10−5, maximum iterations Mmax

Ensure: Approximate solution vector w = [w0,w1, . . . ,wN]⊤

1: Initialize grid: ti ← ih for i = 0, 1, . . . ,N
2: Set initial guess w(0)

int , enforce w(0)
0 ← A1, w(0)

N ← A2

3: Set iteration counter m← 0
4: while m < Mmax do

Compute residual r(m) ∈ RN−1:
5: for i = 1 to N − 1 do
6: r(m)

i ←
σε

h2

(
w(m)

i+1 − 2w(m)
i + w(m)

i−1
)
+

c(ti)
2h

(
w(m)

i+1 − w(m)
i−1

)
− d(ti)w

(m)
i

−
λh
2

(
Z(ti, t0,w

(m)
0 ) + 2

∑i−1
j=1 Z(ti, t j,w

(m)
j ) + Z(ti, ti,w

(m)
i )

)
− f (ti)

7: end for
8: if ∥r(m)∥∞ < tol then
9: break

10: end if
Assemble Jacobian J(m) ∈ R(N−1)×(N−1):

11: for i = 1 to N − 1 do
12: if i > 1 then J(m)

i,i−1 ←
σε

h2 −
c(ti)
2h

13: end if
14: J(m)

i,i ← −
2σε
h2 − d(ti) −

λh
2

Zw(ti, ti,w
(m)
i )

15: if i < N − 1 then J(m)
i,i+1 ←

σε

h2 +
c(ti)
2h

16: end if
17: for j = 1 to i − 1 do
18: J(m)

i, j ← −λh Zw(ti, t j,w
(m)
j )

19: end for
20: end for
21: Solve correction system: J(m)∆w = −r(m)

22: Update interior solution: w(m+1)
int ← w(m)

int + ∆w
23: Re-enforce boundaries: w(m+1)

0 ← A1, w(m+1)
N ← A2

24: m← m + 1
25: end while
26: return w← [w(m)

0 ,w(m)
1 , . . . ,w(m)

N−1,w
(m)
N ]⊤
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Proof. We begin by expressing the operator LD
⟨

in tridiagonal form:

LD
⟨

wi = ki,i−1wi−1 − ki,iwi + ki,i+1wi+1, i = 1, . . . ,N − 1,

with coefficients ki,i−1 =
σε
h2 −

ci
2h , ki,i+1 =

σε
h2 +

ci
2h , ki,i =

2σε
h2 + di. The mesh condition (3.13) implies

σε
h2 ≥

|ci |

2h for all i, and therefore

ki,i−1 ≥ 0, ki,i+1 ≥ 0 for all i = 1, . . . ,N − 1. (3.14)

Now consider the linear system obtained by evaluating LD
⟨

wi = fi for i = 1, . . . ,N − 1, where fi ≥ 0
by assumption. Rearranging terms gives

−ki,i−1wi−1 + ki,iwi − ki,i+1wi+1 = − fi ≤ 0.

Define the (N − 1) × (N − 1) matrix A = (ai j) by

aii = ki,i, ai,i−1 = −ki,i−1 (i > 1), ai,i+1 = −ki,i+1 (i < N − 1),

and ai j = 0 otherwise. Then the interior equations can be written as

Awint = f + b,

where wint = (w1, . . . ,wN−1)⊤, f = ( f1, . . . , fN−1)⊤, and the vector b incorporates the boundary
contributions:

bi =


k1,0w0 if i = 1,
kN−1,NwN if i = N − 1,
0 otherwise.

From (3.14) and the nonnegativity of the boundary data (w0 ≥ 0, wN ≥ 0), it follows that bi ≥ 0 for all
i, and hence f + b ≥ 0 componentwise.

We now verify that A is a nonsingular M-matrix. By definition, a Z-matrix (a matrix with non-
positive off-diagonal entries) is a nonsingular M-matrix if it is inverse-positive, or, equivalently, if it is
strictly (or irreducibly) diagonally dominant with positive diagonal entries. From the construction of

A and (3.14), we have: aii = ki,i =
2σε
h2 + di > 0, ai j ≤ 0 for i , j. Diagonal dominance holds:

aii − (|ai,i−1| + |ai,i+1|) = ki,i − (ki,i−1 + ki,i+1) = di ≥ 0.

Moreover, if di > 0 for at least one i, then A is strictly diagonally dominant; if di = 0 for all i, then A is
weakly diagonally dominant but irreducible (since the mesh is connected), and thus still nonsingular.

Therefore, A is a nonsingular M-matrix, which implies that A−1 ≥ 0 (all entries of A−1 are non-
negative). Since f + b ≥ 0 and A−1 ≥ 0, it follows that

wint = A−1(f + b) ≥ 0.

Together with the boundary conditions w0 ≥ 0 and wN ≥ 0, we conclude that wi ≥ 0 for all i =
0, 1, . . . ,N. This completes the proof. □
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Lemma 3 (Monotonic Source Term case). If Pi ≥ 0 is nondecreasing with i and also if ki,i − ki,i−1 −

ki,i+1 ≥ α > 0, then we have another bound

|wi| ≤ max {|A1|, |A2|} +
Pi

α
, (3.15)

so, in this case, the solution’s size is affected predictably by the boundary value and the growing source
function Pi.

