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1. Introduction

Inequalities of Lyapunov type provide a quantitative obstruction to the existence of nontrivial
solutions for boundary value problems. Rather than describing the qualitative behavior of solutions,
they impose explicit integral constraints on the coefficients of the equation, revealing how the
geometry of the domain and the strength of the potential interact. Introduced in Lyapunov’s
foundational study of stability [1], such inequalities have become a central tool in the analysis of
oscillatory behavior, eigenvalue localization, and nonexistence phenomena for both linear and
nonlinear problems.

In its classical continuous form, the Lyapunov inequality asserts that if 4 € L'(a,b), and the
Dirichlet problem

u’(x) + p(x)u(x) =0, x € (a,b), u(a) = u(b) =0

admits a nontrivial solution, then u necessarily satisfies
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This estimate reflects a robust mechanism: Dirichlet confinement enforces a minimal integrated
strength of the potential needed to support a nonzero solution.

Numerous extensions and variants of this result have been developed, including weighted
inequalities [2], higher-order differential equations [3—5], nonlinear differential equations involving
quasilinear operators [6], relativistic and curvature operators [7-9], y-Laplacian operators [10], and
fractional differential equations [11-13]. We also refer to [14, 15] for local fractional differential
equations and to [16] for fractional partial differential equations.

Difference equations arise naturally in discrete-time models and in numerical discretizations of
differential problems. Finite-dimensional formulations also appear in numerical and mechanical
models, including finite element approaches for dynamical systems [17]. They provide a setting in
which boundary value problems, existence criteria, and spectral quantities can often be analyzed
explicitly. In this context, Lyapunov-type inequalities give quantitative restrictions on the coefficients
of difference equations and yield summation conditions that are necessary for the existence of
nontrivial solutions under boundary constraints.

A first sharp Lyapunov-type inequality for second-order difference equations was obtained by
Cheng [18]. He showed that, under discrete Dirichlet boundary conditions, the existence of a
nontrivial solution forces the non-negative coefficient to satisfy a sharp summation lower bound.
Several extensions of this result to higher-order difference equations and related discrete problems can
be found in [19-22].

Motivated by these developments, we study Dirichlet boundary value problems involving the
modified discrete Helmholtz operator on finite balls of the integer lattice Z. More precisely, for @ > 0,
we consider L,u = —Au + au, where A denotes the normalized discrete Laplacian on Z [23]. Our
main objective is to establish Lyapunov-type inequalities for this operator. These inequalities provide
explicit necessary lower bounds on the size of the coefficient appearing in the equation, ensuring that
the corresponding Dirichlet problem can admit a nontrivial solution. As an application, we investigate
an associated weighted eigenvalue problem and derive two-sided estimates for its first eigenvalue.

The operator £, arises naturally when elliptic equations with a positive mass term are discretized on
graphs or lattices [24,25]. The term —Au describes discrete diffusion, or nearest-neighbor interaction.
The term au represents a restoring, absorption, or mass effect.

The paper is organized as follows. Section 2 introduces the geometric and analytic framework on the
integer lattice Z, including the normalized discrete Laplacian and several properties used throughout
the paper. In Section 3, we construct the Dirichlet Green function associated with the modified discrete
Helmholtz operator and derive its main positivity and supremum estimates. Section 4 is devoted to
Lyapunov-type inequalities for scalar Dirichlet problems and for coupled modified discrete Helmholtz
systems, together with sharpness results. Finally, in Section 5, we apply these inequalities to a weighted
eigenvalue problem, obtain explicit two-sided bounds for the first eigenvalue, and present numerical
illustrations.
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2. Preliminaries on the integer lattice Z

In this section, we recall the basic graph-theoretic and analytic framework used throughout the

paper.
We denote by N the set of positive integers.

2.1. Graph Laplacian and boundary notation

Let G = (V, E) be a locally finite simple graph. For x,y € V, we write x ~ y if x and y are adjacent.
The degree of a vertex x € V is denoted by

d.=#yeV:y~ux}.

For a real-valued function u: V — R, the normalized graph Laplacian is defined by

1
Au(x) = - ) (u(y) — u().
X Sox

If Q C V is a finite set, its vertex boundary is given by

0Q ={xeV\Q: there exists y € Q such that x ~ y}. (2.1

For x € 0Q), the discrete outward normal derivative is defined by

1
O,u() = u(x) = g ng‘g u(y). (2.2)
y~x

whenever the denominator is nonzero.
For more details on graph Laplacians and analysis on graphs, we refer to [26].

2.2. The integer lattice and its geometry

We now specialize the above graph-theoretic notions to the integer lattice Z.
We regard Z as a graph with vertex set Z and adjacency relation

m~n << |m-n|=1.

Thus, two integers are adjacent precisely when they differ by one.
The associated graph distance is the length of the shortest path connecting two vertices. The set Z
is an infinite path graph; hence, this distance is given by

d(m,n) = |m —n|, m,n € Z.
Therefore, for N € N, the ball of radius N centered at the origin is
BO,N)={ne€Z:dn,0)<N}={neZ:|n|<N}.
The corresponding sphere is

SO,N)={neZ:dn,0)=N}={neZ:|n|=N}={-N,N}
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Remark 2.1. With the above adjacency relation, the integer lattice Z is a connected acyclic graph in
which every vertex has degree 2. Thus, Z may be viewed as the infinite 2-regular tree, or equivalently
as an infinite path graph; see Figure 1.

For general background on (q + 1)-regular trees T,.,, usually considered for q > 2, we refer
to [27,28].

o o o o @9 o o o o
-2 -1 0 1 2

Figure 1. The graph Z with adjacency n ~ n + 1, viewed as an infinite path graph.

2.3. Discrete differential operators on Z

Let u: Z — R be a real-valued function. We apply the normalized graph Laplacian introduced
above to the graph Z. For every n € Z, the vertex n has degree

and its neighbors are precisely n — 1 and n + 1. Hence,

1 1
Au(n) = 5 " (ulm) = u(m) = Z((uln + 1) = uw) + (e = 1) ~ ().

m~n

Therefore,
1
Au(n) = E(u(n + 1)+ un-1) - 2u(n)), neZ.

Let @ > 0. The modified discrete Helmholtz operator on Z is defined by
Lou(n) = —Au(n) + a u(n), nez.

An equivalent expression is
1
Louln) = (1 +a)u(n)—§(u(n+ ) +un-1)), nez.

