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Abstract: In this paper, we introduced a new class of infinitesimal evaluation codes over the dual-
number extension R = Fq2+uFq2 , u2 = 0, obtained by evaluating polynomials at perturbed points ai+ubi.
This evaluation produces a coupled value–derivative structure through the identity f (ai+ubi) = f0(ai)+
u
(
bi f ′0(ai)+ f1(ai)

)
, which enriches classical evaluation codes with first-order infinitesimal corrections.

We established the Hermitian duality theory for these codes and showed that Hermitian orthogonality
over R decomposes into a residue-layer condition over Fq2 together with a correction equation involving
the infinitesimal parameters. This yields explicit criteria for Hermitian self-orthogonality. Using these
criteria, we constructed several families of Hermitian self-orthogonal infinitesimal evaluation codes,
including multiplier perturbation, locator perturbation, and subgroup–coset constructions. Via the Gray
map and the Hermitian construction, these codes produce new families of q-ary quantum stabilizer
codes.
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1. Introduction

Let q = pm be a power of an odd prime p, and let Fq2 denote the finite field with q2 elements. A
linear code C ⊆ Fn

q2 of dimension k and minimum Hamming distance d is denoted by an [n, k, d]q2

code. Its parameters satisfy the Singleton bound d ≤ n−k+1, and codes attaining this bound are called
maximum distance separable (MDS) codes. Among the most important examples are generalized
Reed–Solomon (GRS) codes, which play a central role in both classical and quantum coding theory.

Quantum error-correcting codes protect quantum information against noise and decoherence. A q-
ary quantum code with parameters [[n, k, d]]q encodes k logical qudits into n physical qudits and has a
minimum distance d. These parameters satisfy the quantum Singleton bound k ≤ n− 2d+ 2, and codes
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attaining this bound are called quantum MDS codes [14, 20]. Because of their optimality, quantum
MDS codes are among the most desirable objects in quantum coding theory [10, 16, 17]. Tables of the
best currently known parameters for classical and quantum codes can be found in [11].

A standard approach to constructing quantum stabilizer codes is the Hermitian construction. Let
D ⊆ FN

q2 be an Fq2-linear code and let D⊥H denote its Hermitian dual with respect to the inner product
⟨x, y⟩H =

∑N
i=1 xiy

q
i . If D ⊆ D⊥H , then there exists a q-ary quantum stabilizer code with parameters

[[N, N − 2 dimFq2 (D), d]]q, where d = d(D⊥H \ D) [1, 19]. Consequently, the construction of quantum
codes is closely related to the construction of Hermitian self-orthogonal linear codes over Fq2 .

Besides the construction of quantum MDS codes, another active direction in quantum coding
theory is the construction of quantum codes with best-known, optimal, or record-breaking parameters,
even when the resulting codes are not MDS. This direction is important because it improves the
available parameter ranges for quantum error correction beyond the MDS regime. Recent examples
include constructions from nearly self-orthogonal quasi-twisted codes [8] and from the τ-OD MP
construction [6].

Over the last two decades, numerous families of quantum MDS codes have been obtained from
Hermitian self-orthogonal generalized Reed–Solomon codes and related evaluation codes; see, for
example, [4,5,12]. In these constructions, the field Fq2 provides a natural setting for Hermitian duality,
and much of the existing work focuses on identifying arithmetic relations among n, k, and q that
guarantee Hermitian self-orthogonality [7, 13]. Recent work has also studied precise conditions under
which generalized Reed–Solomon codes are Hermitian self-orthogonal [3, 9, 15].

Despite these advances, Hermitian self-orthogonality over finite fields imposes strong algebraic
constraints on evaluation codes. In particular, the orthogonality conditions are expressed entirely in
terms of moment equations over Fq2 , which restrict the available parameter choices. This rigidity
motivates the search for alternative algebraic frameworks in which additional degrees of freedom are
available while the classical field-based constructions remain visible.

The purpose of this paper is to develop such a framework. We work over the dual-number extension

R = Fq2 + uFq2 , u2 = 0, (1.1)

which is a finite commutative local ring with residue field R/⟨u⟩ � Fq2 . Every element of R can be
written uniquely as a + ub with a, b ∈ Fq2 , so R may be viewed as a first-order infinitesimal extension
of Fq2 . This ring extension introduces additional infinitesimal degrees of freedom in the evaluation
process while preserving the classical Fq2 residue structure. As a result, the ring framework provides
a natural mechanism for generating large families of Hermitian self-orthogonal codes whose residue
codes remain classical generalized Reed–Solomon codes.

The fundamental notion studied in this paper is infinitesimal evaluation codes. Let

αi = ai + ubi ∈ R, vi = si + uti ∈ R×, 1 ≤ i ≤ n,

where ai, bi, si, ti ∈ Fq2 . For an integer 1 ≤ k ≤ n, we define

Ek(α, v) = {(v1 f (α1), . . . , vn f (αn)) : f ∈ R[X], deg f < k} ⊆ Rn.

Writing f (X) = f0(X) + u f1(X) with f0, f1 ∈ Fq2[X], evaluation at a perturbed point satisfies

f (ai + ubi) = f0(ai) + u
(
bi f ′0(ai) + f1(ai)

)
. (1.2)
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Thus each coordinate of a codeword records both the classical value f0(ai) and a first-order correction
term involving the derivative f ′0(ai). This produces a natural two-layer evaluation structure in which
classical evaluation data interact with infinitesimal perturbations.

The first objective of this paper is to develop the algebraic theory of these infinitesimal evaluation
codes. In particular, we prove the fundamental infinitesimal evaluation identity in Lemma 3.2, derive
an explicit coordinate expansion in Proposition 3.3, obtain a Vandermonde-type generator matrix in
Proposition 3.4, and prove injectivity of the evaluation map under the natural distinctness hypothesis
on the residue locators in Proposition 3.5. We also determine the associated residue and torsion codes in
Theorem 3.9 and Theorem 3.10, respectively, and establish a lower bound on the minimum Hamming
distance in Proposition 3.6.

The second objective is to study Hermitian self-orthogonality over R. Extending the Frobenius
involution of Fq2 coefficientwise to R, we show that Hermitian orthogonality over R decomposes into
two coupled conditions: a classical Hermitian orthogonality relation for the residue code over Fq2

together with a correction equation involving the infinitesimal parameters; see Lemma 4.1 and
Theorem 4.2. This decomposition leads to a Gram-matrix criterion in Proposition 4.4 and to explicit
moment-type criteria for Hermitian self-orthogonality in Theorem 4.5.

The third objective is to construct explicit families of Hermitian self-orthogonal infinitesimal
evaluation codes. Using the self-orthogonality criterion of Theorem 4.5, we develop several
construction mechanisms, including multiplier perturbations, locator perturbations, and
subgroup–coset constructions. These families provide large collections of admissible parameter
choices extending classical Hermitian self-orthogonal generalized Reed–Solomon codes, including
constructions related to the subgroup–coset method studied in [21].

Finally, we apply the Gray map

Φ : Rn → F2n
q2 , Φ(a + ub) = (a, b), (1.3)

to transfer suitable ring-linear codes over R to codes over Fq2 . When the Gray image is Hermitian self-
orthogonal, the Hermitian construction yields q-ary quantum stabilizer codes. In this way, the quantum
codes obtained in this work arise naturally from the algebraic structure of infinitesimal evaluation
codes.

The paper is organized as follows. Section 2 reviews background on the ring R, Hermitian duality,
generalized Reed–Solomon codes, residue and torsion codes, and the Gray map. Section 3 develops
the algebraic theory of infinitesimal evaluation codes over R. Section 4 derives the Hermitian self-
orthogonality criterion and presents several explicit construction families together with their quantum
consequences.

2. Preliminaries

In this section, we collect the notation and basic results used throughout the paper. Unless otherwise
stated, q = pm denotes a power of an odd prime p, and Fq2 denotes the finite field with q2 elements.

2.1. Hermitian duality over Fq2

Let
a = aq, a ∈ Fq2 , (2.1)
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denote the Frobenius involution of Fq2 . Its fixed field is Fq. Associated with this involution are the trace
and norm maps

Tr(a) = a + a, N(a) = aa = aq+1, a ∈ Fq2 . (2.2)

For vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in Fn
q2 , the Hermitian inner product is defined by

⟨x, y⟩H =
n∑

i=1

xiyi =

n∑
i=1

xiy
q
i . (2.3)

If C ⊆ Fn
q2 is an Fq2-linear code, its Hermitian dual is

C⊥H = { x ∈ Fn
q2 : ⟨x, c⟩H = 0 for all c ∈ C }. (2.4)

The code C is called Hermitian self-orthogonal if C ⊆ C⊥H .

2.2. Generalized Reed–Solomon codes

Let a1, . . . , an be pairwise distinct elements of Fq2 , and let v1, . . . , vn ∈ F
×

q2 . For an integer 1 ≤
k ≤ n, the generalized Reed–Solomon code associated with the evaluation vector a = (a1, . . . , an) and
multiplier vector v = (v1, . . . , vn) is defined by

GRSk(a, v) =
{(

v1 f (a1), . . . , vn f (an)
)

: f ∈ Fq2[X], deg f < k
}
. (2.5)

It is well known that GRSk(a, v) is an [n, k, n − k + 1]q2 maximum-distance-separable (MDS) code.

2.3. The structure of R

Throughout the paper, we work over the dual-number extension

R = Fq2 + uFq2 � Fq2[u]/⟨u2⟩, u2 = 0. (2.6)

Every element of R can be written uniquely in the form

a + ub, a, b ∈ Fq2 . (2.7)

The ring R is a finite commutative local ring with maximal ideal m = uFq2 and residue field R/m �
Fq2 . An element a + ub ∈ R is a unit if and only if a , 0 (see [18]).

