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Abstract: Digital image processing is essential in fields such as medical imaging, satellite imagery,
and autonomous vehicles. Besides its applications, texture enhancement is vital for improving image
visibility while preserving geometric structure. To improve visual clarity and image texture, we
introduced a novel algorithm for texture enhancement. Initially, we determined coefficient inequalities
of 8*(¢y) which is a subclass of A- generalized Sakaguchi type functions, and examined upper
bounds of second and third order Hankel determinants and obtained sharp results. We proposed
a texture enhancement algorithm that utilized convolution masks derived from Hankel determinants
with the pixels of segmented image. This approach provided a mathematical tool for computer-aided
dermatological analysis, which was used to enhance lesion boundaries and structural visibility in
dermascopic images. Image quality was evaluated using different quality metrics like contrast,
correlation, energy, homogeneity, and entropy. The experimental results demonstrated uniform texture
enhancement and improved edge preservation in all directions. Comparative analysis showed the
efficacy of our proposed algorithm compared to existing methods reported in this study, proving it
suitable to enhance image quality.
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1. Introduction

Analytic and univalent functions have strong geometric properties and serve in practical problems
such as conformal mapping-dynamic flow. Several subclasses of analytic and univalent functions,
including starlike- and convex functions, have been examined due to their geometric properties [1].

Hankel determinants play a vital role in analyzing the behavior of coefficients of univalent functions.
Poomerenke [2] gave the concept of Hankel determinants, which was later examined by Noonan and
Thomas [3].

In this paper, we determine second and third order Hankel determinants for a subclass of
A-generalized Sakaguchi-type functions associated with an image domain of ¢y(z) [4]. We present
basic definitions that will serve as a framework for our fundamental results.

Let class A be a normalized analytic functions f in an open unit disk © with normalized condition
f(0) = 0and f"(0) = 1. Taylor series representation of this function is as follows:

f@ =2+ rd', VzeD. (1.1)
n=2

Two important subclasses of univalent function K, including starlike &* and convex domain C,
mapping the open unit disc D onto starlike and convex domains, respectively [S]. Mathematically,
we can define the classes of C and &*as follows:

G:{fef]{:‘)%((zf/(z)),)>0, zefb}, (1.2)
(@)
. e (2@
S —{fefi{.?%(f(z))>0, zeb}. (1.3)

Littlewood [6] and Rogosinski [7] introduced distortion results for numerous subclasses of univalent
functions. Subordination is the tool used to derive sharp coefficient bounds. An analytic function 4 is
subordinate to analytic function /, denoted by Ah(z) < I(z) if and only if there exists a Schwarz function
w(z) satisfying w(0) = 0, |w(z)| < 1, such that A(z) = l(w(z)), Vz € D. The class of Caratheodary
functions, [8] denoted by 2, satisfies p(0) = 1 and R(p(z)) > 0, ¥z € D. The series representation of
the Caratheodory function is

p(z) =1+ Z e, 7, VzeD. (1.4)
n=1
In geometric function theory, Hankel determinants have a significant importance in examining
the behavior of coefficients of analytic functions [9]. Pommerenke [2] gave the idea of Hankel
determinants. A function f(z) defined in Eq (1.1) has the form of Hankel determinant defined as:

¥ Tnel 0 Them—1
Y+l Tnyo  t 0 Tn+m
PO Bl (15)
Tnim-1 Tnem *°° The2m=2

withm,n e N=1{1,2,3,...}. Form = 2 and n = 1, the determinant is
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rr
W (Nl =] 2=l -1l (1.6)
r, r
where r; = 1, and its modified formula is
Irs — pr3,

where p is a real number.
For m = 2 and n = 2, the second Hankel determinant is defined as:

3 = |rory — 72, (1.7)

| 72()] =

)
r3

For m = 3 and n = 1, the third Hankel determinant is defined as:

ry rn r
P 2
|FG1(f) = |r2 13 ra| = r3(rary — 13) — 141y — 1213) + 15(r3 — 13). (1.8)
rs r4 Ts

Definition 1.1. The class §*(1), known as the linear combination of functions that maps the open unit
disk © onto a bounded turning domain and a symmetric starlike domain [4], is defined as

2z21"(2)
f@ = f(-2)

where ¢y(z) = 1 +z + % — %* was introduced by Lupas et al. [10]. This function maps D onto image
domain of ¢y(z). We define §*(1)= §*(¢y) as the subclass of A-generalized Sakaguchi-type functions
linked with the image domain of ¢g.).

A
$*(A) = {f eK :(1-D(f() "+ A( ) < ou(2),¥z €D } (1.9)

2. Literature review

Hankel determinants have played a vital role in finding the relationship of coefficient bound and
latest innovations in geometric function theory. Many researchers have focused on investigating this.
For example, Shi et al. [11] investigated sharp upper bound of second order Hankel determinant of
logarithmic coefficients in class S with exponential function. Shakir et al. [12] established a new
coefficient bound for bi-univalent function associated with crescent shaped domain. They also found
third order Hankel determinants and obtained sharp results.