We note that, in the literature on difference equations, the second-difference operator x(k+ 1)+ x(k—
1) — 2x(k) is often denoted by A%x(k — 1). In the present work, we use the notation A for the normalized
discrete Laplacian in order to emphasize the graph-theoretic interpretation of Z as a 2-regular graph.
Let N € N with N > 2, and set
Q=BO,N-1).

Using the general definition (2.1) with V = Z, we obtain
0Q={xeZ\B@O,N —1): there exists y € B(0, N — 1) such that |[x — y| = 1}.

By
BO,N-1)={-N+1,...,N—1},
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the only vertices outside B(0, N — 1) adjacent to vertices of B(0, N — 1) are —N and N. Hence,
0Q ={-N,N} =S(O,N).
Moreover, each boundary vertex has exactly one neighbor inside B(0, N — 1). More precisely,
{ye BOOLN-1):y~-N}={-N+1}, {ye BOLN-1):y~N}={N-1}.

Therefore, applying the general definition of the discrete outward normal derivative (2.2) with Q =
B(O,N — 1), we obtain

0, u(—=N) = u(=N) — u(-N + 1), O, u(N) = u(N) — u(N - 1).

Lemma 2.2 (Discrete Green identity on B(O, N — 1)). Let N € N with N > 2, and let f: B(O,N) — R.
Then

1 & 1
D, fWAfm==5 ) (ft D)= fm) + 3[fN = DI, fN) + F-N + D Of-N)].
neB(O,N-1) n=—N+1

Proof. Using the definition of the normalized discrete Laplacian, we have

N-1

S fmAfm =5 S (et )+ 1)~ 20m),

neB(O,N-1) n=—N+1

Expanding the right-hand side yields

1 N-1 1 N-1 N-1
D, fAfm=5 ) fofe+ D+ Y fof=D= ) fw)’.

neB(O,N-1) n=—N+1 n=—N+1 n=-N+1

We now isolate the boundary contributions and reindex the second mixed term. First,

N-1 N-2
DU fofmay= T f@fe+ 1)+ fN = D).
n=-N+1 n=-N+1
Next,
N-1 N-1
D fn-1)=fN+ DN+ Y fofn-1)
n=—N+1 n=—N+2
N-2
= fN+ DN+ D fmfe+ 1),
n=—N+1
Consequently,

N-2
D fmAfm = ) fmfen+1)

neB(O,N-1) n=—N+1

N-1
1
= D JO) + S[f(N = DFWN) + fN + DFEN)]

n=—N+1

AIMS Mathematics Volume 11, Issue 6, 16735-16762.
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We use the identity

N-1 1 N-2 1
D, f@P =5 3 (0 + fln+ D)+ (N + 17 + f(V = 1)),

n=—N+1 n=—N+1
which gives
N-2 1
D, f@Afm = [f0f(n+ D)= S(f0) + fln+17)]
neB(O,N-1) n=—N+1

1
+5 [N =DaSWN) + fN + D3, f(-N)].

Indeed,
SN = DFIN) = f(N = 1)> = f(N = D(f(N) = f(N = 1)) = f(N = 1), f(N),

and

FEN + DFEN) = fN + 17 = f-N + DFN) = F=N + D) = =N + D9, f(=N),

Finally, for every n € Z,

1 1
FOOf G+ 1) = S(fn) + fln+ 1) = == (Fn+ 1) = f()’.

Summing over n = =N + 1,..., N — 2 concludes the proof. O
3. Green function

In this section, we study the Green function associated with the modified discrete Helmholtz
operator £, on finite balls under Dirichlet boundary conditions. Throughout the paper, we fix @ > 0
and an integer N € N with N > 2.

For every s > 0, we introduce the parameter 6, > 0 defined by

coshf, =1 + s.

We denote by
Gy,: BOO,N)xBO,N-1) >R

the Dirichlet Green function associated with the operator £, on B(0O,N — 1). For each fixed m €
B(0,N — 1), the function n Gl?,,(y(n, m) is defined as the unique solution of

{(La)n GP_(n,m) = 6y, neBO,N-1),
’ 3.1)

G (~-N,m)=0, G (N,m)=0.

Here (L,), indicates that the operator £, acts with respect to the n-variable. More precisely, for any
function F': Z X Z — R and any fixed m € Z, we set

(L) F(n,m) = —A,F(n,m) + aF(n,m) = (1 + a) F(n,m) — %(F(n +1,m)+ F(n — 1, m)),
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where {
A, F(n,m) = E(F(n +1,m)+ F(n— 1,m) — 2F(n,m)).

Moreover, 6,,,, denotes the Kronecker delta, that is,

1, n=m,
5n,m =
{O, n+#m.

The Green function Gﬁa defined by (3.1) is introduced in order to represent solutions of
inhomogeneous Dirichlet problems driven by £,. This representation is the main tool used later to
derive the Lyapunov-type inequalities.

Fix m € B(O, N — 1). In order to solve (3.1), we look for a function u: B(0, N) — R, given by

u(n) = Gy ,(n,m),
such that
(La)nu(n) = 6n,ma ne B(O’N - 1)9

together with the Dirichlet boundary conditions
u(-N) =0, u(N) = 0.
Using the explicit form of £,, this is equivalent to
un+1)=2(1 + un) +un —1) = =2 06,,, neBON-1).

Forn € B(O,N — 1) \ {m}, the right-hand side vanishes and u satisfies the homogeneous recurrence

relation
un+1)-2(1 + a)u(n) + u(n — 1) = 0. 3.2)

Let v, and v, be two linearly independent solutions of the homogeneous recurrence (3.2). We define
the discrete Wronskian by

W) =viln+ Dva(n) —vi(n) va(n + 1).
On the other hand, v; and v, satisfy
viim+2) =21 +a)vi(n+1)—vin), i=1,2.

Then,
Wh+1)=vin+2vy(n+1)—vi(n+ Dv(n+2)
QI +aywi(n+1)=vi(m)vy(n+1)
—vin+ DR + a)vy(n + 1) = va(n))
=vi(n+ Dnm) —vi(mva(n + 1)
=Wh).
Hence, W(n) is independent of n, and we denote this constant by W. Moreover, using that v; and v, are
linearly independent, we obtain W # 0.