Proof. Let us define the meshΨi = max {|A1|, |A2|}+
1
α

Pi±wi. For the boundary points i = 0 and i = N,
we have:

Ψ0 = max {|A1|, |A2|} +
1
α

P0 ± w0 ≥ 0,

ΨN = max {|A1|, |A2|} +
1
α

PN ± wN ≥ 0.

Now, we apply the difference operator for 1 ≤ i ≤ N − 1:

L⟨Ψi = ki,i−1Ψi−1 − ki,iΨi + ki,i+1Ψi+1

= (ki,i−1 − ki,i + ki,i+1) max {|A1|, |A2|} +
1
α

(
ki,i−1Pi−1 − ki,iPi + ki,i+1Pi+1

)
± L⟨wi

= (ki,i−1 − ki,i + ki,i+1) max {|A1|, |A2|} +
1
α

(
ki,i−1Pi−1 − ki,iPi + ki,i+1Pi+1

)
± Pi.

Since Pi is nondecreasing, we know Pi−1 ≤ Pi ≤ Pi+1. Therefore

ki,i−1Pi−1 − ki,iPi + ki,i+1Pi+1 ≤ (ki,i−1 − ki,i + ki,i+1)Pi.

Thus, LΨi ≥ (ki,i−1 − ki,i + ki,i+1) max {|A1|, |A2|} +
1
α
(ki,i−1 − ki,i + ki,i+1)Pi ± Pi. Using the assumption

ki,i−1 − ki,i + ki,i+1 ≥ α > 0, we obtain L⟨Ψi ≥ 0. By the discrete maximum principle Lemma 2, we have
Ψi ≥ 0, which implies ±wi ≤ max {|A1|, |A2|} +

1
α

Pi, and hence |wi| ≤ max {|A1|, |A2|} + α
−1Pi. □

The uniqueness of the discrete solution is ensured by the discrete maximum principle. Since the
discrete system is linear, the existence of a solution follows from its uniqueness. Moreover, the discrete
maximum principle also allows us to establish the boundedness of the numerical solution [26].

Lemma 4 (Uniform stability bound). Assume the reaction coefficient satisfies di ≥ β0 > 0 for all
i = 1, 2, . . . ,N − 1, where β0 is a uniform positive lower bound independent of ε and h. Then, the
solution of the discrete problem

Lhwi = Pi, i = 1, . . . ,N − 1,

with boundary conditions w0 = A1 and wN = A2, satisfies the uniform bound

∥w∥∞ ≤ max{|A1|, |A2|} +
1
β0

max
1≤i≤N−1

|Pi|. (3.16)

Proof. Define the barrier function Ψi = M ± wi, where M := max{|A1|, |A2|} +
1
β0

max1≤ j≤N−1 |P j|.

At the boundaries i = 0 and i = N:

Ψ0 = M ± w0 = M ± A1 ≥ M − |A1| ≥ 0, ΨN = M ± wN = M ± A2 ≥ M − |A2| ≥ 0.
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Interior points (1 ≤ i ≤ N − 1). Using the discrete operator defined in (3.11):

Lhwi = ki,i−1wi−1 − ki,iwi + ki,i+1wi+1,

with coefficients ki,i−1 =
σε
h2 −

ci
2h , ki,i =

2σε
h2 + di, ki,i+1 =

σε
h2 +

ci
2h , we compute

LhΨi = ki,i−1(M ± wi−1) − ki,i(M ± wi) + ki,i+1(M ± wi+1)
= (ki,i−1 − ki,i + ki,i+1)M ± (ki,i−1wi−1 − ki,iwi + ki,i+1wi+1) = −diM ± Pi,

where we used the identity ki,i−1 − ki,i + ki,i+1 = −di, which follows directly from the coefficient
definitions. Since di ≥ β0 > 0 and M ≥ β−1

0 max1≤ j≤N−1 |P j|, we obtain

LhΨi ≤ −β0 ·
1
β0

max
1≤ j≤N−1

|P j| + |Pi| ≤ 0.

By Lemma 2, since LhΨi ≤ 0 for all interior nodes and Ψi ≥ 0 at the boundaries, we conclude that
Ψi ≥ 0 for all i = 0, 1, . . . ,N. From Ψi = M ± wi ≥ 0 it follows that −M ≤ wi ≤ M for all i, which
implies

∥w∥∞ = max
0≤i≤N

|wi| ≤ M = max{|A1|, |A2|} +
1
β0

max
1≤i≤N−1

|Pi|.

This establishes the uniform bound (3.16). □

Lemma 5. Let L⟨wi be the difference operator defined in equation (3.11). Then, the discrete scheme
given in (3.1) becomes:

|L⟨wi| ≤ ∥ f ∥∞ +Cλh

A1 + A2 + 2
i∑

j=1

|w j|

 , 1 ≤ i ≤ N − 1 (3.17)

Proof. From (3.1), we rewrite L⟨wi as:

