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Abstract: In this paper, we introduced a new class of infinitesimal evaluation codes over the dual-
number extension R = F+uF2, u* = 0, obtained by evaluating polynomials at perturbed points a;+ub;.
This evaluation produces a coupled value—derivative structure through the identity f(a; +ub;) = fo(a;)+
u(b; Jolai) + fi (a;)), which enriches classical evaluation codes with first-order infinitesimal corrections.
We established the Hermitian duality theory for these codes and showed that Hermitian orthogonality
over R decomposes into a residue-layer condition over F . together with a correction equation involving
the infinitesimal parameters. This yields explicit criteria for Hermitian self-orthogonality. Using these
criteria, we constructed several families of Hermitian self-orthogonal infinitesimal evaluation codes,
including multiplier perturbation, locator perturbation, and subgroup—coset constructions. Via the Gray
map and the Hermitian construction, these codes produce new families of g-ary quantum stabilizer
codes.
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1. Introduction

Let ¢ = p™ be a power of an odd prime p, and let F,» denote the finite field with ¢* elements. A
linear code C C F’, of dimension k and minimum Hamming distance d is denoted by an [n,k,d],
code. Its parameters satisfy the Singleton bound d < n—k+ 1, and codes attaining this bound are called
maximum distance separable (MDS) codes. Among the most important examples are generalized
Reed-Solomon (GRS) codes, which play a central role in both classical and quantum coding theory.

Quantum error-correcting codes protect quantum information against noise and decoherence. A g-
ary quantum code with parameters [[n, k, d]], encodes k logical qudits into n physical qudits and has a
minimum distance d. These parameters satisfy the quantum Singleton bound k < n —2d + 2, and codes
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attaining this bound are called quantum MDS codes [14,20]. Because of their optimality, quantum
MDS codes are among the most desirable objects in quantum coding theory [10, 16, 17]. Tables of the
best currently known parameters for classical and quantum codes can be found in [11].

A standard approach to constructing quantum stabilizer codes is the Hermitian construction. Let
D cC F;Vz be an F-linear code and let D*# denote its Hermitian dual with respect to the inner product

X, yyg = Zfil x;y!. If D C D**, then there exists a g-ary quantum stabilizer code with parameters
[[N, N — 2diqu2 (D), dll,, where d = d(D*# \ D) [1,19]. Consequently, the construction of quantum
codes is closely related to the construction of Hermitian self-orthogonal linear codes over F .

Besides the construction of quantum MDS codes, another active direction in quantum coding
theory is the construction of quantum codes with best-known, optimal, or record-breaking parameters,
even when the resulting codes are not MDS. This direction is important because it improves the
available parameter ranges for quantum error correction beyond the MDS regime. Recent examples
include constructions from nearly self-orthogonal quasi-twisted codes [8] and from the 7-OD MP
construction [6].

Over the last two decades, numerous families of quantum MDS codes have been obtained from
Hermitian self-orthogonal generalized Reed—Solomon codes and related evaluation codes; see, for
example, [4,5,12]. In these constructions, the field F,» provides a natural setting for Hermitian duality,
and much of the existing work focuses on identifying arithmetic relations among n, k, and ¢ that
guarantee Hermitian self-orthogonality [7, 13]. Recent work has also studied precise conditions under
which generalized Reed—Solomon codes are Hermitian self-orthogonal [3,9, 15].

Despite these advances, Hermitian self-orthogonality over finite fields imposes strong algebraic
constraints on evaluation codes. In particular, the orthogonality conditions are expressed entirely in
terms of moment equations over F ., which restrict the available parameter choices. This rigidity
motivates the search for alternative algebraic frameworks in which additional degrees of freedom are
available while the classical field-based constructions remain visible.

The purpose of this paper is to develop such a framework. We work over the dual-number extension

R=Fp+uFp,  u* =0, (1.1)

which is a finite commutative local ring with residue field R/{u) = Fp. Every element of R can be
written uniquely as a + ub with a,b € Fp, so R may be viewed as a first-order infinitesimal extension
of F,.. This ring extension introduces additional infinitesimal degrees of freedom in the evaluation
process while preserving the classical F residue structure. As a result, the ring framework provides
a natural mechanism for generating large families of Hermitian self-orthogonal codes whose residue
codes remain classical generalized Reed—Solomon codes.

The fundamental notion studied in this paper is infinitesimal evaluation codes. Let

a; = a; +ub; € R, v; = §; + ut; € R, 1<i<n,
where a;, b;, s;,t; € F 2. For an integer 1 < k < n, we define
(@, v) ={n f@),...,vuf(@n) : [ €R[X], deg f <k} CR".
Writing f(X) = fo(X) + ufi(X) with fy, fi € F,2[X], evaluation at a perturbed point satisfies

flai+uby) = fola) + ulbifg(a) + filan). (1.2)
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Thus each coordinate of a codeword records both the classical value fy(a;) and a first-order correction
term involving the derivative f;(a;). This produces a natural two-layer evaluation structure in which
classical evaluation data interact with infinitesimal perturbations.

The first objective of this paper is to develop the algebraic theory of these infinitesimal evaluation
codes. In particular, we prove the fundamental infinitesimal evaluation identity in Lemma 3.2, derive
an explicit coordinate expansion in Proposition 3.3, obtain a Vandermonde-type generator matrix in
Proposition 3.4, and prove injectivity of the evaluation map under the natural distinctness hypothesis
on the residue locators in Proposition 3.5. We also determine the associated residue and torsion codes in
Theorem 3.9 and Theorem 3.10, respectively, and establish a lower bound on the minimum Hamming
distance in Proposition 3.6.

The second objective is to study Hermitian self-orthogonality over R. Extending the Frobenius
involution of F . coeflicientwise to R, we show that Hermitian orthogonality over R decomposes into
two coupled conditions: a classical Hermitian orthogonality relation for the residue code over Fp
together with a correction equation involving the infinitesimal parameters; see Lemma 4.1 and
Theorem 4.2. This decomposition leads to a Gram-matrix criterion in Proposition 4.4 and to explicit
moment-type criteria for Hermitian self-orthogonality in Theorem 4.5.

The third objective is to construct explicit families of Hermitian self-orthogonal infinitesimal
evaluation codes. Using the self-orthogonality criterion of Theorem 4.5, we develop several
construction mechanisms, including multiplier perturbations, locator perturbations, and
subgroup—coset constructions. These families provide large collections of admissible parameter
choices extending classical Hermitian self-orthogonal generalized Reed—Solomon codes, including
constructions related to the subgroup—coset method studied in [21].

Finally, we apply the Gray map

®:R"— Pj;, ®(a + ub) = (a, b), (1.3)

to transfer suitable ring-linear codes over R to codes over F .. When the Gray image is Hermitian self-
orthogonal, the Hermitian construction yields g-ary quantum stabilizer codes. In this way, the quantum
codes obtained in this work arise naturally from the algebraic structure of infinitesimal evaluation
codes.

The paper is organized as follows. Section 2 reviews background on the ring R, Hermitian duality,
generalized Reed—Solomon codes, residue and torsion codes, and the Gray map. Section 3 develops
the algebraic theory of infinitesimal evaluation codes over R. Section 4 derives the Hermitian self-
orthogonality criterion and presents several explicit construction families together with their quantum
consequences.

2. Preliminaries

In this section, we collect the notation and basic results used throughout the paper. Unless otherwise
stated, ¢ = p™ denotes a power of an odd prime p, and FF> denotes the finite field with g* elements.

2.1. Hermitian duality over F

Let
a=al, a€Fp, (2.1)

AIMS Mathematics Volume 11, Issue 6, 16952-16982.



16955

denote the Frobenius involution of Fp. Its fixed field is IF,. Associated with this involution are the trace
and norm maps

Tr(a) =a +a, N(a) = aa = a®!, ac€Fp. (2.2)
For vectors x = (x,...,x,)and y = (y1,...,y,) in Fzz, the Hermitian inner product is defined by

=) xvi= ) xyf (2.3)

i=1 i=1

IfC C Fzz is an F»-linear code, its Hermitian dual is
C={x¢e IF"Z2 {x,c)y =0forallce C}. 2.4)

The code C is called Hermitian self-orthogonal if C C C*,

2.2. Generalized Reed—Solomon codes

Let ay,...,a, be pairwise distinct elements of Fp., and let vy,...,v, € }F;Z. For an integer 1 <

k < n, the generalized Reed—Solomon code associated with the evaluation vector a = (ay,...,a,) and
multiplier vector v = (vy,...,v,) is defined by

GRSy(a,v) = {(vif(@).....vaf(@,) : f €FplX], deg f <k}. (2.5)

It is well known that GRS;(a, v) 1s an [n, k, n — k + 1] » maximum-distance-separable (MDS) code.