AIMS Mathematics Volume 11, Issue 6, 16735-16762.
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We now choose two particular solutions of (3.2) adapted to the Dirichlet boundary conditions. We

choose v; such that
vi(=N) =0,

and v, such that
w(N) = 0.

For m € B(O, N — 1), we define GIL\),,Q(-, m) on B(0, N) by

A,vin), —-N<n<m,
G,l\),’a(n,m) =

B,v,(n), m<n<N,

for some constants A,, and B,,.
The matching condition at n = m gives

Apvi(m) = By, vo(m).
We next impose the equation at n = m. Using that 6,,,, = 1, we obtain
(LGl mm)| =1,

that is,
D 1 D
(1+ )Gy ,(m,m) - E(GN,a(m +1,m) + Gy, (m—1,m)) = 1.

Using the piecewise definition of G (-, m), we obtain

(1 + @)A,vi(m) — %(Bmvz(m +1)+A,vi(m—1))=1.
Multiplying by 2 and using the recurrence relation for vy,
vim+1) =21 + @)vi(m) —vi(m - 1),
we rewrite the previous identity as
Avim+1) = B,vo,(m+ 1) = 2.
Together with (3.3), this gives the linear system
Apvi(m) = By, va(m),
{Am vim+1)—=B,vo(m+1) =2,

whose unique solution is
2 vy(m) B - 2vi(m)

W " W
Substituting these expressions into the definition of G% , we obtain

Ay =

Gy (n,m) = —

2 [vi(n)va(m), —N<n<m,
w

vim)vo(n), m<n<N.

(3.3)

(3.4)

AIMS Mathematics Volume 11, Issue 6, 16735-16762.
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We now choose explicit solutions of the homogeneous recurrence adapted to the Dirichlet boundary
conditions. For n € B(0, N), we set

vi(n) = sinh(6,(n + N)), va(n) = sinh(6,(N — n)),
so that vi(—N) = 0 and v,(N) = 0. Moreover, by cosh6, = 1 + «, the identity
sinh(x + 8,) + sinh(x — 6,) = 2 cosh(8,) sinh x
shows that both v, and v, satisfy
un+1)-2(1 + @)u(n) + u(n — 1) = 0.
With the discrete Wronskian
W =vi(n+ Dva(n) —vi(m)va(n + 1),
we compute it at n = —N. Using that v{(—N) = 0, we get
W =vi{(—N + 1)v,(—N) = sinh(6,) sinh(2N6,).

Thus,
W = sinh(6,) sinh(2N6,,).

Substituting the expressions of vy, v,, and W into (3.4), we obtain

2 sinh(6,(n + N)) sinh(6,(N — m))

, —-N<n<m,
G sinh(6,) sinh(2N6,) n=m
n,m) =
N 2 sinh(6,(m + N)) sinh(6,(N — n)) <N
, m<n<N.
sinh(d,) sinh(2N6,,)
In the first case, n < m, so min{n,m} = n, and max{n,m} = m. In the second case, m < n, so

min{n, m} = m, and max{n, m} = n. This yields the following result.

Lemma 3.1. For eachm € B(O,N —1), let Gﬁ’a(', m) be the unique function on B(0, N) satisfying (3.1).
Then, for all (n,m) € B(O,N) X B(O,N — 1),

2 sinh(6,(min{n, m} + N)) sinh(6,(N — max{n, m}))

sinh(6,) sinh(2N6,) (3-5)

Gy (n,m) =

In particular, Gﬁ’a(n, m) > 0 for all (n,m) € B(O,N) x B(O,N — 1).

Remark 3.2. The Green function GY , constructed above plays the same qualitative role as the
Dirichlet Green function in the continuous theory. Indeed, in the continuous one-dimensional
counterpart, one considers the operator

AIMS Mathematics Volume 11, Issue 6, 16735-16762.
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on an interval, for instance (—N,N), and the associated Dirichlet Green function G,(x,§&) is
characterized by

dZ
(_E + cx) Go(x, &) = 6¢(x), Go(=N, &) = Go(N, &) = 0.

In that setting, G, is obtained by solving the homogeneous differential equation
—u" +au=0

on the two subintervals separated by the pole &, together with continuity at x = ¢ and the usual jump
condition on the derivative.
In the present discrete setting, the corresponding homogeneous equation is the recurrence

un+1)-2(1 + ®)u(n) + u(n—1) = 0.

Thus, the discrete Green function is obtained by solving this recurrence on the two discrete intervals
separated by the pole m, together with a matching condition at n = m and the discrete equation at the
pole. Hence, while the continuous Green function is governed by differential equations and derivative
jump conditions, the discrete Green function is governed by recurrence relations and algebraic
matching conditions.

Despite this difference, both Green functions serve the same purpose: they represent solutions of
inhomogeneous Dirichlet problems and provide positivity and maximum estimates. These estimates
are then used to derive Lyapunov-type inequalities.

Lemma 3.3. Fixm € B(O, N — 1). Then the function n — Gﬁa(n, m) attains its maximum at n = m. In
particular,

2 sinh(@,(m + N)) sinh(6,(N — m))
GD s = GD 3 =
Sup Galmm) = Gy y(m. m) Sinh(@,) sinh(2Nd,)

Proof. Assume first that n < m. Then min{n, m} = n and max{n, m} = m. Hence, by (3.5),

2 sinh(6,(N — m))
sinh(6,) sinh(2N6,)"

Gy o(n,m) = C(m) sinh(6,(n + N)), C(m) =

Since C(m) > 0 and 6, > 0, the map n — sinh(,(n + N)) is strictly increasing. Therefore, G]’\),’a(n, m)
is maximized at n = m on the set {n € B(O,N) : n < m}.
Assume next that n > m. Then min{n, m} = m and max{n, m} = n. Hence,

2 sinh(@,(m + N))
sinh(8,) sinh(2N6,)"

Gy o(n,m) = D(m) sinl(0,(N — n)), D(m) =

Since D(m) > 0 and 6, > 0, the map n — sinh(0,(N — n)) is strictly decreasing. Therefore, Gﬁa(n, m)
is maximized at n = m on the set {n € B(O,N) : n > m}.

Combining the two cases, the global maximum is attained at n = m, which gives the stated value.

