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Abstract: We develop a Hilfer-adapted Taylor-type framework that is compatible with the natural
initial trace of the Hilfer fractional derivative. For 0 < α < 1 and β ∈ [0, 1], we introduce a shifted
(α, β)-fractional power series (FPS) with δ = α(1 − β) + β − 1 and define Hilfer–Taylor coefficients
via the regularized trace Tn( f ) =

(
I(1−β)(1−α)(Dα,β)n f

)
(0+). This yields an explicit coefficient formula

and a Taylor-type expansion in the normalized basis tnα+δ/Γ(nα + δ + 1). Using the associated Mittag–
Leffler eigenfunction kernel Gα,δ(t, x) = xδEα,δ+1(tαxα), we define fractional Appell-type sequences
through a Hilfer-adapted generating identity and establish their main operational properties, including
a lowering relation under Dα,β

x . As an application, we introduce Bernoulli-type objects and derive a
convolution recurrence for the corresponding fractional Bernoulli numbers, recovering the classical
case when (α, β) = (1, 1).
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1. Introduction

Taylor formulas are a central tool in analysis and approximation theory, and their fractional
counterparts have been investigated from multiple viewpoints; see, for instance, [1, 2, 5] and the
references therein. Riemann’s early work already contains fractional Taylor-type representations in the
Riemann–Liouville setting. In particular, Cheng [7] proposed the formal generalized Taylor expansion

f (x + h) =

∞∑
m=−∞

hm+r

Γ(m + r + 1)
(
Im+r

x f
)
(x), (1.1)
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where Im+r
x denotes the Riemann–Liouville fractional integral of order m + r. Later, Watanabe [25]

obtained representations of the form

f (x) =

n−1∑
k=−m

(x − x0)α+k

Γ(α + k + 1)RDm+r
x f (x0) + Rn,m, x0 > 0, (1.2)

where RDα+n
x in the fractional derivative of Riemann–Liouville type of order α + n and

Rn,m =
(
Iα+n

x RDα+n
x f

)
(x) +

1
Γ(α − m)

∫ x0

a
(x − t)−α−m−1

(
RDα−m−1

t f
)

(t)dt.

More recently, Trujillo et al. [24] introduced a generalized Taylor formula (under appropriate
assumptions on f and α ∈ [0, 1]) expressed in terms of Riemann–Liouville derivatives and weighted
traces at the initial point:

f (x) =

n∑
j=0

c j x( j+1)α−1

Γ(( j + 1)α)
+ Rn(x), x > 0, (1.3)

where the coefficients are given by

c j = Γ(α)
[

x1−α
RD jα

x f (x)
]
(0+) =

(
I1−α

x RD jα
x f

)
(0+), j = 0, 1, . . . , n (1.4)

and the remainder admits a Lagrange-type representation. In a complementary direction, El-Ajou
et al. [11] derived a generalized Taylor-type expansion using the Caputo fractional derivative, leading
to fractional power series (FPS) representations of the form

f (x) =

∞∑
n=0

CDnα
x f (0)

Γ(nα + 1)
xnα (1.5)

under suitable regularity assumptions.
While formulas such as (1.1)–(1.3) and (1.5) provide powerful representations within the Riemann–

Liouville and Caputo frameworks, several modern applications require Taylor-type expansions
compatible with alternative fractional operators and their natural initial data. A prominent example
is the Hilfer fractional derivative, which interpolates between the Riemann–Liouville and Caputo
operators and whose natural initial datum is expressed through a regularized fractional integral trace.
In applied settings, such regularized trace-type data may be interpreted as generalized initial data for
memory-dependent models, a perspective consistent with the use of fractional operators in anomalous
diffusion and viscoelasticity [16, 19]. For β < 1, this typically entails singular behavior at the origin,
so standard α-FPS are not fully adapted to the operator-theoretic structure of Hilfer-type problems.