The Frobenius involution of Fq2 extends coefficientwise to R by

a + ub = aq + ubq, a, b ∈ Fq2 . (2.8)

2.4. Hermitian duality over R

For vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in Rn, the Hermitian inner product over R is defined
by

⟨x, y⟩H =
n∑

i=1

xiyi. (2.9)

If C ⊆ Rn is an R-linear code, its Hermitian dual is

C⊥H = { x ∈ Rn : ⟨x, c⟩H = 0 for all c ∈ C }. (2.10)
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2.5. Residue and torsion codes

Let C ⊆ Rn be an R-linear code. The residue code of C is defined by

Res(C) = {c̄ : c ∈ C} ⊆ Fn
q2 , (2.11)

where c̄ denotes reduction modulo u. The torsion code of C is defined by

Tor(C) = { x ∈ Fn
q2 : ux ∈ C }. (2.12)

Both Res(C) and Tor(C) are Fq2-linear codes and provide a bridge between the ring-linear structure of
C and classical codes over Fq2 .

2.6. Polynomial decomposition

Since R is a free Fq2-module with basis {1, u}, every polynomial f (X) ∈ R[X] can be written uniquely
in the form

f (X) = f0(X) + u f1(X), f0, f1 ∈ Fq2[X]. (2.13)

2.7. Gray map

To relate codes over R with codes over Fq2 , we use the Fq2-linear Gray map

Φ : R −→ F2
q2 , Φ(a + ub) = (a, b). (2.14)

Extending Φ componentwise yields a map

Φ : Rn −→ F2n
q2 .

After expanding each coordinate of Fq2 with respect to a fixed Fq-basis, the componentwise Gray map
induces an Fq-linear map from Rn into F4n

q .

3. Infinitesimal evaluation codes over R

In this section, we introduce infinitesimal evaluation codes over R = Fq2 + uFq2 , u2 = 0 and
establish the algebraic facts needed in the following sections. These codes are obtained by evaluating
polynomials at infinitesimally perturbed points

αi = ai + ubi, ai, bi ∈ Fq2 , (3.1)

and may be viewed as ring-theoretic enlargements of classical generalized Reed–Solomon codes over
Fq2 .

Throughout, we denote

αi = ai + ubi ∈ R, vi = si + uti ∈ R×, 1 ≤ i ≤ n,

where si , 0 for all i.
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Definition 3.1. Let 1 ≤ k ≤ n. The infinitesimal evaluation code associated with

α = (α1, . . . , αn) ∈ Rn, v = (v1, . . . , vn) ∈ (R×)n

is the R-linear code

Ek(α, v) =
{(

v1 f (α1), . . . , vn f (αn)
)

: f ∈ R[X], deg f < k
}
⊆ Rn.

Throughout this section, every polynomial f (X) ∈ R[X] is written uniquely in the form

f (X) = f0(X) + u f1(X), f0, f1 ∈ Fq2[X].

The basic algebraic mechanism behind the construction is the following evaluation identity.

Lemma 3.2. Let a, b ∈ Fq2 and f (X) = f0(X) + u f1(X) ∈ R[X]. Then,

f (a + ub) = f0(a) + u
(
b f ′0(a) + f1(a)

)
. (3.2)

Proof. Write

f0(X) =
m∑

i=0

ciXi, f1(X) =
t∑

i=0

diXi, ci, di ∈ Fq2 .

Thus,

f (X) = f0(X) + u f1(X) =
m∑

i=0

ciXi + u
t∑

i=0

diXi.

We first compute the powers of a + ub. Since u2 = 0, the binomial theorem gives (a + ub)i =∑i
j=0

(
i
j

)
a i− j(ub) j. All terms with j ≥ 2 vanish because (ub)2 = u2b2 = 0. Hence

(a + ub)i = ai + ia i−1ub (i ≥ 1). (3.3)

Substituting (3.3) into the expression for f0(a + ub) gives

f0(a + ub) =
m∑

i=0

ci(a + ub)i = c0 +

m∑
i=1

ci
(
ai + ia i−1ub

)
.

Separating the residue and nilpotent parts yields

f0(a + ub) =
m∑

i=0

ciai + u b
m∑

i=1

icia i−1.

The first sum equals f0(a), while the second equals b f ′0(a). Therefore,

f0(a + ub) = f0(a) + u b f ′0(a). (3.4)

Next we evaluate the second component. Multiplying (3.3) by u gives u(a+ub)i = u
(
ai+ ia i−1ub

)
=

uai, since u2 = 0. Hence,

u f1(a + ub) = u
t∑

i=0

di(a + ub)i = u
t∑

i=0

diai = u f1(a).
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Combining this identity with (3.4) gives

f (a + ub) = f0(a + ub) + u f1(a + ub) = f0(a) + ub f ′0(a) + u f1(a).

Thus,
f (a + ub) = f0(a) + u

(
b f ′0(a) + f1(a)

)
,

which proves the lemma. □

Combining Lemma 3.2 with the multipliers vi = si + uti yields an explicit coordinate formula for
the codewords of Ek(α, v).

Proposition 3.3. Let f (X) = f0(X) + u f1(X) with deg f < k. Then the ith coordinate of the codeword(
v1 f (α1), . . . , vn f (αn)

)
∈ Ek(α, v)

is
vi f (αi) = si f0(ai) + u

(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
. (3.5)

Proof. Fix i ∈ {1, . . . , n}. By hypothesis,

αi = ai + ubi, vi = si + uti, f (X) = f0(X) + u f1(X).

By Lemma 3.2, evaluating f at αi = ai + ubi gives

f (αi) = f0(ai) + u
(
bi f ′0(ai) + f1(ai)

)
. (3.6)

We now multiply (3.6) by vi = si + uti. Since u2 = 0, we obtain

vi f (αi) = (si + uti)
(

f0(ai) + u
(
bi f ′0(ai) + f1(ai)

))
.

Expanding this product yields

vi f (αi) = si f0(ai) + u si
(
bi f ′0(ai) + f1(ai)

)
+ u ti f0(ai) + u2ti

(
bi f ′0(ai) + f1(ai)

)
.

The last term vanishes because u2 = 0. Therefore,

vi f (αi) = si f0(ai) + u
(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
.

This is exactly (3.5). □

Formula (3.5) shows that each coordinate consists of a classical evaluation term together with an
infinitesimal correction term involving the derivative of f0 and the perturbation parameters bi and ti.

The code Ek(α, v) admits the expected Vandermonde-type generator matrix.

Proposition 3.4. A generator matrix of C = Ek(α, v) is

G =


v1 v2 · · · vn

v1α1 v2α2 · · · vnαn
...

...
. . .

...

v1α
k−1
1 v2α

k−1
2 · · · vnα

k−1
n

 . (3.7)
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Proof. By definition,

C = Ek(α, v) =
{(

v1 f (α1), . . . , vn f (αn)
)

: f ∈ R[X], deg f < k
}
⊆ Rn.

Let f (X) = c0 + c1X + · · ·+ ck−1Xk−1, c0, . . . , ck−1 ∈ R. Then, f (αi) =
∑k−1

j=0 c jα
j
i , 1 ≤ i ≤ n. Hence the

corresponding codeword is

(v1 f (α1), . . . , vn f (αn)) =
k−1∑
j=0

c j
(
v1α

j
1, . . . , vnα

j
n
)
.

Thus every codeword of C is an R-linear combination of the k rows

(v1α
j
1, . . . , vnα

j
n), 0 ≤ j ≤ k − 1.

Conversely, let c0, . . . , ck−1 ∈ R and consider the polynomial f (X) = c0 + c1X + · · ·+ ck−1Xk−1. Then
deg f < k, and the same computation shows that the linear combination

∑k−1
j=0 c j(v1α

j
1, . . . , vnα

j
n) equals

(v1 f (α1), . . . , vn f (αn)) ∈ C. Therefore, the R-row space generated by the rows in (3.7) is exactly C, and
hence that matrix is a generator matrix of C. □

As in the classical setting, the distinctness of the residue locators implies injectivity of the evaluation
map.

Proposition 3.5. Assume that a1, . . . , an are pairwise distinct elements of Fq2 . Then the evaluation map

ev : { f ∈ R[X] : deg f < k} −→ Rn, f 7−→
(
f (α1), . . . , f (αn)

)
is injective. Consequently, Ek(α, v) is a free R-module of rank k, and

|Ek(α, v)| = |R|k = q4k.

Proof. Let
ev : { f ∈ R[X] : deg f < k} −→ Rn, f 7−→

(
f (α1), . . . , f (αn)

)
be the evaluation map. To prove injectivity, suppose that ev( f ) = (0, . . . , 0). Thus f (αi) = 0, 1 ≤ i ≤ n.
Write f (X) = f0(X) + u f1(X) with f0, f1 ∈ Fq2[X]. Since αi = ai + ubi, Lemma 3.2 gives

f (αi) = f0(ai) + u
(
bi f ′0(ai) + f1(ai)

)
.

Substituting this into f (αi) = 0, 1 ≤ i ≤ n, yields f0(ai) + u
(
bi f ′0(ai) + f1(ai)

)
= 0 (1 ≤ i ≤ n).

Because R = Fq2 + uFq2 and 1, u are linearly independent over Fq2 , the residue and nilpotent parts
must vanish separately. Hence

f0(ai) = 0 and bi f ′0(ai) + f1(ai) = 0, 1 ≤ i ≤ n. (3.8)

Since a1, . . . , an are pairwise distinct and deg f0 < k, the polynomial f0 ∈ Fq2[X] has at least n
distinct zeros by (3.8). As k ≤ n, this forces f0 = 0.

