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1. Introduction

All graphs discussed in this paper are simple, finite, undirected, and connected. Terminology and
notation not explicitly defined herein follow those of Bondy and Murty [1].

Let G be a graph with vertex set V(G) = {vi,v,,...,V,}, and let A(G) denote its adjacency matrix.
The degree of vertex v; is denoted by d;, and D(G) = diag(d;, d>, . . ., d,) represents the diagonal degree
matrix. The Laplacian matrix and signless Laplacian matrix are defined as L(G) = D(G) — A(G) and
L*(G) = D(G) + A(G), respectively. The characteristic polynomial @, (G, x) = |xI, — M| is referred
to as the A-polynomial, L-polynomial, or L*-polynomial of G when M = A(G), L(G), or L*(G),
respectively. Throughout the paper, the variables A, u, and v are used for the adjacency, Laplacian, and
signless Laplacian characteristic polynomials, respectively; that is, we write ®4(G, 1), ®.(G, u), and
@, (G, v). The corresponding eigenvalues are denoted by A;, y;, and v;. For further details on spectral
properties, see [2—4].

Graph energy is a significant concept in spectral graph theory, originally introduced by Gutman [5]
in the context of mathematical chemistry. For a simple graph G with adjacency eigenvalues
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Ay, Ay, ..., Ay, the energy is defined as
EG) = )" 14l
i=1

More recently, Gutman and Zhou [6] defined the Laplacian energy of a graph G with n vertices and
m edges. Let uy, 1o, . . ., 1, be the eigenvalues of L(G). The Laplacian energy is given by

n

LE(G) = Z

i=1

2m
(i ——|.
n

Similarly, let vy, v,,...,v, denote the eigenvalues of L*(G). The signless Laplacian energy [7] is
defined as

n

LE*(G) = Z

i=1

2m
yi— —|.
n

We use the standard Gutman—Zhou definition of Laplacian energy, in which the Laplacian eigenvalues
are centered at the average degree 2m/n. This centered form measures the deviation of the Laplacian
spectrum from the average degree and is different from the nonstandard variant that sums the absolute
Laplacian eigenvalues without centering, which equals 2m, according to the fact that the Laplacian
matrix is a positive semi-definite matrix.

For additional background on graph energies and their chemical applications, we refer to [8§—10].

A Dutch windmill graph DY, consists of g cycles of length p sharing a common vertex vy. Its vertex
set is

V:{Vo}U{l/lk,[llSkSq, ISfSp—l},

and its edge set is
E = {vour1, Upettipsr, Ugp-1vo |1 <k <q, 1 <0< p-2}

Thus, D} contains (p—1)g+ 1 vertices and pq edges. Note that D} corresponds to the friendship graph,
and D, is the cycle C,,.

Farahani et al. [11] and Wu et al. [12] computed the energies of several families of Dutch windmill
graphs, as summarized below.

Theorem 1. [11,12] The energies of the Dutch windmill graphs D§, D}, DY, and D} are given by:
(i) E(Dg) =2qg—-1+ +/1+8q;
(ii) E(DY) =2(V2q - V2 + \2q +2);

(iii) E(D;’) =2 \/gq— \/§+/\(, where y = |As| +|Ag| +|45], and As, A, A7 are the roots of *> — 2> — (2q +
DA +2q = 0;

(iv) E(DZ) =2g+2 \/g((] “1)+2 \/261+3+ \/;q2—4q+9 40 2q+3—\/;q2_4q+9.

These earlier works motivate a systematic treatment of the spectra of Dutch windmill graphs. In
particular, the energy formulas for several small values of p are available in the literature, while the
corresponding characteristic polynomials and the centered Laplacian energy formulas require a unified
presentation. Zhao and Wang [13] also obtained an upper bound for the Laplacian energy of the
windmill graph denoted by D,, ¢, .
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Dutch windmill graphs and related windmill-type graphs also occur in studies of topological indices,
resistance distances, and Kirchhoff indices. For example, vertex-based topological indices of double
and strong double graphs of Dutch windmill graphs were studied in [14], topological indices of line
graphs of Dutch windmill graphs were considered in [15], and resistance distance and Kirchhoff index
formulas for windmill graphs were investigated in [16].