The first goal of this article is to develop a Hilfer-adapted Taylor calculus that is explicitly
compatible with the Hilfer initial trace. For 0 < α < 1 and β ∈ [0, 1], we introduce the shifted
exponent

δ = α(1 − β) + β − 1 = −(1 − α)(1 − β) ≤ 0,

and the consider generalized (α, β)-FPS in the normalized basis tnα+δ/Γ(nα + δ + 1). We define Hilfer–
Taylor coefficients through the regularized trace

Tn( f ) :=
(
I(1−β)(1−α)(Dα,β)n f

)
(0+)
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and prove an explicit coefficient extraction formula yielding a Hilfer–Taylor-type expansion. This
construction is closely related to weighted-trace formulations such as (1.4): In the Riemann–Liouville
limit β = 0 (and under standard trace/regularity assumptions), our coefficients reduce to equivalent
weighted traces at the initial point in the spirit of Trujillo et al. [24]. In the Caputo limit β = 1 (so that
δ = 0 and the regularized trace reduces to point evaluation whenever it exists), our coefficient extraction
yields the usual α-fractional Taylor-type expansion, in line with Caputo-based representations such
as (1.5). For general β ∈ (0, 1), the extraction mechanism remains intrinsically tailored to the Hilfer
trace and is particularly effective in the singular regime β < 1.

A second motivation comes from the interplay between FPS and special polynomial families.
Classical Appell polynomials {An(x)}n∈N0 are characterized by the lowering relation

d
dx

An(x) = n An−1(x), n ∈ N, (1.6)

together with an exponential generating function A(t)ext. Within this class, the Bernoulli and Euler
polynomials play a distinguished role due to their rich algebraic structure and broad applicability; see,
e.g., [9, 21]. In recent years, Appell-type constructions have been extended in various directions using
fractional calculus, typically by replacing the classical derivative in (1.6) with a fractional operator
and by replacing the exponential kernel with a Mittag–Leffler-type kernel; see [6,13,23]. For instance,
Caratelli et al. [4] introduced the fractional Bernoulli family {Bα

n (x)}n∈N0 and the fractional Euler family
{E α

n (x)}n∈N0 of order α > 0 via generating functions involving the Mittag–Leffler function Eα,1(t):

tαEα,1 (xαtα)
Eα,1 (tα) − 1

=

∞∑
n=0

Bα
n (x)

tαn

Γ(nα + 1)
,

2 Eα,1 (xαtα)
Eα,1 (tα) + 1

=

∞∑
n=0

E α
n (x)

tαn

Γ(nα + 1)
,

where the classical Mittag–Leffler function is defined by

Eα,β(t) =

∞∑
n=0

tn

Γ(αn + β)
.

It is worth noting that these constructions often depart from the classical notion of a polynomial,
since they lead to expansions in fractional powers, e.g., a0 +a1xα+a2x2α+ · · · , rather than polynomials
in the integer powers of x. Continuing the study of these Appell-type constructions, Dı́az [8] proposed a
more abstract and unified framework that simultaneously covers the Caputo and the Riemann–Liouville
settings. Within this approach, two families were introduced: the Appell–Caputo sequence {C α

n (x)}n∈N0

and the Appell–Riemann sequence {Rα
n (x)}n∈N0 , defined through the identities

CDα
xC

α
n (x) = nC α

n−1(x), RDα
xR

α
n (x) = nRα

n−1(x), n ∈ N.

These generalized Appell-type sequences admit generating functions of the form

a(tα)Eα (xαtα) =

∞∑
n=0

C α
n (x)

tn

n!
, b(tα) xα−1Eα,α (xαtα) =

∞∑
n=0

Rα
n (x)

tn

n!
,

where a(t) and b(t) are formal power series. This reveals a key difference from the generating functions
in [4], which rely explicitly on α-fractional powers in the expansion parameter.
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Despite this progress, a Hilfer-based Appell-type theory that is intrinsically compatible with the
natural Hilfer initial trace and with a shifted FPS calculus in the singular regime β < 1 has not
been systematically developed. Motivated by this gap, the second goal of this article is to introduce
and investigate new families of fractional Appell-type functions constructed via the Hilfer fractional
derivative. We define fractional Appell-type sequences through a Hilfer-adapted generating identity
based on the Mittag–Leffler eigenfunction kernel

Gα,δ(t, x) = xδEα,δ+1(tαxα), 0 < α ≤ 1, δ ∈ R,

which satisfies Dα,β
x Gα,δ(t, x) = tαGα,δ(t, x). We establish their fundamental operational properties

(lowering relations under Dα,β
x , finite expansions in the normalized Hilfer basis, and coefficient recovery

via Hilfer–Taylor traces) and introduce Bernoulli-type objects as a distinguished example, deriving
a clean convolution-type recurrence for the associated fractional Bernoulli numbers. The classical
Appell/Bernoulli theory is recovered in the limiting case (α, β) = (1, 1).