Researchers have also explored the concept of convex and starlike functions. For example, Sim
et al. [13] derived an upper bound for second order Hankel determinant for g-starlike functions
subordinated with class ¢,(7). Riaz et al. [14] found the upper bound of second and third order Hankel
determinants for starlike and convex functions associated with sigmoid function and obtained sharp
results. Khan et al. [15] also investigated sharp results of radius of convexity of order ¢ and obtained
convolution properties using the Hadamard product. They proved that under some specific condition,
the integral operator maps BS(u) into the family of starlike function and Libera operator maps KS(u)
into the class of convex functions.

Researchers have worked on significant applications of geometric function theory in the field of
image processing theory. Sivagami [16] proposed estimated coeflicient bounds derived of specialized
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subclass of Sakaguchi type functions to enhance the image. Priya Hari [17] used coefficient bounds
derived from Sakaguchi type functions defined in the limacon shaped domain to investigate optimal
gamma values and enhanced visualization tools for better detection. Kamali et al. [18] used the
coeflicient estimates calculated from the Quasi-Subordination class to create edge detection algorithms.
For the first time, Kanwal et al. [19] used the convolution of 4 mask windows of Hankel determinants
for image enhancement, and we extend this Hankel determinant approach for texture enhancement of
skin lesions, utilizing 8 mask windows of Hankel determinants and achieving the best enhancement
behavior.

Aldi et al. [20] developed a K-mean clustering algorithm for six types of skin cancer and extracted
texture features using the Gray Level Co-occurence Matrix (GLCM) but could not produce sharp edges
and best quality of image. Our proposed algorithm used convolution mask of Hankel determinants to
obtain an enhanced image.

Here, we develop a novel texture enhancement algorithm that utilizes the convolution of mask
windows of a Hankel determinant from A- generalized Sakaguchi type functions linked with the image
domain of ¢y(z) with segmented image pixels through a 3 X 3 mask window .

3. Preliminaries

Lemma 3.1. [2]] Let p € P, given in (1.4). Then,
lc,l <2, Vn>1. (3.1
Lemma 3.2. [2]] Let p € P be given by (1.4). Then,

2, for0<0<1;
2120 — 1|, otherwise.

Lemma 3.3. [22,23] Let p € P, as given by (1.4). Then, if Q € [0,1] with QR2Q —-1) < Q< T, we

lcpik — Ocpck| < 2 max {1,120 - 1|} = { (3.2)

have
les = 2Qcicy + Tcl| < 2. (3.3)
Lemma 3.4. [23-25] Let p € P, be in the form (1.4). Then, for x,y € D, we have
2cy = cf +x(4 - c%), (3.4)
dey =) +201x(4 = ¢) — o124 = ) + 24 — (1 - |x[)s, (3.5)

8cy :c‘l1 + 4 - c%)x [cf(x2 -3x+3)+ 4x]
—4(4 = cH(1 = ) [e(x = Do + 26° = (1 = |6P)p] . (3.6)
Lemma 3.5. [26] Let a, B, y, and u satisfy u,a € (0, 1) and

8u(l —w)(¢n - 2y)* + (@ + ) — )1+ {1 = O — 2ul)’
< 4ul*(1 —= (1 - w). (3.7)

If p € P, is in the form (1.4). Then,

3
byel +uc3 + 2eies = Sneles — il < 2. (3.8)
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4. Main results

Theorem 4.1. Let f € A be given in (1.1). If f € 8*(¢g), then the coefficients ry,r3,r4, and rs are

|| <
3] <
<

|74]

|rs| <

These inequalities are the best possible.

1

2(1 =24 +22%’

[3(1 — )2 +222)

| 4.1)

4[(1 = )% + 2]
1

[5(1 — )2 + 422]°

Proof. Let f € $*(¢y). Then the Schwarz function from (1.9) can be written as

(1= (@) ™"+

2z21"(2)
f@)—

w@)* W@y’
3 9 -

Pl
] =1+w()+

f(=2)

If I € p, then it can be written as in the form of the Schwarz function as

1 +w(2)

@) =1 W)

1 1
w(z) ==zciz + (Ecz -

2

1

+ ( !
_C —
2 4

2
By using (1.1), we get

u—@uvw*+4

=l+ciz+e?+37 + ..

1 1 1
ZC%)Z2 + (gc? ~ 510 + §C3)
1 1

la_

4

3 4.2)
Ec‘f + gc%cz)z4 + ...

22f'(2) r
f@) - f(-2)

=1+[2(1 - 24+ 2]z

H[30 -0 +22] s - 1220 - 0153} 2

4.3)

+ {4(1 — 20+ 220r, — 243 = 34 + AD)ryrs

421 = (1 +21-22%)
+ r

+ ...

