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1. Introduction and preliminaries

The interaction between algebraic structures and topology such as ideals [1], filters [2], primals [3],
and grills [4] has played an important role in general topology. Among these structures, ideals provide
a convenient framework for formalizing notions of smallness.

Let (X, 7) be a topological space. A nonempty family I C 2% is called an ideal if it is hereditary
and closed under finite unions. The triple (X, 7, J) is called an ideal topological space (briefly, an ideal
top-space), with no separation axioms assumed. For an ideal top-space, the associated local function
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(or x-operator) is defined by
H ={xeX:YUeT(x), UNH ¢ 3},

where 7(x) ={U € 7 : x € U} and H C X. This operator, originating in Kuratowski’s work [5], was
further developed by Vaidyanathaswamy [6]. Moreover, the operator

CI"(H) = H U H*. Defines a Kuratowski closure operator on 2%, Later contributions include the
complementary operator ¥ introduced by Natkaniec [7] and the systematic study of ideal topological
spaces by Jankovi¢ and Hamlett [8]. Islam and Modak provided an in-depth study of the * and ¥
operators and their properties [9].

Recent developments in the theory of ideal topological spaces have emphasized the interaction
between ideals and various generalized topological notions. In particular, investigations have addressed
weakened forms of separation axioms as well as extensions of closedness concepts within this
framework [10, 11]. Moreover, approaches based on nano-topology, especially those employing
covering-generated neighborhood systems in the presence of multiple ideals, have further enriched
the structure of such spaces [12].

Earlier contributions have also examined decompositions of continuity in the setting of ideal
topologies and J-Alexandroff spaces, providing a deeper understanding of how classical continuity
notions can be refined through the incorporation of ideal-related constraints [13, 14].

More recently, attention has shifted toward the formulation of new operators and localized functions
in ideal topological spaces, such as sharp-type operators and aura-based local functions. These
constructions serve as effective tools for producing finer or alternative topological structures, thereby
extending the scope of operator-driven methodologies [15-18]. Collectively, these advancements
reflect a growing interest in operator-oriented frameworks and their role in shaping modern
generalizations of ideal topological spaces.

Throughout this paper, a pair (X, 7), or simply X when the topology is clear, denotes a topological
space (top-space) without assuming separation axioms. For any H C X, CI(H) and Int(H) represent
the closure and interior of H relative to 7, respectively. Let (X, 7") be a top-space and H € X. A point
x € X is called a condensation point of H if

YU € 7 (x € U = U N H is uncountable).

The set H is said to be w-closed [19] if it contains all of its condensation points. A subset W C X is
w-open if X \ W is w-closed. Equivalently, W is w-open if and only if

Vx € W AU € 7 such that x € U and U \ W is countable.

The family of all w-open subsets of X is denoted by 7, and forms a topology on X finer than 7. The
w-closure and w-interior, which can be defined in the same way as CI(H) and Int(H), respectively, for
H c X, is denoted by Cl,(H) and Int, (H), respectively.

Motivated by the concept of w-open sets, Al-Omari and Al-Saadi [20] introduced the notion of w-
local functions with respect to a topology 7 and an ideal J on a set X. For any subset H C X, define
H(T,3)={xeX:WnH ¢S forevery W € 7,,(x)}, where T ,(x) = {W € T, : x € W}. For brevity,
we write H}, instead of H; (7", 3). Moreover, for an ideal 3 on X, the operator Cl;,(H) = HUH}, defines
a Kuratowski closure operator on 2%. The topology generated by the operator CI, is 75(X,7) = {H C
X: CL(X\ H) =X\ H}. This topology is called the w*-topology, and it is finer than 77,.
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Recently, Issaka and Ozkoc [21] developed a framework based on extremal ideals and investigated
their structural behavior within ideal-induced topologies. Let X # 0 and let I ¢ 2% be an ideal. The
ideal 3 is said to be maximal if

VK(SICKC2® = (K=3 v K =2%).
Dually, assuming 3 # {0}, the ideal J is called minimal whenever
VEK({0)CKCI = (K=3 vV K ={0))).
Let 7 be a topology on X. For any H C X, define the operator
H'3,T)={xeX:VYUeT,xeU=3Je3J\ {0} suchthat J C U N HJ.

This operator is referred to as the sharp transform of H relative to (3, 7). It is briefly denoted by H*.
Moreover, define the dual operator by PHH) = X\ (X \ H). Using H*, one obtains a Kuratowski-
type closure operator CI*(H) = H U H¥, H C X. The family of open sets induced by CI* is given by
TH={UCX: CFX\U) =X\ U}, which defines a topology on X satisfying 7~ C 7°*.

In Section 2, we introduce a new operator (-)B,, which we denote by w* when no confusion arises,
and investigate its principal properties, emphasizing its connections with the classical sharp operator
and the w-local function.

In Section 3, using this operator, we define a Kuratowski-type closure Clﬁ) and analyze the
topology it induces, proving that this topology is strictly finer than 7#. Furthermore, we examine
the relationships between Tﬁ and other related topologies, highlighting both implications and
independence results among them.

In Subsection 3.1, we present some applications of the operator w*.

Finally, in Section 4, we define the notions of w*-continuity and w*-continuity for functions; and
examine their relationships with other established forms of continuity, such as w-continuity and §-
continuity.

The wf-operator modifies the classical sharp operator by replacing open neighborhoods with
the broader class of w-open neighborhoods, while preserving the ideal-based inclusion condition.
Consequently, the w*-structure extends the classical sharp structure. Although it is not intrinsically
equivalent to the w-local function, it admits a representation in terms of the annihilator ideal.

