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Abstract: We develop a Hilfer-adapted Taylor-type framework that is compatible with the natural
initial trace of the Hilfer fractional derivative. For 0 < @ < 1 and B8 € [0, 1], we introduce a shifted
(a, B)-fractional power series (FPS) with 6 = a(1 — ) + 8 — 1 and define Hilfer—Taylor coefficients
via the regularized trace 7,,(f) = (I"™P1-9(D*Py" £)(0+). This yields an explicit coeflicient formula
and a Taylor-type expansion in the normalized basis **° /T'(na + & + 1). Using the associated Mittag—
Leffler eigenfunction kernel G, 5(f,x) = x°E,5:1(t*x”), we define fractional Appell-type sequences
through a Hilfer-adapted generating identity and establish their main operational properties, including
a lowering relation under D™ As an application, we introduce Bernoulli-type objects and derive a
convolution recurrence for the corresponding fractional Bernoulli numbers, recovering the classical
case when (o, ) = (1, 1).
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1. Introduction

Taylor formulas are a central tool in analysis and approximation theory, and their fractional
counterparts have been investigated from multiple viewpoints; see, for instance, [1, 2, 5] and the
references therein. Riemann’s early work already contains fractional Taylor-type representations in the
Riemann—Liouville setting. In particular, Cheng [7] proposed the formal generalized Taylor expansion
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where 7" denotes the Riemann—Liouville fractional integral of order m + r. Later, Watanabe [25]
obtained representations of the form

n-1 (X _ xo)a+k
—_ m+r
fx) = k;_m fa+kiD I)RDx J(x0) + Ry, xp > 0, (1.2)

where gk D{™" in the fractional derivative of Riemann-Liouville type of order @ + n and

1 %o
Rum = (I7"8DY™f) () + s f (x = 1y (RDE £) ().

(@ —m)
More recently, Trujillo et al. [24] introduced a generalized Taylor formula (under appropriate
assumptions on f and a € [0, 1]) expressed in terms of Riemann—Liouville derivatives and weighted
traces at the initial point:

n oo yltDa-l

_ J
fo=) faDm R x>0 (1.3)

j=0
where the coeflicients are given by
¢ =T(@| X" kDI f()|(0+) = (I kDL £)O+),  j=0,1,....n (1.4)

and the remainder admits a Lagrange-type representation. In a complementary direction, El-Ajou
et al. [11] derived a generalized Taylor-type expansion using the Caputo fractional derivative, leading
to fractional power series (FPS) representations of the form

N cDEfo
- X

B £ T(na + 1) (1.5)

f(x)

under suitable regularity assumptions.

While formulas such as (1.1)—(1.3) and (1.5) provide powerful representations within the Riemann—
Liouville and Caputo frameworks, several modern applications require Taylor-type expansions
compatible with alternative fractional operators and their natural initial data. A prominent example
is the Hilfer fractional derivative, which interpolates between the Riemann-Liouville and Caputo
operators and whose natural initial datum is expressed through a regularized fractional integral trace.
In applied settings, such regularized trace-type data may be interpreted as generalized initial data for
memory-dependent models, a perspective consistent with the use of fractional operators in anomalous
diffusion and viscoelasticity [16, 19]. For 8 < 1, this typically entails singular behavior at the origin,
so standard a-FPS are not fully adapted to the operator-theoretic structure of Hilfer-type problems.

The first goal of this article is to develop a Hilfer-adapted Taylor calculus that is explicitly
compatible with the Hilfer initial trace. For 0 < @ < 1 and 8 € [0, 1], we introduce the shifted
exponent

o=a(l-p+p-1=-1-a)1-p)<0,

and the consider generalized («, 8)-FPS in the normalized basis #"**° /T'(na + § + 1). We define Hilfer—
Taylor coefficients through the regularized trace

Tof) o= (1D ) £)0+)
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and prove an explicit coefficient extraction formula yielding a Hilfer—Taylor-type expansion. This
construction is closely related to weighted-trace formulations such as (1.4): In the Riemann—Liouville
limit 8 = 0 (and under standard trace/regularity assumptions), our coefficients reduce to equivalent
weighted traces at the initial point in the spirit of Trujillo et al. [24]. In the Caputo limit 8 = 1 (so that
¢ = 0 and the regularized trace reduces to point evaluation whenever it exists), our coeflicient extraction
yields the usual a-fractional Taylor-type expansion, in line with Caputo-based representations such
as (1.5). For general 8 € (0, 1), the extraction mechanism remains intrinsically tailored to the Hilfer
trace and is particularly effective in the singular regime 8 < 1.