Substituting f0 = 0 into (3.8) gives f1(ai) = 0, 1 ≤ i ≤ n. Again f1 has degree < k ≤ n, so the
distinctness of the ai implies f1 = 0. Therefore f = 0, proving that the evaluation map is injective.
Since the polynomials of degree < k over R form a free R-module with basis 1, X, . . . , Xk−1, this module
has rank k. The injective map ev therefore identifies it with C = Ek(α, v), showing that C is a free R-
module of rank k.

Finally, |C| = |R|k. Because |R| = |Fq2 |2 = q4, we obtain |Ek(α, v)| = q4k. □
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The same hypothesis yields the natural lower bound on the Hamming distance.

Proposition 3.6. Let C = Ek(α, v), and assume that a1, . . . , an are pairwise distinct. Then every nonzero
codeword of C has a Hamming weight at least n − k + 1. In particular,

dH(C) ≥ n − k + 1. (3.9)

Proof. Let c ∈ C = Ek(α, v) be a nonzero codeword. By definition, there exists a polynomial

f (X) = f0(X) + u f1(X) ∈ R[X], deg f < k,

such that
c =

(
v1 f (α1), . . . , vn f (αn)

)
.

For each i, Proposition 3.3 gives

vi f (αi) = si f0(ai) + u
(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
. (3.10)

Since vi = si + uti ∈ R×, we have si , 0.
We distinguish two cases. First assume that f0 , 0. If the ith coordinate of c is zero, then (3.10)

gives
si f0(ai) + u

(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
= 0.

Taking residue modulo u, we obtain si f0(ai) = 0. Since si , 0, it follows that f0(ai) = 0. Thus
every zero coordinate of c gives a root of the nonzero polynomial f0 among the pairwise distinct points
a1, . . . , an. Since deg f0 < k, the polynomial f0 has at most k − 1 roots. Hence c has at most k − 1 zero
coordinates.

Now assume that f0 = 0 and f1 , 0. In this case, Lemma 3.2 gives f (αi) = u f1(ai), and therefore

vi f (αi) = (si + uti)u f1(ai) = usi f1(ai).

Thus the ith coordinate of c is zero if and only if si f1(ai) = 0. Since si , 0, this is equivalent
to f1(ai) = 0. Hence every zero coordinate of c gives a root of the nonzero polynomial f1. Since
deg f1 < k, the polynomial f1 has at most k − 1 roots among the pairwise distinct points a1, . . . , an.
Hence c has at most k − 1 zero coordinates.

In both cases, every nonzero codeword c ∈ C has at most k − 1 zero coordinates. Therefore,

wt(c) ≥ n − (k − 1) = n − k + 1.

Thus dH(C) ≥ n − k + 1. □

Remark 3.7. The bound in Proposition 3.6 is the natural analogue of the classical generalized Reed–
Solomon bound. Indeed, the residue code of Ek(α, v) is a generalized Reed–Solomon code over Fq2 ,
and the infinitesimal perturbation does not alter the set of coordinate positions on which a nonzero
polynomial evaluation can vanish.

For the Hermitian theory developed in the next section, it is convenient to record the decomposition
of the generating rows with respect to the splitting

Rn = Fn
q2 + uFn

q2 . (3.11)
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Proposition 3.8. Let G j = (v1α
j
1, . . . , vnα

j
n), 0 ≤ j ≤ k − 1. Then,

G j = g j + uh j, (3.12)

where g j = (s1a j
1, . . . , sna j

n) and h j =
(
t1a j

1 + js1b1a j−1
1 , . . . , tna j

n + jsnbna j−1
n

)
, with the convention that

the derivative term is zero when j = 0.

Proof. Fix j with 0 ≤ j ≤ k − 1. By definition,

G j = (v1α
j
1, . . . , vnα

j
n),

where αi = ai + ubi, vi = si + uti, 1 ≤ i ≤ n.We first compute α j
i . Since u2 = 0, the binomial theorem

gives (ai + ubi) j = a j
i + u j bia

j−1
i ( j ≥ 1), while for j = 0, we have α0

i = 1. Thus, for j ≥ 1,

viα
j
i = (si + uti)

(
a j

i + u j bia
j−1
i

)
.

Expanding and using u2 = 0, we obtain viα
j
i = sia

j
i + u

(
tia

j
i + jsibia

j−1
i

)
. Therefore, for j ≥ 1,

G j = (s1a j
1, . . . , sna j

n) + u
(
t1a j

1 + js1b1a j−1
1 , . . . , tna j

n + jsnbna j−1
n

)
.

When j = 0, we have α0
i = 1, so viα

0
i = vi = si + uti. Hence G0 = (s1, . . . , sn) + u(t1, . . . , tn). This

is exactly the same formula as above if one adopts the convention that the derivative term jsibia
j−1
i is

zero when j = 0. Thus, for every 0 ≤ j ≤ k − 1, G j = g j + uh j, where

g j = (s1a j
1, . . . , sna j

n), h j =
(
t1a j

1 + js1b1a j−1
1 , . . . , tna j

n + jsnbna j−1
n

)
,

with the stated convention for j = 0. This proves the proposition. □

Proposition 3.8 is precisely the form needed later when Hermitian inner products are computed row
by row.

We next identify the residue code. It is exactly the classical generalized Reed–Solomon code
determined by the residue locators ai and residue multipliers si.

Theorem 3.9. Let C = Ek(α, v). Then,

Res(C) =
{(

s1 f0(a1), . . . , sn f0(an)
)

: f0 ∈ Fq2[X], deg f0 < k
}
. (3.13)

In particular,
Res(C) = GRSk(a, s), (3.14)

and hence Res(C) is an [n, k, n − k + 1]q2 MDS code.

Proof. By definition,

C = Ek(α, v) =
{(

v1 f (α1), . . . , vn f (αn)
)

: f ∈ R[X], deg f < k
}
.

Let c ∈ C. Then there exists a polynomial

f (X) = f0(X) + u f1(X) ∈ R[X], f0, f1 ∈ Fq2[X], deg f < k,
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such that c =
(
v1 f (α1), . . . , vn f (αn)

)
. For each i, Proposition 3.3 gives

vi f (αi) = si f0(ai) + u
(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
.

Reducing modulo u, we obtain vi f (αi) = si f0(ai). Hence,

Res(c) =
(
s1 f0(a1), . . . , sn f0(an)

)
.

Since c ∈ C was arbitrary, this shows that

Res(C) ⊆
{(

s1 f0(a1), . . . , sn f0(an)
)

: f0 ∈ Fq2[X], deg f0 < k
}
.

To prove the reverse inclusion, let
(
s1 f0(a1), . . . , sn f0(an)

)
be any vector on the right-hand side,

where f0 ∈ Fq2[X] and deg f0 < k. Consider the polynomial f (X) = f0(X) ∈ R[X], viewed as a
polynomial over R with a zero u-part. Then deg f < k, so c =

(
v1 f (α1), . . . , vn f (αn)

)
∈ C. By the same

coordinate formula,
vi f (αi) = si f0(ai) + u

(
sibi f ′0(ai) + ti f0(ai)

)
,

and therefore Res(c) =
(
s1 f0(a1), . . . , sn f0(an)

)
. This proves the reverse inclusion, and hence

Res(C) =
{(

s1 f0(a1), . . . , sn f0(an)
)

: f0 ∈ Fq2[X], deg f0 < k
}
.

By the definition of generalized Reed–Solomon codes, the right-hand side is exactly GRSk(a, s).
Thus

Res(C) = GRSk(a, s).

Finally, since generalized Reed–Solomon codes are MDS, it follows that Res(C) is an [n, k, n− k+ 1]q2

MDS code. □

We now identify the torsion code of an infinitesimal evaluation code. Unlike the auxiliary set
of nilpotent correction terms appearing in the coordinate expansion, the torsion code is determined
entirely by the residue evaluation data.

Theorem 3.10. Let C = Ek(α, v) ⊆ Rn. Then,

Tor(C) = GRSk(a, s). (3.15)

In particular,
Tor(C) = Res(C). (3.16)

Proof. Recall that Tor(C) = { x ∈ Fn
q2 : ux ∈ C }.We prove that this set coincides with GRSk(a, s).

First, let x = (x1, . . . , xn) ∈ Tor(C). Then ux ∈ C, so there exists a polynomial

f (X) = f0(X) + u f1(X) ∈ R[X], f0, f1 ∈ Fq2[X], deg f < k,

such that ux =
(
v1 f (α1), . . . , vn f (αn)

)
. By Proposition 3.3, for each i, we have

vi f (αi) = si f0(ai) + u
(
si
(
bi f ′0(ai) + f1(ai)

)
+ ti f0(ai)

)
.
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On the other hand, the i-th coordinate of ux is uxi, whose residue part is zero. Therefore, si f0(ai) =
0 (1 ≤ i ≤ n). Since si , 0, it follows that f0(ai) = 0 (1 ≤ i ≤ n). Because the points a1, . . . , an are
pairwise distinct and deg f0 < k ≤ n, the polynomial f0 has at least n distinct roots. Hence f0 = 0.