In this study, Z, Q, and R denote the sets of integers, rational numbers, and real numbers,
respectively.

Definition 1.1. [2]] Let X be a nonempty set and H € X with H # (. The ideal generated by H is
defined as I(H) ={J CX|JC H}.

Theorem 1.2. [22] Let (X, 7 ,33) be an ideal top-space and let H,G C X. Then the following hold.

(1) (H), € Hp,

(2) (HUG), = H,UG,,
(3) H;, C Cl,(H),

(4) H\ G, C (H\G),
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Lemma 1.3. [21] Let 3 be an ideal on X, and let K C 2%. Define
S:K)={HCX|(HNK eI)VK € K)}. Then (I : K) is itself an ideal on X.

Definition 1.4. [21] (Ideal quotient and annihilator) Let X # 0 and let 3 be an ideal on X. Suppose
K < 2%

(1) The quotient of the ideal J by K is the collection
S:K)={HCX|HNK €3 forevery K € K}.

(2) In the special case where I = {0}, the quotient ({0} : K) is called the annihilator of K relative to
X, denoted by ANN(K) = ({0} : K).
(3) For a singleton subset H C X, we write ANNy = ANN{H}) for brevity.

Definition 1.5. [27] Let X # 0 and I C 2*. The ideal 3 is called faithful if ANN(JI) = {0}.
Lemma 1.6. [21] Let 3 be an ideal on X. Then 3 N ANN(JI) = {0}.

Theorem 1.7. [21] A proper ideal I on a non-empty set X is maximal if and only if for every H C X,
either H e Jor X\ H € 3.

Corollary 1.8. [21] Let X # O with an ideal 3. Then the following hold.

(1) For every H C X, one has ANNy = ANN(I(H)).
(2) If 3 is a minimal ideal, then AN N(J) is a maximal ideal.

2. Basic properties of the w*-operator

Definition 2.1. Let (X, 7 ,3J) be an ideal top-space. For any subset H C X, define the operator
(O 2% — 2% by HS,T) = {x € X | VW € T,(x), 3] € S\ {0} (J € W N H)|, where

Tox) ={W € T, | x € W}. The set HBJ(S,T), also denoted by Hi, is called the a)ﬂ—operator of H
relative to the ideal I and the topology T . When the context is clear, we simply write Hﬁ,

Corollary 2.2. Let (X,7,33) be an ideal top-space and let H C X. Then H' c H.

Proof. Since every 7 -open is also 7 ,-open, the inclusion H, *  H follows immediately by definition.
O

The next example illustrates that, in general, the containment H' e Hg, fails to be valid.
Example 2.3. Let R be equipped with the indiscrete topology Ting = {0, R}, and set T~ = Ting.

Then a subset W C R is w-open if and only if R \ W is countable. Hence,
To ={W CR:R\ Wis countable} U {0}.

Define an ideal on R by I = 3({0, V2}) = {0,{0},{ V2},{0, V2}}. Let H = P be the set of irrational
numbers.
Step 1: Computation of H*. Since the only nonempty open set is R, for every x € R and every
nonempty open neighborhood U of x, we have U = R. Moreover, { V2} ¢ R N H, thus every point of
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R satisfies the sharp condition, and consequently H* = R.
Step 2: Computation of HB, Let x € R. We analyze whether x € HB, Indeed, observe that the set
R\ { \/5} is w-open. Moreover, for every J € J \ {0}, we have

[R\{V2) NH]NJ =0 orequivalently (R\{V2)nH e ANN).

Consequently, for each x € R\ { «/E}, it follows that x ¢ HBJ In particular, for x = V2 and any We T,
containing V2, we obtain { V2} C P N W. Hence, H!, = { V2}.
Step 3: Comparison. We conclude that H* =R and Hﬁ, = \5}; so that H* ¢ Hﬁ,

2.1. Remarks

Remark 2.4. From Example 2.3, we have H = P, the set of irrational numbers, and Hﬁ, = {\/E}.
Hence, H ¢ HB,.

Next, let (R, 77) be as defined in Example 2.3, let 3 = J(Z) be the ideal on R generated by Z, and
consider the set H = R \ Z. For every W € 7, we obtain (H N W € ANN(J), which implies that
HB, = (). Consequently, H Hf,

Finally, consider the ideal K = {H CR : 1 ¢ H}. Then let H = R\ {1}. It follows that

Hg, =R, since

VxeR, VW e T,(x), K € K\ {0} such that K € W N (R \ {1}),

and hence, HB, ¢ H. Therefore, in general, there is no inclusion relationship between a set H and its
associated set Hﬁ,.

Remark 2.5. Consider a topological space (X,7") and two ideals K and 3 on X. Assume that K C 3.
Then, for any H C X, the following implication holds:

KC3I = H (K, 7)< H (3,7
Remark 2.6. In general, there is no intrinsic correspondence between the w-local function and the
wh-operator. This lack of dependence can be demonstrated through the following construction.

Let (X, U) be the usual topological space where X = R. Let 3 = 3J(Q) be the ideal on R, and
consider the set ' = R\ Q. Then F N W € ANN(J) for every W € 7.
In this setting, one observes that

Fi3,7)=0 while FI(3,7)=R.

Conversely, since F € ANN(SJ), the behavior of the corresponding operators is reversed.
Indeed,
X\FIS,7)=Q and X\ F)(3,7) = 0.

This example illustrates that the two operators behave independently.
Based on Theorem 1.7, we obtain the following corollary.

Corollary 2.7. Let (X,7,3) be an ideal top-space. If the ideal J is maximal, then for every subset
H C X, we have either H,, = 0 or (X \ H);, = 0.
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Theorem 2.8. Let (X,7,3) be an ideal top-space and let H C X. If 3 is a maximal ideal, then H is
either T ;-closed or T ;-open.