The paper is organized as follows. Section 2 recalls basic material from fractional calculus
and the Mittag–Leffler function. In Section 3, we develop the shifted (α, β)-FPS framework and
prove the Hilfer–Taylor coefficient extraction formula. Section 4 introduces fractional Appell-type
sequences through a Hilfer-adapted generating identity and establishes their basic differential property,
while Section 5 collects operational properties and coefficient-recovery identities. Finally, we present
Bernoulli-type constructions and derive recurrence relations for the corresponding fractional Bernoulli
numbers.

2. Fractional calculus and the Mittag–Leffler function

We recall standard definitions from fractional calculus together with basic properties of the Mittag–
Leffler function. These preliminaries will be used repeatedly in the subsequent development.

Throughout the paper, ∗ denotes the Volterra convolution on the positive half-line

( f ∗ g)(x) :=
∫ x

0
f (x − s)g(s) ds, x > 0.

Equivalently, this coincides with the usual convolution on R when the functions are extended by zero
to (−∞, 0).

For β > 0, define

gβ(t) :=

 1
Γ(β) t

β−1, t > 0,

0, t ≤ 0,

where Γ denotes Euler’s gamma function; see, for instance, [17] for standard background on fractional
kernels and fractional integral operators. When α = 0, g0 is understood as the identity element for the
Volterra convolution in the standard operational sense. Then the family {gα}α≥0 satisfies the semigroup
property

gα+β = gα ∗ gβ, (gα ∗ gβ)(x) :=
∫ x

0
gα(x − s) gβ(s) ds, α, β ≥ 0,

with the understanding that δ0 acts as the identity element under convolution. This identity follows
from the classical beta integral∫ 1

0
(1 − r)α−1rβ−1 dr =

Γ(α)Γ(β)
Γ(α + β)

, α, β > 0.
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See, for example, [14, Formula 3.197].
Let X be a Banach space and let u : [0,∞) → X be locally integrable (in the Bochner sense). The

Riemann–Liouville fractional integral of order α > 0 is defined by

Iαx u(x) := (gα ∗ u)(x).

A basic identity for the Riemann–Liouville fractional integral of power functions is [17,
Section 2.1]: If γ > −1, then

Iαx xγ =
Γ(γ + 1)

Γ(γ + α + 1)
xγ+α. (2.1)

Let α > 0 and set m := dαe (so that m−1 < α ≤ m). For sufficiently smooth u, the Caputo fractional
derivative is defined by

CDα
x u(x) := Im−α

x u(m)(x), x ≥ 0.

In particular, for 0 < α < 1, one has CDα
x u = I1−α

x u′, and if α = n ∈ N, then CDn
xu = dn

dxn u.
The Riemann–Liouville fractional derivative of order α > 0 is given by

RDα
x u(x) :=

dm

dxm

(
Im−α

x u(x)
)
, x ≥ 0.

For the power function u(x) = xγ with γ > 0 and 0 < α < 1, both derivatives coincide and admit the
closed form

CDα
x xγ = RDα

x xγ =
Γ(γ + 1)

Γ(γ − α + 1)
xγ−α. (2.2)

Moreover, for 0 < α < 1, one has

CDα
x k = 0 for any constant k ∈ R, RDα

x xα−1 = 0. (2.3)

The first identity follows from u′ ≡ 0 for constants. For the second, note that I1−α
x xα−1 = Γ(α) is

constant, hence its derivative is zero. Unlike the Caputo derivative, the Riemann–Liouville derivative
does not cancel constants; for 0 < α < 1, one has

RDα
x k = k

x−α

Γ(1 − α)
, x > 0.

Let 0 < α < 1 and β ∈ [0, 1]. The Hilfer fractional derivative of order α and type β is defined by

Dα,β
x u(x) := Iβ(1−α)

x

(
d
dx

I(1−β)(1−α)
x u(x)

)
.

Two limiting cases are
Dα,0

x u(x) = RDα
x u(x), Dα,1

x u(x) = CDα
x u(x).