L⟨wi = fi −
λh
2

Z(ti, t0)w0 + 2
i−1∑
j=1

Z(ti, t j)w j + Z(ti, ti)wi

 .
Taking absolute values,

|L⟨wi| ≤ | fi| +

∣∣∣∣∣λh
2

Z(ii, i0)w0

∣∣∣∣∣ +
∣∣∣∣∣∣∣λh

i−1∑
j=1

Z(ti, t j)w j

∣∣∣∣∣∣∣ +
∣∣∣∣∣λh

2
Z(ti, ti)wi

∣∣∣∣∣
Now, assuming Z(t, x) is bounded , say |Z(t, x)| ≤ M, and defining ∥w∥∞ = max j |w j|, we get

|L⟨wi| ≤ ∥ f ∥∞ +
λh
2

M|w0| + hλM
i−1∑
j=1

|w j| +
λh
2

M|wi|

Grouping terms

|L⟨wi| ≤ ∥ f ∥∞ + Mλh

1
2
|w0| +

i−1∑
j=1

|w j| +
1
2
|wi|


we get |L⟨wi| ≤ ∥ f ∥∞ +Cλh(A1 + A2 + 2

∑i
j=1 |w j|), for 1 ≤ i ≤ N − 1. Hence, it is proved. □
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Lemma 6. For solution wi of the difference scheme described in (3.1), the following bound holds:

|wi| ≤

(
∥ f ∥∞
α
+max {|A1|, |A2|} +

Chλ(A1 + A2)
α

)
exp

(C1ti

α

)
. (3.18)

Proof. Let the scheme

σε
wi+1 − 2wi + wi−1

h2 + ci
wi+1 − wi−1

2h
− diwi = F

where F = fi −
λh
2

(
Z(ti, t0)w0 + 2

∑i−1
j=1 Z(ti, t j)w j + Z(ti, ti)wi

)
, with w0 = A1, and wN = A2 defines

vi = λh(A1 + A2 + 2
∑i−1

j=1 |w j|) and C = M
2 from (3.17). We obtain

|L⟨wi| = |F| ≤ Cvi + ∥ f ∥∞.

By boundedness of solution we have (3.16), so

|wi|∞ ≤ max {|A1|, |A2|} + α
−1(Cvi + ∥ f ∥∞) ≤ m +

C1

α

i−1∑
j=1

|w j| (3.19)

where m = max {|A1|, |A2|} +
∥ f ∥∞
α
+

Chλ(A1+A2)
α

and C1 = 2Chλ using Gronwall’s inequality to (3.19)
|wi| ≤ m exp(C1ti

α
). This shows that

|wi| ≤

(
∥ f ∥∞
α
+max {|A1|, |A2|} +

Chλ(A1 + A2)
α

)
exp

(C1ti

α

)
. (3.20)

□

3.3.2. Uniform convergence analysis

In this part, we will look into how accurately the method we discussed earlier approximates the
true solution. To do that, first define the error at each mesh point ti as yi = Wi − wi, where Wi is the
numerical solution obtained from the discrete scheme (3.1) and wi is the exact solution of the original
problem (1.2) evaluated at ti.

This error term yi, evaluated for i = 0, 1, ....N, follows its own discrete relation. By studying this
relation, we can gain insights into how the numerical error is distributed and how it evolves throughout
the domain.

L⟨yi = Ri. (3.21)

y0 = 0, yN = 0 (3.22)

Theorem 1. Let c, f ∈ C2[0, 1],Z ∈ C2([0, 1] × [0, 1]). Then, the remainder term Ri arising from the
numerical scheme satisfies the bound:

∥Ri∥∞ ≤ Chn, n = 1, 2 (3.23)

where C is a constant independent of the mesh size h and ε. The error is O(h) when ε ≪ h, and O(h2)
when h ≤ ε.
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Proof. The truncation error of

L⟨(w(ti) − wi) = (L − L⟨)wi =
(
εw′′i + c(ti)w′i − d(ti)wi

)
− f (ti) − λ

∫ t

0
Z(ti, x)w(x)dx

−

(
εσD+D−wi + ciD0wi − diwi − fi − λ

∫ t

0
Z(ti, x)w(x)dx

)
=

(
εw′′i + c(ti)w′i

)
−

(
εσD+D− + ciD0wi

)
+ R1 = R1 + R2,

where R2 = ε
(

d2

dt2 − σD+D−
)

w(ti) + ci

(
d
dt − D0

)
w(ti), which satisfies the bound

R2 ≤

∣∣∣∣∣∣ε
[
ρc(ti)

2
coth

(
ρc(ti)

2

)
− 1

]
D+D−w(ti)

∣∣∣∣∣∣ +
∣∣∣∣∣∣ε

(
d2

dt2 − D+D−w(ti)
)∣∣∣∣∣∣ +

∣∣∣∣∣∣c(t)
(

d
dt
− D0

)
w(ti)

∣∣∣∣∣∣ (3.24)

with ρ = h
ε

and σ = ρc(t)
2 coth

(
ρc(t)

2

)
. For two constants c1 and c2, we have

|ρ coth(ρ) − 1| ≤ c1ρ
2, for ρ ≤ 1.