2

}z3

3

By using (4.2) and after some simplifications, we get

(w(2))* B w(2)
3 9

1+w()+

AIMS Mathematics

1
1+ —ciz+

1 1
) (ECZ - EC%) Z2

1 1
+ (§C3 - 501C2 + %C?)Z’j 4.4)
(1] 1, 1
24739 T T,

2

4\ 4
cicr + —ci |7
1 48 1)
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Now, comparing (4.3) and (4.4), we get
1

= 4.5
R a0 -2 2 4
I 2(1 = 2) )
—cy— =i |+
) (2C2 661) (16(1 —2a+2a2)2)cl we)
o 31— AP + 2.2 ’ '
1 Lo 8A4 — 1783 — 1742 + 331 - 12
a4 = —C Cci1C
YT -2+ 221|270 T\ 1231 = 24+ 22031 = )2 +222) ) 1P
1 42(482° — 11025 + 8504 — 23 = 6142 + 501 — 15)\ 4
+=+ il 4.7)
36 192(1 = 24 + 2223(3(1 — )2 + 242
1 1 2 2 4
rs = — |=ca + Acic3 + Be; + Cejer + Fcf|, 4.8)
Ds |2
where,
D 1
YT 51— )2 + 422
)
(1 -22+222)
A1 - =52 +328°
- 43 - )2 6)
oo M- DBA* = 1723 = 1722 + 331 - 12) RECER)
- 6423 - ) 4A2
1 -6a- 642 + 2203 — 1024
2(3 — 2)? 32423 - 12) ’
A=+ (1 = 2)(482° — 11025 + 852* — 13 — 6122 + 501 — 15)
Bl 24A4(3 — 12)
2 2
N (%/1 -5+ §/l3) (3%—4) - 1)
43 — 12y
Implementing (3.1) in (4.5), we get
<
Il < ST T 2y (4.9)
from (4.6)
1 1 22(1-2)
26+ (_6 + 16(1—2/l+2/12)2) C?

3((1 =272 +22%) ’
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1 1 A=) 2
e 202t (_6 + 8(1—2/l+2/12)2)c1
3 = ’
3((1 = )+ 22%)
1 1 A1-2) 2
o 2 (C2 - (5 t li2ey? )) G
S =

3((1 = )% +24%)
Applying (3.2) in (4.6), and since A € [0, 1], we have

< . 4.10
s s a s e (4.10)

Rearranging (4.7), we get

|ra] < ! l |c —-20cicy + Tc3|

T 41—+ 27 ik
where,
—(84% = 1728 =172 + 334 - 12)
0= 12(1 =22+ 223)(3(1 = )2 +22%)°
red, P
18 24(1 =22+ 222)3(3(1 — )2 +222)°
using (3.3), we get
ra] < , 4.11
S -y @10
from (4.8), we get
111 2 2 4
rs = D_s 504 + Acics + Be; + Cejep + Fcf|,
1
|rs| = 2_D5 |C4 + 2Acic3 + ZBC% + 2Cc?c2 + 2Fc‘1‘| ,
by comparing (3.8), we get
3
A={(2B=u2F =vy,2C = =57
Substituting these values into (3.7),
4 > 16 32
((n—-2y)* = (A : (—gc) - 4F) = ?AZCZ + ?ACF +16F2.
Similarly,
8 16 16
(u+a)—n) =(AQB+A) + 3C)" = A" +4A°B + 4A°B’ + §A2C + ?ABC + ECZ.
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16818

(1 =) —2ul)* =16A%(1 — A)B* + 33—2AZBC(1 -A)+ %6AC2(1 - A).

4ul*(1 - O*(1 — u) =8BA*(1 — A)*(1 — 2B).

Finally,
16 22 32 2 4 3 2 p2
16B(1 — B) + EA C*+ ?ACF+ 16F-+ A" +4A°B + 4A°B
8 16 16 16
+ —A’C+ —ABC+ —C?>+ —AC*(1-A
3 3 9 9 ( )

2
+ %AZBC(I —A) + 16A%(1 — A)B* < 8BA*(1 — A)*(1 — 2B).

The inequality (3.7) holds for all 4 € [0, 1].
Thus, by using Lemma 3.5, we conclude that

< . .
sl Sa e 12
O
Theorem 4.2. Let f € A be given in (1.1). If f € §*(¢n), then
1
(4.13)

_ 2l <
s -nl< BTy

This is the best possible.

Proof. From (4.6) and (4.7),

1
2= a0 24+ 2)"

(102_1C%)+( 22(1 - ) )C?

2976 16(1 = 24+ 2.2
e 3(1— A2 + 222 ’
T 21-0 ),
—cy— =2+
. (202 6C1) (16(1—2/1+2/12)2)cl 1 2
BT 3(1- A7 + 20 al-2a+2)")
20(1 - A)
1. _ 1.2 2
, 2° [6cl+(16(1—2/1+2/12)2)c1] &
r3—r, = - ,
P 3(1— A2 + 22 16(1 — 21 +22%)?

L 241 =204 202y - [4(1 = 224 227 + 62(1 - 1) = 3(1 - AP + 22| &
TR 48(1 — 24 + 22)23(1 — A2 + 2.2

b
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6 4121120 T 24(1-21+227 G
2 _

24(1 =22+ 2/12)2[(:2 - (1 ) (3-61+51) ) 2]
48(1 — 24+ 2223(1 — A2 + 2.2

After cancellation of 24(1 — 24 + 24%)? with 48(1 — 24 + 24%)? , we get

1 P 2
(1-2) (-61451%) | 2
[02 - (g T 22 ~ -2y Cl]
2

TR = 23(1 = )2 + 2.7

By comparing with (3.2), we get

1 1- - 2
gL, -y (3 — 61 +51%)

T 6 4(1-21+22)  24(1 - 24+ 222)
It is easy to verify that 0 < 6 < 1 for all 4 € [0, 1]. Hence, by Lemma 3.2,

1

2
_ < .
I =nl < s e

Theorem 4.3. Let f € A be in the form (1.1). If f € $*(¢py), then

1
_ < .
I =rarsl < T S

This inequality is the best possible.