The contributions of this paper are as follows. First, we derive closed-form expressions for the A-,
L-, and L*-polynomials of D}, for general p and g. Second, we recover the known energy formulas for
Dj, Dj, D, and D from the general A-polynomial. Third, using the standard Gutman—Zhou definition,
we obtain explicit Laplacian and signless Laplacian energy formulas for these graphs. Finally, we
record additional factors of the characteristic polynomials, which provide further spectral information
for general p.

2. Preliminaries

Throughout the paper, we use ®y(x) = |xI, — N| to denote the characteristic polynomial of an n X n
matrix N.
Now we state some useful results.

Theorem 2. [2] Let C,, n > 3 be a cycle with n vertices. The eigenvalues of C,, are 2cos %, k =
1,2,--- ,n.

Theorem 3. [2] Let P,, n > 1 be a path with n vertices. The eigenvalues of P, are 2cos n’% k =
1,...,n.

Corollary 1. Let P,, n > 1 be a path with n vertices. The A-polynomial of P, is

n kﬂ'
Oyu(P,,A) = (A —=2cos
1;[ n+1

).

The next result plays a key role in our proofs.

Lemma 1. [17] Let the graph of order n have a special kind of symmetry so that its associated matrix
is written in the form

X B B - B
,BT B C ..- C
M=t C B . :f,
. .. C
s Cc --- C B

where X € R, B € R™, B,C € R™, and n =t + c¢s, where ¢ > 1 is the number of copies of the block
B. Let 0(X) denote the spectrum of the matrix X, and let 7*(X) denote k copies of the spectrum of X.
Then

(1) o(B — C) C o(M) with multiplicity c — 1.

(2) c(M)\o“"D(B - C) = (M) is the set of the remaining t + s eigenvalues of M’, where

w=| X Ve
“\Veg" B+ (c-1)C)
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3. A-polynomial of Dutch windmill graph D?

In this section, we mainly consider the A-polynomial of the Dutch windmill graph D}, and derive a
general closed-form expression for it.

Theorem 4. Let p > 3, g > 1 be integers. Then the A-polynomial of the Dutch windmill graph DY, is

(DA(D A) = n(/l 2cos l_[(/l 2005—)—2qn(/l 2003

)—2q

Proof. Let V(D;’,) ={Vo, Ut 1, U1, oo Ul pets- s Ugis Ug2, -, Uy p-1). Then the adjacency matrix of the
Dutch windmill graph D} can be written as

gt B C --- C
A= ﬂT C B -. : ,
Do . . C
T RS
CES ¢ B (p—Dg+1
Where X — (0) c Rlxl’ﬁ c R]X([)—l)’
0 1 0
1 0
B=(l 0 0 ) B2 1 ’
0o - 1

(p=Dx(p-1)

and C € RP~D*(=D ig the zero matrix.
Here, B — C = B is the adjacency matrix of the path P,_;. So, the A-polynomial of DY obtained by
Lemma 1 and Corollary 1 is

DA(D, 1) = DL (1) - Dar(A)
= 0% () - O ()

p-1 a1
=[] [ =2c0s )| - Du(a),
k=1
where by Lemma 1(2), we can obtain that A’ is a p X p matrix as follows
0 vg 0 Va
Vg 0 1 0
A =[0 I 0
: 1
Vg O 1 0 )
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The characteristic polynomial of A’ is

A -3 0 —\q
-vg 1 -1 0
Op() = A, -A)=| 0 -1 2
S .
-\yg 0 - -1 2

p

Expand the first column of the above determinant, and get three parts. Then expand the first rows of
the last two parts, respectively, and we get

Dy () = - Oy(Pp_1, ) = Dy(Pp, 1) — 2q.
From Corollary 1, we further obtain

kn
p—1

p-1 p—2
k
Ou() =2 [ [(1-2c0s =) =29 [ [~ 2cos =) - 2.
p i}
k=1 k=1

The proof is thus complete. O

By setting p = 3,4,5,6 in Theorem 4, the known formulas in Theorem 1 are recovered. Since
Theorem 1 has already been cited from the literature, we omit the detailed verification.