A second motivation comes from the interplay between FPS and special polynomial families.
Classical Appell polynomials {.<7,(x)},ey, are characterized by the lowering relation

i%(X) = na,_1(x), n €N, (1.6)
dx

together with an exponential generating function A(¢)e*. Within this class, the Bernoulli and Euler
polynomials play a distinguished role due to their rich algebraic structure and broad applicability; see,
e.g., [9,21]. In recent years, Appell-type constructions have been extended in various directions using
fractional calculus, typically by replacing the classical derivative in (1.6) with a fractional operator
and by replacing the exponential kernel with a Mittag—Lefller-type kernel; see [6,13,23]. For instance,
Caratelli et al. [4] introduced the fractional Bernoulli family {%¢(x)},en, and the fractional Euler family
{&X(X)}nen, of order @ > 0 via generating functions involving the Mittag—Lefller function E, ; (¢):

"Ea (17 _ < 1 2E, (1) <
_ = %a , 8 _ (g""
Bar (9 =1 Z: " s 1) E+ 1 Zo "

tan

I'na +1)°

where the classical Mittag—Lefller function is defined by

(e8] tn
Eoslt) = Z:(; T(an+p)

It is worth noting that these constructions often depart from the classical notion of a polynomial,
since they lead to expansions in fractional powers, e.g., ag +a; x* +a,x** +- - -, rather than polynomials
in the integer powers of x. Continuing the study of these Appell-type constructions, Diaz [8] proposed a
more abstract and unified framework that simultaneously covers the Caputo and the Riemann—Liouville
settings. Within this approach, two families were introduced: the Appell-Caputo sequence {%"(x)},en,
and the Appell-Riemann sequence {Z2(x)},en,, defined through the identities

cD{6,)(x) =n€," (x), rDIZ,(x)=nZ,_(x), nelN.
These generalized Appell-type sequences admit generating functions of the form

[Se] l‘n [Se] l‘n
a(tVE, (1) = 3 Cr0) b By (1) = Y ()

n=0 n=0

where a(t) and b(¢) are formal power series. This reveals a key difference from the generating functions
in [4], which rely explicitly on a-fractional powers in the expansion parameter.
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Despite this progress, a Hilfer-based Appell-type theory that is intrinsically compatible with the
natural Hilfer initial trace and with a shifted FPS calculus in the singular regime 8 < 1 has not
been systematically developed. Motivated by this gap, the second goal of this article is to introduce
and investigate new families of fractional Appell-type functions constructed via the Hilfer fractional
derivative. We define fractional Appell-type sequences through a Hilfer-adapted generating identity
based on the Mittag—Lefller eigenfunction kernel

Goo(t, X) = X’Eq1(1°x"), 0 <@ < 1, § €R,

which satisfies Dj'ﬁ’ﬁ Gos(t,x) = 1°G,4(t,x). We establish their fundamental operational properties
(lowering relations under D?*, finite expansions in the normalized Hilfer basis, and coefficient recovery
via Hilfer-Taylor traces) and introduce Bernoulli-type objects as a distinguished example, deriving
a clean convolution-type recurrence for the associated fractional Bernoulli numbers. The classical
Appell/Bernoulli theory is recovered in the limiting case (a,8) = (1, 1).

The paper is organized as follows. Section 2 recalls basic material from fractional calculus
and the Mittag—Lefller function. In Section 3, we develop the shifted (a,$)-FPS framework and
prove the Hilfer—Taylor coeflicient extraction formula. Section 4 introduces fractional Appell-type
sequences through a Hilfer-adapted generating identity and establishes their basic differential property,
while Section 5 collects operational properties and coefficient-recovery identities. Finally, we present
Bernoulli-type constructions and derive recurrence relations for the corresponding fractional Bernoulli
numbers.

2. Fractional calculus and the Mittag—Leffler function

We recall standard definitions from fractional calculus together with basic properties of the Mittag—
Leffler function. These preliminaries will be used repeatedly in the subsequent development.
Throughout the paper, * denotes the Volterra convolution on the positive half-line

(f * g)(x) := fo f(x—s)g(s)ds,  x>0.

Equivalently, this coincides with the usual convolution on R when the functions are extended by zero
to (=0, 0).
For g > 0, define
LBl >0,
gp(t) := 1P
0, t<0,

where I denotes Euler’s gamma function; see, for instance, [17] for standard background on fractional
kernels and fractional integral operators. When « = 0, g¢ is understood as the identity element for the
Volterra convolution in the standard operational sense. Then the family {g,}.>0 satisfies the semigroup

property
8a+p = 8a * 8p> (8a * 8p)(x) = f 8a(x — ) gp(s)ds, «a,20,
0

with the understanding that J, acts as the identity element under convolution. This identity follows
from the classical beta integral

: 1 s [(a)[(B)
_ a1 1 _
j(:(l )18 dr——r(a+ﬂ), @B > 0.
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See, for example, [14, Formula 3.197].
Let X be a Banach space and let u : [0, 0) — X be locally integrable (in the Bochner sense). The
Riemann—Liouville fractional integral of order a > 0 is defined by

ITu(x) = (gq * u)(x).

A basic identity for the Riemann-Liouville fractional integral of power functions is [17,
Section 2.1]: If y > —1, then
I(ty+1)

[y = —2"
T T trat)

X

X 2.1

Leta > 0 and set m := [a] (so that m— 1 < a < m). For sufficiently smooth u, the Caputo fractional
derivative is defined by
cDiu(x) = Ixm_“u('”)(x), x>0.

4t
i u.