Proof. From (4.6), (4.7), and (4.8), we get

1
2740 a2
11, 2(1 = Q) )

_(2C2 661) " (16(1 Yy 242)2)61

3= 31— A2 + 222 ’
| Lo B 1TE - 17433012

4 = —C Ci1C
FTA[A -2+ 2]|27 T 12(1 - 220+ 2)B(1 - )2 +222) P

( 1 42(482° — 11025 + 8524 —
3t

192(1 = 24 + 2223(3(1 — 12 + 222

A —612% +501 - 15))&]
1
where, P(1) = 41(481° — 1102° + 852*

— 2 =612 +504 - 15)

| | 1 Lo S — 17183 — 1742 +331-12

ry — 3| = =c cic
PRI =22+ 2) (277 T 1201 =22+ 231 = )2 +222) 2
AIMS Mathematics
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36 T 192(1 = 24+ 22031 — A2 + 22 1
1
T 81— 214231 - A2 + 22
—8(1 =21+ 2222 + 64(1 = 2)
- (192(1 o1+ 22731 - A2 + 212))

1 P(1) 3}

3
o

After some simplification, we obtain

—162% + 342 + 342> - 664 + 27
I = ronsl =g 2| 6G(1 — A2 + 2.2 e
3P(A) + 16(1 =22+ 222)°(3(1 — 2)* +22%)
—3(324" - 642° + 581° - 261 + 8) \
192(1 =24+ 22230 -2 +222) |1
1 3
T4 — 1213 :8(1 ey |c3 —2Qcicr + Ty,

where,

_—162* + 3423 +342% — 661 + 27
B 6(3(1 = 2)? +222) ’

3P + 16(1 =24+ 22531 - )* +22%)
—3(322* — 642° + 582> — 261 + 8)
192(1 = 224+ 222)2(3(1 — 2)? + 2.22) ’

by using (3.3), we get

1
— < 2
re = nonl < (8(1 —2/l+2/12))’

1
_ < .
= nnl S T R

Theorem 4.4. Let f € A be given by (1.1). If f € $*(¢y), then

1
(31— 12 + 222

2
|r2r4_r3| <

This inequality is the best possible.

AIMS Mathematics
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Proof. From (4.6), (4.7), and (4.8)

1
T A1 -21+42)"

[ 21(1 = ) )
(562 B Ecl) " (16(1 By, 242)2)61
3(1— )2 + 222 ’
1 1 8% — 173 — 174> + 331 — 12
TAA -+ 220 T 20 -2 2B = A2 1 20
N ( 1 4A(482° — 11025 + 851* — > — 6142 + 501 — 15) 3]

rn

rs =

Ty 12

36 192(1 — 24 + 22 (3(1 — A2 + 2.2) €
1 ¢l o SA4 — 1783 — 1702 + 331 - 12
rg = —C C1C
T4 =220+ 20|40 =22+ 2227 T 1201 = 24+ 2031 = A2 +222) )12
P) 3
+|l=+ s
36 192(1 — 24+ 2223(3(1 — A)% + 2.12)

1 Lo 84— 173 - 172 +331-12 \ ,
rqg = —C1C CiC
TETI6(1 =24+ 2222|2717 TN 1201 = 24+ 2)(3(1 = )2 +242) ) 172

L P(1) ,
J— C s
36 192(1 — 24+ 22333 — 22) /!
1 1, 211 = ) )
_(Ecz B Ecl) " (16(1 Y 2/12)2)01
3= G -7 +2.0) :
A1-2) 2
2 _(%Q -5+ 8(1—2/1+2/12)2C%)
} [3(1 - 22) + 222
1, 1 A1 =) 1 0= \
2 -2 = = 2 412 =
, 47 (2)(6 8(1 —2/1+2/12)2)61C2+c1(6 8(1 —2/1+2/12)2)
r; = ,
: [3(1 - A2) + 2.2
1 1 1 A1 = Q)
2 _ -2 - 2
BEBA -2 2P [402 ( 6 8121+ 212)2)0201
_ 2 _ 2
1 A1 = Q) L A= ¢
36 24(1 — 21+ 2222 64(1 — 21 + 222)°
, 1
ry —r3 C1C3

T32(1 - 21+ 222
. 1 8AY - 1783 - 1742 +334-12 \ ,

CiC

16(1 — 22 + 222 |\ 12(1 = 22 + 2)(3(1 = )2 + 22%) ) 12
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. 1 N P(1) ) 4
36 192(1 =22 +222)3(3(1 — )2 +223) €