]

Lemma 3.4. One has

tanh(N6,)
sup Gy ,(m,m)=Gx (0,0) = ———.
meB(OR—l) N N, sinh(6,)
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Proof. By Lemma 3.3, for each m € B(O,N — 1),

GP _ 2 sinh(@,(m + N)) sinh(0,(N — m))
Na(m,m) = sinh(d,) sinh(2N6,) '

Set
H(m) = sinh(0,(m + N)) sinh(6,(N — m)), m € B(O,N - 1).

Using the identity
2 sinh x sinhy = cosh(x + y) — cosh(x — y),

with x = 8,(m + N) and y = 6,(N — m), we obtain
2H(m) = cosh(2N@,) — cosh(2mb,,).

Since 6, > 0 and cosh is strictly increasing on [0, o), the map m +— cosh(2m6,) is minimized at m = 0
on B(0, N — 1). Hence H(m) is maximized at m = 0, and therefore

2 sinh(N6,)?
GD , — GD 0’ 0 — C )
pesup | Gxalmm) = Gya(0.0) = G Sinh (2N,

Finally, using sinh(2x) = 2 sinh x cosh x, we obtain

2 sinh(N6,)* 2 sinh(N6,)? _ tanh(N6,)
sinh(6,) sinh(2N6,)  sinh(d,) 2 sinh(N6,) cosh(N6,)  sinh(6,)

4. Lyapunov-type inequalities

In this section, we establish Lyapunov-type inequalities for boundary value problems involving
the modified discrete Helmholtz operator on finite balls of the integer lattice. We first deal with a
scalar discrete Helmholtz equation subject to Dirichlet boundary conditions. Relying on the explicit
representation and sharp estimates of the Dirichlet Green function derived in Section 3, we obtain
necessary conditions for the existence of nontrivial solutions. We next extend the analysis to a coupled
discrete Helmholtz system with Dirichlet boundary conditions.

For a function #: B(0,N) — R, we set

llullo = max |u(n)|.
neB(0,N)

4.1. The scalar Dirichlet problem

We first consider the scalar Dirichlet problem associated with the modified discrete Helmholtz
operator. This problem is motivated by discrete spectral theory. It describes a finite-dimensional
Dirichlet equation in which the potential 4 competes with the coercive operator £,. The existence of
a nontrivial solution imposes a quantitative restriction on the size of u, and Lyapunov-type
inequalities provide an explicit form of this restriction. This also prepares the eigenvalue estimates
developed in Section 5.

AIMS Mathematics Volume 11, Issue 6, 16735-16762.
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Let u be a real-valued function defined on B(0, N — 1). We investigate the existence of nontrivial

solutions u: B(0, N) — R to the following Dirichlet problem:

Lou(n) = u(n) u(n), neBON-1),
u(-N) =0, u(N) = 0.

Theorem 4.1. Assume that the Dirichlet problem (4.1) admits a nontrivial solution u. Then
1
Z sinh(@,(m + N)) sinh(8,(N — m)) |u(m)| > 5 sinh(8,) sinh(2N8,).
meB(O.N-1)

Proof. We first establish the Green representation formula

u(n) = Z GL (n,m)u(m)u(m), ~ n € B(O,N),

meB(O,N-1)

where Gﬁ’a is the Dirichlet Green function associated with £, on B(0, N — 1), defined in (3.1).

Define
v = Y GRnm)u(myum),  neBO,N).
meB(O,N-1)

By (3.1), forevery n € B(O,N — 1),

Lo = D (LGRmumyutm) = > Sy plm) u(m) = p(n) u(n),

meB(ON~-1) meB(ON-1)
and v(—N) = v(N) = 0. Hence w = u — v satisfies
Lowmn)=0 forneBO,N-1), w(=N) =w(N) =0.
Multiplying the equation by w(n) and summing over B(0, N — 1) gives

- Z w(n) Aw(n) + a Z w(n)? = 0.
neBON-1) neB(O,N-1)

Applying Lemma 2.2 with f = w, we obtain

N-2

4.1)

4.2)

4.3)

DT wm) Awn) = —% D W+ 1) = wm)’ + %[W(N — D) 3,w(N) + w(=N + 1) d,w(-N)].

neBO,N-1) n=—N+1
Therefore,

N-2

- Z w(n) Aw(n) = % Z (win+1) - w(n))2 — %[W(N -1 a,w(N) +w(-N + 1)8VW(—N)].

neB(O,N-1) n=-N+1

Since w(N) = w(—=N) = 0, we have

O,Ww(N) =w(N)—w(N —1) = —w(N —-1), OW(=N) = w(=N) —w(-N + 1) = —w(=N + 1),
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and hence
—%[W(N = D3,w(N) + w(=N + 1) d,w(-N)| = %(W(N — 1>+ w(=N + 1)?).
Consequently,
1 & 1
= D wmAwm) =5 > (wn+ 1) = wm)’ + SN = D+ w(=N + 1)?).
neB(O,N—-1) 2 n=—N+1 2

Using again w(N) = w(—=N) = 0, we rewrite
W(=N + 1> = (W(=N + ) =w(=N))’,  w(N = 1) = (w(N) - w(N = 1)),

and thus

_ Z w(n) Aw(n) =

neB(O,N-1)

| =

N-1
> wn+ 1) = wim)”
n=—N

Therefore,

N-1
% D+ D-wm) +a Y wn?=0.

n=—N neB(O,N-1)

Since @ > 0, both sums are non-negative, hence they must both be zero. In particular, w(n) = 0 for all

n € B(0, N — 1). Together with w(+N) = 0, this implies w = 0 on B(0, N), and (4.3) follows.
We now estimate u. From (4.3) and the positivity of Gf,’a (Lemma 3.1), for any n € B(0, N),

el < DGR, m) uGm)] ju(m)].

meB(O,N-1)

Let ny € B(0, N) satisfy |u(ng)| = ||lull > 0. Evaluating at n = ny and dividing by ||u||., yields

L< >0 GRalno,m)lu(m).

meB(0,N-1)

Using Lemma 3.3, we have for each m € B(O,N — 1),

D D D
Gyo(no,m) < sup Gy, (n,m) = Gy ,(m,m).
neB(O,N)

Hence
1< > GRLomm)uGm).
meB(O,N-1)

Finally, using the explicit diagonal formula,

GP _ 2 sinh(@,(m + N)) sinh(6,(N — m))
Vol m) = sinh(6,) sinh(2N6,) ’

we obtain (4.2).