2.3. The structure of R

Throughout the paper, we work over the dual-number extension
R=Fp+uF, =Fplul/w),  u*=0. (2.6)
Every element of R can be written uniquely in the form
a+ ub, a,b eFp. 2.7)

The ring R is a finite commutative local ring with maximal ideal m = ulF,> and residue field R/m =
F,2. An element a + ub € R is a unit if and only if a # O (see [18]).
The Frobenius involution of IF > extends coefficientwise to R by

a+ub=a?+ ubl, a,beFp. (2.8)
2.4. Hermitian duality over R
For vectors x = (xy,...,x,)and y = (yy,...,y,) in R", the Hermitian inner product over R is defined
by
.y = ). Xy (2.9)

i=1

If C C R" is an R-linear code, its Hermitian dual is

C' ={xeR":{(x,c)y =0forallce C}. (2.10)

AIMS Mathematics Volume 11, Issue 6, 16952-16982.



16956

2.5. Residue and torsion codes

Let C € R" be an R-linear code. The residue code of C is defined by
Res(C) ={c: c € C} QFZZ, (2.11)
where ¢ denotes reduction modulo u. The forsion code of C is defined by
Tor(C) ={x € IF"Z2 cuxeCl. (2.12)

Both Res(C) and Tor(C) are F -linear codes and provide a bridge between the ring-linear structure of
C and classical codes over F ..

2.6. Polynomial decomposition

Since R is a free F.-module with basis {1, u}, every polynomial f(X) € R[X] can be written uniquely
in the form

JX) = foX) +ufi(X),  fo. fi € FplX]. (2.13)

2.7. Gray map

To relate codes over R with codes over F 2, we use the F-linear Gray map
®:R—F,  ®a+ub)=(a,b). (2.14)
Extending ® componentwise yields a map
O:R'"— Pjﬁ’ )

After expanding each coordinate of F > with respect to a fixed F,-basis, the componentwise Gray map
induces an F,-linear map from R" into F;‘”.

3. Infinitesimal evaluation codes over R

In this section, we introduce infinitesimal evaluation codes over R = Fp. + quz,uz = 0 and
establish the algebraic facts needed in the following sections. These codes are obtained by evaluating
polynomials at infinitesimally perturbed points

o; =a; + l/tbi, (ll',b,' S Fq2, (31)

and may be viewed as ring-theoretic enlargements of classical generalized Reed—Solomon codes over

Fg.

Throughout, we denote
a; = a; + ub; € R, v,-:si+ut,~€RX, 1<i<n,
where s; # 0 for all i.
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Definition 3.1. Ler 1 < k < n. The infinitesimal evaluation code associated with
a=(a,...,a, €R", v=©Ww1,...,v,) € (RY)"
is the R-linear code

Ela,v) ={(vif(@r),...,v.f(@n)) : f € R[X], deg f <k} C R".

Throughout this section, every polynomial f(X) € R[X] is written uniquely in the form

JX) = fo(X) + ufi(X), Jo, fi € FplX].
The basic algebraic mechanism behind the construction is the following evaluation identity.

Lemma 3.2. Let a,b € Fp and f(X) = fo(X) + ufi(X) € R[X]. Then,

fla+ub) = fola) + u(bfy(a) + fi(a)). (3.2)
Proof. Write

m

t
=Y aX, )= dX, ¢y dieFp.
i=0

i=0
Thus,

m t
FOO = O +ufiX) = Y X' +u Y diX'.
i=0 i=0
We first compute the powers of a + ub. Since u> = 0, the binomial theorem gives (a + ub)’' =
23-:0 (})a =i(ub)/. All terms with j > 2 vanish because (ub)*> = u?b* = 0. Hence

(a+ub) =d +ia"'ub @i>1). (3.3)

Substituting (3.3) into the expression for fy(a + ub) gives

fola + ub) = Z ci(a + ub) = co + Z ci(d + ia"'ub).
i=1

i=0

Separating the residue and nilpotent parts yields

fola + ub) = Z cid +ub Z ic;a™!.
i=1

i=0

The first sum equals fy(a), while the second equals bf;(a). Therefore,

fola +ub) = fola) + ub fi(a). (3.4)

Next we evaluate the second component. Multiplying (3.3) by u gives u(a + ub)’ = u(a' +ia'ub) =
ud', since u?> = 0. Hence,

ufi(a + ub) = uZd,-(a + ub)’ = uZd,-a" = ufi(a).
i=0 i=0
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Combining this identity with (3.4) gives

fla+ub) = fola+ ub) + ufi(a+ub) = fola) + ubfj(a) + ufi(a).

Thus,
fla+ub) = fo(a) + u(bfy(a) + fi(a)),

which proves the lemma. O

Combining Lemma 3.2 with the multipliers v; = s; + ut; yields an explicit coordinate formula for
the codewords of & (a, v).

Proposition 3.3. Let f(X) = fo(X) + ufi(X) with deg f < k. Then the ith coordinate of the codeword

(iflar), ..., vaf(@n)) € E(a,v)

is

vif(e) = sifo(a) + u(si(bify@) + fi(a) + tfoar)). (3.5)
Proof. Fix i € {1,...,n}. By hypothesis,

a; = a; + ub;, v, = §; + ut;, f(X) = fo(X) + ufi(X).
By Lemma 3.2, evaluating f at o; = a; + ub; gives
fl@) = foa) + u(bify(@) + fia). (3.6)
We now multiply (3.6) by v; = s; + ut;. Since u? = 0, we obtain
vif(en) = (si + ut)(folas) + u(bify (@) + fi(@))).
Expanding this product yields
vif(@) = sifola) + usi(bify(@) + fi(a)) + utifoa) + wti(bify(a:) + fi(ay)).

The last term vanishes because u?> = 0. Therefore,

vif(ai) = sifoai) + u(sibify(a) + fi(@)) + tifolap)
This is exactly (3.5). |

Formula (3.5) shows that each coordinate consists of a classical evaluation term together with an
infinitesimal correction term involving the derivative of f; and the perturbation parameters b; and t;.
The code &;(a, v) admits the expected Vandermonde-type generator matrix.

Proposition 3.4. A generator matrix of C = E(a,v) is

Vl V2 o« o vn
Vi Wy s V@
G=| . . i N E (3.7)
vkt vaddt e vl
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Proof. By definition,
C = &la,v) ={(vif(ay),...,vof(@,)) : f € R[X], deg f <k} C R".

Let f(X) =co+c1 X+ +c XK co, ..., ceo1 € R. Then, f(a;) = Z/]‘-;é c.,-a‘l.’., 1 <i < n. Hence the
corresponding codeword is
k=1 _
ifl@),...,vuf(ay) = Z civiar], ..., vaa)).
=0
Thus every codeword of C is an R-linear combination of the k rows
(vla/{,...,vncx{;), 0<j<k-1

Conversely, let ¢y, ..., ¢,-; € R and consider the polynomial f(X) = co + ¢ X +-- -+ ¢, X*"". Then
deg f < k, and the same computation shows that the linear combination ';;(1) c j(vla{, .., V@) equals
i f(ay),...,vaf(a,)) € C. Therefore, the R-row space generated by the rows in (3.7) is exactly C, and

hence that matrix is a generator matrix of C. O
As in the classical setting, the distinctness of the residue locators implies injectivity of the evaluation
map.

Proposition 3.5. Assume that a, . .., a, are pairwise distinct elements of F 2. Then the evaluation map
ev:{f €RX]:degf <kl —R', [+ (flan,..., (@)
is injective. Consequently, E(a,v) is a free R-module of rank k, and
Ex(@, v = R = ¢*.