While the eigenvalues of A(D?) can, in principle, be determined for specific values of p and g,
the explicit form of the A-polynomial is highly complex, making direct factorization impractical for
general eigenvalue computation. Although symbolic computation tools such as Maple allow us to
calculate graph energies for a broader range of parameters, we refrain from including these results
due to the excessively cumbersome and intricate nature of the resulting expressions. Nonetheless,
alternative methods enable the derivation of additional eigenvalues beyond those obtained by direct
factorization.

Theorem 5. Let p > 3, g > 1 be integers. Then the A-polynomial of the Dutch windmill graph D}, has
the following factorizations:

(i) if p is odd, then

p-1

2 2k q
o080 = | (a —2cos 7”) :
k=1

p—1
2

f— q_l + p—
(1-2COSM) .(fz‘ :

k=1 p

(ii) if p =2 (mod 4), then

P
£

2\’
OADL D) = | |(/l—2cos—7r) :
p
k=1 k

[S1pS]

2%k - D\, ,
(/I—ZCosu) '(/17+1+C£/17+---+C0);
1 p ’

(iii) if p = 0 (mod 4), then

p
L

2k \?
D (D, 1) =1 - (/1—2005 —”) :
k=1 lj k

[S1aS)

2%k - D\, )
(/1—2005 u) (A HC 2T 1 G).
1 p ’
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Proof. Following the idea of the proof of Theorem 4, we only need to prove @4/ (1) is
p-l p+1 1

[1,2,(A=2cos 22) - (7 + Cot A7 +... + Co), if pis odd;

[ (A~ 2cos %) A8+ 4 Cy 2% +...+ Co). if p = 2 (mod 4);

A T15 (= 2cos 22y - (A5 + Cy 257 +...+ Co),if p= 0 (mod 4).
Note that D; = C,,. It follows from Theorems 2 and 4 that

p-1 ko p—2
A- lk:[(/l —2cos ;) - 21;[(/1 —2cos

k E 2k
" y_2= ]_[(A—zcos—”).
! =i p

So, we get
P2 p-1 )4
k k 2k
2[ ] -2cos " yi2=2. l—[(/l—Zcos—ﬂ)— ﬂ(/l—2cos—”),
k=1 p-1 k=1 P e P
and thus
P km p2 km
D)= [ [(A=2c0s =)= 2¢[ [(A=2cos =24
k=1 p k=1 I
p-1 )4
k 2k
== [ J(a-2c0s Z) + g [d-2c0s =),
k=1 p k=1 p

Factoring out the common parts from the two terms on the right-hand side, we get:
If p is odd, then

p-1

Oyp(D) =1 -g)- l_[(/l —2cos &r) . ]—[(/1 —2cos M)
k=1 p k=1 D

-l -1

2%k 2%k
tq] [a-2c0s =) [ @=-2c0s =5)
p p

=1 _p+l
o=t

=~

p-1
2

2k p+l p-1
(A=2cos =5y . (25 + Crad™ +...+C).
p

=~

=1
If p =2 (mod 4), then
- Dn

-1
2 2
Ou() =1 - d- | J(4-2cos L, [ Ja-2cos (2k= D,
k=1 P e p

[S1pS}

-1 -1
2k T 2k
+q| [(A—2cos —ﬂ) . 1_[(/1 —2cos —ﬂ)
4 p

k=1 k:%
2%k
= Ta=2cos 25y . (3 + Codd +...+ Cy).
k=1 p :
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If p =0 (mod 4), then

O =(1 = g)A- | |- 2cos He | J(a-2cos (k= D,
k=1 p k=1
2 okr i 2k 2.8 2 2k
+qg| |[(1—2cos—)- l—[(/l—Zcos—)-(/l—Zcos 4 ) - rl (1—=2cos —)
L P p P p

21

[ 2k p »
=1 [ J(a-2cos Iy iy A 0.
p
k=1
Thus, we complete our proof. O
4. L-polynomial of the Dutch windmill graph D/

In this section, we mainly consider the L-polynomial of Dutch windmill graph DY, and obtain
Laplacian energies of D?, following the ideas of Section 3.

Lemma 2. Let B, = 21, — A(P,), n > 1, where P, is a path of n vertices. Then the eigenvalues of B,
are

nj .
2-2 , =1,...,n.
Cosn+1 Jj n

The lemma follows immediately from Theorem 3 and the linear-algebraic fact that if A(P,)X = AX,
then (21, — A(P,))X = (2 — DX.