1 1 A1 =) )
TBA- )t 2P (_E T T6(1—24+ 212)2)‘:2‘”
1 A1 =) 2A- )\, 1 )
(3_6 T 24121+ 227 T ea(l-24+ 2/12)4)6‘] TAB(I - A+ 2R
) c103 81 — 1783 — 170% + 331 - 12
R By Py [192(1 Z 24+ 22P(3(1 - )2 + 2.22)
. 1 ) A1 =) ]Czc
1231 - 2 + 222 16[3(1 — A2 + 22(1 — 24 + 222 | 12
~ e .\ [ 1 .\ P()
AB(L= 2 + 221 " |576(1 — 24+ 2422 3072(1 — 24 + 222)5(3(1 — A2 + 2.2)
. A1 =) ) 21 = 1) ]C4
24[3(1 — A% + 22P(1 — 24+ 22 64[3(1 — AP + 22 (1 — 24 + 2.2 |1

Now, using Egs (3.4) and (3.5) to define ¢; and c;3 in terms of ¢; and ¢; = ¢ (0 < ¢ < 2), and letting
& =4-c?in Lemma (3.4), we obtain

1

< —|[228%°a% + 6(81* — 172° — 172> + 331 — 12)8%a°
2304ﬁ5a2[ o+ 6 B

2
|rory — 13

3
+ ZP(/l)a/z +242(1 = DB - 364%(1 - B - 112,85]c4

+[6(82° = 1743 - 1747 + 331 - 12)5%”

— 7221 = D)(1 =224 22%°(B = A% = 192(1 = 24+ 22%)°(3 - /12)]c2x§

- [18ﬁ3a2]02x2§ - [,85]x2§2 + [36ﬁ3a2]c§(1 — 2?6
Where
a=3(1-2)"+22,8=(1-21+22%.

By using [0| < 1 and |x| = b < 1 and after applying triangular inequality, we get

lrary — 13] < [22,83cx2 +6(82% — 1727 — 1722 + 331 - 12)8%°

= 2304852

+ %P(/l)ozz +242(1 = 1B = 364%(1 — 1)Ly — 112,85]c4
+[368%7 + 6(81* — 1747 — 1747 + 331 - 12)8%”
= T20(1 - DB’ - 1928°|*be

— [188%?| *b%¢ — 1445 | b2 + 368 |c£(1 - bI)| =: E(c. b).

AIMS Mathematics Volume 11, Issue 6, 16811-16836.
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Now, partially differentiating E(c,b) with respect to b, we obtain
368°a% + 6(84* — 170° — 174% + 331 — 12)B%a?
c
—722(1 = B - 1928
- 2[188%| b - 2| 1448° | ™.

E'(c,b) = l €3
We examine that E’(c,b) > 0 for all 4 € [0, 1], so we have E(c,b) < E(c, 1). Replacing b = 1 gives

Fars — 2287 + 6(82* — 170° = 17.4% + 331 - 12)%”

2
131 S B0apar
3
+ Zp(a)az +240(1 - DB = 362°(1 - 178 - 1125 |c*
+ [36,83a/2 +6(82% — 1723 — 172 + 331 - 12)B%?
- T20(1 - DB - 1928°|%¢

— [188%?| % - |1448°| £| =: E(c. 1).

E'(c,1) <0, so E(c, 1) is a decreasing function and achieves maximum value at ¢ = 0 for & € [0, 1],
c€[0,2],and A € [0, 1].

2 5
rary = 1 € 5o [[1448°1(16)
Toky — r2| < !
PRI GA -2 22

m]

Theorem 4.5. Let f € A as given in (1.1). If f € $*(¢g), then

Q)
<—. .

| 7251 ()] < 13Dsa (4.16)

Proof. Using triangle inequality,
2 2
|71 < |rsllrarg — r3] + |rallrg = rars| + |rslirs — 13l

By using (4.10), (4.15), (4.14), (4.12), and (4.13), we have

1 1
[ < (3((1 — A+ 2/12)) ((3(1 I 2/12)2)

1 1
’ (4[(1 “a+ 42])(40 mEy w))

I I
" (5(1 e 412)(3(1 e 212)‘

AIMS Mathematics Volume 11, Issue 6, 16811-16836.
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After some calculation, we get

Q1)
|75, () < W’

where,

Q(A) = 16DsB* + 3Dsa’y + 6a*By + 48apy,

B=(0=-*+2,a=301-2)"+22,y=(1-2)7>+22%

O

The estimate obtained for the third Hankel determinant |H5;(f)| is derived by applying the triangle
inequality together with the coeflicient bounds established in Theorems 4.2-4.4. Since equality in
all intermediate inequalities cannot generally be attained simultaneously, the exact extremal function
corresponding to the bound of |Hj3;(f)| is not explicitly determined. Therefore, the obtained result
should be regarded as an upper bound estimate for the considered class.

Corollary 4.1. For,

oo , IR 221’z ' 2 7
CS’(/1)—{f€7(-(1—/1)(f(2)) +ﬂ(m) <1+z+§—§,\7’z€®}.

We have two domains of §*(A) for particular values of A.

(1) For A =0, we get bounded turning domain

? 7
S*(/l):{feg{:f'(z)< 1+z+§—§,\7’z€1}}.