Proof. Let
ev:{f eR[X]:degf <k} — R", fr— (fla),..., f(a))

be the evaluation map. To prove injectivity, suppose that ev(f) = (0,...,0). Thus f(a;) = 0,1 <i < n.
Write f(X) = fo(X) + ufi(X) with fy, fi € Fpe[X]. Since a; = a; + ub;, Lemma 3.2 gives

fla) = fola) + u(bify(a) + fi(ay)).

Substituting this into f(a;) = 0,1 < i < n, yields fy(a;) + u(b;f(a) + fi(a)) = 0 (1 <i < n).
Because R = F» + uF > and 1, u are linearly independent over F,, the residue and nilpotent parts
must vanish separately. Hence

fola) =0 and b;fj(a) + fi(a;)) =0, I1<i<n. (3.8)

Since ay, ..., a, are pairwise distinct and deg fy < k, the polynomial f, € Fp.[X] has at least n
distinct zeros by (3.8). As k < n, this forces f, = 0.

Substituting fy = 0 into (3.8) gives fi(a;) = 0,1 < i < n. Again f; has degree < k < n, so the
distinctness of the a; implies fi = 0. Therefore f = 0, proving that the evaluation map is injective.
Since the polynomials of degree < k over R form a free R-module with basis 1, X, . . ., X 1. this module
has rank k. The injective map ev therefore identifies it with C = & (a, v), showing that C is a free R-
module of rank k.

Finally, |C| = |R|. Because |R| = [F2|* = ¢*, we obtain |E(a, v)| = ¢*. o
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The same hypothesis yields the natural lower bound on the Hamming distance.

Proposition 3.6. Let C = E(«a, v), and assume that a,, . . . , a, are pairwise distinct. Then every nonzero
codeword of C has a Hamming weight at least n — k + 1. In particular,

dy(C)>2n—k+1. (3.9)
Proof. Let ¢ € C = E(a, v) be a nonzero codeword. By definition, there exists a polynomial

JX) = foX) + ufi(X) € R[X], deg f <k,

such that
c= (vlf(al)9 B vnf(an))

For each i, Proposition 3.3 gives

vif(@) = sifo(a;) + u(sibify (@) + fi(an) + tifo(ar). (3.10)

Since v; = s; + ut; € R*, we have s; # 0.
We distinguish two cases. First assume that fy # 0. If the ith coordinate of c is zero, then (3.10)
gives

sifolar) + u(si(bify (@) + fi(@)) + tifo(a;)) = 0.

Taking residue modulo u, we obtain s;fy(a;) = 0. Since s; # 0, it follows that fy(a;) = 0. Thus
every zero coordinate of ¢ gives a root of the nonzero polynomial f; among the pairwise distinct points
ai,...,a,. Since deg fy < k, the polynomial f; has at most k — 1 roots. Hence ¢ has at most k — 1 zero
coordinates.

Now assume that f, = 0 and f; # 0. In this case, Lemma 3.2 gives f(a;) = ufi(a;), and therefore

vif(a;) = (s + utufi(a;) = us;fi(a).

Thus the ith coordinate of c is zero if and only if s;fi(a;) = 0. Since s; # 0, this is equivalent
to fi(a;) = 0. Hence every zero coordinate of ¢ gives a root of the nonzero polynomial f;. Since
deg fi < k, the polynomial f; has at most kK — 1 roots among the pairwise distinct points ay, ..., ad,.
Hence c has at most k — 1 zero coordinates.

In both cases, every nonzero codeword ¢ € C has at most k — 1 zero coordinates. Therefore,

wtic)>n—(k—-1)=n—-k+1.
Thus dy(C) >n—k+ 1. |

Remark 3.7. The bound in Proposition 3.6 is the natural analogue of the classical generalized Reed—
Solomon bound. Indeed, the residue code of E(a,v) is a generalized Reed—Solomon code over F p,
and the infinitesimal perturbation does not alter the set of coordinate positions on which a nonzero
polynomial evaluation can vanish.

For the Hermitian theory developed in the next section, it is convenient to record the decomposition
of the generating rows with respect to the splitting

R" = F", + uf",. 3.11)
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Proposition 3.8. Let G, = (via),...,v,a}),0 < j <k~ 1. Then,
Gj = gj+uhj, (3.12)

where g; = (sla{, e, sna{;) and h; = (tla{ + jslbla{_l, e, tna{; + jsnbnaﬁ_l), with the convention that
the derivative term is zero when j = 0.

Proof. Fix jwith 0 < j < k — 1. By definition,
Gj=(nal,...,val),

where «; = a; + ub;,v; = s; + ut;, 1 < i < n. We first compute af . Since u? = 0, the binomial theorem
gives (a; + ub;) = al + ujbl-a{_1 (j > 1), while for j = 0, we have @” = 1. Thus, for j > 1,

. . R
vier, = (s; + uty)(a] +u jbal”).
Expanding and using u*> = 0, we obtain v, = s,al + u(t,al + js;bial™"). Therefore, for j > 1,
J j J . Jj-1 j . i—1
Gj=(s1aj,...,s.a)) +u(ta; + jsibiay ..., ta, + js,byay ).

When j = 0, we have o} = 1, so via) = v; = s; + ut;. Hence Go = (s1,..., ;) + u(ty, ..., 1,). This

is exactly the same formula as above if one adopts the convention that the derivative term js;b;a] s
zero when j = 0. Thus, forevery 0 < j < k-1, G; = g; + uh;, where

_ J ] _ J . J-1 i . i—1
gj = (s1ay,...,s.a)), hj=(hay+ jsibia; ,....t,a, + js,byal"),

with the stated convention for j = 0. This proves the proposition. O

Proposition 3.8 is precisely the form needed later when Hermitian inner products are computed row
by row.

We next identify the residue code. It is exactly the classical generalized Reed—Solomon code
determined by the residue locators a; and residue multipliers s;.

Theorem 3.9. Let C = E(a, v). Then,
Res(C) = {(sifo(@). ... sufo(@n) : fo € FplX], deg fo < k}. (3.13)

In particular,
Res(C) = GRSi(a, s), (3.14)

and hence Res(C) is an [n,k,n — k + 1], MDS code.
Proof. By definition,

C =&(a,v) ={(vif(@),...,vaf(@y)) : f € R[X], deg f < k}.

Let ¢ € C. Then there exists a polynomial
JX) = fo(X) + ufi(X) € RIX], Jos fi € FplX], deg f <k,

AIMS Mathematics Volume 11, Issue 6, 16952-16982.



16962

such that ¢ = (v f(y), ..., v.f(@,)). For each i, Proposition 3.3 gives
vif (@) = sifola;) + M(Si(bifé(ai) + fi(a)) + tif()(ai))-
Reducing modulo u, we obtain v; f(«;) = s, fo(a;). Hence,

Res(c) = (s1fo(an), .. ., sufolan)).

Since ¢ € C was arbitrary, this shows that

Res(C) C {(s1fo@). ... sufo(@n) : fo € FplX], deg fo < k}.

To prove the reverse inclusion, let (s fy(ay),...,s.fo(a,)) be any vector on the right-hand side,
where fy € Fp.[X] and deg fy < k. Consider the polynomial f(X) = fo(X) € R[X], viewed as a
polynomial over R with a zero u-part. Then deg f < k, so ¢ = (v f(@y),...,v,.f(a,)) € C. By the same
coordinate formula,

vif(a;) = sifola;) + u(sibifo,(ai) + tifO(ai))’

and therefore Res(c) = (s1fy(a1), .. ., sufo(a,)). This proves the reverse inclusion, and hence

Res(C) = {(sifo(@), ... sufo(@n) : fo € FplX], deg fo < k}.

By the definition of generalized Reed—Solomon codes, the right-hand side is exactly GRSx(a, s).
Thus
Res(C) = GRSy(a, s).

Finally, since generalized Reed—Solomon codes are MDS, it follows that Res(C) is an [n,k,n —k+ 1],
MDS code. O

We now identify the torsion code of an infinitesimal evaluation code. Unlike the auxiliary set
of nilpotent correction terms appearing in the coordinate expansion, the torsion code is determined
entirely by the residue evaluation data.