In particular, for O < @ < 1, one has «Dfu = I}C‘“u’, and if « = n € N, then ¢ Dju =
The Riemann—Liouville fractional derivative of order @ > 0 is given by

dm
rDSu(x) := ﬁ(l;"_”u(x)), x>0.
For the power function u(x) = x¥ withy > 0 and 0 < @ < 1, both derivatives coincide and admit the
closed form
I'y+1)

DY = gDy = — L yra 22
o TR T Ny —ar ) @2)

Moreover, for 0 < @ < 1, one has
¢D{k =0 for any constant k € R, RDi)c“_1 =0. (2.3)

The first identity follows from u’ = 0 for constants. For the second, note that I;‘f’x"‘1 = I'(a) is
constant, hence its derivative is zero. Unlike the Caputo derivative, the Riemann—Liouville derivative
does not cancel constants; for 0 < @ < 1, one has

-

X

RD% =k ———,
(1 -a)

x> 0.

Let 0 < @ < 1 and g € [0, 1]. The Hilfer fractional derivative of order a and type g is defined by

D*Pu(x) := P~ (i Ifj-ﬁ)“‘“)u(x)) :
dx

Two limiting cases are
Djﬁ’ou(x) = gD{u(x), Djf’lu(x) = ¢Du(x).

For monomials u(x) = x¥ with y > 0, the action of D is independent of § and equals

I'ty+1)

D¥Pu(x) = ———
I'y—a+1)

e, (2.4)
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This invariance does not extend to general functions. For instance, if

u(x) = xI=Ae=l) x—(l—ﬁ)(l—d)’

then I)(CI_'B )(I_Q)u(x) is constant and therefore
D*Pu(x) = 0,

showing that the Hilfer derivative is not injective on typical function classes. For further background,
we refer to [16,20,22].
The two-parameter Mittag—Lefller function is defined by

[Se] Zn
E = Tom + 2\ . 2.
p(2) ;r(anw)’ a>0,BeC, zeC (2.5)

We write E,(z) := E, i(z). The function E, 4 is entire and generalizes the exponential since E(z) = €;
for example, E»(—z%) = cos(z).
A classical Laplace transform identity (see [3, 15]) is

/lrz—,[i'

—, R() >0, [z <]
A2 F 7

f e PE, f+2x%) dx =
0

In particular, one obtains (for x > 0 and the corresponding admissible parameters) the eigenfunction
relations

CDVEL(zx") = 2Eg(2x"),  rDY(¥" 7 Eaalzx®) = 257 Ega(2x”).

Similarly, the Mittag—Leffler function provides the fundamental solution of the Hilfer-type equation

D*Pu(x) = zu(x), O<a<l1,Bel0,1].

(I)(cl -A1-a)

More precisely, for a prescribed value uy = u)(0+), the solution is

u(x) = ug X' PV E 1 sz,
which reduces to the classical Riemann—Liouville and Caputo cases when 8 = 0 and f = 1,

respectively.
3. Fractional power series and generalized Taylor-type expansions

Building on the fractional operators and Mittag—Leffler functions recalled in Section 2, we now
introduce FPS representations adapted to fractional differentiation. While the classical Taylor series
provides a local integer-power expansion for sufficiently smooth functions, fractional calculus naturally
leads to FPS, where integer exponents are replaced by fractional ones. These expansions are useful both
in the analysis of fractional differential equations and in the analytic representation of special functions.

AIMS Mathematics Volume 11, Issue 6, 16613-16634.
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3.1. a-fractional power series
We begin by formalizing FPS and their convergence. Let@ > O and I = [0, b). A function f : [ - R
is said to be representable by an a-FPS on [/ if it can be written as

[59)

f(x) = Z a,x", xel,

n=0

for some coeflicients a, € R; see [10, 12]. More generally, an a-FPS centered at xy € R takes the form

(o)

Z a,(x — xp)", X > Xg. 3.1

n=0

Its (real) radius of convergence is conveniently described by viewing (3.1) as an ordinary power series
iny=(x—x)" If

3 1
" lim sup la, '™
n—o0
then the corresponding radius in the variable x is
RY%, R < oo,
r =
00 R = o0.

b

A basic example is provided by the two-parameter Mittag—Leffler function. Indeed, for v > 0 and
A€R,

© /ln
Eoy(Ax = x0)") = ) —————(x—x0)", x> X
HZ:(; I'lan +v)

is an a-FPS centered at xj, with coefficients
/ll’l
ay = ————.
" T(an +v)
Thus, Mittag—Leftler functions provide classical special functions admitting FPS representations. In
particular, E, ;(4x%) appears as the fundamental solution of fractional relaxation-type equations, and

Mittag—Lefller-type functions play a central role in fractional relaxation, anomalous diffusion, and
viscoelasticity [17,19].

3.2. a-FPS and the Hilfer fractional derivative

We next study how the Hilfer derivative acts an a-FPS. Throughout this subsection, we fix 0 < @ < 1
and B € [0, 1]. We denote by Df’ﬁ the Hilfer fractional derivative defined in Section 2, and for n € N,
we set

(DY =D oo, (D) :=1d.

n times

In the following result, we justify termwise Hilfer differentiation of an @-FPS on its interval of
convergence.