Since coth(h
ε
) → 1 as h

ε
→ 0, and h

ε
coth( h

ε
) → 1 as h

ε
→ ∞, we have

∣∣∣h
ε

coth( h
ε
) − 1

∣∣∣ ≤
c2ρ

2, for all ρ ≥ 0. Hence, we can write for all ρ ≥ 0,

c1
ρ2

ρ + 1
≤ ρ coth(ρ) − 1 ≤ c2

ρ2

ρ + 1
. (3.25)

Using (2.12), we can write

ε

(
c(t)ρ

2
coth

(
c(t)ρ

2

)
− 1

)
≤ ε

ρ2

ρ + 1
=

ĥ2

h + ε
. (3.26)

Using the Taylor series expansion, we have the bounds∣∣∣D+D−w(ti)
∣∣∣ ≤ C∥w′(ζ)∥,

∣∣∣∣∣∣
(

d
dt
− D0

)
w(ti)

∣∣∣∣∣∣ ≤ Ch2∥w′(ζ)∥,∣∣∣∣∣∣
(

d2

dt2 − D+D−
)

w(ti)

∣∣∣∣∣∣ ≤ Ch2∥w(4)(ζ)∥, for ζ ∈ (t0, tN). (3.27)

Using (3.27) and (3.26), the truncation error (3.24) becomes

R2 ≤

(
Ch2

h + ε

)
∥w′(ζ)∥ + εCh2∥w(4)(ζ)∥ +Ch2∥w′(ζ)∥. (3.28)

Since the remainder term is R = R1 + R2. From R1 ≈ −
h2

12

[
f ′′(ζ)

]
, f ′′(x) = d2

dx2 [Z(ti, x)w(x)] and from
(3.28) we have

|R| ≤

∣∣∣∣∣∣− h2

12
[
f ′′(ζ)

]∣∣∣∣∣∣ +
(

Ch2

h + ε

)
∥w′(ζ)∥ + εCh2∥w(4)(ζ)∥ +Ch2∥w′(ζ)∥.

Simplifying the above expression, we get ∥R∥∞ ≤ h2

12∥ f
′′∥∞ +Ch2

(
1

h+ε + 1
)
∥w′∥∞ + εCh2∥w(4)∥∞

AIMS Mathematics Volume 11, Issue 6, 17062–17092.



17080

• Term 1: h2

12∥ f
′′∥∞ = O(h2).

• Term 2: Ch2
(

1
h+ε + 1

)
∼

O(h), ε ≪ h

O(h2), h ≤ ε.
• Term 3: εCh2∥w(4)∥∞ = O(εh2).

Overall, the error is O(h) when ε ≪ h, and O(h2) when h ≤ ε.
□

Lemma 7. Under the condition that the difference scheme in (3.1) satisfies the discrete maximum
principle and is stable, then the solution zi of the problem L⟨zi = Pi, i = 1, 2, . . . ,N − 1, z0 = zN = 0
satisfies the estimate

∥z∥∞ ≤ C3 max
1≤i≤N−1

|Pi|.

Proof. Given the estimate from (3.18), we have |zi| ≤

(
∥ f ∥∞
α
+max {|A1|, |A2|} +

Chλ(A1+A2)
α

)
exp

(C1ti
α

)
, set

as z0 = A1 = 0, zN = A2 = 0. Then, the estimate becomes |zi| ≤ α
−1∥ f ∥∞ exp(α−1C1ti).

Let fi = Pi. Then, |zi| ≤ α
−1∥R∥∞ exp(α−1C1ti). Since ti ∈ [0, 1], we have exp(α−1C1ti) ≤ exp(α−1C1) =:

C2. Therefore, |zi| ≤ α
−1C2∥R∥∞ =: C3 max1≤i≤N−1 |Ri|. Hence,

∥z∥∞ = max
0≤i≤N

|zi| ≤ C3 max
1≤i≤N−1

|Ri|.

□

Theorem 2. Assume Theorem 1 holds. If the difference scheme in (3.1) or (3.9) is applied to the
continuous problem (1.2) or (1.3) on a uniform mesh, then it is uniformly convergent. That is,

∥W − w∥∞ ≤ Ch, (3.29)

where W = (w1, . . . ,wN−1)⊤ denotes the numerical solution and w = (w(t1), . . . ,w(tN−1))⊤ the exact
solution sampled at the interior mesh points.

Remark 2. Results of Theorems 1 and 2 illustrate the typical asymptotic error behavior of the
exponentially fitted method for the problems in (1.2) or (1.3).

• When the perturbation parameter satisfies ε ≥ h, the solution is smooth on the scale of the mesh,
and the scheme often exhibits second-order convergence in h (i.e., O(h2)) in practice, due to the
high accuracy of the trapezoidal rule and the smoothness of the regular component.
• When ε ≪ h, the boundary layer is unresolved by the uniform mesh, and the discretization error

saturates at O(h), reflecting the dominant contribution from the layer region.

Consequently, while the method is not uniformly second-order convergent, it is uniformly convergent
of first order in the maximum norm across all values of ε ∈ (0, 1]. This robustness maintaining accuracy
without requiring layer adapted meshes is a key advantage of exponentially fitted methods.
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4. Numerical results and discussion

In this section, we explore how well the scheme performs by working through a couple of examples
that illustrate its stability and accuracy. To evaluate the method, we use two key indicators: the
maximum absolute error eN and the observed convergence rate rk.

Because the exact solutions are known for the first three examples, we can directly compute the
maximum absolute error across all mesh points using the formula

eN = max
0≤ j≤1

|w(t j) −W j|, (4.1)

where w(t j) is the exact solution and W j is the approximated solution.
To get a sense of how the accuracy improves with mesh refinement, we calculate the convergence

rate with the expression

rk := log2

(
eNk

e2Nk

)
, k = 1, 2, 3, . . . (4.2)

This rate helps us understand how quickly the error decreases as we increase the number of mesh
points.