(2) For A =1, we get symmetric starlike domain

S . 22f'(@) z 7z }
é(/l)_{fefi{.—f(z)_f(_z)<1+z+3 9,vZeD .

5. Applications of Hankel determinants in texture enhancement

Digital images [27] play a vital role in fields, such as artificial intelligence and virtual reality, and
perform several types of adjustment, including image capture, enhancement, and transmission process.
A significant aspect of digital image processing is texture enhancement, which improves edge contrast
and facilitates edge detection, splitting an image into different regions based on texture homogeneity.
Texture enhancement also plays a crucial role in real world applications such as in biometrics for
security purposes and medical imaging for the detection of tumors and skin cancer disease to find
lesions.

In medical image processing, texture enhancement is used to improve the visual quality of
somatic structures and lesion boundaries for better diagnostic analysis. We propose a novel texture

AIMS Mathematics Volume 11, Issue 6, 16811-16836.



16825

enhancement algorithm that utilizes convolution masks of Hankel determinants in multi directions.
These estimated Hankel determinants play a significant role in image processing because they
contain important geometric and structural information for constructing convolution masks for texture
enhancement. By integrating these Hankel determinant based approaches into an enhancement
framework, the proposed method improves edge and texture visibility and preserves structural integrity.

Image quality is assessed using different quality metrics like contrast, correlation, energy,
homogeneity, and entropy [20].

Contrast measures the difference between pixel intensities,

Con = ). > (1= D' Py
i

Correlation measures how a pixel is correlated with its neighbor;

Co - ZiZjijPa,b_,ui:uj

0,0
Energy measures the texture uniformity of an image;
2
Eenr = Z (Pi,j) .
bJ
Homogeneity measures the closeness of GLCM elements with diagonals. A high value of homogeneity
indicates that all pixels have the same value;

P,
H:Za:Zbllﬂab—bl'

Entropy measures the disorder of pixel intensities;

Epr = — Z Z PupIn(Pyyp).
PR

Now, we find Hankel determinants for class S@H) by substituting different values of A in (4.13),
(4.15) and (4.16) and we represent |75 1(f)|, |-76.2(f)|, and |7451(f)| as fi1, fio, and fi3, respectively.
The 8 mask windows are not selected randomly, and these masks are built on the values of Hankel
determinants associated from A-generalized Sakaguchi type functions. These Hankel determinants
help improve lesion boundaries, reduce background noise and enhance pigmented boundaries.

5.1. Proposed algorithm

In this section, we introduces the novel algorithm using Hankel determinants for the class § . We
use hy, hy, and k3 found at A = 0.3. Different values of A are examined over the interval [0, 1] to analyze
the stability and effectiveness of our proposed algorithm. Among all these values, A = 0.3 achieves the
balanced enhancement performance and better preservation of structural details. Therefore, 4 = 0.3 is
selected for the proposed algorithm. The proposed masks are constructed using the first three Hankel
determinant values /i; = 0.6060, /i, = 0.3673, and /i3 = 2.0067 obtained at A = 0.3. The utilization of
Hankel determinants in mask windows improves edge preservation and texture enhancement.

Hg(m,n) = M * Ho(m,n),

where,
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e M denotes the 3 X 3 mask window.

e : is the convolution operation.
e 7% denotes enhanced image.
e Ju(m,n) denotes input image.

(a) hyp- (Horizontal/Right)

-hy 0 M~
hy  hy hs
hy 0 -h

(c) hgp- (Vertical/Up)

0 hy —-h
0 h -h
hy h O

(e) h1gp- (Horizontal/Left)

0 hn O
hs hy M
0 0 n

(b) hys- (Diagonal Up-Right)

0 —-h hs
0 h O
hy 0O —h

(d) hy3s- (Diagonal Up-Left)

hy 0 —h
0 hy, O
-hy 0

(f) hapse (Diagonal Down-Left)

-hy 0 My
0 hy, O
hy 0 —h

(g) hy70- (Vertical/Down) (h) h315- (Diagonal Down-Right)

0 h -mn hy 0 -~
0 h, —-mh 0 h, O
0 l’l3 /’ll _hl 0 h3

The proposed texture enhancement algorithm involves 6 steps.
Step 1: Convert original images to lab color image.
Step 2: Apply K-mean clustering on lab color image to get a segmented image and then convert it into
gray-scale to produce a texture image.
Step 3: Calculate the GLCM of the texture image.
Step 4: Place a mask window over 3 X 3 pixel size.
Step 5: Apply the convolution of mask window over the texture image in 8 different directions and
take maximum of all directions to produce an enhanced texture image.
Step 6: Calculate the GLCM and texture feature for an enhanced texture image.