For monomials u(x) = xγ with γ > 0, the action of Dα,β
x is independent of β and equals

Dα,β
x u(x) =

Γ(γ + 1)
Γ(γ − α + 1)

xγ−α. (2.4)

AIMS Mathematics Volume 11, Issue 6, 16613–16634.
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This invariance does not extend to general functions. For instance, if

u(x) = x(1−β)(α−1) = x−(1−β)(1−α),

then I(1−β)(1−α)
x u(x) is constant and therefore

Dα,β
x u(x) = 0,

showing that the Hilfer derivative is not injective on typical function classes. For further background,
we refer to [16, 20, 22].

The two-parameter Mittag–Leffler function is defined by

Eα,β(z) =

∞∑
n=0

zn

Γ(αn + β)
, α > 0, β ∈ C, z ∈ C. (2.5)

We write Eα(z) := Eα,1(z). The function Eα,β is entire and generalizes the exponential since E1(z) = ez;
for example, E2(−z2) = cos(z).

A classical Laplace transform identity (see [3, 15]) is∫ ∞

0
e−λx xβ−1Eα,β

(
±zxα

)
dx =

λα−β

λα ∓ z
, <(λ) > 0, |z| < |λ|α.

In particular, one obtains (for x > 0 and the corresponding admissible parameters) the eigenfunction
relations

CDα
x Eα(zxα) = z Eα(zxα), RDα

x

(
xα−1Eα,α(zxα)

)
= z xα−1Eα,α(zxα).

Similarly, the Mittag–Leffler function provides the fundamental solution of the Hilfer-type equation

Dα,β
x u(x) = z u(x), 0 < α < 1, β ∈ [0, 1].

More precisely, for a prescribed value u0 = (I(1−β)(1−α)
x u)(0+), the solution is

u(x) = u0 x(1−β)(α−1) Eα,(1−β)α+β(zxα),

which reduces to the classical Riemann–Liouville and Caputo cases when β = 0 and β = 1,
respectively.

3. Fractional power series and generalized Taylor-type expansions

Building on the fractional operators and Mittag–Leffler functions recalled in Section 2, we now
introduce FPS representations adapted to fractional differentiation. While the classical Taylor series
provides a local integer-power expansion for sufficiently smooth functions, fractional calculus naturally
leads to FPS, where integer exponents are replaced by fractional ones. These expansions are useful both
in the analysis of fractional differential equations and in the analytic representation of special functions.

AIMS Mathematics Volume 11, Issue 6, 16613–16634.
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3.1. α-fractional power series

We begin by formalizing FPS and their convergence. Let α > 0 and I = [0, b). A function f : I → R
is said to be representable by an α-FPS on I if it can be written as

f (x) =

∞∑
n=0

anxnα, x ∈ I,

for some coefficients an ∈ R; see [10, 12]. More generally, an α-FPS centered at x0 ∈ R takes the form
∞∑

n=0

an(x − x0)nα, x ≥ x0. (3.1)

Its (real) radius of convergence is conveniently described by viewing (3.1) as an ordinary power series
in y = (x − x0)α. If

R :=
1

lim sup
n→∞

|an|
1/n ,

then the corresponding radius in the variable x is

r =

R1/α, R < ∞,

∞, R = ∞.

A basic example is provided by the two-parameter Mittag–Leffler function. Indeed, for ν > 0 and
λ ∈ R,

Eα,ν

(
λ(x − x0)α

)
=

∞∑
n=0

λn

Γ(αn + ν)
(x − x0)nα, x ≥ x0

is an α-FPS centered at x0, with coefficients

an =
λn

Γ(αn + ν)
.

Thus, Mittag–Leffler functions provide classical special functions admitting FPS representations. In
particular, Eα,1(λxα) appears as the fundamental solution of fractional relaxation-type equations, and
Mittag–Leffler-type functions play a central role in fractional relaxation, anomalous diffusion, and
viscoelasticity [17, 19].

3.2. α-FPS and the Hilfer fractional derivative

We next study how the Hilfer derivative acts an α-FPS. Throughout this subsection, we fix 0 < α < 1
and β ∈ [0, 1]. We denote by Dα,β

t the Hilfer fractional derivative defined in Section 2, and for n ∈ N,
we set

(Dα,β
t )n := Dα,β

t ◦ · · · ◦ Dα,β
t︸              ︷︷              ︸

n times

, (Dα,β
t )0 := Id.