Example 1. From [20], we take the following convection dominated VIDE problem

εw′′(t) + w′(t) − w(t) −
∫ t

0
tw(x) dx = −e−t/ε(1 − εt) − εt, t ∈ (0, 1),

with the boundary conditions w(0) = 1, w(1) = e−1/ε. The exact solution is given by: w(t) = e−t/ε.

Example 2. Consider the following convection dominated VIDE problem

εw′′(t) + (1 + t) w′(t) + (2 − t) w(t) −
∫ t

0
t w(x) dx =

(
−t
ε
+ 2 − t

)
e−t/ε − tε

(
1 − e−t/ε

)
, t ∈ (0, 1),

with the boundary conditions w(0) = 1, w(1) = e−1/ε, and the exact solution is given by w(t) = e−t/ε.

Example 3. Consider the following convection dominated VIDE problem

εw′′(t) + (2 + 5t2)w′(t) + (1 + t)w(t) −
∫ t

0
t2w(x) dx = f (t), t ∈ (0, 1),

with the boundary conditions w(0) = 1, w(1) = 0. The exact solution is given by w(t) = (1 − t)e−t/ε for
f (t) =

(
1 − 6x2 −

(1−t)(1+5t2)
ε

+ t2(ε − ε2) − εt3
)

e−t/ε − t2(ε − ε2).

Example 4. From [20], we take the nonlinear convection dominated VIDE problem with smooth kernel

εw′′(t) + (1 + t2)w′(t) =
∫ t

0
ex+w(x) dx + εt, t ∈ (0, 1),

with boundary conditions w(0) = 0, w(1) = 0. The kernel Z(t, x,w) = ex+w is smooth and strictly
increasing in w.
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For the nonlinear case to approximate the Volterra integral with the composite trapezoidal rule:∫ ti

0
ex+w(x) dx ≈ h

 1
2et0+w0 +

i−1∑
j=1

et j+w j + 1
2eti+wi

 =: Ii(w),

The nonlinear residual vector R(u) ∈ RN−1 for the interior nodes i = 1, . . . ,N − 1 by

Ri(w) := ε
wi+1 − 2wi + wi−1

h2 + (1 + t2
i )

wi+1 − wi−1

2h
− Ii(w) − εti.

The discrete problem is to find u ∈ RN+1 with w0 = wN = 0 such that R(w) = 0.
To solve this nonlinear system, we apply Newton’s method. Given an initial guess w(0) = 0, the k-th

Newton iterate w(k+1) is obtained by solving the linear system

w(k+1) = w(k) − J−1(w(k))R(w(k)),

for k = 0, 1, 2, . . . , where J(w) = ∂R/∂w is the Jacobian matrix. The Jacobian entries are computed as
follows. For i = 1, . . . ,N − 1:

∂Ri

∂wi−1
=
ε

h2 −
1 + t2

i

2h
,
∂Ri

∂wi
= −

2ε
h2 − h ·

1
2

eti+w(k)
i ,

∂Ri

∂wi+1
=
ε

h2 +
1 + t2

i

2h
,

and for j = 1, . . . , i − 1,
∂Ri

∂w j
= −h et j+w(k)

j .

Note that ∂Ri/∂w j = 0 for j > i, reflecting the causal (lower-triangular) structure of the Volterra
operator. Thus, at each Newton step, we solve a sparse, lower-Hessenberg linear system. The iteration
is terminated when

∥R(w(k))∥∞ < ϵ = 10−5,

or when the number of iterations (MaxIter = 50) is reached. This Newton linearization ensures
quadratic convergence near the solution and robust handling of the nonlinearity induced by the
exponential kernel. Since the exact solution is not known, we used the double mesh technique for
calculating the maximum absolute error of this example.

To validate the effectiveness of the proposed method, numerical experiments are conducted using
four examples. The first three examples are linear and the fourth example is nonlinear. The objective
was to analyze the ability of the method in terms of producing accurate results and maintain uniform
convergence under varying mesh sizes and perturbation parameters ε. Figure 1 (a) displays numerical
solutions of Examples 1 for different values of perturbation parameter ε, and in Figure 1 (b) the absolute
error of the methods for different ε are depicted. As we observe in Figure 1 (a) when the values of ε
decrease, a sharp boundary layer formed near the left boundary, specifically around x = 0, and become
more pronounced with smaller ε values. Beyond this region, the solution remains smooth and nearly
flat throughout the rest of the domain. These figures demonstrate that the proposed method accurately
captures the steep gradients within this layer region, effectively addressing one of the main challenges
in solving the considered problems using the classical numerical methods. To further evaluate the
method’s accuracy, point-wise absolute errors are plotted in Figure 1 (b). As seen in the figure,
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as ε decreases, the error increases due to sharper boundary layers but remains uniformly bounded,
confirming the method’s robustness for fixed N. In Figure 2, similar results of Example 2 are given.
Figure 3 shows error trends for fixed ε as N increases. The downward error trajectory supports the
method’s convergence as N grows.
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Figure 1. Solution behavior of Example 1 on the left and its point-wise absolute error on the
right side with a fixed mesh size of N = 500 as ε decreases.