AIMS Mathematics Volume 11, Issue 6, 16613-16634.
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Theorem 3.1. FixO < a < 1 and B € [0, 1]. Let

[ee)

f=> ar,  te@r)

n=0

be an a-FPS with radius of convergence r > 0. Then for every t € (0, r), the derivative Df’ﬁ f(1) exists
and is given by the termwise formula

(&9

I'(na +1) _
o — N S -
D; f(t)—Zanr(naJrl_a)t . te0,r)

n=

whenever 0 < 8 < 1, whereas in the Caputo case 3 = 1, one has

[0

I'(na +1)
ay —————
Ilnha+1-a)

n=

D f() = e 0,n).

In both cases, the resulting series converges for all t € (0, r).

Proof. Let
N

Sn(t) = Z a, ™.

n=0
By linearity of the Hilfer fractional derivative and (2.4), for each n > 1,

I'ha+ 1)
I'na+1-a)

a—a

DCY B tna —

t

Moreover, for 0 < 8 < 1, the constant term satisfies

dﬁ l -
D71 = ——177,
I'l-a
whereas in the Caputo case 8 = 1 one has
D'l =0.
Therefore,
N
I'(na+ 1) _
DS y(t) = e, 0<p<1
v ;a"l“(na+l—a/) ’ sp<l
and
Y, Ta+1)
DY'Sy() = > ay=————1""

I'ha+1-a)

n=
It remains to justify the passage to the limit. Since the original FPS has radius of convergence r, the
ordinary power series

[

Z ay', y=t1

n=0
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has radius of convergence R = r®. Moreover,

I'na +1) N
——— ~ (na) as n — oo.
IF'na+1-a)
Hence,
. Tna+1) \""
Iim|———-— =1.
n—eo\I'(na + 1 — @)

Consequently, the series

I'na +1)
ay———"—
oy I'ha+1-a)

na

has the same radius of convergence as the original series. Therefore, after multiplying by ¢, the
resulting series converges for every ¢ € (0, r).
Thus, passing to the limit as N — oo gives

0

I'lna+1) _
a8 _ na—a
D, f(t)_;a"—l“(na+l—a)t , 0<B<1,

whereas in the Caputo case,

(9]

DY f(t) =

n=1

I'(na + 1)
ay ———
I'ha+1-a)

nao—a

This completes the proof. O

The distinction in Theorem 3.1 reflects the behavior on constants: The Caputo case 8 = 1 annihilates
constants, while for 8 < 1, the Hilfer derivative of a nonzero constant produces a t~*-type singularity.
Consequently, for 8 < 1, an a-FPS generally yields a singular term at ¢+ = 0 whenever ay # 0. This
motivates the shifted (a,8)-FPS introduced next, which is compatible with the natural Hilfer initial
trace.

3.3. A generalized (a, B)-fractional power series

The standard a-FPS does not naturally reproduce the structure of fundamental solutions associated
with the Hilfer derivative when 8 < 1, notably those involving the two-parameter Mittag—Leffler
function (2.5). Motivated by the Hilfer eigenfunction (cf. Section 2)

1-B)(a-1
(1PCVE L 1 pasp(@t™),

we introduce a shifted exponent

Si=a(l-B)+p-1=-1-a)1-p) e[~ -a),0] (3.2)

We say that f admits an (@, 8)-FPS about ¢ = 0 if there exist @, € R and r > 0 such that

[

f(t) = Z a, ", te(0,r). (3.3)

n=0

AIMS Mathematics Volume 11, Issue 6, 16613-16634.
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Another example is provided by the Wright function (see [3]). For p > —1 and n € R such that the
Gamma function is well defined, let

& n

<
Wr® = D i iom

n=0

Then

b n

g @ < na+o
°'W, ) = —t s
paat”) HZ:; n!T'(on +1n)
which is an (@, 8)-FPS. Wright-type functions are especially relevant in fractional diffusion and related
evolution equations.
A key feature of the choice (3.2) is that the Hilfer derivative acts as a shift on the normalized basis

na+o

n € Nj.

én() = T

(na+6+1)

Lemma 3.2 (Shift property). Let 0 < a < 1, B € [0, 1], and 6 be given by (3.2). Then
Dgo(t)=0,  DIP¢,(t)= (1), n=1, >0

Proof. Setu == (1 -8)(1—-a)=-6>0. Since0) <a < 1andpB € [0,1], we have 0 < u < 1. For
u(t) :=t° = t#, by (2.1) with y = —u, one has
r(l-p)

Lu(t) = L't = Wf =TI'(1 - ),

where the case u = 0 is understood through the convention I° = Id. Hence, %Iﬁ‘ u(t) = 0 and therefore
D u(t) = 0, and consequently D™ ¢(f) = 0, proving the first claim.

For n > 1, consider u(r) = "**°. Then I'u(t) is proportional to *®, so differentiation produces a
multiple of #*~!, and applying /”'~ yields a multiple of /*~D**5_More precisely, using again (2.1),

Ifltmm — Ifl‘m_ﬂ — th .