Theorem 3.10. Let C = E(a,v) C R". Then,
Tor(C) = GRSi(a, s). (3.15)

In particular,

Tor(C) = Res(C). (3.16)

Proof. Recall that Tor(C) = {x € FZZ : ux € C}. We prove that this set coincides with GRS (a, s).
First, let x = (xq, ..., x,) € Tor(C). Then ux € C, so there exists a polynomial

JX) = foX) +ufi(X) € R[X], Jo. fi € FplX], deg f <k,

such that ux = (vi f(ay),...,v,.f(a,)). By Proposition 3.3, for each i, we have
vif (@) = sifola;) + M(Si(bifé(ai) + fi(a)) + fifo(ai))-
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On the other hand, the i-th coordinate of ux is ux;, whose residue part is zero. Therefore, s;fy(a;) =
0 (1 <1i < n). Since s; # 0, it follows that fy(a;) = 0 (1 < i < n). Because the points ay,...,a, are
pairwise distinct and deg fy < k < n, the polynomial f; has at least n distinct roots. Hence f; = 0.
Substituting f, = 0 into the coordinate formula gives v;f(a;) = u s;fi(a;),1 < i < n. Thus, ux; =
usifi(a;),1 <i< n.Since x;, s;fi1(a;) € Fp, equality of these u-multiples implies x; = s;fi(a;), 1 < i <
n. Therefore,
x = (syfilar), .- ., sufi(an)) € GRSi(a, $),

because deg f; < k. This proves that Tor(C) € GRS;(a, s).

Conversely, let x = (s1g(ay), ..., s.g(a,)) € GRS;(a, s), where g € F2[X] and deg g < k. Consider
the polynomial f(X) = ug(X) € R[X]. Then deg f = degg < k, so the vector (vi f(ay),...,v.f(@,))
belongs to C. Since the residue part of f is zero, Lemma 3.2 gives f(a;) = ug(a;),1 < i < n. Hence
vif(a;) = (s; + ut;) ug(a;) = u s;g(a;), because u*> = 0. Therefore,

(ifl@), ..., vaf(@,)) = u(sig(ar), . .., s,8(a)) = ux.

Thus ux € C, and therefore x € Tor(C). This proves that GRS, (a, s) C Tor(C).
Combining the two inclusions, we obtain Tor(C) = GRS (a, s). Finally, Theorem 3.9 gives Res(C) =
GRS, (a, s), and hence Tor(C) = Res(C).

Remark 3.11. For a general R-linear code C C R", the residue and torsion codes need not coincide.
For infinitesimal evaluation codes, however, the situation is more rigid: one always has

Tor(Er(a, v)) = Res(Ei(a, v)) = GRS (a, 5).

The reason is that if ux € E(a, v), then the residue part of the corresponding codeword must vanish.
By Proposition 3.3, this forces the residue polynomial f to be zero, so the perturbation terms involving
b; and t; disappear. What remains is precisely the classical evaluation vector

(sifilar), ..., snfi(an)),

which belongs to GRS, (a, s).
Thus the residue and torsion codes are both classical generalized Reed—Solomon codes, even though
the full ring-linear code &y (a, v) still carries additional infinitesimal data in its u-component.

The next example illustrates that the torsion and residue codes of an infinitesimal evaluation code
coincide and are both classical generalized Reed—Solomon codes.

Example 3.12. We illustrate Theorem 3.10 with a small example. Let g = 3, so F» = Fo, and consider
the ring R = Fy + uFg,u> = 0. Let a = (0,1,a) € F2, where a is a primitive element of Fo, and
take multipliers s = (1,1, 1). Choose perturbation parameters b = (1,0,1) and t = (0, 1,0), and set
a; = a; + ub; and v; = s; + ut;. Consider the infinitesimal evaluation code

C =&(a,v) CR.
By Theorem 3.9, the residue code is the generalized Reed—Solomon code

Res(C) = GRSy(a, s) = {(f(0), (1), f(@)) : f €Fo[X], deg f < 2}.
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To determine the torsion code, suppose x € Tor(C). Then ux € C, so there exists f(X) = fo(X) +
ufi(X) with deg f < 2 such that ux = (vi f(ay), vof(as), v3f(a3)). Using the coordinate expansion from
Proposition 3.3, the residue part of this vector is (fy(0), fo(1), fo(@)). Since ux has a zero residue part,
we must have fy(0) = fo(1) = fo(a) = 0. Because deg f, < 2 and the evaluation points are distinct, this
forces fy = 0. Hence

x = (f1(0), fi(1), fi(@)) € GRSx(a, 9).

Conversely, if x = (g(0),g(1),g(a)) € GRSy(a, s) with degg < 2, then taking f(X) = ug(X) gives
ux € C. Therefore,
Tor(C) = GRS,(a, s) = Res(C).

4. Hermitian self-orthogonality and quantum constructions

In this section, we study Hermitian self-orthogonality of the infinitesimal evaluation codes C =
Er(a,v). We show that Hermitian orthogonality over R decomposes into a residue-layer condition over
IF,» together with a correction equation involving the infinitesimal parameters. These criteria are then
used to construct families of Hermitian self-orthogonal codes and corresponding quantum stabilizer
codes.

Lemma 4.1. Let x,y € R", where x; = a; + ub;, y; = ¢; + ud;, a;,b;,c;,d; € Fp. Then

n

(6, Vg = Z aic! +u Z(aidiq + bic/l). 4.1)

i=1 i=1

Proof. By the definition of the Hermitian inner product over R, {x,y)y = X,i_, X; y;. Since y; = ¢; + ud;,
the Frobenius involution on R gives y; = ¢/ + ud;. Hence

xyi = (a; + ub)(c! + ud)) = aic! + u(a,d! + bicl),
because u?> = 0. Summing over i yields the required identity. O

Hermitian orthogonality over R therefore splits into two simultaneous equations.

Theorem 4.2. Let x,y € R" with x; = a; + ub;, y; = c¢; + ud;. Then {x,y)y = 0 if and only if
Dact =0 (4.2)

and

> (ad! + bicf) = 0. 4.3)
i=1

Proof. By Lemma 4.1,

n

<X, y)H = Z CliCiq +u Z(aid,‘q + biCiq).

i=1 i=1
Since R = Fp ® uF, as an F.-vector space, this element is zero if and only if both components
vanish. O
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We now specialize to the infinitesimal evaluation code
C =&(a,v) CR", a; = a; +ub;, v;=s;+ ut.

By Theorem 3.9,
Res(C) = GRSy(a, s5) C IFZZ.

Thus Hermitian self-orthogonality of C necessarily imposes Hermitian self-orthogonality on its
residue code.

Proposition 4.3. If C C C**, then
Res(C) € Res(C)*.

Proof. Assume C C C*#, and let X,y € Res(C). Then there exist x,y € C such that ¥ = Res(x) and
y = Res(y). Write x; = a; + ub; and y; = ¢; + ud;. Then

X:(al,"',an)’ )_):(Cl""’cn)'

Since x,y € C C C*#, we have (x,y)y = 0. By Theorem 4.2, Y\, a;c;/ = 0. But this is exactly
(X, yyy. Hence every pair of codewords of Res(C) is Hermitian orthogonal, so Res(C) C Res(C)*#. O

To make the orthogonality conditions explicit, we use the generating rows

Gj:(vla{,...,vna{;), 0<j<k-1
By Proposition 3.8,
Gj=gj+uhj,
where g; = (swt{, .., Syay) and
hj= (tla{ + jslbla{_l, s twal + js,byal™h),

with the convention that the derivative term is zero when j = 0.

Proposition 4.4. Let

be a generator matrix of C = E(a,v). Then
CCC e GG =0.

Equivalently,
(Gi,Gj)p=0 forall0<i,j<k-1.
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Proof. Since G is a generator matrix of C, the code C is the R-row space of G. Thus C C C** holds
exactly when every pair of rows of G is Hermitian orthogonal.
By definition of the Hermitian inner product,

—T 1 R
(GG )iy = ) GGy = (Gi,Gn.
=1
Hence G@T = 0 precisely when (G;,G )y = 0 for all i, j. |
Expanding the Gram equations yields the basic self-orthogonality criterion of the paper.
Theorem 4.5. Let C = Ei(a, V), a; = a; +ub;,v; = s; +ut;. Then, C C C*+* if and only if, for all integers
O S i’j S k - 1,

n

> sitlal = 0 (4.4)
=1
and i
(st + shha ™ + s{ iba] Y + jbla ")) = 0. (4.5)

=1
Here the terms involving i aé‘l orj ag(j - are interpreted as zero when i = 0 or j = 0, respectively.