Substituting f0 = 0 into the coordinate formula gives vi f (αi) = u si f1(ai), 1 ≤ i ≤ n. Thus, uxi =

u si f1(ai), 1 ≤ i ≤ n. Since xi, si f1(ai) ∈ Fq2 , equality of these u-multiples implies xi = si f1(ai), 1 ≤ i ≤
n. Therefore,

x = (s1 f1(a1), . . . , sn f1(an)) ∈ GRSk(a, s),

because deg f1 < k. This proves that Tor(C) ⊆ GRSk(a, s).
Conversely, let x = (s1g(a1), . . . , sng(an)) ∈ GRSk(a, s), where g ∈ Fq2[X] and deg g < k. Consider

the polynomial f (X) = ug(X) ∈ R[X]. Then deg f = deg g < k, so the vector
(
v1 f (α1), . . . , vn f (αn)

)
belongs to C. Since the residue part of f is zero, Lemma 3.2 gives f (αi) = ug(ai), 1 ≤ i ≤ n. Hence
vi f (αi) = (si + uti) ug(ai) = u sig(ai), because u2 = 0. Therefore,(

v1 f (α1), . . . , vn f (αn)
)
= u(s1g(a1), . . . , sng(an)) = ux.

Thus ux ∈ C, and therefore x ∈ Tor(C). This proves that GRSk(a, s) ⊆ Tor(C).
Combining the two inclusions, we obtain Tor(C) = GRSk(a, s). Finally, Theorem 3.9 gives Res(C) =

GRSk(a, s), and hence Tor(C) = Res(C). □

Remark 3.11. For a general R-linear code C ⊆ Rn, the residue and torsion codes need not coincide.
For infinitesimal evaluation codes, however, the situation is more rigid: one always has

Tor(Ek(α, v)) = Res(Ek(α, v)) = GRSk(a, s).

The reason is that if ux ∈ Ek(α, v), then the residue part of the corresponding codeword must vanish.
By Proposition 3.3, this forces the residue polynomial f0 to be zero, so the perturbation terms involving
bi and ti disappear. What remains is precisely the classical evaluation vector

(s1 f1(a1), . . . , sn f1(an)),

which belongs to GRSk(a, s).
Thus the residue and torsion codes are both classical generalized Reed–Solomon codes, even though

the full ring-linear code Ek(α, v) still carries additional infinitesimal data in its u-component.

The next example illustrates that the torsion and residue codes of an infinitesimal evaluation code
coincide and are both classical generalized Reed–Solomon codes.

Example 3.12. We illustrate Theorem 3.10 with a small example. Let q = 3, so Fq2 = F9, and consider
the ring R = F9 + uF9, u2 = 0. Let a = (0, 1, α) ∈ F3

9, where α is a primitive element of F9, and
take multipliers s = (1, 1, 1). Choose perturbation parameters b = (1, 0, 1) and t = (0, 1, 0), and set
αi = ai + ubi and vi = si + uti. Consider the infinitesimal evaluation code

C = E2(α, v) ⊆ R3.

By Theorem 3.9, the residue code is the generalized Reed–Solomon code

Res(C) = GRS2(a, s) = {( f (0), f (1), f (α)) : f ∈ F9[X], deg f < 2}.
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To determine the torsion code, suppose x ∈ Tor(C). Then ux ∈ C, so there exists f (X) = f0(X) +
u f1(X) with deg f < 2 such that ux = (v1 f (α1), v2 f (α2), v3 f (α3)). Using the coordinate expansion from
Proposition 3.3, the residue part of this vector is ( f0(0), f0(1), f0(α)). Since ux has a zero residue part,
we must have f0(0) = f0(1) = f0(α) = 0. Because deg f0 < 2 and the evaluation points are distinct, this
forces f0 = 0. Hence

x = ( f1(0), f1(1), f1(α)) ∈ GRS2(a, s).

Conversely, if x = (g(0), g(1), g(α)) ∈ GRS2(a, s) with deg g < 2, then taking f (X) = ug(X) gives
ux ∈ C. Therefore,

Tor(C) = GRS2(a, s) = Res(C).

4. Hermitian self-orthogonality and quantum constructions

In this section, we study Hermitian self-orthogonality of the infinitesimal evaluation codes C =
Ek(α, v). We show that Hermitian orthogonality over R decomposes into a residue-layer condition over
Fq2 together with a correction equation involving the infinitesimal parameters. These criteria are then
used to construct families of Hermitian self-orthogonal codes and corresponding quantum stabilizer
codes.

Lemma 4.1. Let x, y ∈ Rn, where xi = ai + ubi, yi = ci + udi, ai, bi, ci, di ∈ Fq2 . Then

⟨x, y⟩H =
n∑

i=1

aic
q
i + u

n∑
i=1

(
aid

q
i + bic

q
i
)
. (4.1)

Proof. By the definition of the Hermitian inner product over R, ⟨x, y⟩H =
∑n

i=1 xi yi. Since yi = ci + udi,
the Frobenius involution on R gives yi = cq

i + udq
i . Hence

xiyi = (ai + ubi)(c
q
i + udq

i ) = aic
q
i + u

(
aid

q
i + bic

q
i
)
,

because u2 = 0. Summing over i yields the required identity. □

Hermitian orthogonality over R therefore splits into two simultaneous equations.

Theorem 4.2. Let x, y ∈ Rn with xi = ai + ubi, yi = ci + udi. Then ⟨x, y⟩H = 0 if and only if

n∑
i=1

aic
q
i = 0 (4.2)

and
n∑

i=1

(
aid

q
i + bic

q
i
)
= 0. (4.3)

Proof. By Lemma 4.1,

⟨x, y⟩H =
n∑

i=1

aic
q
i + u

n∑
i=1

(
aid

q
i + bic

q
i
)
.

Since R = Fq2 ⊕ uFq2 as an Fq2-vector space, this element is zero if and only if both components
vanish. □
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We now specialize to the infinitesimal evaluation code

C = Ek(α, v) ⊆ Rn, αi = ai + ubi, vi = si + uti.

By Theorem 3.9,
Res(C) = GRSk(a, s) ⊆ Fn

q2 .

Thus Hermitian self-orthogonality of C necessarily imposes Hermitian self-orthogonality on its
residue code.

Proposition 4.3. If C ⊆ C⊥H , then
Res(C) ⊆ Res(C)⊥H .

Proof. Assume C ⊆ C⊥H , and let x̄, ȳ ∈ Res(C). Then there exist x, y ∈ C such that x̄ = Res(x) and
ȳ = Res(y). Write xi = ai + ubi and yi = ci + udi. Then

x̄ = (a1, . . . , an), ȳ = (c1, . . . , cn).

Since x, y ∈ C ⊆ C⊥H , we have ⟨x, y⟩H = 0. By Theorem 4.2,
∑n

i=1 aic
q
i = 0. But this is exactly

⟨x̄, ȳ⟩H. Hence every pair of codewords of Res(C) is Hermitian orthogonal, so Res(C) ⊆ Res(C)⊥H . □

To make the orthogonality conditions explicit, we use the generating rows

G j = (v1α
j
1, . . . , vnα

j
n), 0 ≤ j ≤ k − 1.

By Proposition 3.8,
G j = g j + uh j,

where g j = (s1a j
1, . . . , sna j

n) and

h j = (t1a j
1 + js1b1a j−1

1 , . . . , tna j
n + jsnbna j−1

n ),

with the convention that the derivative term is zero when j = 0.

Proposition 4.4. Let

G =


G0

G1
...

Gk−1

 ∈ Rk×n

be a generator matrix of C = Ek(α, v). Then

C ⊆ C⊥H ⇐⇒ GG
T
= 0.

Equivalently,
⟨Gi,G j⟩H = 0 for all 0 ≤ i, j ≤ k − 1.
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Proof. Since G is a generator matrix of C, the code C is the R-row space of G. Thus C ⊆ C⊥H holds
exactly when every pair of rows of G is Hermitian orthogonal.

By definition of the Hermitian inner product,

(GG
T
)i j =

n∑
ℓ=1

GiℓG jℓ = ⟨Gi,G j⟩H.

Hence GG
T
= 0 precisely when ⟨Gi,G j⟩H = 0 for all i, j. □

Expanding the Gram equations yields the basic self-orthogonality criterion of the paper.

Theorem 4.5. Let C = Ek(α, v), αi = ai + ubi, vi = si + uti. Then, C ⊆ C⊥H if and only if, for all integers
0 ≤ i, j ≤ k − 1,

n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 (4.4)

and
n∑
ℓ=1

(
(sq
ℓ tℓ + sℓt

q
ℓ )a

i+q j
ℓ + s q+1

ℓ

(
i bℓa

i−1+q j
ℓ + j bq

ℓa
i+q( j−1)
ℓ

))
= 0. (4.5)

Here the terms involving i ai−1
ℓ or j aq( j−1)

ℓ are interpreted as zero when i = 0 or j = 0, respectively.

Proof. By Proposition 4.4, the condition C ⊆ C⊥H is equivalent to

⟨Gi,G j⟩H = 0 for all 0 ≤ i, j ≤ k − 1,

where
Gi = (v1α

i
1, . . . , vnα

i
n), G j = (v1α

j
1, . . . , vnα

j
n).

By Proposition 3.8, we may write

Gi = gi + uhi, G j = g j + uh j,

where
gi = (s1ai

1, . . . , snai
n), g j = (s1a j

1, . . . , sna j
n),

and
hi =

(
t1ai

1 + is1b1ai−1
1 , . . . , tnai

n + isnbnai−1
n

)
,

h j =
(
t1a j

1 + js1b1a j−1
1 , . . . , tna j

n + jsnbna j−1
n

)
,

with the convention that the derivative terms are zero when i = 0 or j = 0.
Applying Theorem 4.2 to the vectors Gi = gi + uhi and G j = g j + uh j, we see that ⟨Gi,G j⟩H = 0 if

and only if
n∑
ℓ=1

(gi)ℓ(g j)
q
ℓ = 0 (4.6)

and
n∑
ℓ=1

(
(gi)ℓ(h j)

q
ℓ + (hi)ℓ(g j)

q
ℓ

)
= 0. (4.7)
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We now compute these two sums explicitly.
For (4.6), since (gi)ℓ = sℓai

ℓ and (g j)ℓ = sℓa
j
ℓ, we have

(gi)ℓ(g j)
q
ℓ = (sℓai

ℓ)(sℓa
j
ℓ)

q = s q+1
ℓ a i+q j

ℓ .