I'ha+1)
Hence,
ilﬂtmﬂs _ Fna+6+1) ,,,
dt’ C'(na)

Applying Itﬂ(l_“) and using na + (1 —a) = (n— l)a + 6 + 1, we obtain

IF'na+6+1) Fna+6+1) 1 1os

D‘lsﬁlﬂd+5 — Iﬂ(l—(l) ne=1\ _
! ! I'(na) I'n=Da+d+1)
Thus,
DB pas _ I'na+6+1) =D+
! I'n—Da+5+1) ’
and dividing by I'(na + 6 + 1) yields D;”B On = p_1- O

AIMS Mathematics Volume 11, Issue 6, 16613-16634.
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3.4. Hilfer-Taylor-type coefficient extraction

We now introduce a coefficient-extraction mechanism compatible with the Hilfer initial trace. For
B < 1, the value £(0) may fail to exist (typically f(f) ~ # as t — 0+ with 6 < 0). In the Hilfer setting,
the natural initial datum is instead given by the regularized trace

(I f)(0+).

This motivates defining the following generalized Taylor coefficients.

Definition 3.3. LetO <a < 1, B € [0,1], and u := (1 =B)(1 — ). For n € Ny, whenever the limit exists,
define

Tu(f) = (KDY £)(0+).

Theorem 3.4. Let 0 < a < 1, B € [0, 1], and 6 be given by (3.2). Assume that f admits an (a,8)-FPS
representation (3.3) on (0, r) for some r > 0. Then for each n € N,

= ﬂ(f) - 1 (1-p)(1-a) , na,B\n
b v il ey o CIMIE CARE) ) (3.4)

Equivalently,

(9]

7_;1 (f ) Zchz+(5

T0= LiTa+s+n"

te(0,r). (3.5)

In the Caputo case 8 = 1 (hence 6 = 0 and u = 0), one has T,(f) = (D?’l)”f(O) whenever f(0) exists
and these values are finite, and (3.5) reduces to the usual a-fractional Taylor-type expansion.

Proof. Write (3.3) in the normalized basis from Lemma 3.2 as

[ee)

=Y @), cyi=a,Tna+5+1).

n=0

By Lemma 3.2, (D;”ﬁ )¢ = ¢y, for k > n and equals O for k < n. Hence,

[e0)

DY) =) ek biaD).

k=n

Applying I'' (with u = —6) yields

mao

L pn(t) = e+ 1)’ m € Ny,
SO
I RTINS
Tk —m)a + 1)
Letting t — 0+ gives 7,(f) = c,, and therefore a,, = ¢,/I'(na + 6 + 1), which is (3.4). O
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Remark 3.5. Set u == (1 —B)(1 —a) € [0,1) so that 6 = —puand 6 +1 = (1 — B)a + B. In the
Riemann—Liouville setting, it is common to express initial data either through a fractional integral
trace or through a weighted limit; see, e.g., the use of weighted Cauchy-type conditions in the work of
Trujillo and coauthors.*

In our Hilfer framework, the functional T,(f) from Definition 3.3 admits an equivalent weighted
form. Namely, whenever the limit exists,

Tof) = T =) lim # (DY f(5) = T(6 + 1) lim 1 (D7) (). (3.6)

In particular, if f admits an (a, 8)-FPS expansion (3.3) on (0, r), then the limit in (3.6) exists for every
n € Ny and coincides with T ,(f).
Consequently, the coefficients in (3.3) can be recovered as

Tof) _ TG+1D

= — -0 Da,ﬁn . .
in I'ha+o6+1) F(na+(5+1)t (D7) f(0+), n €Ny (3.7)

Remark 3.6. If u solves the Hilfer eigenvalue problem Df’ﬂ u = Au with initial condition
(I Pu)0+4) = uo,

then (3.5) yields
u(t) = ug °Eq 501 (A1), o+1=>0-pa+p

in agreement with the standard Mittag—Leffler representation (cf. Section 2).
4. Fractional Appell-type sequences

The power of the generalized («,f8)-fractional Taylor series FPS lies in its ability to serve as
a generating function for sequences of polynomials that generalize the classical Appell sequences.
Classical Appell polynomials are characterized by the exponential generating function A(f)e*. We
define the fractional Appell type sequences (FAPS), denoted by { P,ﬁ“’ﬁ)(x)},‘j’:o, by replacing the standard
exponential function ¢’ with the fundamental solution of the Hilfer fractional differential equation when
the eigenvalue is 1, which is X°E, s,1(1%).

Definition 4.7. Let € (0, 1), 8 € [0, 1], and AP (t) be a coefficient generating function defined by a
convergent generalized FPS:

[ee)

y _ )
AP (p) = Z a,/*,  a, €R.
n=0

We define the (a, B)-generating function for the sequence (PP)(x)} as the product:

& tn(t+6

POP(x) = AP (NG, 41, ), 4.1
Z;J e (G q5(1, X) (4.1)

where § = a(1 —B) + B — 1 and Go5(t, x) = X°E 441 (°x%).

* A prototype identity reported in this context is I'(0)[(x—a) D2 f(x)](a+) = (I, D f)(a+), which links a fractional integral trace
at a with a weighted limit as x — a+.

AIMS Mathematics Volume 11, Issue 6, 16613-16634.
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Proposition 4.8. The FAPS {P,(f’ﬁ )(x)}, defined by (4.1), satisfies the following fractional differential
relation forn > 1:

DaﬁP(a,ﬁ)
) = F T Da e !