6. Comparative analysis

Comparative analysis ensures the strength of the proposed texture enhancement algorithm since
the proposed method provides better texture enhancement and edge detection compared with texture
images produced using the algorithm proposed by Aldi et al. [20]. The same image dataset,
preprocessing procedure, and K-means segmentation method are used for the proposed method and
the Aldi et al. method. For the better enhancement of lesion boundary, additional processing is
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performed through the convolution of Hankel determinants with the image pixels of the segmented
image. In earlier studies, [28-31] algorithms were based on histogram equalization, logarithmic
transform coefficients, and discrete cosine enhancement methods that use coeflicient bounds for image
enhancement. In contrast, our method utilizes Hankel determinants derived from the subclass of A
generalized Sakaguchi type functions associated with the image domain of ¢p;. In this study, we
develop a novel algorithm that convolves the input image with Hankel determinants using 8 directional
matrices to produce an enhanced texture image. Our method illustrates significant improvements in
texture quality across datasets, as shown in Table 2, while the texture images produced by the algorithm
used in [20] do not contain clear structural details. Utilizing this algorithm, a texture-enhanced image
is produced with clear edges of a segmented lesion boundary. This improvement in edges leads to
better texture features, and produces clearer images with less noise.

The above proposed texture enhancement algorithm is tested on dermoscopy images for skin cancer
analysis. We use JPG images of Basal Cell Carcinoma, Dermatofibroma, Melanoma, Pigmented
Benign Keratosis, and Vascular Lesion obtained from the Kaggle repository [32], which are converted
into texture enhanced images, as shown in Figures 1-5. These figures produce sharp edge boundaries,
enhanced lesion structures, and reduced background noise while preserving structural integrity
compared with the method of Aldi et al. [20]. The best results were achieved at 4 = 0.3 with respect to
texture features.

J-'q g
Texture image using the Texture image enhancement
Original image method by Aldi et al. [20] using the proposed algorithm

Figure 1. Texture enhancement of basal cell carcinoma.
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Texture image using the

Texture image enhancement
Original image method by Aldi et al. [20]

using the proposed algorithm
Figure 2. Texture enhancement of dermatofiborma.

Texture image using the Texture image enhancement
Original image method by Aldi et al. [20] using the proposed algorithm
Figure 3. Texture enhancement of melanoma.

Texture image enhancement

Oricinal i Texture image using the ) )
riginal 1mage method by Aldi et al. [20] using the proposed algorithm

Figure 4. Texture enhancement of pigmented benign keratosis.
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Texture image using the Texture image enhancement

Original image method by Aldi et al. [20] using the proposed algorithm

Figure 5. Texture enhancement of vascular lesions.

By comparing enhanced images produced by our proposed algorithm and the algorithm used
in [20], we observe that proposed texture enhancement algorithm extracts both texture features and
performs edge analysis, and due to the convolution mask, it produces clear object boundaries and less
background noise, while the algorithm used in [20] focuses on only the statistical texture feature, and
the resulting image looks softer due to the lack of a convolution mask.

Table 1 shows the quality metrics of the proposed algorithm and Aldi et al.’s method. In image
enhancement, contrast is not only an indicator of quality. The increase value of contrast and entropy,
particularly for Pigmented Benign Keratosis, ensures that the method enhances texture features rather
than increase only intensity variation. A higher value of correlation shows the preservation of structural
integrity, which enhances the edges of the pigmented structure. A higher value of energy represents
that the texture is more organized, which means it is easy to diagnose skin lesions. A slight decrease
in homogeneity demonstrates sharp edges and reduced over smoothing. A higher value of entropy
represents increased texture information, which shows the improvement in visibility of diagnostic
features. Overall, the performance of quality metrics indicates that the proposed method achieves
a balanced enhancement between contrast, correlation, and entropy rather than maximizing a single
metric.
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Table 1. Comparative analysis of texture feature: Second order GLCM vs. the proposed
method.

Images Methods Contrast Correl. Energy Homog. Entropy
Basal Cell Carcinoma Aldi et al. [20] 0.0753  0.9291 0.8978 0.9921 0.2713
Proposed Method  0.0577  0.9699 0.8985 0.9888 0.3486
Aldi et al. [20] 0.1876  0.9558 0.6995 0.9857 0.4756
Proposed Method  0.1157  0.9816 0.7762 0.9813  0.6592
Aldi et al. [20] 0.0866 09746 0.5448 0.9912 0.8611
Proposed Method  0.0635  0.9911 0.6045 0.9849 1.0456
Pigmented Benign Aldi et al. [20] 0.1666 09763 0.3734 0.9758 1.1651
Keratosis Proposed Method  0.2701  0.9846 0.3536 0.9496 1.5797
Aldi et al. [20] 0.3845 0.9082 0.3024 0.9595 1.4950

Proposed Method  0.3151  0.9429 0.3063 0.9333  1.7933

Dermatofibroma

Melanoma

Vascular Lesion

The proposed algorithm mainly focuses on preserving structural integrity, edge visibility, and rich
texture information through directional convolution masks derived from Hankel determinants. (FSIM)
is considered a suitable image quality assessment in this context because it evaluates edge preservation,
structural similarity, and texture consistency using gradient and phase congruency. The improvements
observed in FSIM indicate the enhancement behavior of dermoscopy images. Therefore, FSIM is
considered to be served as a single quality metric for evaluating the effectiveness of our proposed
method. Table 2 shows the enhancement behavior of different types of skin lesions by manifesting the
best results of FSIM achieved through the proposed method.

Table 2. Comparison of single quality assessment values.