O
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We next study the sharpness of the Lyapunov-type inequality (4.2).
We define the class

A= {u: B(O,N — 1) = R : the Dirichlet problem (4.1) admits a nontrivial solution}.

For u € A, we set

D, SintO(m + N)) sinb(0, (N — m) u(m)

meB(O,N-1)

M(/J) = Sinh(e(l) sinh(2N9a)

Theorem 4.2. One has

. 1
min M) = 5.

Proof. By Theorem 4.1, one has
1
M) > ) for all u € A.
We now show that the value % is attained. Fix mg € B(0, N — 1) and define

1
> M =my,
Uo(m) = GN,a(mo,mo) me€ B(O,N —1).

0, m # my,
Let up(n) = Gﬁ’a(n, my) for n € B(0, N). By (3.1), we have
L(l”O(”) = 6n,m0a ne B(O,N - 1)’

and ug(+N) = 0. On the other hand, forn € B(O,N — 1),

/J()(l’l) l/t()(l’l) = Gz,a(n’ mO) 1{n:m0} = é‘n,mo-

GY (g, my)
Therefore,
L(lu()(n) = ,UO(n) uO(”)’ n e B(O’N - 1)9

with ug(£N) = 0. Hence u is a nontrivial solution of (4.1) with u = uo, and thus o € A.
Finally, by the definition of M(u) and the fact that y is supported at m, we have

sinh(,(mo + N)) sinh(0,(N — mo)) [uo(mo)l _ sinh(f,(mo + N)) sinh(0,(N — my))
sinh(6,) sinh(2N6,) B Gf,ﬂ(mo,mo) sinh(6,) sinh(2N6,)

M(po) =

Using the diagonal identity from (3.5),

2 sinh(6,(mg + N)) sinh(6,(N — my))
sinh(6,) sinh(2N6,,) ’

D
Gy.o(mo, mo) =

we obtain M(u) = 3. Consequently, min,cq M(u) = O

1
5
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Corollary 4.3. Assume that the Dirichlet problem (4.1) admits a nontrivial solution. Then

sinh(6,)
lu(m)| > anh(NE' 4.4)
meB(O,N-1) anh(N0,)
Proof. Let u be a nontrivial solution. As in the proof of Theorem 4.1, we obtain
1< >0 GROmm) lu(m)]
meB(O,N—1)
Using sup,,.cpon-1) G]l\),’a(m, m) = tanh(N6,)/ sinh(6,) (Lemma 3.4), we get
tanh(N6,)
P<( sup GRumm) D0 luGml= 2=t D ()l
meBO.N-1) meBON-1) sinh(6.) meBON-1)
This yields (4.4). |

Remark 4.4. As @ — 0%, the operator L, reduces to —A, and the interior equation in (4.1) becomes a
standard second-difference equation. Indeed, when a = 0 the relation

—Au(n) = u(n) u(n)
is equivalent to
un+1) —2u(n) +un—1) + p(n) u(n) =0, neBON-1),

after setting p(n) = 2u(n) (in particular, p > 0 corresponds to u > 0).

With the shift k = n + N, the Dirichlet problem on BO,N — 1) = {-N +1,...,N — 1} is equivalent
to the classical Dirichlet problem on {1, ...,2N — 1} with boundary values at O and 2N.

Moreover, since cosh8, = 1 + a, one has 8, — 0 as a — 0 and

sinh(6,) . 1

tanh(N6,) N’
Consequently, when u > 0 the Lyapunov-type inequality (4.4) yields, in the limit,

2N-1

e

k=1

which agrees with Cheng’s sharp constant for length 2N — 1 (see [18]).

4.2. The Dirichlet system

We next consider a coupled Dirichlet problem on B(0, N — 1) involving modified discrete Helmholtz
operators. Such systems arise when several discrete states or components interact through coupling
potentials. In this setting, the scalar coefficient u is replaced by a matrix-valued potential (y;;), and
the existence of a nontrivial vector solution is controlled by a spectral condition involving the size of
the coupling terms. This motivates the extension of the scalar Lyapunov-type inequality to a system
criterion based on the spectral radius of an associated non-negative matrix.
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Let y;;: BO,N — 1) — R for i,j € {1,2}. We investigate the existence of nontrivial solutions
(u,v): B(0, N) = R? to the system

Lou(n) = p(m) u(n) + p2(m) v(n), n e BO,N-1),
Lpv(n) = po1(n) u(n) + pxn(n)v(n), n € BO,N - 1), (4.5)
u(xN) =0, v(=N) = 0.

Here a,8 > 0, L,w = —Aw + aw, and Lzw = —Aw + Sw.

By a nontrivial solution of (4.5), we mean a pair («,v): B(0, N) — R? satisfying the system and the
Dirichlet boundary conditions u(+/N) = v(+N) = 0, and such that (u,v) # (0,0) on B(0, N).

For a real 2 X 2 matrix A = (a; ])12 j=1> We denote by p(A) its spectral radius, that is,

p(A) = max{|1| : A1is an eigenvalue of A}.

Theorem 4.5. Assume that the coupled Dirichlet system (4.5) admits a nontrivial solution
(u,v): B(O,N) — RZ% Set

B tanh(N6g)

_ tanh(N6,) b(N.B) =

aN, ) sinh(d,) ’

My= >, luyml, ije{1,2).

N ) ij
sinh(6p) meB(O,N-1)

Then

(4.6)

p(K) > 1 K:[“(N’“Wn a(N,oanz)

b(N,B)M>1 b(N,B)M»

Proof. Let (u,v) be a nontrivial solution. Using the Dirichlet Green functions associated with £, and
Lg, we have, for every n € B(0, N),

um) = > G m)(n (mu(m) + pp(myv(m)),

meB(O,N-1)

v = Y GR0Lm)ua (mulm) + pan(mv(m)).

meB(O,N-1)

Since G, > 0 and G, > 0 (see Lemma 3.1), it follows that

ol < > GR ) ) lum)| + o) v,

meB(O,N-1)

el < > Gl m)(la (m)l )] + o (m)] ).

meB(O,N-1)

Taking the maximum in »n and using (see Lemmas 3.3 and 3.4)

sup Gy, (n,m)=Gy (m,m)< sup Gy, (m,m)=aN,a),
neBON) ’ meBON-1)

sup Gf,ﬁ(n,m) = Gﬁ,ﬁ(m, m) < sup Gf,ﬁ(m, m) = b(N, ),
neB(0,N) meB(0,N-1)
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we obtain
lulleo < a(N, &)(Millullos + MialIvlco),

Ml < BN, B)(Marlulles + Maallvleo).