Thus (4.6) becomes
n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0,

which is exactly (4.4).
Next, for (4.7), we compute

(h j)
q
ℓ =

(
tℓa

j
ℓ + jsℓbℓa

j−1
ℓ

)q
= tq
ℓa

q j
ℓ + j sq

ℓb
q
ℓa

q( j−1)
ℓ ,

and therefore
(gi)ℓ(h j)

q
ℓ = sℓai

ℓ

(
tq
ℓa

q j
ℓ + j sq

ℓb
q
ℓa

q( j−1)
ℓ

)
.

Hence
(gi)ℓ(h j)

q
ℓ = sℓt

q
ℓa

i+q j
ℓ + j s q+1

ℓ bq
ℓa

i+q( j−1)
ℓ .

Similarly,
(hi)ℓ = tℓai

ℓ + isℓbℓai−1
ℓ , (g j)

q
ℓ = sq

ℓa
q j
ℓ ,

so
(hi)ℓ(g j)

q
ℓ =

(
tℓai
ℓ + isℓbℓai−1

ℓ

)
sq
ℓa

q j
ℓ .

Thus
(hi)ℓ(g j)

q
ℓ = sq

ℓ tℓa
i+q j
ℓ + i s q+1

ℓ bℓa
i−1+q j
ℓ .

Adding the two expressions, we obtain

(gi)ℓ(h j)
q
ℓ + (hi)ℓ(g j)

q
ℓ = (sq

ℓ tℓ + sℓt
q
ℓ )a

i+q j
ℓ + s q+1

ℓ

(
i bℓa

i−1+q j
ℓ + j bq

ℓa
i+q( j−1)
ℓ

)
.

Therefore (4.7) becomes

n∑
ℓ=1

(
(sq
ℓ tℓ + sℓt

q
ℓ )a

i+q j
ℓ + s q+1

ℓ

(
i bℓa

i−1+q j
ℓ + j bq

ℓa
i+q( j−1)
ℓ

))
= 0,

which is exactly (4.5).
We have shown that, for each pair 0 ≤ i, j ≤ k − 1,

⟨Gi,G j⟩H = 0

is equivalent to the simultaneous validity of (4.4) and (4.5). By Proposition 4.4, this is equivalent to
C ⊆ C⊥H . The convention for the terms involving iai−1

ℓ and jaq( j−1)
ℓ when i = 0 or j = 0 is exactly the

one already built into Proposition 3.8. This completes the proof. □

The first family of equations is exactly the Hermitian self-orthogonality condition for the residue
generalized Reed–Solomon code.
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Corollary 4.6. The residue code Res(C) = GRSk(a, s) is Hermitian self-orthogonal if and only if
n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 for all 0 ≤ i, j ≤ k − 1.

Proof. By Theorem 3.9, Res(C) = GRSk(a, s). Hence Res(C) is Hermitian self-orthogonal if and only
if

GRSk(a, s) ⊆ GRSk(a, s)⊥H .

Now apply Theorem 4.5 to the special case bℓ = tℓ = 0 for all ℓ. In that case, the nilpotent correction
equation (4.5) disappears, and the self-orthogonality condition reduces exactly to

n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 for all 0 ≤ i, j ≤ k − 1.

This is precisely the required criterion. □

Thus Hermitian self-orthogonality over R consists of the classical residue-layer moment equations
together with the correction equations (4.5). In particular, every Hermitian self-orthogonal generalized
Reed–Solomon code over Fq2 admits the trivial infinitesimal lift obtained by taking bi = ti = 0 for all i.

Theorem 4.7. Let C0 = GRSk(a, s) ⊆ Fn
q2 be Hermitian self-orthogonal. Then there exist choices of

parameters b1, . . . , bn, t1, . . . , tn ∈ Fq2 such that the infinitesimal evaluation code C = Ek(α, v) satisfies

C ⊆ C⊥H and Res(C) = C0.

Proof. Since C0 = GRSk(a, s) is Hermitian self-orthogonal by hypothesis, Corollary 4.6 gives
n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 for all 0 ≤ i, j ≤ k − 1.

We now choose b1 = · · · = bn = 0, t1 = · · · = tn = 0.With this choice, αℓ = aℓ, vℓ = sℓ, 1 ≤ ℓ ≤ n.
Hence the associated infinitesimal evaluation code is

C = Ek(α, v) =
{(

s1 f (a1), . . . , sn f (an)
)

: f ∈ R[X], deg f < k
}
.

By Theorem 4.5, the Hermitian self-orthogonality of C is equivalent to the validity of (4.4) and (4.5)
for all 0 ≤ i, j ≤ k − 1. The field-layer condition (4.4) holds by the displayed moment equations
above. The nilpotent condition (4.5) is automatically satisfied, because all parameters bℓ and tℓ are
zero. Therefore

C ⊆ C⊥H .

It remains to identify the residue code. By Theorem 3.9,

Res(C) = GRSk(a, s) = C0.

Thus there exist choices of parameters b1, . . . , bn, t1, . . . , tn ∈ Fq2 such that

C ⊆ C⊥H and Res(C) = C0.

This proves the theorem. □
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We now pass from ring-linear codes over R to field-linear codes over Fq2 by means of the Gray map
Φ. The Gray map Φ is Fq2-linear and injective. If C ⊆ Rn is free of rank k over R, then Φ(C) is an
Fq2-linear code of length 2n and dimension 2k.

For a general Hermitian self-orthogonal code C ⊆ Rn, the Gray image need not be Hermitian self-
orthogonal over Fq2 . We therefore focus on families for which Φ(C) can be described explicitly.

Remark 4.8. The Gray map Φ(a + ub) = (a, b) does not preserve Hermitian self-orthogonality in
general. For example, let C = ⟨u⟩ = uFq2 ⊆ R. For ux, uy ∈ C, one has ⟨ux, uy⟩H = ux uyq = 0, since
u2 = 0. Hence C ⊆ C⊥H over R. However, Φ(C) = {(0, x) : x ∈ Fq2} ⊆ F2

q2 , and ⟨(0, 1), (0, 1)⟩H = 1 , 0.
Thus Φ(C) ⊈ Φ(C)⊥H . Therefore, in the quantum-code constructions below, the condition Φ(C) ⊆
Φ(C)⊥H is verified directly for the specific families under consideration.

We also recall the standard Hermitian construction for quantum stabilizer codes.

Theorem 4.9 (c.f. [2]). Let D ⊆ FN
q2 be an Fq2-linear code such that

D ⊆ D⊥H .

Then there exists a q-ary quantum stabilizer code with parameters

[[N, N − 2 dimFq2 (D), d]]q, d = d
(
D⊥H \ D

)
. (4.8)

Accordingly, whenever C ⊆ Rn is a free Hermitian self-orthogonal code of rank k such that Φ(C) ⊆
Φ(C)⊥H , one obtains a q-ary quantum stabilizer code with parameters

[[2n, 2n − 4k, d]]q, d = d
(
Φ(C)⊥H \ Φ(C)

)
. (4.9)

We next present several explicit construction families.

Theorem 4.10. Let
C0 = GRSk(a, s) ⊆ Fn

q2

be a Hermitian self-orthogonal generalized Reed–Solomon code. Fix β, γ ∈ Fq2 , and define

αℓ = (1 + uβ)aℓ, vℓ = (1 + uγ)sℓ, 1 ≤ ℓ ≤ n.

Let
C = Ek(α, v) ⊆ Rn.

Then
C ⊆ C⊥H , Res(C) = C0, C = C0 + uC0, Φ(C) = C0 ×C0.

In particular,
Φ(C) ⊆ Φ(C)⊥H .

Consequently, there exists a q-ary quantum stabilizer code with parameters

[[2n, 2n − 4k, d]]q,

where
d = d

(
(C⊥H

0 ×C⊥H
0 ) \ (C0 ×C0)

)
.

If C0 is MDS and k < n/2, then d = k + 1.
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Proof. Set
bℓ = βaℓ, tℓ = γsℓ, 1 ≤ ℓ ≤ n.

Then
αℓ = aℓ + ubℓ = (1 + uβ)aℓ, vℓ = sℓ + utℓ = (1 + uγ)sℓ.

We first prove that C ⊆ C⊥H over R. Since C0 = GRSk(a, s) is Hermitian self-orthogonal,
Corollary 4.6 gives

n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 for all 0 ≤ i, j ≤ k − 1. (4.10)

By Theorem 4.5, it remains to verify the nilpotent condition (4.5). Substituting bℓ = βaℓ and tℓ = γsℓ,
we obtain

sq
ℓ tℓ + sℓt

q
ℓ = (γ + γq)s q+1

ℓ

and
i bℓa

i−1+q j
ℓ + j bq

ℓa
i+q( j−1)
ℓ = (iβ + jβq)a i+q j

ℓ .

Hence the left-hand side of (4.5) becomes

(γ + γq + iβ + jβq)
n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ ,

which vanishes by (4.10). Therefore C ⊆ C⊥H .