Proof. By Proposition 4.4, the condition C C C** is equivalent to
<Gi,Gj>H:0 foral0<i,j<k-1,

where
G = (viay,...,v,al), Gj=Waf,...,v.a)).

By Proposition 3.8, we may write

Gi:g,-+uh,-, Gj:gj+uhj,

where
gi=(sid,...,s.a), gj:(s]a{,...,snai),
and
hi = (tid’ + islbla’i_l, o td +ispbyah,
h; = (tlcl{~ + jslbla{_l, o tal + js,bual™),

with the convention that the derivative terms are zero when i = 0 or j = 0.
Applying Theorem 4.2 to the vectors G; = g; + uh; and G; = g; + uh;, we see that (G;,G;)y = 0 if
and only if

D (@)g)i =0 (4.6)
=1
and .
D (G@dehpd + (he(gf) = 0. 4.7

t=1
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We now compute these two sums explicitly.
For (4.6), since (g;)¢ = s¢al and (g;)¢ = s¢a;, we have

(gi)t’(gj)g = (Sgait,)(sga;)‘l = S{?Haé“f’j,

Thus (4.6) becomes

g+l _i+qj _ 0
b

which is exactly (4.4).
Next, for (4.7), we compute
(h{ = (tea) + jsibea) ) = tlal + jsiblal’™",

and therefore

(e0e(hf = suai{tfay + sibjai’™).
Hence
(g)eh)d = sitlal* ™ + jsi'blal V™D
Similarly, |
(hi)e = tgaé + ngbga?l, (gj)f — S?CIZJ,
SO
(hi)e(g)){ = (teay + ischeay")sjay.
Thus

i+qj . g+l i—1+qj
(h)e(g)); = sitea, ™ +is! bea, .
Adding the two expressions, we obtain
i+qj +1/. i—1+qj . i+q(j—1)
&)ehp) ]+ (h)e(g )] = (stte + setha, ™ + 5] (ibea,” ™ + jbla, ™).

Therefore (4.7) becomes

n

i+q j +1,. i—1+qj . i+q(j—1)
Z((s?tg + setha, " + s (ibea, ™ + jbla, " )) =0,
=1

which is exactly (4.5).
We have shown that, for each pair 0 < i, j < k-1,
(Gi,Gpn =0
is equivalent to the simultaneous validity of (4.4) and (4.5). By Proposition 4.4, this is equivalent to
C C C*#. The convention for the terms involving ia}™' and jaZ(’_l) when i = 0 or j = 0 is exactly the
one already built into Proposition 3.8. This completes the proof. O

The first family of equations is exactly the Hermitian self-orthogonality condition for the residue
generalized Reed—Solomon code.
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Corollary 4.6. The residue code Res(C) = GRSy (a, s) is Hermitian self-orthogonal if and only if

n

Zsf“a?qj:() forall0<i,j<k-1.

t=1

Proof. By Theorem 3.9, Res(C) = GRS, (a, s). Hence Res(C) is Hermitian self-orthogonal if and only
if
GRSy (a, s) € GRS (a, s)*".

Now apply Theorem 4.5 to the special case b, = t, = 0 for all £. In that case, the nilpotent correction
equation (4.5) disappears, and the self-orthogonality condition reduces exactly to

Zs;’“aquzo forall0 <i,j<k-1.

=1
This is precisely the required criterion. m|

Thus Hermitian self-orthogonality over R consists of the classical residue-layer moment equations
together with the correction equations (4.5). In particular, every Hermitian self-orthogonal generalized
Reed-Solomon code over F» admits the trivial infinitesimal lift obtained by taking b; = 1; = 0 for all i.

Theorem 4.7. Let Cy = GRS;(a, s) C PZZ be Hermitian self-orthogonal. Then there exist choices of
parameters by, ... by, 1y, ..., t, € Fp such that the infinitesimal evaluation code C = & (a, v) satisfies

cccH and Res(C) = Cy.

Proof. Since Cy = GRS, (a, s) is Hermitian self-orthogonal by hypothesis, Corollary 4.6 gives

n

ng“aéwj:() forall0 <i,j<k-1.
=1

We now choose by = --- =b, =0,t; = --- = t, = 0. With this choice, a, = a,, vy = s¢, 1 < € < n.
Hence the associated infinitesimal evaluation code is

C =&la,v) ={(sif(ar),...,suf(an) : f €R[X], deg f < k}.

By Theorem 4.5, the Hermitian self-orthogonality of C is equivalent to the validity of (4.4) and (4.5)
forall 0 < i,j < k— 1. The field-layer condition (4.4) holds by the displayed moment equations
above. The nilpotent condition (4.5) is automatically satisfied, because all parameters b, and #, are
zero. Therefore

cccH.

It remains to identify the residue code. By Theorem 3.9,
Res(C) = GRSi(a, s) = Cy.
Thus there exist choices of parameters by, ..., b,, 1, ..., 1, € Fp such that
ccct and Res(C) = C.

This proves the theorem. O
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We now pass from ring-linear codes over R to field-linear codes over F,> by means of the Gray map
®. The Gray map ® is Fp-linear and injective. If C C R" is free of rank k over R, then ®(C) is an
IF,2-linear code of length 2n and dimension 2k.

For a general Hermitian self-orthogonal code C C R", the Gray image need not be Hermitian self-
orthogonal over F .. We therefore focus on families for which ®(C) can be described explicitly.

Remark 4.8. The Gray map ®(a + ub) = (a,b) does not preserve Hermitian self-orthogonality in
general. For example, let C = (u) = uF,; C R. For ux,uy € C, one has (ux,uy)y = uxuy? = 0, since
u?> = 0. Hence C C C* over R. However, ®(C) = {(0,x) : x € Fp} C F;z, and {(0,1),0, 1))y =1 #0.
Thus ®(C) ¢ ®(C)*". Therefore, in the quantum-code constructions below, the condition ®(C) C
®(C)* is verified directly for the specific families under consideration.

We also recall the standard Hermitian construction for quantum stabilizer codes.

Theorem 4.9 (c.f. [2]). Let D C ]1-7’;\’2 be an F-linear code such that
D c D,
Then there exists a g-ary quantum stabilizer code with parameters
[[N, N — 2dim]pq2 (D), dll,, d = d(D*" \ D). (4.8)

Accordingly, whenever C C R" is a free Hermitian self-orthogonal code of rank k such that ®(C) C
®(C)**, one obtains a g-ary quantum stabilizer code with parameters

[[2n, 2n — 4k, d]],, d = d(®(C)*™" \ ©(0)). 4.9)
We next present several explicit construction families.

Theorem 4.10. Let
Co = GRSy(a, s) C IFZZ

be a Hermitian self-orthogonal generalized Reed—Solomon code. Fix 3,y € F, and define

ay = (1 +uP)ay, ve = (1 +uy)se, 1<¢<n.
Let
C =&la,v) CR".
Then
cccH, Res(C) = Cy, C=Cy+uCy, O(C) = Cy x Cy.
In particular,

O(C) C D(C)*.
Consequently, there exists a q-ary quantum stabilizer code with parameters
[[2n, 2n — 4k, d]],,

where
d = d((CE" % 1) \ (Co X C)).

If Cyis MDS and k < n/2, thend =k + 1.
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Proof. Set
bg :ﬁag, te = ySe, 1<¢<n.

Then
ay = a; + uby = (1 + uP)ay, ve =S¢ + uty = (1 + uy)s,.

We first prove that C C C*# over R. Since Cy = GRS;(a,s) is Hermitian self-orthogonal,
Corollary 4.6 gives

n

Z s =0 forall0<i,j<k-1. (4.10)

=1
By Theorem 4.5, it remains to verify the nilpotent condition (4.5). Substituting b, = Ba, and t, = ys,,

we obtain

+1
site + set] = (y +yD)s/

and
iba,”"" + jbla; Y = (iB+ jBa, .

¢ ¢
Hence the left-hand side of (4.5) becomes
(y +y? +iB+ jB9) Z sital™
(=1

which vanishes by (4.10). Therefore C C C**.