Theorem 6. Let p > 3, g > 1 be integers. Then the L-polynomial of the Dutch windmill graph D, is

p-1 .

jr

-2 || -2+ 2cos —
=29 | |(u +cosp)

p-1 .
OLD% ) = | (=2 +2c0s Lyt

J=1

jr
p—1

p—2
~2q [ -2+ 2cos )+ (=Pt -2q].
=1

Proof. From Theorem 4, we know the adjacency matrix of DY is

0 ,3 ﬁ ﬁ
g B C --- C
ADYH=|g" C B . ,
N o
T « o o
\,8 ¢ ¢ B(p—l)q+1
Where X — (O) c Rlxl’ﬁ c RIX([)—I)’
0 1 0
1 0 .
=1 0.0, l)lx(p—l)’B: ST ’
0 0 (p-Dx(p-1)
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and C € RP~DXP~1 ig the zero matrix. The degree matrix of DY is

29 0 0 - 0
02 0 - 0
D(DY) =
: 0
00 - 0 2

Thus, the Laplacian matrix of DY is

L(D}) =D(D}) — A(DY)

24 P B B
-’ 21,,-B -C - —C
=|-" -c 21,,-B :
: : - -C
8T -C .. —C 2I,,-B

(p=Dg+1

Here, (21,-; — B) — (=C) = 2I,_; — B is the matrix pr_l in Lemma 2. So, it follows from Lemmas 1
and 2 that the L-polynomial of DY is

@L(D, 1) = lalp-1yger = LD}
= O @) Pr()

p—1 . q-1
=|[Jw-2+2c0s 5| - opq.
=1 p
where
% N7 0 -E
-vg 2 -1 - 0
r=lo -1 2 - :
.|
-vg 0 - -1 2

p
Expanding the determinant as in the proof of Theorem 4 and using Lemma 2, we get

Dy () =(u = 29) - Oy (1) = 2qPp (1) + (=D - 29

p—1 . p—2 .
=(u-2q) | [ =2+ 2cos Iy o4 [ Toe—2+2cos J”I) 4 (=P 2g.
j=1 p = p-
Thus, the proof is complete. m|

Now we can get the Laplacian energies of the Dutch windmill graphs.

Theorem 7. The Laplacian energies of the Dutch windmill graphs D, D, D%, and D, are, respectively,

AIMS Mathematics Volume 11, Issue 6, 16697-16711.
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. 2
(i) LE(D)) = *5242;

(ii) LE(DY) = 2V2(g — 1) + 3144,

(iii) LE(D}) = \Aq> = 4q+5+ (g = D5 + 3

. 2
(iv) LE(DY) = 2V3(q — 1) + L2902 4 oy yohere y = 52, ‘

@ = 2g + 6)u* + (10g + Qu — 10g — 2 = 0.

5q+1 and 7, ug, py are the roots of

Proof. Note that Dj, contains n = (p — 1)g + 1 vertices and m = pq edges.
(i) By Theorem 6, we can obtain that

LD, ) =(u = D" (u =3 [ = 2q) (1 = 1) = 3) = 2q(u = 2) + 2q]
=u(u— D" (= 3)u - 2q - 1).

The eigenvalues of L(Dj) are uy = 0, up = 1 (g — 1 times), u3 = 3 (g times), and py = 2g + 1,
respectively. So

2m 2m 2m 2m
LE(DY) =luy = =1+ (g = 1)l = =1+ q s = —1 + s = —|

6g q 6q
=0 — +@-1-]1-—"—|+q-|3- +Rg+1 - ——
| 2q+1| (g-1)-| 2q+1| q-l 261+1| 12g 2qu1|
847 +2g+2
o 2g+1

(i1) Similarly, we have

LD, ) =p - (= 2)7 - (u* =4 + 27" (1 = (2 + D + 6 + 2],

(DL ) =p - (@ =3+ DT (P = 5u+5)7 - [P = (2 + Bu + 4q + 1],

O (D) =p- (=2 (@ =4+ DT (=1 (= 3) - [~ (2q +6)
1>+ (10g + 9)u — 10g — 2.