Next, by Theorem 3.9, the residue code of C is Res(C) = GRSk(a, s) = C0. We now prove that
C = C0 + uC0. Let f (X) = f0(X) + u f1(X) ∈ R[X] with deg f < k. By Proposition 3.3, for each
1 ≤ ℓ ≤ n,

vℓ f (αℓ) = sℓ f0(aℓ) + u
(
sℓ(βaℓ f ′0(aℓ) + f1(aℓ)) + γsℓ f0(aℓ)

)
.

Thus every codeword of C has the form(
s1 f0(a1), . . . , sn f0(an)

)
+ u

(
s1g(a1), . . . , sng(an)

)
,

where
g(X) = f1(X) + βX f ′0(X) + γ f0(X).

Since deg f0 < k, we have deg(X f ′0) < k, and hence deg g < k. Therefore both components belong to
C0, so C ⊆ C0 + uC0.

Conversely, let x, y ∈ C0. Then there exist polynomials f0(X), g(X) ∈ Fq2[X], both of degree < k,
such that

x =
(
s1 f0(a1), . . . , sn f0(an)

)
, y =

(
s1g(a1), . . . , sng(an)

)
.

Define
f1(X) = g(X) − βX f ′0(X) − γ f0(X).

Since deg f0 < k and deg g < k, we have deg f1 < k. For f (X) = f0(X) + u f1(X), the preceding
coordinate formula gives (

v1 f (α1), . . . , vn f (αn)
)
= x + uy.

Thus x + uy ∈ C, and hence C0 + uC0 ⊆ C. Therefore C = C0 + uC0.
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Applying the Gray map Φ(a + ub) = (a, b) componentwise gives Φ(C) = C0 ×C0.

We now verify the Hermitian self-orthogonality of the Gray image directly. Let (x1, x2), (y1, y2) ∈
Φ(C) = C0 × C0. Then x1, x2, y1, y2 ∈ C0. Since the Hermitian inner product on F2n

q2 is the direct-sum
Hermitian inner product, we have

〈
(x1, x2), (y1, y2)

〉
H = ⟨x1, y1⟩H + ⟨x2, y2⟩H. Because C0 ⊆ C⊥H

0 , both
terms on the right-hand side are zero. Therefore

〈
(x1, x2), (y1, y2)

〉
H = 0 for all (x1, x2), (y1, y2) ∈ Φ(C),

and hence Φ(C) ⊆ Φ(C)⊥H .

We next compute the Hermitian dual of the Gray image, since this is needed for the distance
appearing in the Hermitian construction. We now prove Φ(C)⊥H = (C0 × C0)⊥H = C⊥H

0 × C⊥H
0 . To

prove this, let (z1, z2) ∈ (C0 × C0)⊥H . Then
〈
(z1, z2), (x, y)

〉
H = 0 for all x, y ∈ C0. Equivalently,

⟨z1, x⟩H + ⟨z2, y⟩H = 0 for all x, y ∈ C0. Taking y = 0 gives ⟨z1, x⟩H = 0 for all x ∈ C0, so z1 ∈ C⊥H
0 .

Taking x = 0 gives ⟨z2, y⟩H = 0 for all y ∈ C0, so z2 ∈ C⊥H
0 . Hence (C0 × C0)⊥H ⊆ C⊥H

0 × C⊥H
0 .

Conversely, if z1, z2 ∈ C⊥H
0 , then for all x, y ∈ C0,

〈
(z1, z2), (x, y)

〉
H = ⟨z1, x⟩H + ⟨z2, y⟩H = 0. Thus

C⊥H
0 × C⊥H

0 ⊆ (C0 × C0)⊥H . Therefore, (C0 × C0)⊥H = C⊥H
0 × C⊥H

0 . Since Φ(C) = C0 × C0, we obtain
Φ(C)⊥H = C⊥H

0 ×C⊥H
0 .

Since C is free of rank k over R, the code Φ(C) is an Fq2-linear code of length 2n and dimension 2k.
Therefore, by the Hermitian construction, there exists a q-ary quantum stabilizer code with parameters

[[2n, 2n − 2 dimFq2 Φ(C), d]]q = [[2n, 2n − 4k, d]]q,

where d = d
(
Φ(C)⊥H \ Φ(C)

)
. Using the dual computation above, this becomes

d = d
(
(C⊥H

0 ×C⊥H
0 ) \ (C0 ×C0)

)
.

Finally, assume that C0 is MDS. Then C0 has parameters

[n, k, n − k + 1]q2 ,

and its Hermitian dual C⊥H
0 has parameters

[n, n − k, k + 1]q2 .

If k < n/2, then k+ 1 < n− k+ 1 = d(C0). Thus every minimum-weight codeword of C⊥H
0 has a weight

of k + 1 and cannot lie in C0, because every nonzero codeword of C0 has a weight of at least n − k + 1.
Hence d

(
C⊥H

0 \C0
)
= k + 1. Now the set

(C⊥H
0 ×C⊥H

0 ) \ (C0 ×C0)

contains vectors of the form (z, 0), where z ∈ C⊥H
0 \ C0. Hence its minimum Hamming weight is at

most k + 1.Conversely, let (z1, z2) ∈ (C⊥H
0 × C⊥H

0 ) \ (C0 × C0). Then at least one of z1, z2, say zi, lies in
C⊥H

0 \ C0. Since zi < C0 and 0 ∈ C0, we have zi , 0. As a nonzero codeword of the MDS code C⊥H
0 ,

whose minimum distance is k + 1, we obtain wt(zi) ≥ k + 1. Therefore wt(z1, z2) = wt(z1) + wt(z2) ≥
wt(zi) ≥ k + 1. Consequently,

d
(
(C⊥H

0 ×C⊥H
0 ) \ (C0 ×C0)

)
= k + 1.

This completes the proof. □
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Example 4.11. Let q = 3, n = 6, and k = 2. Let α ∈ F9 satisfy α2 = 2, and set ω = 1 + α, which has
multiplicative order 8 in F×9 . Define

a = (ω, 2α, 1 + 2α, 2 + 2α, α, 2 + α), s = (1, ω, ω, ω, 1, 1).

Then
C0 = GRS2(a, s) ⊆ F6

9

is a Hermitian self-orthogonal MDS code.
Choose any β, γ ∈ F9, and define

αℓ = (1 + uβ)aℓ, vℓ = (1 + uγ)sℓ, 1 ≤ ℓ ≤ 6.

Let C = E2(α, v) ⊆ R6. By Theorem 4.10,

C ⊆ C⊥H , Res(C) = C0, C = C0 + uC0.

Applying the Gray map gives
Φ(C) = C0 ×C0 ⊆ F

12
9 ,

which is Hermitian self-orthogonal of length 12 and dimension 4. Hence the Hermitian construction
yields a quantum stabilizer code with parameters [[12, 4, 3]]3.

We next present another lifting mechanism obtained by perturbing the multipliers by trace-zero
elements, which automatically annihilates the nilpotent Hermitian moment equations.

Theorem 4.12. Let C0 = GRSk(a, s) ⊆ Fn
q2 be a Hermitian self-orthogonal generalized Reed–Solomon

code. Choose elements λ1, . . . , λn ∈ Fq2 satisfying

λℓ + λ
q
ℓ = 0 (1 ≤ ℓ ≤ n).

Define
αℓ = aℓ, vℓ = sℓ(1 + uλℓ), 1 ≤ ℓ ≤ n,

and let C = Ek(α, v) ⊆ Rn. Then

C ⊆ C⊥H and Res(C) = C0.

Proof. Since
vℓ = sℓ(1 + uλℓ) = sℓ + u(sℓλℓ),

we have
tℓ = sℓλℓ, bℓ = 0, 1 ≤ ℓ ≤ n.

We first prove that C ⊆ C⊥H . Since C0 = GRSk(a, s) is Hermitian self-orthogonal, Corollary 4.6
gives

n∑
ℓ=1

s q+1
ℓ a i+q j

ℓ = 0 for all 0 ≤ i, j ≤ k − 1. (4.11)
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By Theorem 4.5, it remains to verify the nilpotent condition (4.5). Since bℓ = 0, the derivative terms
disappear and the left-hand side becomes

n∑
ℓ=1

(sq
ℓ tℓ + sℓt

q
ℓ )a

i+q j
ℓ .

Using tℓ = sℓλℓ, we obtain

sq
ℓ tℓ + sℓt

q
ℓ = s q+1

ℓ λℓ + s q+1
ℓ λ

q
ℓ = s q+1

ℓ (λℓ + λ
q
ℓ).

By hypothesis λℓ + λ
q
ℓ = 0, so each summand vanishes and the nilpotent condition holds for all

0 ≤ i, j ≤ k − 1. Hence
C ⊆ C⊥H .

Finally, since αℓ = aℓ and the residue part of vℓ is sℓ, Theorem 3.9 gives

Res(C) = GRSk(a, s) = C0.

□

Corollary 4.13. Let
T = {λ ∈ Fq2 : λ + λq = 0}.

Then T is a one-dimensional Fq-subspace of Fq2 , and hence |T | = q. Consequently every Hermitian
self-orthogonal generalized Reed–Solomon code

C0 = GRSk(a, s) ⊆ Fn
q2

admits exactly qn trace-zero multiplier lifts of the form described in Theorem 4.12.

Proof. Consider the map
L : Fq2 −→ Fq2 , L(λ) = λ + λq.

This map is Fq-linear because (x + y)q = xq + yq and cq = c for all c ∈ Fq. By definition,

T = ker(L).

The map L is the trace map TrFq2/Fq , which is a nonzero Fq-linear functional. Therefore ker(L) is a
nonzero proper Fq-subspace of the two-dimensional Fq-vector space Fq2 . Hence

dimFq T = 1, |T | = q.