Proof. Let 3 be a maximal ideal on X, and consider an arbitrary subset H C X. Because J is maximal,
it follows from Theorem 1.7, that
Hed3I v X\HeS.

Case 1. If H € 3, then H} =0, CI(H) = H. Thus, H is 7 ;-closed, and hence, X \ H is 7 ;-open.
Case 2. If X\ H € 3, then (X \ H)}, =0, CI_(X\ H) = X\ H. Thus, X\ H is 7 ‘-closed, and hence,
H is 7 -open. Therefore, H is either 7 -closed or H is 7 -open. ]

Theorem 2.9. Let (X, 7 ,3) be an ideal top-space. If the ideal I is maximal, then the space (X, 7))
satisfies the T separation axiom.

Proof. Let a,B € X with @ # B. Define H = {a}. Since the ideal J is maximal, we have
He3 v X\H)eS3.
Case1l: X\ H € 3. By Theorem 2.8, X\He3 = He7 /. Hence, He T AN (e € HA[S & H).
Case2: He 3. Then, He3 = X\He€ 7, .Hence, X\H)eT, N BeX\HAa¢X\H).
Thus in all cases, AU € T [(a e UAB ¢ U) V (Be U A a ¢ U)|. Hence, (X, T) satisfies the T
separation axiom. O

The following theorem establishes a connection between the w-localized function and the wf-
operator.

Theorem 2.10. For any ideal top-space (X,7,3) and any H C X, we have
H (3,7 = H (ANN), T).
Proof. Let H C X. Then, for any x € X,
xeHY(3,7T) &= YWeT,(x), I eI\{0}, JICWNH
= VWeT,(x), AT e3I\{0}, INWNH)+0

— YWeT,(x), WNH¢ ANNJ)
& xe€ H (ANN®),T).

Hence, we conclude; Hf,(i”s, T)=H (ANNK),T). O

The following lemma is essential for proving part (10) of the next theorem.
Lemma 2.11. Let (X, 7 ,33) be an ideal top-space and let H C X. If H is w-closed, then H, ' CH.

Proof. Let H be w-closed and let x € HBJ. Suppose that x ¢ H. Since H is w-closed, X \ H € 7 ,(x).
Hence, taking W = X'\ H, there exists J € I\ {0} suchthat J C HN(X\ H). Bt HN (X \ H) =0,
hence, J = 0, a contradiction since J # (. This contradicts the definition of x € Hf). Therefore, x € H,
and hence, ng CH. O

Theorem 2.12. Consider an ideal top-space (X, 7T ,3). For any subsets H and G of X, the operator
W* satisfies the following properties:
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() HCG = H' cGh,
() H' = Cl,(H") c Cl,(H) and H" is w-closed in (X, T);
3) (HNG), CH, NG,
4) (HUG), = HL UG,
(5) HL\G!, C (H\ G);
(6) If H € ANN(3), then H' = 0
(7) If H € ANN(S), then (H U G)!, = (G \ H)!,;
(8) If 3 is faithful, then H' = Cl,(H);
(9) IfH e T, then HNG' Cc (HNG);
(10) (HL);, c HE,

Proof. We verify the properties of the operator w* as follows:
(1) Let x € H,
xeH, = VYWeT,(x), AJ €3, J 0, satisfyingJ CWN H

= HC GimpliesJ CWNG

> x€ Gg)

= Hfu - Gﬁ).
(2) Clearly, Hf, - Clw(HB,). To prove the reverse inclusion Clw(Hf)) - Hf), let x € Clw(HB)). Then,
for every W € 7T,(x), W N Hﬁ, # 0, so there exists z € W nN Hf). Since 7 € Hg, by definition,
YV eT,(2)@AJy €3\ {0}) suchthat Jy CVNH.

Now, fix W € 7,(x) and choose z € W N Hg, Since z € W and W is a 7 ,-neighborhood of z, we
may take V := W in the defining condition of z € Hi Hence, there exists an ideal element

Jw € 3\ {0} suchthat Jy C WNH.

Therefore,
YW eT,(x))(AJw € I\ {0}) suchthat Jy CWNH,

which implies x € Hf,. Hence, Clw(Hﬂ,) - Hf). By combining both inclusions, it follows that
Cl(H') = HE.
Next, let x ¢ Cl,(H). Then there exists W € 7,(x) such that WNH = (. Hence, WNH € ANN(J),
which implies x ¢ H' . Therefore, H, = Cl,,(H') C Cl,,(H).
(3) This follows directly from (1).
(4) From (1), we immediately obtain (H U G)ﬁ, 2 Hi U GB,. We now prove the reverse inclusion.
Letx ¢ Hﬂ, U Gﬁ,. Then x ¢ Hg, and x ¢ Gﬁ,. Hence, there exist Wi, W, € 7,,(x) such that

WinHeANNE), WrNG e ANN®K).
Since ANN(J) is an additive ideal, we obtain:
WiNnHYUW,NG) € ANN(I).
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Moreover,

WinH)UW,NG)=[(WiNnH)UW,|n[(W,nNH)UG]
=(W,UW,)N(HUW,)N (W, UG)N (HUG)
DWinWy)Nn(HUG).

By the hereditary property of ANN(3), it follows that (W, N W,) N (H U G) € ANN(I).