The following factorizations and absolute-value simplifications were obtained by direct symbolic
expansion; Maple was used only to check the algebra:

8q° +4q +4
LE(DY) =2V2(g - 1)+ ——21—°,
(Dy) (g-D+ 37+ 1
q 10g
LE(DY) =42 —4q+5+(2q - HV5+ ——,
4g + 1

12¢° + 10g + 2

LE(DY) =2V3(g - 1) + FEa TS

where y = |,u7—51q%|+|,ug 5q+1| lto— 5q+1| and p7, g, fo are roots of > —(2g+6)u*+(10g+9)u—10g-2 =
0. O

Similarly to Theorem 5, we can get more eigenvalues of L(DY).

Theorem 8. Let p > 3, g > 1 be integers. Then the L-polynomial of the Dutch windmill graph D}, has
the following factorizations.

AIMS Mathematics Volume 11, Issue 6, 16697-16711.



16706

(i) If p is odd, then
p-1 p—1

2 . qg 2
O (DI, p) =p - (,U —2+2cos %)
j=1

N

._1 q—
(,u 2+ZCos(]—)7T)
p

J=1
1'1 , =3 ,
\uz +C,3,uZ +--+ Gy

(ii) If p is even, then

[STpS}

-1

2jm)?
O(DY, ) =t - (,u—2+2c0s£) :
p

j=1

4
2

2j - D\
(,u—2+2cosu)
p

j=1

Proof Followmg the proof of Theorem 6, 1t remains to prove @y, (u) is
u- H, 1(/1 2+2c0s 2 - (u'T +C’ U7+ 4+ Cy), if pis odd;
u- szl (=2+2c0s 0 (u> + C’E_l,uz ...+ Cy), if pis even.
2
The graph D is a connected graph, and the row sum of its Laplacian matrix is 0. Therefore, 0 is an
eigenvalue of L(Df), and the multiplicity is 1. Next, we discuss two cases according to the parity of p.

Flrst consider the case when p is odd. Let u; = 2 — 2cos T (1<j< P_) and let the vector
- = (X1, X2, X3, -+ , X,), Where

Xi =

Then we have

-vg 2 -l 1
L'xs;=| 0 -1 2 - : HjXa — X1
. . SO :
-vg 0 -1 2 )L -1 )
0
HjXx2
=M% = u;x;
*r/,

So, u; is an eigenvalue of the matrix L’. Thus,

pl
p-

Op(u) = p- ]_[(u 2+2cos—) W= +C, pT+...+C{)).

j=1
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Next, consider the case when p is even. Let u; = 2 — 2cos 2‘% (1 < j < %), and let the vector
X = (X1, %2, %3, -+, Xp), where

0, i=1 or i:§+1,
I, i=2;
Xi = . »
MjXi1— X, 3<i<3;
—Xp—is2s F+2<i<p.
Similarly, we have
- . _).
L'x; = u;x;.

So, p; is an eigenvalue of the matrix L. Thus,

4

Op(u) = p- 1_[(,(1 2+2cos—) (u? FC T L+ Cp).

The proof is now complete. O
5. L*-polynomial of the Dutch windmill graph D’

In this section, we focus on the L*-polynomial of the Dutch windmill graph D} and derive
corresponding signless Laplacian energy formulas. The proof is parallel to that of the Laplacian case,

but we keep the main reduction explicit in order to fix the notation.
For the path P,, the matrix B} = 21, + A(P,) has eigenvalues

2+ 2cos

, j=1,...,n.
n+1 J "

This follows immediately from Theorem 3.

Theorem 9. Let p > 3,q > 1 be integers. Then the L*-polynomial of the Dutch windmill graph DY is

p—1 . \q-1 p-1 .
O (D, v) = (V—2—200$ %T) : [(V—Zq) : n(v—2—2cos ﬂ)

=1 =1 p

p—2

_ZqH(V—Z—Zcosp]fl)—Zq].