Tables 1, 2, 3 present the point-wise maximum absolute errors for Examples 1, 2, and 3, respectively,
under multiple ε values and increasing mesh numbers. These results reveal a consistent decline in
error with denser discretization, highlighting the method’s mesh sensitivity and reliability. In each
of these tables, the maximum point-wise absolute error is bounded as ε decreases from 10−2 to 10−5.
This guarantees the uniform convergence of the method independent of the parameter ε. Tables 4
and 5 examines convergence rate of the proposed method for Examples 1 and 2. For larger ε, the
method achieves nearly second-order convergence. However, as ε → 0, convergence rates slightly
decrease but remain within a satisfactory range (above 1.00 for very small ε), which aligns well with
theoretical expectations stated in Remark 2. Tables 6, 7, 8, and 9 provide comparative results between
the proposed exponentially fitted method and the method without the fitting parameter σ. These tables
show comparison of the maximum point-wise absolute error of the exponentially fitted method and the
method without the fitting parameter. As observed from the tables, the exponentially fitted scheme is
more accurate and stable for all ε values whereas the unfitted scheme diverges as ε→ 0. These results
show the benefit of the fitted method. In Tables 10 and 11, comparison of the rate of convergence of
the exponentially fitted method and the unfitted method is given. As one observes, the fitted scheme
has an order of convergence one for the case ε ≪ h, whereas for the case ε ≥ h it has two, the same as
it is discussed in Remark 2. In the unfitted scheme, the rate of convergence goes to zero as ε becomes
small, which indicates the instability of the unfitted method for convection dominated VIDEs.

In Table 12, comparison of the maximum absolute error of the proposed method and the hybrid
method in [20] is made for Example 1. The results in this table indicate that the two method give
equivalent accuracy across different values of ε. In Table 13, comparison of the absolute error and
rate of convergence of the proposed method and the hybrid method in [20] and its extrapolated form is
made for Example 4. The results in the table show that proposed method gives equivalent accuracy and
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rate of convergence with the hybrid scheme in [20], but it gives lower results than the extrapolated form
of the method. In Table 14, the computational time of the proposed method and the method in [20]
is depicted for Examples 1 and 4. As one observes, the proposed method has smaller computation
time compared to the methods in [20]. While post-processing (or extrapolation techniques) in [20] can
further reduce errors, it requires multi-grid solution and significantly increases computational cost. The
proposed method offers a favorable accuracy-efficiency trade-off for applications prioritizing speed and
implementation simplicity.
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Figure 2. Solution behavior of Example 2 on the left and its point-wise absolute error on the
right side with a fixed mesh size of N = 500 as ε decreases.
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Figure 3. Point-wise absolute error using the proposed method for Example 1 on the left and
Example 2 on the right with increasing mesh size N, and fixed ε = 2−05.
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Table 1. Maximum absolute error of the proposed method for Example 1.

ε ↓ N = 128 N = 256 N = 512 N = 1024 N = 2048
10−2 1.28E−04 3.24E−05 8.11E−06 2.03E−06 5.07E−07
10−3 7.50E−04 2.67E−04 7.75E−05 2.03E−05 5.12E−06
10−4 9.81E−04 4.79E−04 2.27E−04 1.01E−04 3.83E−05
10−5 1.00E−03 5.02E−04 2.50E−04 1.24E−04 6.07E−05

Table 2. Maximum absolute error of the proposed method for Example 2.

ε ↓ N = 128 N = 256 N = 512 N = 1024 N = 2048
10−2 8.49E-04 2.06E-04 5.10E-05 1.27E-05 3.18E-06
10−3 5.52E-03 2.25E-03 6.29E-04 1.32E-04 3.24E-05
10−4 6.05E-03 2.99E-03 1.47E-03 7.06E-04 3.10E-04
10−5 6.10E-03 3.04E-03 1.52E-03 7.57E-04 3.76E-04

Table 3. Maximum absolute error of the proposed fitted method for Example 3.

N ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

128 1.29E−04 7.52E−04 9.82E−04 1.00E−03
256 3.25E−05 2.68E−04 4.79E−04 5.02E−04
512 8.12E−06 7.76E−05 2.27E−04 2.50E−04

1024 2.03E−06 2.03E−05 1.01E−04 1.24E−04
2048 5.07E−07 5.12E−06 3.83E−05 6.07E−05

Table 4. Convergence rate of the proposed method of Example 1.

ε ↓ r1 r2 r3 r4

10−2 1.99 2.00 2.00 2.00
10−3 1.49 1.79 1.94 1.98
10−4 1.03 1.08 1.17 1.39
10−5 1.00 1.01 1.01 1.03

Table 5. Convergence rate of the proposed method for Example 2.

ε ↓ r1 r2 r3 r4

10−2 2.05 2.01 2.00 2.00
10−3 1.30 1.84 2.25 2.03
10−4 1.01 1.03 1.06 1.19
10−5 1.00 1.00 1.01 1.01
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Table 6. Maximum point-wise absolute errors using the proposed method and the unfitted
method (σ = 1) for Example 1.

N
ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

Unfitted Fitted Unfitted Fitted Unfitted Fitted Unfitted Fitted
128 1.94E−02 1.28E−04 5.88E−01 7.50E−04 9.43E−01 9.81E−04 1.11E+00 1.00E−03
256 4.62E−03 3.24E−05 3.42E−01 2.67E−04 8.99E−01 4.79E−04 1.00E+00 5.02E−04
512 1.16E−03 8.11E−06 1.30E−01 7.75E−05 8.13E−01 2.27E−04 9.78E−01 2.50E−04
1024 2.88E−04 2.03E−06 3.27E−02 2.03E−05 6.59E−01 1.01E−04 9.59E−01 1.24E−04
2048 7.20E−05 5.07E−07 7.49E−03 5.12E−06 4.26E−01 3.83E−05 9.21E−01 6.07E−05

Table 7. Comparison of maximum point-wise absolute errors using the proposed fitted
method and the unfitted method (σ = 1) for Example 2.

N ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

Unfitted Fitted Unfitted Fitted Unfitted Fitted Unfitted Fitted
128 2.05E−02 8.49E−04 6.04E−01 5.52E−03 1.11E+00 6.05E−03 1.60E+00 6.10E−03
256 4.89E−03 2.06E−04 3.47E−01 2.25E−03 9.10E−01 2.99E−03 2.45E+01 3.04E−03
512 1.22E−03 5.10E−05 1.31E−01 6.29E−04 8.18E−01 1.47E−03 9.93E−01 1.52E−03
1024 3.05E−04 1.27E−05 3.29E−02 1.32E−04 6.62E−01 7.06E−04 9.62E−01 7.57E−04
2048 7.61E−05 3.18E−06 7.54E−03 3.24E−05 4.27E−01 3.10E−04 9.22E−01 3.76E−04

Table 8. Comparison of maximum absolute errors of the proposed fitted method and the
unfitted method for Example 3 for different ε.

N
ε = 10−4 ε = 10−5 ε = 10−6

Fitted Unfitted Fitted Unfitted Fitted Unfitted
256 4.82E−04 9.41E−01 5.03E−04 9.94E−01 5.04E−04 1.00E+00
512 2.29E−04 8.82E−01 2.51E−04 9.78E−01 2.52E−04 9.98E−01

1024 1.02E−04 7.05E−01 1.25E−04 9.57E−01 1.26E−04 9.96E−01
2048 3.87E−05 4.21E−01 6.12E−05 9.15E−01 6.25E−05 9.92E−01
4096 1.50E−05 1.87E−01 3.01E−05 8.32E−01 3.10E−05 9.85E−01

Table 9. Comparison of maximum absolute errors of the proposed fitted method and the
unfitted method for the nonlinear Example 4 for different ε.

N
ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

Fitted Unfitted Fitted Unfitted Fitted Unfitted Fitted Unfitted
128 1.30E−04 1.95E−02 7.55E−04 5.90E−01 9.85E−04 9.45E−01 1.01E−03 1.12E+00
256 3.26E−05 4.65E−03 2.69E−04 3.45E−01 4.80E−04 9.02E−01 5.03E−04 1.01E+00
512 8.13E−06 1.17E−03 7.77E−05 1.32E−01 2.28E−04 8.15E−01 2.51E−04 9.80E−01
1024 2.03E−06 2.90E−04 2.04E−05 3.30E−02 1.02E−04 6.62E−01 1.25E−04 9.61E−01
2048 5.07E−07 7.25E−05 5.13E−06 7.55E−03 3.85E−05 4.28E−01 6.10E−05 9.23E−01
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Table 10. Comparison of convergence rates of the proposed fitted method and unfitted
method for Example 3 for different ε.

Rate
ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

Fitted Unfitted Fitted Unfitted Fitted Unfitted Fitted Unfitted
r1 1.99 2.07 1.49 0.78 1.03 0.10 1.00 0.02
r2 2.00 2.00 1.79 1.39 1.08 0.32 1.01 0.03
r3 2.00 2.01 1.94 1.99 1.17 0.74 1.01 0.07
r4 2.00 2.00 1.98 2.13 1.39 1.17 1.03 0.14

Table 11. Comparison of convergence rates of the proposed fitted method and the unfitted
method for the nonlinear Example 4 for different ε.

Rate
ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5

Fitted Unfitted Fitted Unfitted Fitted Unfitted Fitted Unfitted
r1 1.99 2.07 1.49 0.77 1.03 0.07 1.00 0.01
r2 2.00 2.00 1.79 1.38 1.08 0.32 1.01 0.02
r3 2.00 2.01 1.93 2.00 1.16 0.74 1.01 0.06
r4 2.00 2.00 1.99 2.13 1.40 1.17 1.03 0.14

Table 12. Comparison of the point-wise maximum absolute errors of the Hybrid scheme
in [20] before extrapolation and the proposed method for Example 1.

N ε = 10−2 ε = 10−3 ε = 10−5

Hybrid in [20] Proposed Hybrid in [20] Proposed Hybrid in [20] Proposed
128 2.90E−3 1.28E−4 2.85E−3 7.50E−4 2.83E−3 1.00E−3
256 9.54E−4 3.24E−5 9.32E−4 2.67E−4 9.22E−4 5.02E−4
512 3.05E−4 8.11E−6 2.95E−4 7.75E−5 2.91E−4 2.50E−4

1024 9.71E−5 2.03E−6 9.14E−5 2.03E−5 8.99E−5 1.24E−4

AIMS Mathematics Volume 11, Issue 6, 17062–17092.



17088

Table 13. Comparison of the maximum absolute errors and convergence rates of the
proposed fitted method and methods in [20] for Example 4.