X = (”u”oo) c R2.

Set

VIl

Using the componentwise partial order < on R?, the above inequalities can be written as
X < KX.

Since (u, v) is nontrivial, we have X # 0 and X > 0. Moreover, K has non-negative entries.
Assume by contradiction that p(K) < 1. Then the Neumann series converges and

(I-K)'= i K"
n=0

is well-defined and has non-negative entries. Multiplying X < KX by (I — K)~! yields
I-K)7'X<(UI-K)7'KX=(I-K)"-DX,

and hence X < 0. Since also X > 0, we obtain X = 0, a contradiction. Therefore, p(K) > 1, which
proves (4.6). O

We next study the sharpness of the Lyapunov-type inequality (4.6).
We introduce the class

M= {,u = (Uiji<ij<2 : Mij: B(O,N —1) — [0, 00) and the system (4.5) has a nontrivial solution}.

For u € M, let K = K(u) be the 2 X 2 matrix given by (4.6).

Theorem 4.6. One has
min p(K(w)) = 1.
pueM

Proof. By Theorem 4.5, on has
p(K(w) =1 for all u € M.

It remains to show that the above lower bound is attained. Fix m,,mz € B(0,N — 1). For all
m € B(0,N — 1), define

Smm, Om,mg

—_— Hoo(m) = ————r, Hi2(m) = ppi(m) = 0.
Gﬁ’a(maa ma) Ggyg(mﬁa m,B)

pi1(m) =

Set
l/l(n) = Gﬁa(”l, ma/)’ V(l’l) = G]?/ﬁ(”? mﬂ)9 ne B(O’ N)
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Then u(£N) = v(£N) = 0 and (4, v) # (0,0). Moreover,
Loun) =6, Lpv(n) = Sy ne€ BO,N - 1).
On the other hand,
Hu(mu(n) = 6ym,, Mo (m)v(1) = 6y my, neBO,N-1),

and uy, = ur; = 0. Hence (u, v) is a nontrivial solution of (4.5), so u € M.
For this choice,

1 1
M = Hi(m) = ———, My = Hn(m) = ———,
mEB%;V—l) Gg’a(m(17 m(l’) mEB%;V—l) Gﬁ’ﬁ(mﬁ’ mﬁ)
and M|, = M,; = 0. Therefore
a(N, a) 0
Gy (mq,my)
Ko=) b(N,B)
Choose m, = mg = 0. By Lemma 3.4,
Gy,(0,0)= sup Gy,(mm)=a(N,a)
meB(0,N-1)
and
Grp(0,0) = sup Gyg(m,m) = b(N,p).
meB(O,N—1)
Hence K(u) = I, so p(K(u)) = 1. Consequently, min,ep p(K(u)) = 1. m|

We now consider the special triangular case: uy; = o = 0. In this case, the system (4.5) reduces to
Lou(n) = pip(n) vn), n € BO,N - 1),
Lgv(n) = po(n) u(n), n€ BO,N - 1), 4.7
u(xN) =0, v(£N) = 0.

Corollary 4.7. Assume that the system (4.7) admits a nontrivial solution. Then

sinh(é,) sinh(6s)
( ,Ulz(m))( ,Uzl(m)) > :
e B%;V— b - B%_ N tanh(N6,,) tanh(N6g)

Proof. Since uy; = ux = 0, we have My, = My, = 0, and the matrix K given by (4.6) reduces to

K_( 0 a(N,a)Mlz)
bV, ) M2 0 '

Hence,

p(K) = \/a(N, a@)b(N, ) M2 M.

By Theorem 4.5, the existence of a nontrivial solution implies p(K) > 1. Therefore,
a(N’ a,)b(N’ﬁ) M12M21 > 1,

which is exactly the desired inequality. O
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5. Applications to a weighted eigenvalue problem

In this section, we apply the Lyapunov-type inequalities obtained in Section 4 to a weighted
eigenvalue problem. The bounds obtained below have a concrete spectral utility. They provide
explicit and easily computable estimates for the first eigenvalue of a weighted discrete Helmholtz
problem without requiring the exact solution of the generalized eigenvalue equation.  Such
information is useful when one wants to locate the spectrum, compare the effect of different weights,
or estimate how the parameters N, @, and yu influence the threshold for the existence of nontrivial
solutions.

More precisely, let u: B(O,N — 1) — (0, c0) be a given weight function, and consider the Dirichlet
problem

{Lau(n) = Au(n) u(n), neBO,N-1), 5

u(—-N) =0, u(N) = 0.

A real number A is called an eigenvalue of (5.1) if the problem admits a nontrivial solution u # 0.

5.1. Matrix representation of L,
We identify a function u: B(0, N) — R with the vector

U=u(-N+1,u(-N+2),...,u(N=1) =U;,U,...,Up_y) € R?N,

and impose the Dirichlet boundary conditions by setting u(—N) = u(N) = 0.
Recall that, forn € B(O,N — 1),

1
Loun) = (1 + a)u(n) — E(u(n + 1)+ u(n-1)).
Using this identification and the boundary conditions, the mapping

u = (Lou(n),cpon-1)

is represented by a (2N — 1) X (2N — 1) real matrix, denoted by L,, defined by
1 .
(LQU)j:(l+Q’)Uj—§(Uj_1+Uj+1), ]:1,...,2N—1,

with the convention U, = U,y = 0, corresponding to the Dirichlet conditions.
Equivalently, L, is the tridiagonal symmetric matrix

l+a -3 0 0
1 1
-3 1+a -5
— 1 (2N-1)x(2N-1)
L, 0 -1 1+e 0 |€R :
. .. 1
. . —E
0 0 —% 1+a

In particular, L, is symmetric positive definite and therefore invertible. Since L, is real symmetric, all
its eigenvalues are real. We denote by

0< ALQ < Az’a <---<Z AZN_LQ
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the eigenvalues of L,, counted with multiplicity and arranged in nondecreasing order. In particular,
A, denotes the smallest Dirichlet eigenvalue of L,. More precisely, we have the following result.

k,a 2N ” 9 .

In particular,
4
Al,a = (1 + Q’) - CO{?\/).