Images Methods FSIM

Aldi et al. [20] 0.9043
Proposed Method 0.9083
Aldi et al. [20] 0.9398
Proposed Method 0.9502
Aldi et al. [20] 0.9617
Proposed Method 0.9709
Aldi et al. [20] 0.9084
Proposed Method 0.9349
Aldi et al. [20] 0.8679
Proposed Method 0.8712

Basal Cell Carcinoma

Dermatofibroma

Melanoma

Pigmented Benign Keratosis

Vascular Lesion

Moreover, other images of skin disease were also examined through this novel texture enhancement
algorithm to validate the proposed algorithm. Different types of skin diseases can be analyzed easily
due to improved geometric structure and smoother texture enhancement. The dataset used in Figure 6
are also obtained from the Kaggle repository [32]. Figure 6 indicates that the improvement in texture
quality and smooth edge detection of these images is visible. This ensures the effectiveness of the
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proposed algorithm, as the texture features become more enhanced, resulting in an enhanced texture
image with improved lesion boundaries and structural visibility.

Original Image

Original Image

- ST o Wy

Original Image

—

T —— T T
oy ‘
N v

Texture enhanced image Texture enhanced image

Original Image

Original Image
Original Image 2

-

sl

-l

P v
o

Texture enhanced image

Texture enhanced image

Figure 6. Enhancement of skin diseases using the proposed algorithm.

The quality metrics computed in Table 3 also prove the effectiveness of our proposed algorithm
by showing better performance of the metrics across different skin lesion images. We have further
demonstrated the effectiveness and validity of our proposed algorithm by evaluating FSIM as a single
quality metric. Table 4 shows better results of FSIM, which proves better preservation of edge details,
structural integrity, and richer texture information of dermoscopy images. This shows the general
robustness of our method and the effectiveness of our proposed algorithm.
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Table 3. Quality metrics of different skin lesions.

Images Categories of images Contrast Correl. Energy Homog. Entropy

Actinic Original Image 0.0580 0.9855 0.2605 09713 1.6831
keratosis Texture-enhanced image 0.1515  0.9854 0.3412 0.9605  1.6288

Kaposi Original Image 0.2452  0.9367 0.1264 0.8861  2.3807
Sacroma Texture-enhanced image 0.4687  0.9443 0.4094 0.9055 1.7561
Merkel cell ~ Original Image 0.0577 09526 0.3852 09712 1.2930
CArcinoma ey yre-enhanced image  0.0124  0.9919 0.8989 0.9968  0.2969
zleilageous Original Image 0.2903 09444 0.1382 0.9032  2.3278
carcinoma Texture-enhanced image 0.2887  0.9712 0.1988 09141  2.2318
Seborrheic Original Image 0.2986  0.9483 0.5364 0.9852 0.8521
keratosis

Texture-enhanced image 0.0620  0.9889 0.8479 0.9899  0.4382

Squamous cell Original Image 0.0919  0.9857 0.2803 0.9545  1.9089
carcinoma oy qyreenhanced image  0.0770  0.9667 0.7043 0.9779  0.8445

Table 4. Comparison of single quality assessment values among skin lesions.

Images Methods FSIM

Aldi et al. [20] 0.9203
Proposed Method  0.9405
Aldi et al. [20] 0.7600
Proposed Method 0.7744
Aldi et al. [20] 0.9550
Proposed Method 0.9563
Aldi et al. [20] 0.8843
Proposed Method 0.9107
Aldi et al. [20] 0.9609
Proposed Method 0.9667
Aldi et al. [20] 0.8975
Proposed Method  0.9023

Actinic keratosis

Kaposi Sarcoma

Merkel cell carcinoma

Sebaceous gland carcinoma

Seborrheic keratosis

Squamous cell carcinoma

7. Conclusions

Our main goal of this paper is to develop a novel algorithm using estimated Hankel determinants
to obtain an enhanced version of the segmented image. In this study, we establish the sharp
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coefficient inequalities through subordination for the subclass of A-generalized Sakaguchi-type
functions associated with the image domain of ¢gy(z) and find second and third order Hankel
determinants for class &*(¢g).

Here, we develop a novel algorithm that utilizes the convolution of a mask window of the Hankel
determinant with image pixels to enhance images. The experimental results demonstrate better texture
features and clear edges of different dermoscopy images compared to the texture image of Aldi
et al. [20]. Our proposed method also reduces noise while preserving geometric properties that lead to
producing an enhanced image.

List of symbols and notations

C Complex plane

N Natural Numbers

R Real part of Complex numbers

D Open Unit Disc

w Schwarz Function

K Class of Normalized Univalent Functions

P Class of Caratheodory Functions

< Subordination

* Convolution

T n(f) Hankel Determinants of order m

& Class of Starlike Functions

C Class of Convex Functions

S Class of A generalized Sakaguchi type functions w.r.t. Symmetric Point
S*(eon) subclass of A generalized Sakaguchi type functions associated with symmetric domain.
ry coeflicient of &*(¢g).

Cn coefficients of Caratheodory functions.

A A real parameter in [0,1].

a 3(1 =) +22%

B 1 —24+24%

FHx(m, n) Enhanced Image
Fo(m, n) Input Image
M 3 x 3 Mask Window
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