(X). (4.2)

Proof. We apply the Hilfer fractional derivative D" with respect to x to both sides of the generating
function definition.

DY {ACO(1)G,5(t, X)) = AP ()G (2, )

tna+6

plap) -
Z (x )F(na +0+1)

n=0
na+o

i ((lﬁ) )
G- Da+o+1)

n=1

We substitute the original series definition of the generating function:

o tna+6 & l.na+6
DHPeA(y— — ' plh .
HZ:;J S e te D) Z:; L G T Da s+ D)

We then compare the coefficients of #°** for n > 1 on both sides:

DB = PO : .
Tha+6+1) [((n—Da+6+1)

This completes the proof. O

Remark 4.9. The fractional differential property (4.2) serves as a robust generalization, recovering
canonical relations through the choice of B: In the Caputo case, setting f = 1 forces 6 = a(1 -1)+1 -
1 = 0. The operator D" is the Caputo derivative €D, and the relation simplifies to

I'ha+1) plb
I'(n-Da+1) Posy

cDYPD(x) = (X).

Furthermore, if « = 1 (the classical derivative % ), the relation fully recovers the defining property of
classical Appell sequences:

4 pingy - T+ D

(11) (1,1)
TP o P =P,

5. Operational properties of fractional Appell-type sequences

Throughout this section, we fix @ € (0,1), € [0,1],andd =a(1 -B8) +5 — 1.
Proposition 5.10. Let {P, pF )},,>0 be an FAPS defined by (4.1). Then for every n € Ny and m € N,

I'na+6+1) (Qﬁ)( ), 0<m<n,
(Di,ﬁ)mpgldﬁ)(x) _JI'ln-ma+d5+1) x> 0.
0, m>n,
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Proof. The case m = 0 is trivial. For m = 1, the identity is exactly (4.2). Assume the claim holds for
some m < n — 1. Applying D?* and using (4.2) gives

n-— m)a/+5+1) F((n—m—l)a+5+1)

n m— 1( )

(D;t,ﬁ)m+l P’(1(l,ﬁ) (x) —

which is the desired formula for m+ 1. If m > n, repeated application eventually reaches De* P(“ P -0,

so (D™PynpP) = . 0

Now, recall the normalized Hilfer basis functions (cf. Section 3)

xka+6
== k € Ny, 0.
o) Tka+6S+ 1) € B, X >
Proposition 5.11. For each n € Ny and x > 0, the following identity holds,
PUP(x) = T(na +6+ 1) ) i $ul0). (5.1)
Equivalently,
©H n xka+6
P =T(na+6+1 T TR 5.2
n () =Tna ),g;“ “Tka +06 + 1) 6:2)

In particular, PP (x) = X0 0,(x%), where Q,, is a polynomial of degree at most n.
Proof. Expand the kernel

& 14X k
Goz,d(ta X) = xéEa,6+1(taxa) = X F(kfy + 5)+ 1) Z ¢k(x) tka

Multiplying by A@P(f) = 3,50 @™ and collecting powers of "** in (4.1) yields (5.1), which is
equivalent to (5.2). |

Letu := (1-B)(1-a) = -6 € [0, 1) and define, for functions of x, the Hilfer—Taylor trace functional
TO(f) = (BDFY"f)O0+),  meN
whenever the limit exists (this is the x-analogue of Definition 3.3).

Proposition 5.12 (Kronecker property and coeflicient identification). For the basis functions {¢;}iso,
one has

TrEX)(gﬁk) = 6mk7 (m’ k € NO),

where 0, is the Kronecker symbol. Consequently, for an FAPS, one has, for all n,m € N,

I'na+d6+1)a,,, 0<m<n,

m > n.

b

TEP) = {

In particular,
TP

“Tma+o+1)
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Proof. Using the shift property from Lemma 3.2 (with 7 replaced by x), (D**)"¢y = ¢ if k > m and
0if k < m. Applying I} gives F¢_(x) = riomrs;» Whose limit at x — 0+ equals 1 if k = m and 0 if

k > m. Hence, T.5"(¢x) = 6. The formula for 7,57 (PP follows by applying 775" to (5.1) and using
linearity. O

Corollary 5.13. Define the normalized sequence

(@)
Fg:lﬁ)(x) = P"—(x)
I'ha+d+1)
Then thﬁ )(x) = ag ¢o(x) and
DY¥PP(x) = PP(x),  nx1, x>0.

Moreover, ﬁf,“"g " admits the finite expansion

n

PO () = 3" ay i),

k=0

Proof. Divide (4.2) and (5.1) by I'(na + 6 + 1). O
6. Fractional Bernoulli sequences and numbers Bff”ﬁ )(x)

In this section, we introduce a Bernoulli-type example within the class of FAPS constructed in
Section 4. Throughout, 0 < @ < 1, 8 € [0, 1], and

b=a(l-p)+p-1=-(1-o)1-p) €[-(1-a),0]
We recall the Hilfer eigenfunction kernel
Gos(t, x) = XéEa,(m(taxa), >0, x>0, (6.1)

which satisfies DY?G, 5(t, x) = 1°Go(t, x).