Proof. Fixke€{l,...,2N —1}and set t = % Define V € R*¥~! by
V,=sin(j),  j=1,...,2N—1.

Using the identity sin((j — 1)¢) + sin((j + 1)#) = 2 sin(j¢) cos t, we obtain for j = 1,...,2N — 1, with the
convention Vy = Vo =0,

1
LV)j= A+ @)V = 5 (Vi + Vi) = (L + @ =cos ) V.

Hence V # 0 1is an eigenvector and the associated eigenvalue is Ay, = (1+a@)—cost = (1+a)— cos(% .
Taking k = 1 yields the formula for A,,. O

5.2. Matrix formulation of the weighted eigenvalue problem

We now rewrite (5.1) in matrix form. As before, we identify a function u: B(0, N) — R satisfying
u(—N) = u(N) = 0 with the vector

U=u(-N+1),u(-N+2),...,u(N—-1)" e R*

With this identification, the operator £, is represented by the matrix L,.
Define the diagonal matrix

M, = diag(u(—N + 1),u(=N +2),...,u(N — 1)) € REN"DXCN=D,
Then problem (5.1) is equivalent to the generalized eigenvalue problem
LU =AM,U. (5.2)

Since L, is real symmetric positive definite and M|, is real symmetric positive definite, problem (5.2)
is a symmetric definite generalized eigenvalue problem. In particular, all its eigenvalues are real, and
the smallest eigenvalue admits the variational characterization

. (LU, U)
0< A, =mn————,
’ vz0 (M,U, U)

where (-, -y denotes the standard Euclidean inner product on R?V~!,
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5.3. Two-sided bounds for the first eigenvalue

In this subsection, we derive two-sided estimates for the first eigenvalue 4;, of the weighted
problem (5.1). We first establish a Lyapunov-type lower bound and then obtain an upper bound using
the variational characterization. Combining these two estimates yields an explicit bracket for 4, ,.

Theorem 5.2. Let i: B(O,N — 1) — (0, ), and let A, ,, be the smallest eigenvalue of (5.1). Then
S sinh(6,) 1
= tanh(N6,) > um)

meB(O,N-1)

Proof. By the definition of 4, ,, there exists a nontrivial function u # O such that
Lou(n) = Ao p(n) u(n), ne BO,N-1), u(xN) = 0.
Applying Corollary 4.3 to g(n) = A; ou(n) yields

sinh(8,,)

Ay pi(m) > —0Ya)
Lak(m) 2 NG

meB(O,N~-1)
Since ).,epon-1)M(m) > 0, dividing both sides by ».,.cpo.n-1) () gives the claim. O

Theorem 5.3. Let u: B(O,N — 1) — (0, ), and let A, ,, be the smallest eigenvalue of (5.1). Then

1,

min n)’
neBiom-1 " (m)

Ao <

where A1, is the smallest Dirichlet eigenvalue of L.

Proof. Let M,, = diag(u(—N + 1),...,u(N — 1)). By the variational characterization of the smallest
generalized eigenvalue of (5.2), we have

(LU, U)

Adlg= mn -——71—=.
“ T yerav-i\oy (MU, U)

Let U, , be an eigenvector of L, associated with A;,. Then
<L0U1,m Ul,a) = Al,()z(Ul,a’ Ul,a>-

Moreover,
(MU, Ura) = Y () U (n)?
neB(O,N-1)

>( min n Z Uy o(n)*
(. min  uo) 2 U

= (,_min | KD)U1: Ura).

Therefore,
<LaU1,aa Ul,a> < A],a

/11,(2 < = N .
(MU, 4,U1,)  mingepon-1) 1(n)

O
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Corollary 5.4. Let u: B(O,N — 1) — (0, 00). Then the first eigenvalue A, , of (5.1) satisfies

Sinh(6,) 1 . 1+a)- Cos(%)
> la = :
tanh(N6,) Z u(m) nesON-1)H )

meB(O,N-1)

Proof. The lower bound follows from Theorem 5.2, while the upper bound follows from Theorem 5.3
and the expression of A;, given in Lemma 5.1. O

5.4. Numerical illustration of the eigenvalue bounds

In this subsection, we illustrate numerically the two-sided estimate obtained in Corollary 5.4. For
a given positive weight function y, we compute the first eigenvalue 4, , of the weighted problem (5.1)
for several values of the parameters N and «, and we compare it with the explicit lower and upper
bounds provided by the Lyapunov-type inequality and the variational estimate.

More precisely, for each choice of (N, o) we evaluate

z

sinh(6,) 1 (1 +a) - coq 37
tanh(N6,) Y uepon-1y1(m)’ Min,epon-1) 4(1)’
and verify numerically that the first eigenvalue lies between these two quantities. We also examine

how the sharpness of the bracket depends on N, a, and on the choice of u.
All numerical computations were performed using MATLAB.

Baseline weight u = 1. When u(n) = 1 on B(O,N - 1), we have M, = I, where I denotes the
identity matrix in RZ¥-DX@N=D_ Hence the generalized eigenvalue problem (5.2) reduces to the
standard eigenvalue problem

LU = AU.

In particular,

n
/11,0[ = Al,oz = (1 + (l’) — COS (ﬁ),
and the double inequality in Corollary 5.4 reduces to
1 sinh(8,) T
<(+a- — .
W= tannvgy S 9o ()
Equivalently,
f(N,a) < g(N, a), (5.3)
where inh(6,)
sinh(6, i
f(N,a) = w.nh(—N%)’ g(N,a) = (2N - 1)((1 + @) — cos (ﬁ))

Figure 2 provides a three-dimensional numerical illustration of inequality (5.3). The surface
corresponds to the function f(N,a), while the wireframe represents g(N, @). The figure shows that
f(N,a) < g(N,a) forall N = 2,...,30 and a € (0,50), confirming that the Lyapunov-type lower
bound holds throughout the displayed range of parameters. Moreover, the increasing separation
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between the two graphs as N or o grows illustrates the explicit dependence of the bound on both the
size of the discrete domain and the parameter a.

Comparison of f(N,a) and g(N,a)

3000

2500

2000 ~
E 1500
s

1000 -

500

co

Figure 2. Three-dimensional representation of the functions f(N, @) (surface) and g(N, @)
(wireframe) for N = 2,...,30 and a € (0, 50).

The data used in Figure 2 were generated by evaluating the closed-form functions f(N, a) and
g(N, @) on the grid
N=2,...,30, a € (0,50).