Thus, (Wi N W) N (HUG)]|NJ =0, YJ e 3. Since W, N W, € T,(x), we conclude that
x ¢ (HUG),,. Hence, (H U G), € H', U G!,. Therefore, (H U G)}, = H} UG"..
(5) Since H = (H \ G) U (H N G), we have

H.(S, ) =H\GLS,7) U (HNGL(S,7) by (4),
CH\GS,T) U GL(S,T) by (1),
= H' 3D\GUSI,T) CH\GLS, T\ GLS, . 2.1)

By axiom (1), (H\ G)(3,7) € H.(3,7),
= H\G'I.\G (3,7)C H (3,7)\ G (3, 7). (2.2)

Combining (2.1) and (2.2), we get,

HY(S, )\ GU(S,T) = (H\G)E(S,T)\ GL(S,T)
C(H\GL(S,T).

Equivalent expression via Theorems 1.2 (4) and 2.10. Using the canonical forms, we also have

HY(3,7)\ G4(3,7)

H (ANN®Q), T\ G (ANN),T) (Thm. 2.10)
(H\ G)Z(J‘{NN(S),T) (Thm. 1.2 (4))
(H\ G): (3, 7).

N

This completes the proof.
(6) It follows directly from the definition of ANN(J).
(7

(HUGY = [H\G)UHNG) UG\H]
" H\NG)E UENG)E UG\ HY.
Since H € ANN(3J), by (6), we get
=(HUG)!, =0U0U(G\ H) =(G\H).

(8) Since J is assumed to be faithful, it follows that ANN(J) = {0}. From Theorem 2.10, we deduce
that
Hfu(S,‘T) =H ({0}, 7)={xeX| (VW e T,(x)) ( WnNH # 0)} = Cl,(H).
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9 Letxe HN Gg,. Then,

x € H,

xeHNG! = {
xeGh = (YW eT,(x)@AJ eI\ {0)(J S WNG).

HeT,x) = WnNHEeT,x),3l €3\ {0},
= IC(WWNH)NG=WnHNG),
= xeHNG),
= HNG' c(HNG).

(10) Let H C X.
Lemma 2.11

@
HcxX 3 H' isw-closed = (H')! c HE.
O

{0,{0}} be an ideal on R.

Example 2.13. Let R be equipped with the usual topology U, and let J
Consider the operator w*.

For any x € R with x # 0, there exists € > 0 such that
(x—-&e,x+e)eU,(x) and 0¢ (x—¢g,x+e&).

Hence,
[RN(x—g,x+&)]N{0} =0,

which implies x ¢ Rfu. Therefore, Rﬁ, = {0}. This shows that w* is not extensive, since Rﬁ, 2 R.

Lemma 2.14. Let (X,7") be a topological space and let 3,K C 2% be ideals on X. Then, for any
subset HC X, H:(SNK,T)=H (3, 7)UH (K, T).

Proof. (S)Letx e H,SNK,T). If x ¢ H (3,7 ) and x ¢ H (K, 7T), then there exist E, F € 7 ,(x)
suchthat ENH € Jand FNH € K. Hence, (EN F)N H € 3N %K, a contradiction. Thus,
xeH (3, T)UH (K,T).

(2)Letx € H; (3, 7)UH; (K,7). Without loss of generality, assume x € H; (3,7 ). Then for every
WeT,(x), WnNnH¢S3J. Since INK C 3, it follows that WN H ¢ INK. Thus, x € H(SNK,T).
The case x € H (K, 7) is similar. Hence, H;(SNK,7T) = H,(3,7) U H, (K,T). ]

Theorem 2.15. In an ideal top-space (X, T ,3), the w-closure of any subset H C X decomposes as the
union of the sets Hi and H;,. Explicitly,

Cl,(H) = H}(3,7) U H (3, 7).
Proof. By Theorem 2.10,

HL S, 7)) UHA(S, T) = H.(ANN(), T) U HA(S, 7).
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By Lemma 2.14,

= H (ANNS) N3, T), since ANN(I) NI = 0 (Lemma 1.6),
=H, ({0},7)={xeX: WnH =#0forevery W € T,(x)} = Cl,,(H).

The following example illustrates the equality stated in Theorem 2.15.
Example 2.16. Referring to Example 2.13, we observe that Cl,(Q) = Q, since R\ Q € 7.
Furthermore, we have Qg) = {0}. In addition, for every x € Q and each W € 7 ,(x), it holds that
QN W ¢ 3. On the other hand, since R\ Q € 7, and QN (R \ Q) = 0 € 3, it follows that Q}, = Q.
Consequently, by Theorem 2.15, we conclude that
Cl(@ =0Q},uQ, ={0juQ=Q
Corollary 2.17. Let (X, 7T ,33) be an ideal top-space and let H C X. Then,

() HeS = H' =Cl, (H).
(2) He ANN(S) = H, = Cl,(H).

3. On the w*-closure operator and the associated sharp topology

Definition 3.1. Ler (X, 7, 3) be an ideal top-space. The w*-closure operator; Clﬁ) : 2% — 2% s defined
byVH C X, CI¥ (H) = HU H?.

Theorem 3.2. Let (X, 7 ,3) be an ideal top-space, and H,G C X. Then, Clﬁ) satisfies.

(1) CI* @) = 0.

2) CH(X) =X,

(3) H C CI* (H).

(4) HC G = Cl{ (H) c CI* (G).

(5) CI* (H U G) = CI* (H) U CI (G).

(6) CI(CIE(H)) = CI (H).

(7) If H € T, then H N CI* (G) c CI (H N G).

Proof. We verify the properties of Clg) as follows:

(1) By definition, (Z)ﬁ, =0, so
CL@=0U0 =0.

(2) Since X! c X,
CFxX)=xXux! =x.