6.1. Definition via a Hilfer-adapted generating function

Motivated by the classical Bernoulli factor #/(e’ — 1), we define a fractional coefficient generator by
subtracting the constant term of E, s.(t%).

Definition 6.14. Define the coefficient generator

t(l
AP =1 ——, >0 (6.2)
Eos51(t) = 7575

The (a, B)-fractional Bernoulli sequences {Bﬁ,a’ﬁ )(x)}nZO are defined by the generating identity

na+o

- t
B (x) ——— = AP 1) Gos(t,x), >0, x> 0. 6.3
2 B0 gy = M 000, 1>0.x> (6.3)
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The fractional Bernoulli numbers {B,(f"ﬁ )}nZO are the coefficients of the (a,8)-FPS expansion of the
generator:
tna+6

Fnae+6+1) ©4)

A0 = 3 500
n=0
Remark 6.15. The fractional generating identity (6.3) recovers the classical Bernoulli generating
function as a limiting case. Indeed, fora = 1 and =1, one has 6 =0, E;1(2) = €, and 1/T'(6+1) = 1.
Hence,

t
Ag 'O =——  Giolt,x) = Ey(tx) = .

1 b
Substituting into (6.3) gives

- " t = "
gD _ x _ B,(x) —,
; n (x)r(n+1) o —1° ZO Sy

SO Bﬁll’l)(x) = B,(x) and Bﬁ,l’l) = B,.

Remark 6.16 (On the value at x = 0 and the role of B). Since § < 0, the factor x° in (6.1) is either
harmless (6 = 0) or singular at the origin (6 < 0). In the Caputo limit B = 1, one has 6 = 0 and
therefore G,o(t,0) = 1, so it is consistent to set BE,“’I) = Bﬁf"l)(O) (when x = 0 is included in the
domain). For 3 < 1 (hence 6 < 0), BYP (%) is naturally defined for x > 0 and typically diverges as
x — O+, in this regime, the numbers are understood intrinsically through the coefficient definition
(6.4) (equivalently, through Hilfer-trace extraction).

6.2. Appell-type property and finite expansion

As a particular instance of the general FAPS theory, the fractional Bernoulli sequences inherit an
Appell-type lowering relation under the Hilfer derivative.

Proposition 6.17. Forn > 1 and x > 0,

C(na +6+1) B9 (), (6.5)

D¥BBap) —
B = r G T Da et o

Proof. Differentiate (6.3) termwise with D‘;’ﬁ and use
Di"BG(Z,(S(t’ .X) = ta/Ga,(S(t’ .X).
Comparing coeflicients of "**° yields (6.5). O

Corollary 6.18. Define _
B (x) := BHP(x)/T(na + 6 + 1).

Then . .
DB (x) = BP(x),  nx1, x>0

Moreover, writing ¢;(x) := x***9 |T(ka + 6 + 1), one has the finite expansion

_ n B(%ﬁ)
(@) — n—k
B, (x) E [ —Fato+ D dr(x), neNg x>0. (6.6)

k=0
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Proof. The normalized lowering relation follows by dividing (6.5) by I'(na + 6 + 1). For (6.6), expand
both ﬂg’ﬁ '(f) and G, .s(t, x) using (6.4) and the Mittag—Lefller series, multiply the resulting series, and
identify coefficients of #"**% in (6.3). o

6.3. A convolution-type recurrence for B

From (6.2), we obtain the identity

(B () = 55) A 0) = 172, (6.7)

Since

1 = tka
E, 5011 — S N
an () T+ 1) ;F(ka+6+l)

coeflicient comparison in (6.7) yields the following recurrence.

Proposition 6.19. The numbers {85{1’/3 )}nZO satisfy

n B(a,ﬂ) 1’ n=1,
> nk = (6.8)
— I'ka+o+DI(n—ka+s+1) 0, n>2.
In particular,
BEP =T+ DT@+6 + 1). (6.9)

Proof. Insert the series expansions of E,s.1(t*) — 1/I'(6 + 1) and ﬂg’ﬁ )(t) into (6.7) and identify the
coefficients of #"**%. For n = 1, one obtains Bg”ﬂ) /T + 06+ DI'(6 + 1)) = 1, which gives (6.9); for
n > 2, one obtains the homogeneous relation in (6.8). O

6.4. Example: the Caputo case 3 = 1
When 8 = 1, one has 6 = 0, and the generator reduces to the standard fractional Bernoulli factor

t(l

AN = — L
5 0= E m-

so that Bg”l) =I'(a + 1) by (6.9). The recurrence (6.8) becomes, for n > 2,

n (a,1)
Bn—k — 0
i T(ka + DI ((n - k)a + 1) ’

which determines the sequence recursively.
For a = 0.2, the first values of B;O.Z,l) (computed from (6.8)) are reported in Table 1.

AIMS Mathematics Volume 11, Issue 6, 16613-16634.



16630

Table 1. Fractional Bernoulli numbers 81(10.2,1) (Caputo case), rounded.