For each choice of (λ1, . . . , λn) ∈ T n, Theorem 4.12 produces a trace-zero multiplier lift. Conversely
every lift of that form arises from such an n-tuple. Thus the number of lifts equals

|T n| = qn.

□
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Corollary 4.14. Under the hypotheses of Theorem 4.12, assume

λ1 = · · · = λn = λ, λ + λq = 0.

Then
C = C0 + uC0, Φ(C) = C0 ×C0.

Hence Φ(C) ⊆ Φ(C)⊥H , and therefore one obtains a q-ary quantum stabilizer code with parameters

[[2n, 2n − 4k, d]]q,

where
d = d

(
(C⊥H

0 ×C⊥H
0 ) \ (C0 ×C0)

)
.

If C0 is MDS and k < n/2, then d = k + 1.

Proof. By Theorem 4.12, the code C satisfies C ⊆ C⊥H and Res(C) = C0. Since αℓ = aℓ and vℓ =
sℓ(1 + uλ), we have

bℓ = 0, tℓ = sℓλ.

Let f (X) = f0(X) + u f1(X) ∈ R[X] with deg f < k. By Proposition 3.3,

vℓ f (αℓ) = sℓ f0(aℓ) + u sℓ
(
f1(aℓ) + λ f0(aℓ)

)
.

Thus every codeword has the form

(s1 f0(a1), . . . , sn f0(an)) + u(s1g(a1), . . . , sng(an)),

where
g(X) = f1(X) + λ f0(X).

Hence C ⊆ C0 + uC0. The reverse inclusion follows by defining

f1(X) = g(X) − λ f0(X),

which yields C = C0 + uC0.
Applying the Gray map Φ(a + ub) = (a, b) gives

Φ(C) = C0 ×C0 ⊆ C⊥H
0 ×C⊥H

0 = Φ(C)⊥H .

By the Hermitian construction, one obtains a quantum code

[[2n, 2n − 4k, d]]q.

If C0 is MDS with parameters [n, k, n − k + 1]q2 , then C⊥H
0 has parameters [n, n − k, k + 1]q2 . Since

k < n/2, the minimum weight k + 1 of C⊥H
0 is realized outside C0. Hence,

d = k + 1.

□
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Remark 4.15. The trace-zero multiplier construction complements the uniform scaling family
introduced earlier. In the uniform scaling case, one sets

αℓ = (1 + uβ)aℓ, vℓ = (1 + uγ)sℓ,

which introduces a global infinitesimal deformation of both evaluation points and multipliers. In
contrast, the trace-zero family keeps the evaluation points fixed and perturbs only the multipliers via
vℓ = sℓ(1 + uλℓ), where the trace-zero condition λℓ + λ

q
ℓ = 0 forces the nilpotent Hermitian moment

equations to vanish termwise. Thus the two constructions represent complementary mechanisms for
producing Hermitian self-orthogonal lifts of C0: the uniform scaling family uses global infinitesimal
symmetries, while the trace-zero family allows n independent local perturbations.

Example 4.16. Let q = 5, n = 13, and k = 2. Let C0 = GRS2(a, s) ⊆ F13
25 be a Hermitian

self-orthogonal generalized Reed–Solomon code (for example, obtained via the subgroup–coset
construction described earlier). Choose λ ∈ F25 such that λ + λ5 = 0, and define
αℓ = aℓ, vℓ = sℓ(1 + uλ), 1 ≤ ℓ ≤ 13.

The resulting infinitesimal evaluation code

C = E2(α, v) ⊆ R13

satisfies
C ⊆ C⊥H , Res(C) = C0, C = C0 + uC0.

Hence
Φ(C) = C0 ×C0 ⊆ F

26
25,

which is Hermitian self-orthogonal of dimension 4. The Hermitian construction therefore yields a 5-ary
quantum stabilizer code with parameters [[26, 18, 3]]5.

We now specialize our infinitesimal constructions to the subgroup–coset families of Hermitian self-
orthogonal generalized Reed–Solomon codes over Fq2 .
H. Assume that

h | (q + 1), h ≥ 3,

and let

n = r
q2 − 1

h
+ 1, 1 < r < min{q, h}, 2 ∤ (r + h).

Set

m =
q2 − 1

h
, θ = wh,

where w is a fixed primitive element of Fq2 . Define

a =
(
0, w, wθ, . . . ,wθm−1, w2, w2θ, . . . ,w2θm−1, . . . , wr, wrθ, . . . ,wrθm−1) ∈ F n

q2 .

Finally, let

1 ≤ k ≤
(
r + h − 1

2

)
q + 1

h
− 1.

Under hypothesis (H), the residue-layer subgroup–coset construction provides a Hermitian self-
orthogonal generalized Reed–Solomon seed over Fq2 .
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Theorem 4.17. (cf. [21]) Assume hypothesis (H). Then there exist s0, . . . , sr ∈ F
×

q2 such that the
generalized Reed–Solomon code

C0 = GRSk(a, s) ⊆ Fn
q2 ,

with multiplier vector
s =

(
s0, s1, . . . , s1︸     ︷︷     ︸

m times

, . . . , sr, . . . , sr︸    ︷︷    ︸
m times

)
,

is Hermitian self-orthogonal.

We now lift this residue-layer family to infinitesimal evaluation codes over R = Fq2 + uFq2 .

Theorem 4.18. Assume hypothesis (H), and let C0 = GRSk(a, s) ⊆ Fn
q2 be as in Theorem 4.17. Fix

β ∈ Fq2 , and choose λ0, . . . , λr ∈ Fq2 satisfying

λℓ + λ
q
ℓ = 0 (0 ≤ ℓ ≤ r).

Define the locators by

α0 = 0, αℓ,ν = (1 + uβ)wℓθν, 1 ≤ ℓ ≤ r, 0 ≤ ν ≤ m − 1,

and define the multiplier vector blockwise by

v =
(
s0(1 + uλ0), s1(1 + uλ1), . . . , s1(1 + uλ1)︸                              ︷︷                              ︸

m times

, . . . , sr(1 + uλr), . . . , sr(1 + uλr)︸                             ︷︷                             ︸
m times

)
.

Let
C = Ek(α, v) ⊆ Rn.

Then
C ⊆ C⊥H and Res(C) = C0 = GRSk(a, s).

Proof. By Theorem 4.17, the residue code C0 = GRSk(a, s) is Hermitian self-orthogonal. The above
choice of multipliers is blockwise trace-zero, and the locator perturbation is uniform on the nonzero
residue coordinates. Since C0 = GRSk(a, s) is Hermitian self-orthogonal, the Hermitian moment
identities

n∑
ξ=1

s q+1
ξ a i+q j

ξ = 0 (0 ≤ i, j ≤ k − 1)

hold.
For the lifted code, we have

αξ = (1 + uβ)aξ, vξ = sξ(1 + uλξ),

where λξ is constant on each block and satisfies λξ + λ
q
ξ = 0. Substituting these expressions into the

Hermitian self-orthogonality criterion for infinitesimal evaluation codes (Theorem 4.5) shows that all
nilpotent terms vanish and the remaining terms factor through the residue moment sums above. Hence

C ⊆ C⊥H .

Finally, Theorem 3.9 gives
Res(C) = GRSk(a, s) = C0.

□
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Corollary 4.19. Assume hypothesis (H). Then the family in Theorem 4.18 contains exactly qr+3 codes,
corresponding to the free choice of β ∈ Fq2 and λ0, . . . , λr ∈ T, where

T = {λ ∈ Fq2 : λ + λq = 0}.

In particular, if β = 0, one recovers exactly qr+1 blockwise trace-zero multiplier lifts.

Proof. By Corollary 4.13, the trace-zero space T has cardinality q. The parameter β may be chosen
arbitrarily in Fq2 , giving q2 possibilities, while each of the r + 1 parameters λ0, . . . , λr may be chosen
independently from T , giving qr+1 possibilities. Hence the total number of codes is

q2 · qr+1 = qr+3.

The special case β = 0 leaves only the r + 1 blockwise trace-zero parameters. □

The Gray-compatible specialization is obtained by taking a single trace-zero parameter on all
blocks.

Corollary 4.20. Assume hypothesis (H), and let C = Ek(α, v) ⊆ Rn be the code from Theorem 4.18.
Assume in addition that

λ0 = λ1 = · · · = λr = λ with λ + λq = 0.

Then
C = C0 + uC0, Φ(C) = C0 ×C0.

In particular,
Φ(C) ⊆ Φ(C)⊥H .

Hence there exists a q-ary quantum stabilizer code with parameters

[[2n, 2n − 4k, d]]q,

where
d = d

(
(C⊥H

0 ×C⊥H
0 ) \ (C0 ×C0)

)
.

If C0 is MDS and k < n/2, then d = k + 1, so the resulting quantum code has parameters

[[2n, 2n − 4k, k + 1]]q.

Proof. Under the assumption λ0 = · · · = λr = λ, the locators and multipliers can be written uniformly
as

αξ = (1 + uβ)aξ, vξ = (1 + uλ)sξ for every coordinate ξ.

Thus C is exactly the uniform scaling lift of the Hermitian self-orthogonal code C0 = GRSk(a, s).
Therefore Theorem 4.10 applies directly and yields

C = C0 + uC0, Φ(C) = C0 ×C0, Φ(C) ⊆ Φ(C)⊥H ,

together with the stated quantum parameters. □
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Example 4.21. Assume hypothesis (H) with q = 7, h = 8, r = 3, k = 2. Then, m = q2−1
h =

49−1
8 = 6, n =

1 + rm = 19. Let w be a primitive element of F49, and set θ = w8. Then θ has multiplicative order 6,
and the locator vector is

a = (0, wtθℓ | t = 1, 2, 3, ℓ = 0, . . . , 5) ∈ F19
49.