(3) Clearly, H C H U H, = CI{ (H).
(4) If H C G, then H, € G!, (Theorem 2.12(1)), so

Cl'(H)=HUH! cGUG =CI'(G).
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(5) For unions, using Theorem 2.12(4),

CE(HUG)=(HUG)U(HUG),
=(HUG)UH! uGh)
=(HUH)UGUG")
= CI' (H) U CI* (G).

(6) Using the definition of Clﬁ), we obtain

Cl* (Cl* (H)) = ClIE(HUH!) = (HUH!) U (H U H")},

= (HUH) U (H: U (HY)!) (by Theorem 2.12(4) )

=(HUH')UH* (since (H*)! < H' by Theorem 2.12(10) )
=HUH"

= CI* (H).

(7) If H € T, then by Theorem 2.12(9),
HnCl(G)=HNGUHNG) C(HNG)UHNG), =Cl'(HNG).
O

Proposition 3.3. Let (X,7,3) be an ideal top-space and H C X. If H C Hf), then the following
properties hold.

(1) Cl,(H) = CE(H);
(2) Int,(X \ H) = Int’ (X \ H).

Proof. (1) By Theorem 2.12(2), H! = Cl,(H") c Cl,(H). Since H C H', it follows that Cl,,(H) C
Cl,(H"). Therefore, Cl,(H) = Cl,(H') = CI* (H).

(2) From (1), we obtain X \ Cl,(H) = X'\ Clg)(H) o Int,(X\ H) = Intfu(X \ H). Hence, the result
follows. =
Corollary 3.4. If (X, 7,3) is an ideal top-space, then for every H C X,

CIF (H) = HU H'( ANN(3), 7).
Remark 3.5. By Theorem 3.2, the operator Clg)(H )=HU Hf, is a Kuratowski closure. Accordingly,
TE={WCX|CEX\W) =X\ W};
defines a topology on X, called the w*-topology. When needed, we write Tﬁ(ﬁ).

Theorem 3.6. Let (X,7,3) be an ideal top-space. Then the inclusions T, C Tﬁ and T* C Tf, hold.
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Proof. To show that 7, C ‘T(ﬁ, let W eT,. Then, Wx € W)Y(VJ e I\{@D[JN(WN X\ W) =0].
Hence W N (X'\ W) € ANN(J), it follows that

|(Fx e W) (x ¢ X\ W) | = X\ W)}, cX\ W,

By the definition of the closure operator Clg), Cli(X \W)=X\W)u X\ W)ﬁ, = X'\ W. Therefore,
X\ Wis T, f,-closed, and consequently W € T, f) Hence, 7, C Tf).

To show that 7% C 77, let W € 7#. Then X \ W is 7-closed, so that (X \ W)f € X\ W.
By Corollary 2.2, (X \ W)}, € (X \ W)? € X \ W. Thus, CI;,(X \ W) = X\ W)U X\ W)}, = X\ W.
Therefore, X \ W is Tﬁ-closed, and hence W € Tf,. It follows that 7% C 7, f, O

Corollary 3.7. Let (X,7,33) be an ideal top-space. Then,
(VH € X) (CE(H) € CF(H) A CIF(H) C CL,(H)).

Remark 3.8. The relationships induced by the definitions of the §-topology and the w*-topology are
summarized in the diagram below. The example that follows shows that these implications do not admit
converses. Moreover, the notions of T, ﬂ-open sets and T -open sets are independent, as illustrated in
the next example.

The implications and independence relations among the classes of 7 -open, 7,,-open, 7 *-open, Tf)—
open, and 7 -open sets are summarized in Figure 1.

Tw-Openf------------------ 7*- open

Tﬁ— open [---"---""----------- 7 .- open

Figure 1. Diagram illustrating the relationships among various classes of open sets; dashed
line denotes independence.

Example 3.9. Let T be the indiscrete topology on R; and let I = J3(Q) denote the ideal generated by
Q. From Example 2.3, it is evident that W C R is w-open if and only if R\ W is a countable set.

Since
R\Q e ANN(I) = R\ Q) =0,

it follows that Q e 7# A Q ¢ 7.,. Moreover, since 7# C 7 ﬂ, we obtain
QeThAQ¢T,.

On the other hand, since
R\QeT, A Qf=R,
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it follows that
R\Q¢T".

Hence, 7,-open sets and 7 #-open sets are independent concepts. Furthermore, since
R\QeT, AN Qn(R\ Q) =0, we obtain Qﬁ, C Q. Consequently,
R\QeTi A R\QgT"

Example 3.10. Let (R, 7;,4) be an indiscrete topological space, and let 3 = J((0, 00)) denote the ideal
generated by the interval (0, 00). First, consider the set H = (0, 00). Then,

R\ H = (-,0] € ANN().
By Corollary 2.17(2), we obtain (R\ H), =0 and (R\ H);, = Cl,(R \ H) = R. Therefore, H € T,
while H ¢ 7. Next, let G = (=00, 0]. Then,
R\ G = (0,0) € 3.

Hence, by Corollary 2.17(1), (R \ G);, = 0 and (R \ G)g, = Cl,(R\ G) = R. Thus, G € 7, whereas
G¢Th
Definition 3.11. Let (X,7,33) be an ideal top-space, and let H C X. The following operators are
defined:

(1) The ¥} -operator is defined by ¥, (H) = X\ (X \ H),.

(2) The W/ -operator is defined by W/ (H) = X \ (X \ H)"..

Remark 3.12. Let (X,7,3) be an ideal top-space, and let H C X. According to the definition of the
‘Pg)—operator together with Theorem 2.10, we have Y(H(ANN(3J), 7)) = ‘Pg(H (3,7)).

Theorem 3.13. Let (X, 7T, 33) be an ideal top-space, and let H C X. Then, H € Tf, — HC ‘Pg,(H ).