B;O.Z,l)
0.9181687424
—0.8723981582
0.03526265367
0.02689256575
0.02016394995
0.01474683379
0.01040593949
0.006963538469
0.004278731168
0.002235223923

O 0 N N Lt AW N = O3

The corresponding first five fractional Bernoulli sequences (more precisely, functions expanded in
fractional powers of x) are
B>V (x) = 0.9181687424,

B9D(x) = -0.8723981582 + 0.9181687424 x°2,
B0V (x) = 0.03526265367 — 0.9181687424 "2 + 09181687424 x4,
B2V (x) = 0.02689256575 + 0.03867601625 x°2 — 09568447586 x* + 0.9181687424 x*F,
BLD(x) = 0.020163949 + 003053067345 x°% + 0.04171940589 x*4 — 0.9904188217 x* + 0.9181687424 x"5.

6.5. Example: the Riemann—Liouville limit § = 0

We consider the Riemann—Liouville limit 8 = 0. In this case,
o=a(l-p)+p-1=a-1<0, o0+1=aqa,
and the Hilfer eigenfunction kernel becomes
Goa-1(1,X) = X7 Eqo(1°x),

which is consistent with the classical Riemann—-Liouville eigenfunction relation for the Mittag—Leffler
kernel.
Moreover, the Bernoulli-type generator (6.2) simplifies to
13 t20—1

3
AW = ! =

Ewot) = 5 Eadlt) = 15

The fractional Bernoulli numbers {Bﬁ{”m}nzo are defined by

A1) = i i
B L4 T(na +a)
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In particular, Proposition 6.19 yields
B8 = T(@)Q2a).
For a = 0.2 (hence § = —0.8), the first values of B> are displayed in Table 2.

Table 2. Fractional Bernoulli numbers 8,20'2’0) (Riemann—Liouville limit), rounded.

B;O.Z,O)

10.1832237937
—7.3287106135
1.0351321940
0.3950457138
0.1402091223
0.0360936267
—-0.0038171836
—-0.0157108314
—0.0158533456
-0.0117911205

O o0 N9 O U B~ W NN = O3

The corresponding first five fractional Bernoulli sequences (more precisely, Appell-type functions
expanded in fractional powers of x) are naturally defined for x > 0 and take the form

n

820.2,0)( Xx) = 508 Z Co K02k

k=0

Using the finite expansion identity induced by (6.3), one obtains:
B0 (x) = 2.2181595438 x 708,

BO(x) = x—0~8(—1.5963755408 +2.2181595438 x°-2),
BP0 (x) = x-°~8(0.2254775503 —2.2181595438 x*2 + 2.2181595438 x“),

B20(x) = x705(0.0860507869 + 0.3648303401 x*2 — 2.5829898838 x* + 2.2181595438 x°°).

7. Conclusions

This work develops a Hilfer-adapted analytic framework that unifies FPS expansions, coefficient
extraction, and Appell-type structures under a single operational viewpoint. Starting from the Hilfer
fractional derivative and the associated Mittag—Lefller eigenfunction, we introduced a shifted («, 5)-
FPS with exponent 6 = (1 — ) + 8 — 1, which removes the incompatibility of standard a-FPS with the
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natural Hilfer initial trace when 8 < 1. On this basis, we defined generalized Hilfer—Taylor coeflicients
via the regularized trace 7,(f) = (I1P1-9(D*F)" £)(0+) and proved an explicit coefficient formula
yielding a Taylor-type expansion consistent with both the Caputo limit 8 = 1 and the Riemann—
Liouville-type regime 8 < 1.

Building on this Hilfer—Taylor calculus, we constructed fractional Appell-type sequences through a
generating identity driven by the Hilfer eigenfunction kernel G, (¢, x). The resulting families satisfy
a fractional Appell-type lowering relation under D** admit finite expansions in the normalized Hilfer
basis, and allow recovery of generator coefficients via Hilfer—Taylor traces. As an illustrative class, we
introduced Bernoulli-type objects through an appropriate fractional coefficient generator and derived a
clean convolution recurrence for the associated fractional Bernoulli numbers, recovering the classical
Bernoulli structure in the limit (o, 8) = (1, 1).

Several directions merit further investigation. First, the analytic scope of the («, 5)-FPS expansion
and the associated trace functionals can be extended to broader function spaces and to vector-valued
settings relevant for fractional evolution problems. Second, the Appell-type calculus developed
here suggests natural analogues of classical identities (addition theorems, operational rules, and
orthogonality-type properties) in the Hilfer context, which may yield new families of special functions.
Finally, the proposed Bernoulli-type constructions invite a systematic study of asymptotic behavior,
zero distributions, and numerical schemes for computing fractional Bernoulli numbers and sequences,
as well as applications to Hilfer-type fractional differential equations. Another promising direction
is suggested by recent developments in the asymptotic analysis of branching processes. In particular,
Kutsenko [18] obtained complete left-tail asymptotic expansions for the density of branching processes
in the Schroder case, where coefficients involving factors of the form

1
I'(na + B)

naturally appear. This structure is closely related to Mittag—Lefller-type expansions and suggests
that fractional differentiation methods, including Hilfer-adapted techniques, may provide a useful
perspective for future investigations on martingale limits of branching processes.
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