Next, by Theorem 3.9, the residue code of C is Res(C) = GRSy(a, s) = Cy. We now prove that
C = Cy+ uCy. Let f(X) = fo(X) + ufi(X) € R[X] with deg f < k. By Proposition 3.3, for each
1 <¢<n,

vef(ae) = scfolae) + M(S{f(ﬁaffé(af) + filae)) + )’Sffo(af))-

Thus every codeword of C has the form

(sifol@r), ..., spfolan)) + u(sig(ar), . . ., suglan)),

where
8X) = fiX) + BXf5(X) + v fo(X).
Since deg fy < k, we have deg(Xf;) < k, and hence deg g < k. Therefore both components belong to
Co, s0 C C Cy + uCy.
Conversely, let x,y € Cy. Then there exist polynomials f,(X), g(X) € F.[X], both of degree < k,
such that

X = (Slﬁ)(al)’ cees Snﬁ)(an))’ y= (Slg(al)’ R Sng(an))'
Define
Ji(X) = g(X) = BX fo(X) = v fo(X).

Since deg fy < k and degg < k, we have deg fi < k. For f(X) = fo(X) + ufi(X), the preceding
coordinate formula gives

(vlf(al)’ ey an(an)) =x+ uy.
Thus x + uy € C, and hence Cy + uC, C C. Therefore C = Cy + uC.
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Applying the Gray map ®(a + ub) = (a, b) componentwise gives P(C) = Cy X Cy.

We now verify the Hermitian self-orthogonality of the Gray image directly. Let (xi, x»), (y1,y2) €
®(C) = Cy x Cy. Then xy, x5, y1,y2 € Cy. Since the Hermitian inner product on FZQ’ is the direct-sum
Hermitian inner product, we have ((x1, x2), (1, ¥2))y = (X1, ¥1)u + (X2, ¥2)n. Because Cy C Cg”, both
terms on the right-hand side are zero. Therefore ((x;, x2), (y1,¥2))y = 0 for all (x1, x2), (y1,¥2) € (C),
and hence ®(C) C O(C)**.

We next compute the Hermitian dual of the Gray image, since this is needed for the distance
appearing in the Hermitian construction. We now prove ®(C)* = (Cy x Co)* = C;" x Cy". To
prove this, let (z1,22) € (Co X Co)*. Then ((z1,22), (x,¥)),; = 0 forall x,y € C,y. Equivalently,
(z1, % + {22, y)n = O forall x,y € Cy. Taking y = 0 gives (z;, x)y = 0 for all x € Cy, so z; € Cg”.
Taking x = 0 gives (z,y)y = 0 forall y € Cy, so zo € C;%. Hence (Cy x Co)*" C Cy" x Cy*.
Conversely, if 71,2, € CéH, then for all x,y € Co, {(z1,22), (X, ¥))y = (21, X)u + (z2,¥)u = 0. Thus
Cy" x C3" C (Co x Co)*. Therefore, (Cy x Co)* = Cy™ x Cy". Since (C) = Cy X Cy, we obtain
O(C)H = Cy" x Cy*.

Since C is free of rank k over R, the code @(C) is an F.-linear code of length 2 and dimension 2k.
Therefore, by the Hermitian construction, there exists a g-ary quantum stabilizer code with parameters

[[2n, 2n - 2dirnIFq2 D(0), dll, = [[2n, 2n - 4k, d]l,,
where d = d(®(C)** \ ®(C)). Using the dual computation above, this becomes
d = d((C;" x C;") \ (Cy % Cyp)).
Finally, assume that Cy is MDS. Then C, has parameters
[n,k,n—k+ 1],
and its Hermitian dual Cé” has parameters
[n,n—k,k+1]p.

Ifk<n/2,thenk+1 <n—-k+1 = d(Cyp). Thus every minimum-weight codeword of Cé” has a weight
of k + 1 and cannot lie in C, because every nonzero codeword of Cy has a weight of at least n — k + 1.
Hence d(C;," \ Cy) = k + 1. Now the set

(Cy" % Cy™) \ (Coy x Co)

contains vectors of the form (z,0), where z € Cg 7\ Cy. Hence its minimum Hamming weight is at
most k + 1.Conversely, let (z1,2,) € (Cé” X CbLH )\ (Co X Cyp). Then at least one of z;, z,, say z;, lies in
C;" \ Co. Since z; ¢ Cp and 0 € Cy, we have z; # 0. As a nonzero codeword of the MDS code C;",
whose minimum distance is k + 1, we obtain wt(z;) > k + 1. Therefore wt(z;, z2) = wt(zy) + wt(zp) >
wt(z;) > k + 1. Consequently,

d((CE X CE)\ (Co x Cy)) = k + 1.

This completes the proof. O
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Example 4.11. Let g = 3, n = 6, and k = 2. Let a € Fy satisfy a@® =2, and set w = 1 + @, which has
multiplicative order 8 in IFy. Define

a=(w,2a 1+2a 2+2a, a,?2+a), s=(, w, w, w, 1, 1).
Then
Co = GRS;(a, s) C F§

is a Hermitian self-orthogonal MDS code.
Choose any B,y € Fy, and define

ay = (1 +uPB)ay, ve = (1 +uy)se, 1<{<e6.
Let C = E,(a,v) C RS. By Theorem 4.10,
cccH, Res(C) = Cy, C = Cy + uCy.
Applying the Gray map gives
O(C) = Cy x Cy C Fy’,

which is Hermitian self-orthogonal of length 12 and dimension 4. Hence the Hermitian construction
vields a quantum stabilizer code with parameters [[12,4,3]].

We next present another lifting mechanism obtained by perturbing the multipliers by trace-zero
elements, which automatically annihilates the nilpotent Hermitian moment equations.

Theorem 4.12. Let Cy = GRS;(a, s) C PZZ be a Hermitian self-orthogonal generalized Reed—Solomon
code. Choose elements Ay, ..., A, € Fp satisfying

A+ A7 =0 (1<t<n).
Define
Qe = dy, Ve = S[(l + udy), 1<¢<n,

and let C = E(a,v) C R". Then
cccH and Res(C) = C,.

Proof. Since
Ve = S,g(l + l/t/lg) =S¢+ M(S[/l[),

we have
te = spdy, b, =0, 1<t<n.

We first prove that C € C*#. Since Cy = GRS;(a, s) is Hermitian self-orthogonal, Corollary 4.6

gives
n

> ositla =0 forall0<i,j<k-1. (4.11)
=1
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By Theorem 4.5, it remains to verify the nilpotent condition (4.5). Since b, = 0, the derivative terms
disappear and the left-hand side becomes

n

q qy ., i+qj
Z(s[tg+s[t€)a[ .
£=1

Using #;, = s¢4¢, we obtain
q q _ q+1 g+l 39 _ _q+1 q
Spte+ set, =5, Ac+s, A, =5, (Ae+ 4.

By hypothesis A, + A7 = 0, so each summand vanishes and the nilpotent condition holds for all
0<i,j<k-1.Hence
cccH.

Finally, since a; = a, and the residue part of v, is s,, Theorem 3.9 gives

Res(C) = GRSy(a, s) = Cy.

Corollary 4.13. Let
T={1€Fp:1+27=0)}.

Then T is a one-dimensional F-subspace of F, and hence |T| = q. Consequently every Hermitian
self-orthogonal generalized Reed—Solomon code

Cy = GRS(a, s) C ',

admits exactly q" trace-zero multiplier lifts of the form described in Theorem 4.12.

Proof. Consider the map
L:Fp— Fp, L) = A1+ A4,

This map is F,-linear because (x + y)? = x? + y? and ¢? = ¢ for all ¢ € F,. By definition,
T = ker(L).

The map L is the trace map Tre , /k,» which is a nonzero F,-linear functional. Therefore ker(L) is a
nonzero proper F,-subspace of the two-dimensional [F,-vector space FF.. Hence

dims, T=1, [Tl=gq.

For each choice of (44, ...,4,) € T", Theorem 4.12 produces a trace-zero multiplier lift. Conversely
every lift of that form arises from such an n-tuple. Thus the number of lifts equals

IT"| = q".
O
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Corollary 4.14. Under the hypotheses of Theorem 4.12, assume
Ay =-=A,=4, A+A7=0.

Then
C =Cy+ uCy, O(C) = Cy x Cy.