Proof. Let H C X. Then,
HeT! e X\ His T}-closed
= CIX\H)=X\H
— X\H)! cX\H
= X\(X\H} 2H
— ¥ (H)2 H.

Hence,
HeT! < HcWY (H).

Theorem 3.14. Let (X, 7, 33) be an ideal top-space and H C X. Then,
Wi (H) N (H) = Int,(H).
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Proof. Consider any subset H € X. By Theorem 2.15, we have
Cl,X\H) = X\HLG,T)UX\H),G,7)
& X\ CL,X\ H) = X\ [(X\ B3, 7) U X\ HYL(3, 7))

e Int,(H) =X\ X\BDLE,7) n X\ &X\H),SQ,7)
& Int,(H) = Y/ (H) ¥ (H).

O
From Theorem 3.14, we obtain the following.
Corollary 3.15. For an ideal top-space (X, 7 ,3) and a subset H C X:
(1) If X\ H €3, then it follows that ‘I’ﬁ,(H) = Int,(H).
(2) It X\ He ANN(), then, ¥, (H) = Int,(H).
The following theorem plays a key role in establishing the next result.
Theorem 3.16. Let (X, 7) be a top-space, and let 3, K C 2% be ideals on X. Then,
T.CBNK,T)=T (S, T)NT (K, T).
Proof. Let W C X. Then,
WeT ., SNK,T) & X\W),BNnK,T)cX\W
& [X\WE,THUX\W) (K, T <cX\W (by Lemma 2.14)
EX\W),E,T) cX\ W,
X\W) (K, T)cX\W
o WeT (S, THNT (K, T).
Hence,
ToRNKT) =T 58, T) NT (K, T,
which is equivalent to the two inclusions:
ToQNKT) ST, S, T) NT (K, T,
and
T,8NNT (K.T)ST ,SNK,T).
O

Theorem 3.17. For any ideal top-space (X, T ,3), To, =T (3, 7T)N 7:&(1”5, T).
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Proof. Obviously, 7, €7 (3,7 ﬂTﬂ(S, T).LetWe T (3,7) ﬂTﬁ(S, 7). Then, by Theorem 2.10,
we obtain

Theorem 3.16

WeT (3.T)N T, (ANNES),T) = WeT (SNANNK),T).
By Lemma 1.6, 3 N ANN(J) = {0}, hence, W € 7 ({0}, 7), implying W € 7. Hence,
THS,T)NTAS,T) S T

Therefore,
To = T3, T NTES,T).

O

Theorem 3.18. Let (X,7,3) be an ideal top-space with I as proper minimal ideal. Then, for every
HCX,
H =0 or (X\H) =0.

Proof. By the duality between ideals and their annihilators (Corollary 1.8(2)), J minimal &
ANN(JI) is maximal. We conclude that

VH CX, (He ANN() vV X\ H € ANN()).
From Theorem 2.12(6), we obtain
(H e ANN() = H, = 0) v (X \ H e ANN(Q) = (X\ H)}, = 0).

Therefore,
VHCX, (H =0 v X\ H)?! =0).

O
Corollary 3.19. Let (X, 7T ,33) be an ideal top-space with I minimal. Then,
YHCX, He Tf)—closed V He Tf)—open.
Proof. The proof proceeds analogously to that of Theorem 2.8. m|

Corollary 3.20. Let (X,7T,3) be an ideal top-space. If I is minimal, then the space (X, Tf,) satisfies
the T, separation axiom.

Theorem 3.21. Assume that (X, 7T ,33) is an ideal top-space such that 3 is a maximal ideal on X. Then,
for any subset H C X,
H! = Cl,(H) v Y (H) = Int,(H).

Proof. Let H C X. Since J is a maximal ideal on X it follows that
He3I v X\HEeS.

Consequently,
H =0vVv X\H), =0.
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From Theorem 2.15, we have

Cl,(H)=H UH' VHCX.

Hence,
(H, =0 = Cl,(H) = H.) v (X\H), = 0= ClLX\H) =X\ H}).
Using the identity
Cl,(X\ H) = X\ Int,,(H),
we deduce
¥ (H) = X\ (X \ H)f, = Int,(H).
Therefore,
Cl,(H) = H' v W (H) = Int,(H),
which completes the proof. O

Corollary 3.22. Suppose that (X,7,33) is an ideal top-space such that 3 is a proper minimal ideal on
X. Then, for every subset H C X,

H' = Cl,(H) v ¥ (H) = Int,(H).

Proof. Applying Theorems 2.15 and 3.18, the statement is established. O

3.1. Some applications of w*-operator

Theorem 3.23. [21] Let (X,7T") be a topological space and let H be a subset of X. Then H is dense
in X if and only if the ideal topological space (X, T , ANNy) is a Hayashi—Samuel space.

Remark 3.24. Let U be the usual topology on R, and let the annihilator ideal of the rationals be
ANN{QH =2°, P=R\Q
The associated w-topology is
U, = (W CR|VxeW, U e Uwith x € Uand U\ W countable},

Since R\ Q € U, N ANN{Q}) # 0, we can write symbolically that the space
R, U,, ANN({Q})) fails to be a Hayashi—Samuel space as U, N ANN({Q}) # 0. Furthermore,
applying the Clﬁ) operator, we have leu(Q) =QU Qﬁ, = Q, because Qﬁ, cQ.

Remark 3.25. In [21], Issaka and Ozkoc established that the set of rational numbers Q is Ut-dense
in the ideal topological space or dense in (R, U*) (R, U, I(Q)), where U denotes the usual topology
on R.

Proposition 3.26. There exists a Hausdorff topology on R such that Q is not dense in R with respect
to the ideal 3(Q).