A localized weight depending on a parameter ¢ > 0. We now consider a nonconstant weight
function depending on a parameter ¢ > 0, defined by

) = c, n=0,
HAV =0 neBO,N-1)\{0).

Clearly, u.(n) > 0 for all n € B(0, N — 1), so the weighted eigenvalue problem (5.1) is well defined for
every ¢ > (. This choice represents a localized perturbation of the constant weight and allows us to
examine the influence of a single parameter on the bounds for the first eigenvalue.

In this case, one has

(m)=c+2N -2, min u.(n) = min{c, 1}.
me%_l)u (m) min () = minfc, 1)

Therefore, Corollary 5.4 yields

i l+a)- 7
1 sinh(6,) <10 < (1 +a) - cos(5y)
¢+ 2N — 2 tanh(NG,) ’

min{c, 1} (54)

To compute 4 ,(c), we use the matrix formulation introduced in Subsection 5.1. In the present
localized case, the weight matrix M, is diagonal with entries 1, except at the site n = 0, where the
entry is c. Hence,

M, =diag(l,...,1,c,1,...,1) e RBV-DxCN=D

where the entry ¢ corresponds to the node n = 0.
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Thus, 4, (c) i1s the smallest generalized eigenvalue of

Equivalently, since M,,_ is positive definite, setting

one has

LU =AM,U.

—-1/2 —-1/2
AC = M.ur/ LaM,uc/ ’

A1 4(c) = mino(A,).

Therefore, 4, ,(c) is computed as the smallest eigenvalue of the real symmetric matrix A, of size 2N—1.

Here o(A,) denotes the spectrum of A..

To illustrate (5.4) numerically, we compute 4, ,(c) by evaluating the spectrum of the symmetric
matrix A.. Namely, for each fixed (N, a,c) we compute 0(A.) in MarLaB and extract its smallest

element. We then compare this value with the explicit bounds in (5.4).
Tables 1-3 provide numerical values of the first eigenvalue A,,(c) for N

representative choices of a.

4 and for three

/ll,(x(c)

—_ o O
O@OO\]O\LA-PUJ[\)HMHQ

20.286149
20.280902
20.076120
10.476190
6.988090
5.242059
4.194044
3.495236
2.996030
2.621597
2.330355
2.097353

c A14(0) ¢ A1,4(0)
0.1 0.218300 0.1 1.208429
0.5 0.199147 0.5 1.171647

1 0.176120 1 1.076120

2 0.137725 2 0.752246

3 0.110402 3 0.535557

4 0.091236 4 0.411581

5 0.077408 5 0.333411

6 0.067079 6 0.279958

7 0.059115 7 0.241188

8 0.052807 8 0.211809

9 0.047696 9 0.188791
10 0.043476 10 0.170275

Table 1. 2,,(c) for Table 2. A,,(c) for
N=4and a =0.1. N=4anda =1.

Table 3.
N =4 and a = 20.

A14(c) for

A comparison of these tables reveals two systematic effects. For each fixed value of «, the first
eigenvalue 4, ,(c) decreases as ¢ increases, showing that strengthening the localized weight at the
origin consistently lowers the first eigenvalue of the weighted problem. On the other hand, for each
fixed c, the values of 1, ,(c) increase with @, and the sensitivity with respect to ¢ becomes markedly
stronger as a grows. In particular, the range of variation of 4, ,(c) over ¢ € {0.1,0.5,1,2,...,10} is
relatively small for @ = 0.1, more pronounced for @ = 1, and very large for @ = 20. This comparison
highlights the combined influence of the parameter a and the localized parameter ¢ on the spectral
behavior of the weighted discrete Helmholtz problem.

Figures 3-5 are generated from the numerical values of 4, ,(c) = mino(A,) and from the explicit
lower and upper bounds in (5.4), for N = 4, @ € {0.1, 1,20}, and ¢ € [0.1, 10].
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A1,a(c)
—— Upper bound
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0.00
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1 sinh(0,)
c+2N-2 tanh(N6,)’

Figure 3. Graphical comparison, for N = 4 and a = 0.1, of the lower bound

(1+a)—cos( ﬁ)

: as functions of ¢ > 0.
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the first eigenvalue 4, ,(c), and the upper bound
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Figure 4. Graphical comparison, for N = 4 and @ = 1, of the lower bound

(1+a/)—c0s( %)

the first eigenvalue 4, ,(c), and the upper bound as functions of ¢ > 0.
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1 sinh(6,)
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Figure 5. Graphical comparison, for N = 4 and @ = 20, of the lower bound

(1 +a)—c0s( ﬁ)

. as functions of ¢ > 0.
min{c,1}

the first eigenvalue 4, ,(c), and the upper bound
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Similarly, Figures 4 and 5 compare, for N = 4 and @ = 1 and @ = 20, respectively, the numerically
computed first eigenvalue 4, ,(c) = mino(A,) with the explicit lower and upper bounds in (5.4). In
both cases, the curve of 4, ,(c) remains between the two bounds for all displayed values of ¢, illustrating
the behavior predicted by (5.4) for these choices of parameters.

6. Conclusions

In this work, we investigated Lyapunov-type inequalities for boundary value problems involving the
modified discrete Helmholtz operator on finite balls of the integer lattice. Our approach relies on an
explicit construction of the Dirichlet Green function associated with £, on B(0, N — 1), together with
sharp positivity and supremum estimates. These estimates yield a weighted Lyapunov-type inequality
for the scalar Dirichlet problem, with a sharpness result, and they also lead to a spectral-radius criterion
for the corresponding coupled Dirichlet system.

As an application, we considered a weighted eigenvalue problem and derived explicit two-sided
bounds for the first eigenvalue by combining the Lyapunov-type lower estimate with a variational upper
bound, using the explicit eigenvalues of the associated tridiagonal matrix. Numerical experiments for
localized weights confirm the validity of the bounds and illustrate their dependence on N, «, and the
weight.

Finally, motivated by Remark 2.1 and the identification of Z with the infinite 2-regular tree, it
would be natural to extend the present framework to (g + 1)-regular trees T, with ¢ > 2. In particular,
developing sharp Green function estimates on finite balls of 7, for discrete Helmholtz-type operators
and deriving corresponding Lyapunov-type inequalities and eigenvalue bounds constitute an interesting
direction for future work.
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