J=1

Proof. With the same block decomposition as in the proof of Theorem 6, the signless Laplacian matrix
is obtained from the Laplacian matrix by replacing the off-diagonal entries —3, -3, and —B with
B, BT, and B, respectively. In the notation of Lemma 1, we have X = (2g) € R*!, g € R*»=D,
B=2I, 1 +A(P,) e RF-DX0=D C =0 eRPDrD g=p—1, and c = q. Hence,

O, (DS, v) = F,' (D (v),
p-1

AIMS Mathematics Volume 11, Issue 6, 16697-16711.
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where

29 g O \

Vg 2 1 0

=10 1 2
: PRI |

vg 00 -1 2 o
Expanding |vI, — Q’| along the first row and first column, and using the above eigenvalues of B, gives
the displayed formula. O

Theorem 10. The signless Laplacian energies of the Dutch windmill graphs DS, D, DI, and D! are
as follows:

(i) LE*(DY) = 4‘1;3‘; >+ A2 —4q+9;

(ii) LE*(D) =2V2(qg - 1) + 8g'+4gH,

3g+1
(iii) LE*(DY) = (2q—1)V5+6, where 5 = ¥, ‘ 41(](1‘11
8g+5)yv—-4g=0;
. 2
(iv) LE*(D]) = 2\3(q — 1) + 2002 4y where y = Y2, \v,- )

v —(2g +6)v* + (10g + 9)v — 10g — 2 = 0.

and vy, v, v3 are roots of v — (2q + 5)v* +

and vy, Vs, v are the roots of

Proof. The graph D has n = (p — 1)q + 1 vertices and m = pq edges. For p = 3, Theorem 9 gives

O (D5 v) = (v=3)""- (v = DT [(v = 2¢)(v = 3)(v — 1) = 29(v - 2) - 2¢]
=(v=3)"" (v= 17 [V = (2q +3)v +4q].

Thus, the signless Laplacian eigenvalues are 1 with multiplicity g, 3 with multiplicity g — 1, and

3+ A2 —4g+9 3— \Ag2 —4g+9
. q* =44 .+ ¢ —4q+9

2 ’ 2

Substituting these eigenvalues into the definition of LE* yields (i). For p = 4,5, 6, direct substitution
in Theorem 9 gives

O (DL v) =v-(v=2)7- (v =2 = V2)I 1 (v =2+ V)T )2 — (2q + d)v + 6q + 2],
O (DLv) = =3v+ D7 (P =5v+ 57 [V} = 2g + SV + (8¢ + 5v — 4¢g)),
O (DLy)=v-(v-2)"1- (P —dv+ D (v = Dy - 3)

[V = (2g + 6)v* + (10g + 9)v — 10g — 21].

The stated formulas follow by applying the definition of LE™ to these factors. The polynomial
expansions and factorizations displayed above were checked by direct symbolic calculation; Maple
was used only to verify the algebra. O

We note that LE(D}) = LE*(D}) and LE(D{) = LE*(D}). This is consistent with the standard
fact [18] that ®,(G, x) = @+ (G, x) for every bipartite graph G; here, DZ and Dz are bipartite.
Similarly to Theorem 8, we can obtain additional factors of the L*-polynomial.

AIMS Mathematics Volume 11, Issue 6, 16697-16711.
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Theorem 11. Let p > 3 and g > 1 be integers. Then the L*-polynomial of the Dutch windmill graph
D}, has the following factorizations:

(i) If p is odd, then

2' q 2 2._1 q—]
®,-(D],v) = (V—2—2COS ﬂ) : (V—Z—Zcos u)
p
1

(ii) If p is even, then

2\’
@, (DY, v) :v.ﬂ(v—z—zcosﬂ) N
j=1

6. Conclusions

In this paper, we obtained unified closed-form formulas for the adjacency, Laplacian, and signless
Laplacian characteristic polynomials of Dutch windmill graphs DY. These formulas recover the known
graph energy formulas for DS, D}, D?, and D{ and lead to explicit expressions for the Laplacian energy
and signless Laplacian energy under the standard centered definitions. We also derived additional
factors of the characteristic polynomials, which provide further information about the spectra of D, for
general p.

Several directions remain open. It would be natural to extend the present approach to weighted
Dutch windmill graphs, generalized windmill graphs, line graphs of windmill graphs, and other
windmill-type constructions. Related spectral invariants, such as the Laplacian Estrada index,
Kirchhoft index, and distance-based energies, may also be studied by combining the block-
decomposition method with graph operations.
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