The following example illustrates Proposition 3.26.
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Example 3.27. Let U be the usual topology on R and let I = I(Q). Since Q € 3, it follows from
Corollary 2.17(1) that Q;, = 0 and Qﬁ, = Cl,(Q) = Q, since R\ Q is w-open.

Thus,
Cl@=QuQ =qQ

Hence, Q is not dense in (R, ‘LIB,).
Finally, since U C ‘L[i and (R, U) is Hausdorft, it follows that (R, (Llﬁ,) is also Hausdorft.

Theorem 3.28. Let (X, 7") be a topological space. Assume that there is a set F € TS\ {0,X}. Then the
ideal top-space (X, T ,3(F)) is Tﬁ—disconnected.

Proof. Let F € T<\{@,X}. Then X\ F € T,,\ {0, X}. Since T, C T4, it follows that X\ F € 7/ \ {0, X}.
Moreover, X \ F € ANNfr = ANN(I(F)), and hence, by Theorem 2.12 (6), (X \ F)ﬁ, = (. By the
definition of CI* ,

CHX\F)=X\F)},UX\F)=X\F

— X\ Fe(TH\{0,X)
— FeTinTh
= X, T7,3(F))is T, (ﬁ—disconnected.
O

Corollary 3.29. Let (X,7T) be a topological space. If F € T\ {0,X}, then X,7,3(F)) is
Tﬁ—disconnected.

Example 3.30. Consider the real line R endowed with its usual topology U. Let I = I(F) be the
ideal generated by the finite set F = {0, 1}. The set F is w-closed in the topological space (R, U). By
Theorem 3.28, the corresponding ideal topological space (R, U,I(F)) is T(ﬁ—disconnected.

4. Decomposition results for continuity

Definition 4.1. A function f : (X,7,3) — (Y,I) is said to be w-continuous [23] (resp. §-
continuous [21]) if for every U €T, f~'(U) € T, (resp. f~'(U) € TH).

Definition 4.2. Let (X,7,3) be an ideal top-space, and (Y,I') a topological space. A function f :
X — Y is called w*-continuous (respectively, w*-continuous) if and only if

i) e T, (respectively, i) e Tﬂ) forevery U €T.

The following corollaries are immediate consequences of the definitions. However, to show that the
converses are not valid in general, we provide appropriate counterexamples.

Corollary 4.3. Let f : (X,7,3) — (Y,I') be a function. Then, f is w*-continuous if and only if
f: X7} = (X,I) is continuous, and f is wh-continuous if and only if f : (X, Tf,) - (Y,D) is
continuous.

Corollary 4.4. Let f : (X,7,3) — (Y,TI) be a function. If f is continuous, then it is also w-
continuous and w*-continuous.
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Corollary 4.5. Let f : (X,7,3) — (Y,I') be a function. Then the following hold.

(1) If f is w-continuous, it is also wf-continuous.
(2) If f is #-continuous, it is also w*-continuous.
(3) If f is w-continuous, it is also w*-continuous.

The relationships illustrated in the following figure follow directly from the definitions and
Corollaries 4.4 and 4.5.

continuity
w-continuity #-continuity
* M H . .
@ -continwmty | w*-continuity

Figure 2. Relationships among different generalized forms of continuity induced by various
open-set structures; dashed line denotes independence.

The converses of the implications in Figure 2 do not hold in general, as demonstrated by the
following examples.

First, note that in [21], Issaka and Ozkog proved that every continuous function

[ X T,3) — (Y,T) is #-continuous. However, the converse need not always be true, as shown
in [21].

Example 4.6. Let U be the standard topology on R, and let I = {J C R : J is countable} be the ideal
of countable sets. Define the co-countable topology

T.={U CR:R\ U is countable} U {0}.

Consider the identity function f : (R, U,3J) — (R, T.), f(x) = x.
For any U € 7.\ {0}, f~'(U) = U. Since R \ U is countable, for any W € U,,,

R\NUO)NWe3I = ®R\U),=0,

so U € U;,. Therefore, f is w"-continuous. However, f is not continuous because R \ Q € 7. but
'R\ Q) =R\ Q ¢ U. Similarly, using the w*-operator, we have R \ (R \ U) € U,, and

R\ N[R\R\D)| e ANND) = R\U), SR\,

SO Clg)(R\ U)y=R\U,and U € (L(E, Hence, f is wF-continuous as well.

Example 4.7. Let (R, U, J) be an ideal top-space, where U is the usual topology on R and I = I(Q).
Define a function f : R, U,J) —» (R, U) by
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f(x):{l, xeR\Q,

0, xe€Q.
For any U € U,
0, 0¢U, 1¢U,
_ Q, 0eU, 1¢U,
) =
R\Q, 0¢U 1€U,
R, 0eU, 1€U.

Since R\ Q € ANN(J), Theorem 2.12 (6) yields (R \ Q)ﬁ, = (). Hence,
Q¥ (@ =R\R\Q} =R,

which implies Q € U", by Theorem 3.13. Similarly, R \ Q € U’ by Theorem 3.13. Indeed, since
QNR\Q) =0and R\ Q € U,, it follows that Qﬁ, € Q. Consequently, ‘I’ﬁ,(R \Q) =R\Q, and
therefore, R \ Q € ‘Llﬁ,. Therefore, f~'(U) € ‘L[B, for every U € U, and thus f is wF-continuous.
However, f is not w-continuous since Q ¢ U,,,.

Remark 4.8. Following Issaka and Ozkic [21], for any H € 3, we have H* = CI(H). In Example 4.6,
Q € 3 yields Q* = CI(Q) = R. Hence, R\ Q ¢ U*. Let U = R\ Q. Then,

UeT,. and f'(U)=U¢U".