Proposed method
N ε = 10−1 ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5 ε = 10−6

Error Rate Error Rate Error Rate Error Rate Error Rate Error Rate
32 1.30E−03 — 2.10E−03 — 1.80E−03 — 1.80E−03 — 1.80E−03 — 1.80E−03 —
64 3.20E−04 2.02 5.20E−04 2.01 9.00E−04 1.00 9.00E−04 1.00 9.00E−04 1.00 9.00E−04 1.00

128 8.00E−05 2.00 1.30E−04 2.00 7.60E−04 1.24 9.90E−04 1.14 9.90E−04 1.04 9.90E−04 1.04
256 2.00E−05 2.00 3.30E−05 1.98 2.70E−04 1.49 4.80E−04 1.04 4.80E−04 1.04 4.80E−04 1.04
512 5.00E−06 2.00 8.10E−06 2.03 7.80E−05 1.79 2.30E−04 1.06 2.30E−04 1.06 2.30E−04 1.06
1024 1.30E−06 1.94 2.00E−06 2.02 2.00E−05 1.96 1.00E−04 1.20 1.00E−04 1.20 1.00E−04 1.20
Hybrid method in [20] before extrapolation
N ε = 10−1 ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5 ε = 10−6

Error Rate Error Rate Error Rate Error Rate Error Rate Error Rate
32 7.82E−03 — 9.37E−03 — 9.59E−03 — 9.61E−03 — 9.61E−03 — 9.61E−03 —
64 4.15E−03 0.92 5.42E−03 0.79 5.54E−03 0.79 5.55E−03 0.79 5.55E−03 0.79 5.55E−03 0.79

128 2.14E−03 0.96 3.11E−03 0.80 3.17E−03 0.81 3.17E−03 0.81 3.17E−03 0.81 3.17E−03 0.81
256 1.09E−03 0.98 1.75E−03 0.83 1.78E−03 0.83 1.78E−03 0.83 1.78E−03 0.83 1.78E−03 0.83
512 5.48E−04 0.99 9.66E−04 0.85 9.82E−04 0.86 9.84E−04 0.86 9.84E−04 0.86 9.84E−04 0.86
1024 2.75E−04 0.99 5.27E−04 0.87 5.36E−04 0.87 5.37E−04 0.87 5.37E−04 0.87 5.37E−04 0.87
Hybrid method in [20] after extrapolation
N ε = 10−1 ε = 10−2 ε = 10−3 ε = 10−4 ε = 10−5 ε = 10−6

Error Rate Error Rate Error Rate Error Rate Error Rate Error Rate
32 6.03E−04 — 9.19E−04 — 9.28E−04 — 9.23E−04 — 9.23E−04 — 9.23E−04 —
64 1.71E−04 1.82 3.61E−04 1.35 3.65E−04 1.34 3.64E−04 1.34 3.63E−04 1.34 3.63E−04 1.34

128 4.55E−05 1.91 1.31E−04 1.47 1.32E−04 1.47 1.32E−04 1.47 1.32E−04 1.47 1.32E−04 1.47
256 1.18E−05 1.95 4.42E−05 1.56 4.47E−05 1.57 4.46E−05 1.56 4.45E−05 1.56 4.45E−05 1.56
512 3.00E−06 1.98 1.42E−05 1.64 1.44E−05 1.64 1.44E−05 1.63 1.43E−05 1.64 1.43E−05 1.64
1024 7.55E−07 1.99 4.41E−06 1.69 4.46E−06 1.69 4.43E−06 1.70 4.45E−06 1.69 4.45E−06 1.69

Table 14. Comparison of central processing unit (CPU) time (in seconds) for Example 1.

ε Proposed Method Methods in [20]
N=128 N=256 N=512 N=1024 Hybrid Method Extrapolated Method

Example 1
10−2 0.004 0.019 0.036 0.142 1.822 7.613
10−3 0.004 0.009 0.036 0.141 1.769 9.058
10−5 0.004 0.009 0.036 0.146 1.988 7.686
10−7 0.005 0.009 0.037 0.142 1.687 8.157
Example 4
10−2 0.142 0.580 2.350 9.870 7.475 18.838
10−3 0.138 0.550 2.280 9.450 7.224 19.286
10−5 0.151 0.610 2.470 10.120 7.213 19.586
10−7 0.149 0.590 2.410 9.980 7.613 19.331

5. Conclusions

This paper focuses on solving linear and nonlinear convection dominated VIDEs. The considered
problem exhibits boundary layers on the left side of the domain that cause multiscale nature on the
solution. The standard numerical methods fail to solve the problem accurately. We designed an
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exponentially fitted difference method for treating the considered linear and nonlinear convection
dominated VIDEs. The differential part of the equation is approximated using an exponentially fitted
difference method. For the integral part, the composite Trapezoidal rule is applied on uniform mesh.
For the nonlinear case, Newton linearization is applied for simplifying the problem. Stability and
convergence of the proposed method are analyzed, and how the perturbation parameter influences
the solution profile is discussed. The analysis demonstrates that the proposed method achieves
uniform convergence with first-order convergence. To support this, four numerical examples are
presented with linear and nonlinear form, confirming the stability and reliability of the method. The
results confirm that the exponentially fitted difference method is accurate and effectively addresses
the numerical challenges posed by the perturbation parameter. The method delivers stable solutions
even for small perturbation parameters and maintains consistent performance across varying mesh
resolutions. This establishes the method as a reliable and practical tool for solving a broad class of
singularly perturbed integro-differential problems. In future, we will consider extensions to systems
of convection dominated VIDEs, developing higher-order schemes, and time-dependent form of the
considered problem.
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