Choose s0 = s1 = s2 = 1, and choose s3 ∈ F
×
49 satisfying s8

3 = 6. Then, by Theorem 4.17, the residue
code C0 = GRS2(a, s) ⊆ F19

49 is Hermitian self-orthogonal. Since C0 is generalized Reed–Solomon, it
has parameters [19, 2, 18]49.

Now choose β = 0 and choose λ ∈ F49 satisfying λ + λ7 = 0. Then Corollary 4.20 yields an
infinitesimal evaluation code C = E2(α, v) ⊆ R19 such that C = C0 + uC0 and Φ(C) = C0 × C0. Hence
the Hermitian construction gives a 7-ary quantum stabilizer code with parameters [[38, 30, 3]]7.

Example 4.22. Assume hypothesis (H) with q = 11, h = 4, r = 3, k = 3. Then m = q2−1
h = 121−1

4 =

30, n = 1 + rm = 91. Moreover,

k = 3 ≤
(
r + h − 1

2

)
q + 1

h
− 1 =

(
3 + 4 − 1

2

)
12
4
− 1 = 8.

Let ω be a primitive element of F121, and set θ = ω4. Then θ has a multiplicative order of 30, and
the locator vector is

a =
(
0, ω, ωθ, . . . , ωθ29, ω2, ω2θ, . . . , ω2θ29, ω3, ω3θ, . . . , ω3θ29) ∈ F91

121.

Choose block multipliers s0, s1, s2, s3 ∈ F
×
121 such that

C0 = GRS3(a, s) ⊆ F91
121

is Hermitian self-orthogonal, where

s =
(
s0, s1, . . . , s1︸     ︷︷     ︸

30 times

, s2, . . . , s2︸     ︷︷     ︸
30 times

, s3, . . . , s3︸     ︷︷     ︸
30 times

)
.

For example, one may take s0 = s1 = s2 = 1 and choose s3 ∈ F
×
121 satisfying s12

3 = 2. Then C0 is
a [91, 3, 89]121 MDS code.

Now fix β = 1, choose λ ∈ F121 such that λ + λ11 = 0, and set λ0 = λ1 = λ2 = λ3 = λ. Then
Corollary 4.20 gives an infinitesimal evaluation code

C = E3(α, v) ⊆ R91

such that
C = C0 + uC0 and Φ(C) = C0 ×C0 ⊆ F

182
121.

Hence the Hermitian construction yields a quantum stabilizer code with parameters

[[182, 170, 4]]11.

In this case, Corollary 4.19 gives qr+3 = 116 admissible parameter choices.
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Example 4.23. Assume hypothesis (H) with q = 13, h = 7, r = 4, k = 4. Then m = q2−1
h = 24, n =

1 + rm = 97.
Moreover,

k = 4 ≤
(
r + h − 1

2

)
q + 1

h
− 1 =

(
4 + 7 − 1

2

)
14
7
− 1 = 9.

Let w be a primitive element of F169, and set θ = w7.

Consider the locator vector

a =
(
0, w,wθ, . . . ,wθ23, w2,w2θ, . . . ,w2θ23, w3,w3θ, . . . ,w3θ23, w4,w4θ, . . . ,w4θ23) ∈ F97

169.

Choose s0 = s1 = s2 = s3 = 1, and choose s4 ∈ F
×
169 such that s14

4 = 4.
Then the residue code C0 = GRS4(a, s) ⊆ F97

169 is Hermitian self-orthogonal and is a [97, 4, 94]169

MDS code.
Now choose β = 1 and λ ∈ F169 satisfying λ + λ13 = 0. Then Corollary 4.20 yields an infinitesimal

evaluation code
C = E4(α, v) ⊆ R97

such that
Φ(C) = C0 ×C0 ⊆ F

194
169.

Hence the Hermitian construction gives a quantum stabilizer code with parameters

[[194, 178, 5]]13.

A Magma computation also confirms that

d
(
Φ(C)⊥H \ Φ(C)

)
= 5.

In this case, the family contains qr+3 = 137 admissible parameter choices.

Definition 4.24. Let D ⊆ FN
q2 be a Hermitian self-orthogonal code. The quantum stabilizer code with

parameters [[N,K, d]]q obtained from D is called pure if D contains no nonzero vector of Hamming
weight smaller than d.

The quantum stabilizer codes listed in Table 1 are pure. Indeed, in these examples, D = Φ(C) =
C0 × C0, where C0 is an MDS Hermitian self-orthogonal GRS code. Hence dH(D) = n − k + 1 and
dH(D⊥H ) = k+ 1. Since k < n/2, we have n− k+ 1 > k+ 1, so D contains no nonzero vectors of weight
smaller than the quantum distance d = k + 1.

The parameters of the quantum codes obtained in the preceding examples are summarized in
Table 1. For each choice of parameters q, n, h, k, the Hermitian construction produces a q-ary quantum
stabilizer code with parameters [[2n, 2n − 4k, d]]q. The corresponding code over Fq2 has parameters
[[n, n − 2k, d]]q2 , and in all cases listed in the table, these codes are MDS. Moreover, the quantum
stabilizer code and the associated Fq2-linear code share the same minimum distance d, reflecting the
fact that the stabilizer construction is derived directly from the Hermitian self-orthogonal structure of
the underlying Fq2-code. The parameters listed in the table were also compared with the best-known
bounds available in the tables of Grassl [11], confirming the optimality of the underlying Fq2-codes.
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Table 1. Quantum codes obtained from the constructions of Section 4.

q n h k Stabilizer [[2n, 2n − 4k, d]]q Status Quantum [[n, n − 2k, d]]q2 Status
3 6 – 2 [[12, 4, 3]]3 best-known [[6, 2, 3]]9 MDS
5 13 – 2 [[26, 18, 3]]5 – [[13, 9, 3]]25 MDS
7 19 8 2 [[38, 30, 3]]7 – [[19, 15, 3]]49 MDS
7 19 8 3 [[38, 26, 4]]7 – [[19, 13, 4]]49 MDS
7 19 8 4 [[38, 22, 5]]7 – [[19, 11, 5]]49 MDS

11 91 4 2 [[182, 174, 3]]11 – [[91, 87, 3]]121 MDS
11 91 4 3 [[182, 170, 4]]11 – [[91, 85, 4]]121 MDS
11 91 4 4 [[182, 166, 5]]11 – [[91, 83, 5]]121 MDS
13 97 7 2 [[194, 186, 3]]13 – [[97, 93, 3]]169 MDS
13 97 7 3 [[194, 182, 4]]13 – [[97, 91, 4]]169 MDS
13 97 7 4 [[194, 178, 5]]13 – [[97, 89, 5]]169 MDS

We compare the codes in Table 1 with three closely related quantum-code approaches. The
Hermitian self-orthogonal GRS construction in [21] produces quantum MDS codes by choosing
evaluation points and multipliers over Fq2 satisfying Hermitian orthogonality conditions. Ezerman
et al. [8] constructed record-oriented quantum codes from nearly self-orthogonal quasi-twisted codes
via Construction X, while Cao and Zhou [6] use the τ-OD matrix-product construction to obtain
flexible families of quantum codes, including many record-breaking examples. The present method is
different in its algebraic source: it starts from infinitesimal evaluation over R = Fq2 + uFq2 , where
evaluation at ai + ubi introduces the value–derivative correction term bi f ′0(ai) + f1(ai). In the
examples, the Gray image has the product form C0 × C0, where C0 is an MDS Hermitian
self-orthogonal GRS code; hence the resulting quantum codes have parameters [[2n, 2n − 4k, d]]q with
d ≥ k + 1. Thus the tables are intended to show that the infinitesimal-evaluation framework gives
competitive quantum-code parameters through a ring-theoretic first-order lift of classical GRS data,
rather than to claim that all listed codes are record-breaking.

Regarding the status labels in Table 1, the label “new” has been replaced by “best known” for the
q-ary stabilizer codes [[2n, 2n − 4k, d]]q. Since these parameters are subsumed by the τ-OD
matrix-product construction of Cao and Zhou [6], which achieves the same minimum distances, no
claim is made that they constitute new parameter records. The label “best known” is used in its
standard comparative sense: to the best of our knowledge, no code with the same length, dimension,
and alphabet size but strictly larger minimum distance appears in Grassl’s table or in the comparison
sources considered here. The associated q2-ary codes [[n, n − 2k, d]]q2 remain quantum MDS, as they
arise directly from MDS Hermitian self-orthogonal GRS codes. The table is therefore not intended as
a record-breaking claim but as evidence that the infinitesimal-evaluation framework—a ring-theoretic
first-order lift of classical GRS data over R = Fq2 + uFq2—yields quantum-code parameters that are
competitive with those produced by substantially different algebraic methods.

5. Conclusions

We introduced infinitesimal evaluation codes over the dual-number extension
R = Fq2 + uFq2 , u2 = 0, and developed their Hermitian self-orthogonality theory. Evaluation at the
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points ai + ubi leads to a coupled value–derivative structure, allowing classical generalized
Reed–Solomon codes over Fq2 to be lifted to ring-linear codes over R. We proved that Hermitian
orthogonality over R decomposes into a residue-layer condition together with a correction equation
involving the infinitesimal parameters. Using this criterion, we constructed several families of
Hermitian self-orthogonal infinitesimal evaluation codes. In Gray-compatible cases, these yield q-ary
quantum stabilizer codes via the Hermitian construction.

These results show that infinitesimal perturbations over R provide a natural mechanism for
extending classical Hermitian self-orthogonal generalized Reed–Solomon constructions and
generating new families of quantum codes.
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