Hence ®(C) C ®(C)*", and therefore one obtains a g-ary quantum stabilizer code with parameters
[[2n, 2n — 4k, d]],,

where
d = d((Cy" x C3") \ (Co x Cy)).

If Cois MDS and k < n/2, thend = k + 1.

Proof. By Theorem 4.12, the code C satisfies C € C*# and Res(C) = Cy. Since @, = a, and v, =
s¢(1 + uAd), we have
b, =0, tr = sed.

Let £(X) = fo(X) + ufi(X) € R[X] with deg f < k. By Proposition 3.3,
vef(ae) = sefolae) + use(filae) + Afoar)).
Thus every codeword has the form
(sifolar)s - - -, sufolan)) + u(siglar), - . ., sng(an)),

where
gX) = fi(X) + Afo(X).

Hence C C Cy + uCy. The reverse inclusion follows by defining

[(X) = g(X) = Afo(X),

which yields C = Cy + uC,.
Applying the Gray map ®(a + ub) = (a, b) gives

O(C) = Co x Co € Cy"" x Cy™" = O(C)*M.
By the Hermitian construction, one obtains a quantum code
[[2n, 2n — 4k, d]],.

If Cy is MDS with parameters [n,k,n — k + 1], then Cé” has parameters [n,n — k,k + 1] 2. Since
k < n/2, the minimum weight k + 1 of C, é # is realized outside C,. Hence,

d=k+1.

O
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Remark 4.15. The trace-zero multiplier construction complements the uniform scaling family
introduced earlier. In the uniform scaling case, one sets

ar = (1 +up)ay, ve =1 +uy)s,,

which introduces a global infinitesimal deformation of both evaluation points and multipliers. In
contrast, the trace-zero family keeps the evaluation points fixed and perturbs only the multipliers via
ve = 8e(1 + udy), where the trace-zero condition A, + /IZ = 0 forces the nilpotent Hermitian moment
equations to vanish termwise. Thus the two constructions represent complementary mechanisms for
producing Hermitian self-orthogonal lifts of Cy: the uniform scaling family uses global infinitesimal
symmetries, while the trace-zero family allows n independent local perturbations.

Example 4.16. Let ¢ = 5, n = 13, and k = 2. Let Cy = GRS;(a,s) C ]Fg be a Hermitian
self-orthogonal generalized Reed—Solomon code (for example, obtained via the subgroup—coset
construction described earlier). Choose A € TFos such that A + A° = 0, and define
Uy = Ag, V¢ = Sg(] +l/t/l), 1 <¢£<13.

The resulting infinitesimal evaluation code

C = &(a,v) CR"

satisfies
cccH, Res(C) = Cy, C = Cy + uC,.

Hence
®(C) = Cy x Cy S FS,

which is Hermitian self-orthogonal of dimension 4. The Hermitian construction therefore yields a 5-ary
quantum stabilizer code with parameters [[26, 18, 3]]s.

We now specialize our infinitesimal constructions to the subgroup—coset families of Hermitian self-
orthogonal generalized Reed-Solomon codes over F .
H. Assume that
h|(g+1), h>3,

and let
g -1
n=r ; + 1, 1 < r < min{gq, h}, 24 (r+h).
Set )
-1
m= g R 0 =wh,
where w is a fixed primitive element of IF». Define
a=(0, w, wo, ... o wo™ W WP, .. o wrer W, w’@,...,w’@m_l) EIF;.
Finally, let
r+h—1\g+1
1<k< - 1.
<ws(=5)5

Under hypothesis (H), the residue-layer subgroup—coset construction provides a Hermitian self-
orthogonal generalized Reed—Solomon seed over F..
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Theorem 4.17. (c¢f. [21]) Assume hypothesis (H). Then there exist sg,...,S, € F;z such that the
generalized Reed—Solomon code
Co = GRSy(a, s) C FZZ’

with multiplier vector
S = (805 S1seves STy vevs SpaenesSp),
—— ——
m times m times

is Hermitian self-orthogonal.
We now lift this residue-layer family to infinitesimal evaluation codes over R = F» + ulF 2.

Theorem 4.18. Assume hypothesis (H), and let Cy = GRSi(a, s) C IFZZ be as in Theorem 4.17. Fix
B € Ep, and choose Ay, ..., A, € Fp satisfying

Ac+A7=0 O0<t<r).
Define the locators by
ag =0, (X[’V:(I'FMﬁ)W[QV, 1<¢<r, 0v<m—-1,
and define the multiplier vector blockwise by
v =(so(1 +udy), si(1 +udy),...,s;(1 +udy), ..., s,(1 +ud,),...,s(1 +ud)).

m times m times

Let
C =&(a,v) CR".

Then
ccct and Res(C) = Cy = GRSi(a, s).

Proof. By Theorem 4.17, the residue code Cy = GRSy(a, s) is Hermitian self-orthogonal. The above
choice of multipliers is blockwise trace-zero, and the locator perturbation is uniform on the nonzero
residue coordinates. Since Cy = GRSy(a, s) is Hermitian self-orthogonal, the Hermitian moment
identities .
siaf =0 (O0<ij<k-1)

&=l

hold.
For the lifted code, we have

g = (1 +upP)ag, Ve = sg(1 + udy),

where A, is constant on each block and satisfies A + /lg = (. Substituting these expressions into the
Hermitian self-orthogonality criterion for infinitesimal evaluation codes (Theorem 4.5) shows that all
nilpotent terms vanish and the remaining terms factor through the residue moment sums above. Hence

ccct,

Finally, Theorem 3.9 gives
Res(C) = GRSy(a, s) = Cy.

O
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Corollary 4.19. Assume hypothesis (H). Then the family in Theorem 4.18 contains exactly g+ codes,
corresponding to the free choice of B € Fp and Ay, ..., A, € T, where

T={1€Fp:1+27=0)}.

In particular, if § = 0, one recovers exactly g¢"*' blockwise trace-zero multiplier lifts.

Proof. By Corollary 4.13, the trace-zero space T has cardinality g. The parameter 8 may be chosen
arbitrarily in F,2, giving ¢* possibilities, while each of the r + 1 parameters Ay, ..., A, may be chosen
independently from T, giving ¢"*! possibilities. Hence the total number of codes is

The special case 8 = 0 leaves only the r + 1 blockwise trace-zero parameters. m|

The Gray-compatible specialization is obtained by taking a single trace-zero parameter on all
blocks.

Corollary 4.20. Assume hypothesis (H), and let C = E(a,v) C R" be the code from Theorem 4.18.
Assume in addition that

d=1=---=2=41 with A+A7=0.

Then
C = Cy+ uCy, @(C) =Cy % Cy.

In particular,
®O(C) C D(C)*.

Hence there exists a g-ary quantum stabilizer code with parameters

[[2n, 2n - 4k, d]],,

where

d= d((Cé” X Cé”) \ (Co X Cp)).
If Cyis MDS and k < n/2, then d = k + 1, so the resulting quantum code has parameters

[[2n, 2n — 4k, k + 11],.

Proof. Under the assumption 4y = --- = A, = 4, the locators and multipliers can be written uniformly
as
g = (1 +uP)ag, ve = (1 +ud)s; for every coordinate &.

Thus C is exactly the uniform scaling lift of the Hermitian self-orthogonal code Cy = GRS (a, s).
Therefore Theorem 4.10 applies directly and yields

C =Cy+ uCy, O(C) = Cy x Cy, O(C) C (D(C)LH,

together with the stated quantum parameters. O
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Example 4.21. Assume hypothesis (H) with g =7,h = 8,r = 3,k = 2. Then, m = qzh—fl = % =6,n=
1 +rm = 19. Let w be a primitive element of Fu9, and set § = wb. Then 0 has multiplicative order 6,

and the locator vector is
a=(0, wé|t=1,23,(=0,...,5 €Fy.

Choose sy = s1 = s, = 1, and choose s; € F} satisfying s§ = 6. Then, by Theorem 4.17, the residue
code Cy = GRS;,(a, s) C Fig is Hermitian self-orthogonal. Since Cy is generalized Reed—Solomon, it
has parameters [19, 2, 18]49.