Therefore, the function f : (R, U,I) — (R, T,) is not §-continuous. On the other hand, Example 4.6
shows that f is w*-continuous.

Remark 4.9. The example below demonstrates that w-continuity and §-continuity are independent
notions.

Example 4.10. Let (R, U, I) and (R, U, K) be ideal top-spaces, where U is the usual topology on R,
3 =3(Q), and K = {0,{0}}. Consider Y = {0, 1} equipped with the topology I" = {0, Y, {O}}.

(1) Define
I, xeR\Q,

0, x€Q.

Note that f~'({0}) = Q. Since R\ Q € ANN(K), by Theorem 2.12, we have (R \ Q)* = 0,
which implies Q € U*. Therefore, for each U € T, fY(U) € U*. Hence, f is #-continuous but
not w-continuous.

(2) Define

ﬁ@%mﬂmmfm{

0, xeR\Q,

fRUSI) — (Y, I), f(x)= {1’ e Q.

In this case, f is w-continuous but not §-continuous.

Remark 4.11. The concepts of w*-continuity and w*-continuity are independent as illustrated by the
following examples. Let T4 denote the indiscrete topology on R; and set T = T jnq.
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We now consider the following ideals. 3 = {0, {1}}, K = K((0, o)) on R. Define the codomain
Y = {0, 1} with topologies
0, x>0,

I ={0,Y,{0}}, TL,={0,Y,{1}}.Letf:R—Y, f(x)= {
1, x<0.

(1) When f is considered as f : (R,7,3) — (Y,T), it is w*-continuous but not w*-continuous.
Observe that f~'({0}) = (0,00) € Tf,. Since (—c0,0] € ANN(J), Corollary 2.17(2) implies
(—oo0, 0]51 =0, (—00,0]’ =Cl,((—=00,0]) = R. Therefore, (0, ) ¢ 7, so f is not w*-continuous.

(2) When f is considered as f : (R,7,K) — (Y,I), it is w*-continuous but not wF-continuous.
Observe that f~!({1}) = (—o0,0] € 7. Since (0, 0) € K, Corollary 2.17(1) gives
(0,00)", =0, (0,), = Cl,((0, )) = R. Therefore, (—o0, 0] ¢ 7, so f is not w#-continuous.

(3) From statement (2), the function f : (R,7,K) — (Y, I) is w*-continuous. However, it fails to
be w-continuous. Indeed, we observe that f~!({1}) = (-0,0] ¢ 7. This follows from the fact
that for every x € (00, 0], R\ (—00,0] is not countable.

Theorem 4.12. A function f : (X,7,3) — (Y,I) is w-continuous if and only if it is both w*-continuous
and w*-continuous.

Proof. The proof follows directly from Theorem 3.17. O
5. Conclusions

In this paper, we introduced and developed the operator (-)5, within the setting of ideal topological
spaces, and we demonstrated that it provides a coherent and effective framework for refining
topological structures and analyzing generalized notions of openness and continuity. The results
establish that this operator is not merely an extension of existing constructions, but a structurally
meaningful tool that interacts in a nontrivial way with both w-local functions and classical sharp
operators.

The main findings and contributions of this work are as follows:

(1) Definition and structural characterization of the w-operator: We introduced the w*-operator
and carried out a rigorous structural analysis of its fundamental properties. In particular,
we established its monotonicity, its stability with respect to standard set-theoretic operations,
and a form of weak idempotence. A key contribution is the characterization HB)(S,’T ) =
H; (ANN(I),T), which links the wﬁ—operator to the annihilator of the ideal (Theorem 2.10).
Moreover, the decomposition theorem (Theorem 2.15) shows that Cl,(H) = Hf, U H; . This result
provides a precise structural link between the w*-operator and the w-local function, offering a new
perspective on w-closure.

(2) Generation of a strictly finer topology: We proved that the operator Clﬁ,(H )=HU Hﬁ, satisfies
the Kuratowski closure axioms and hence induces a topology 7, f, We further showed that this
topology is strictly finer than both 7, and 7*, and we characterized the precise relationships
among the associated topologies. In particular, the identity 7, = 7, N 7, f, reveals an intrinsic
structural decomposition of the w-topology (Theorem 3.17) .
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(3) Sharpness via examples and independence results: A series of carefully constructed
examples and counterexamples demonstrates that the introduced concepts are genuinely new and
independent. In particular, we showed that:

o H' ¢ HB, in general,
° Tﬂ-openness and 7 -openness are independent, and
e w*-continuity is independent of both w- and #-continuity.

These results confirm that the w*-framework is not reducible to previously known notions.

(4) A decomposition theory of continuity: We introduced w*- and w*-continuity and established
that a function is w-continuous if and only if it is both w*-continuous and w*-continuous. This
decomposition provides a finer analytical tool for studying continuity in ideal topological spaces
and clarifies the internal structure of w-continuity.

The framework developed here suggests several directions for further investigation:

e Studying separation axioms in (X, 7, ﬂ), particularly higher separation properties such as regularity
and normality.

e Investigating deeper properties of w"-continuous functions, including their stability under
composition and their interaction with compactness and connectedness.

e Exploring potential applications in algebraic topology, especially in constructing invariants based
on refined notions of smallness induced by ideals.

Overall, the (-)Eu-operator introduces a flexible and structurally rich mechanism for refining topology
via ideals. The combination of theoretical results, structural decompositions, and independence
examples shows that this framework is both robust and nontrivial. It is expected that the ideas
developed in this work will contribute to ongoing research in ideal topology and stimulate further
developments in generalized topological structures.
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