Now choose B = 0 and choose A € Fuy satisfying A + A7 = 0. Then Corollary 4.20 yields an
infinitesimal evaluation code C = E(a,v) C R" such that C = Cy + uCy and ®(C) = Cy x Cy. Hence
the Hermitian construction gives a T-ary quantum stabilizer code with parameters [[38, 30, 3]];.

2

Example 4.22. Assume hypothesis (H) with g = 11,h = 4,r = 3,k = 3. Then m = q—h_l = % =
30,n =1+ rm = 91. Moreover,

k:SS(r+h_1)q+l—1:(3+4_1)12

——-1=8.
2 h 2 4 8

Let w be a primitive element of Fi»,, and set § = w*. Then 6 has a multiplicative order of 30, and
the locator vector is

a=(0, w,wo,... L w0, W, W0, ..., 007, W, W,. .. ,w3029) € P?él.
Choose block multipliers s, 51, 52, 53 € FY,, such that
91
Co = GRSs(a, s) C F);,
is Hermitian self-orthogonal, where

S = (805 S1seves STy 820nens 82, S35...,83).
— Y Y———

30 times 30 times 30 times

For example, one may take sy = sy = s, = 1 and choose s3 € FY,, satisfying séz = 2. Then Cy is
a [91, 3, 89]121 MDS code.

Now fix B = 1, choose A € Fiy such that A + A" = 0, and set Ay = A, = A, = A3 = A. Then
Corollary 4.20 gives an infinitesimal evaluation code

C = &(a,v) C R

such that
C=Co+uCy and  ®(C)=CoxCyCF.

Hence the Hermitian construction yields a quantum stabilizer code with parameters
[[182,170,4]];;.

In this case, Corollary 4.19 gives ¢"*> = 11° admissible parameter choices.
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Example 4.23. Assume hypothesis (H) with g = 13,h = 7,r = 4,k = 4. Then m = i G 24,n =

1+rm=97.
Moreover,
r+h—-1\g+1 4+7-1)\14
k=4< —1l=l—|—=-1=0.
)5 =)
Let w be a primitive element of Fg9, and set 6 = w’.
Consider the locator vector
a= (0, w,wo,... w02, W wo, .. WO, wiowe, .. o wieR, whow'e, ... ,w4923) € ]F?g9.

Choose sy = s = s, = 83 = 1, and choose s4 € F, such that s,* = 4.
Then the residue code Cy = GRS4(a, s) C F?& is Hermitian self-orthogonal and is a [97,4, 9469
MDS code.
Now choose 8 = 1 and A € Fg satisfying A + A'3 = 0. Then Corollary 4.20 yields an infinitesimal
evaluation code
C = &y(a,v) CR”

such that
®(C) = Cy x Cy C Flog.

Hence the Hermitian construction gives a quantum stabilizer code with parameters
[[194, 178, 5]]13-
A Magma computation also confirms that
d(®(C)* \ ©(C)) = 5.

In this case, the family contains ¢'"*> = 137 admissible parameter choices.

Definition 4.24. Let D C F;Vz be a Hermitian self-orthogonal code. The quantum stabilizer code with
parameters [[N, K, d]], obtained from D is called pure if D contains no nonzero vector of Hamming
weight smaller than d.

The quantum stabilizer codes listed in Table 1 are pure. Indeed, in these examples, D = ®(C) =
Cy x Cy, where Cy is an MDS Hermitian self-orthogonal GRS code. Hence dy(D) = n — k + 1 and
dy(D*") = k+1. Since k < n/2, we haven—k+ 1 > k+ 1, so D contains no nonzero vectors of weight
smaller than the quantum distance d = k + 1.

The parameters of the quantum codes obtained in the preceding examples are summarized in
Table 1. For each choice of parameters g, n, h, k, the Hermitian construction produces a g-ary quantum
stabilizer code with parameters [[2n, 2n — 4k, d]],. The corresponding code over F. has parameters
[[n,n — 2k,d]],2, and in all cases listed in the table, these codes are MDS. Moreover, the quantum
stabilizer code and the associated F.-linear code share the same minimum distance d, reflecting the
fact that the stabilizer construction is derived directly from the Hermitian self-orthogonal structure of
the underlying F-code. The parameters listed in the table were also compared with the best-known
bounds available in the tables of Grassl [11], confirming the optimality of the underlying IF,>-codes.
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Table 1. Quantum codes obtained from the constructions of Section 4.

g n h k Stabilizer [[2n,2n — 4k, d]], Status Quantum [[n,n — 2k, d]],. Status
3 6 - 2 [[12,4,3]]3 best-known [[6,2,3]]o MDS
5 13 - 2 [[26, 18, 3]]s - [[13,9,3]]2s MDS
7 19 8 2 [[38,30,3]]; — [[19, 15, 3]]49 MDS
7 19 8 3 [[38,26,4]]; - [[19,13,4]]49 MDS
7 19 8 4 [[38,22,5]]; - [[19, 11, 5]]49 MDS
11 91 4 2 [[182, 174, 3]];; - [[91, 87, 3]]121 MDS
11 91 4 3 [[182,170,4]1]1; - [[91, 85,4]]12; MDS
11 91 4 4 [[182, 166,511 - [[91, 83, 5]]i21 MDS
13 97 7 2 [[194, 186, 3]];5 - [[97,93, 3]]160 MDS
13 97 7 3 [[194,182,4]1];5 - [[97,91,4]]160 MDS
13 97 7 4 [[194, 178, 5]]13 — [[97, 89, 5]]169 MDS

We compare the codes in Table 1 with three closely related quantum-code approaches. The
Hermitian self-orthogonal GRS construction in [21] produces quantum MDS codes by choosing
evaluation points and multipliers over F,» satisfying Hermitian orthogonality conditions. Ezerman
et al. [8] constructed record-oriented quantum codes from nearly self-orthogonal quasi-twisted codes
via Construction X, while Cao and Zhou [6] use the 7-OD matrix-product construction to obtain
flexible families of quantum codes, including many record-breaking examples. The present method is
different in its algebraic source: it starts from infinitesimal evaluation over R = F, + ulF, where
evaluation at a; + ub; introduces the value—derivative correction term b;f;j(a;) + fi(a;). In the
examples, the Gray image has the product form Cy, X Cy,, where Cy, is an MDS Hermitian
self-orthogonal GRS code; hence the resulting quantum codes have parameters [[2n, 2n — 4k, d]], with
d > k + 1. Thus the tables are intended to show that the infinitesimal-evaluation framework gives
competitive quantum-code parameters through a ring-theoretic first-order lift of classical GRS data,
rather than to claim that all listed codes are record-breaking.

Regarding the status labels in Table 1, the label “new” has been replaced by “best known” for the
g-ary stabilizer codes [[2n,2n — 4k,d]],. Since these parameters are subsumed by the 7-OD
matrix-product construction of Cao and Zhou [6], which achieves the same minimum distances, no
claim is made that they constitute new parameter records. The label “best known” is used in its
standard comparative sense: to the best of our knowledge, no code with the same length, dimension,
and alphabet size but strictly larger minimum distance appears in Grassl’s table or in the comparison
sources considered here. The associated ¢>-ary codes [[n, n — 2k, d]],» remain quantum MDS, as they
arise directly from MDS Hermitian self-orthogonal GRS codes. The table is therefore not intended as
a record-breaking claim but as evidence that the infinitesimal-evaluation framework—a ring-theoretic
first-order lift of classical GRS data over R = Fp + ulF »—yields quantum-code parameters that are
competitive with those produced by substantially different algebraic methods.

5. Conclusions

We introduced infinitesimal evaluation codes over the dual-number extension
R = Fp + uFp,u* = 0, and developed their Hermitian self-orthogonality theory. Evaluation at the
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points a; + ub; leads to a coupled value—derivative structure, allowing classical generalized
Reed-Solomon codes over F to be lifted to ring-linear codes over R. We proved that Hermitian
orthogonality over R decomposes into a residue-layer condition together with a correction equation
involving the infinitesimal parameters. Using this criterion, we constructed several families of
Hermitian self-orthogonal infinitesimal evaluation codes. In Gray-compatible cases, these yield g-ary
quantum stabilizer codes via the Hermitian construction.

These results show that infinitesimal perturbations over R provide a natural mechanism for
extending classical Hermitian self-orthogonal generalized Reed-Solomon constructions and
generating new families of quantum codes.
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