In the following result, we justify termwise Hilfer differentiation of an α-FPS on its interval of
convergence.

AIMS Mathematics Volume 11, Issue 6, 16613–16634.
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Theorem 3.1. Fix 0 < α < 1 and β ∈ [0, 1]. Let

f (t) =

∞∑
n=0

antnα, t ∈ (0, r)

be an α-FPS with radius of convergence r > 0. Then for every t ∈ (0, r), the derivative Dα,β
t f (t) exists

and is given by the termwise formula

Dα,β
t f (t) =

∞∑
n=0

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α, t ∈ (0, r)

whenever 0 ≤ β < 1, whereas in the Caputo case β = 1, one has

Dα,1
t f (t) =

∞∑
n=1

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α, t ∈ (0, r).

In both cases, the resulting series converges for all t ∈ (0, r).

Proof. Let

S N(t) =

N∑
n=0

antnα.

By linearity of the Hilfer fractional derivative and (2.4), for each n ≥ 1,

Dα,β
t tnα =

Γ(nα + 1)
Γ(nα + 1 − α)

tnα−α.

Moreover, for 0 ≤ β < 1, the constant term satisfies

Dα,β
t 1 =

1
Γ(1 − α)

t−α,

whereas in the Caputo case β = 1 one has

Dα,1
t 1 = 0.

Therefore,

Dα,β
t S N(t) =

N∑
n=0

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α, 0 ≤ β < 1,

and

Dα,1
t S N(t) =

N∑
n=1

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α.

It remains to justify the passage to the limit. Since the original FPS has radius of convergence r, the
ordinary power series

∞∑
n=0

anyn, y = tα

AIMS Mathematics Volume 11, Issue 6, 16613–16634.
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has radius of convergence R = rα. Moreover,

Γ(nα + 1)
Γ(nα + 1 − α)

∼ (nα)α as n→ ∞.

Hence,

lim
n→∞

(
Γ(nα + 1)

Γ(nα + 1 − α)

)1/n

= 1.

Consequently, the series
∞∑

n=0

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα

has the same radius of convergence as the original series. Therefore, after multiplying by t−α, the
resulting series converges for every t ∈ (0, r).

Thus, passing to the limit as N → ∞ gives

Dα,β
t f (t) =

∞∑
n=0

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α, 0 ≤ β < 1,

whereas in the Caputo case,

Dα,1
t f (t) =

∞∑
n=1

an
Γ(nα + 1)

Γ(nα + 1 − α)
tnα−α.

This completes the proof. �

The distinction in Theorem 3.1 reflects the behavior on constants: The Caputo case β = 1 annihilates
constants, while for β < 1, the Hilfer derivative of a nonzero constant produces a t−α-type singularity.
Consequently, for β < 1, an α-FPS generally yields a singular term at t = 0 whenever a0 , 0. This
motivates the shifted (α, β)-FPS introduced next, which is compatible with the natural Hilfer initial
trace.

3.3. A generalized (α, β)-fractional power series

The standard α-FPS does not naturally reproduce the structure of fundamental solutions associated
with the Hilfer derivative when β < 1, notably those involving the two-parameter Mittag–Leffler
function (2.5). Motivated by the Hilfer eigenfunction (cf. Section 2)

t(1−β)(α−1)Eα,(1−β)α+β(ztα),

we introduce a shifted exponent

δ := α(1 − β) + β − 1 = −(1 − α)(1 − β) ∈
[
−(1 − α), 0

]
. (3.2)

We say that f admits an (α, β)-FPS about t = 0 if there exist an ∈ R and r > 0 such that

f (t) =

∞∑
n=0

an tnα+δ, t ∈ (0, r). (3.3)

AIMS Mathematics Volume 11, Issue 6, 16613–16634.
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Another example is provided by the Wright function (see [3]). For ρ > −1 and η ∈ R such that the
Gamma function is well defined, let

Wρ,η(z) =

∞∑
n=0

zn

n! Γ(ρn + η)
.

Then

tδWρ,η(ztα) =

∞∑
n=0

zn

n! Γ(ρn + η)
tnα+δ,

which is an (α, β)-FPS. Wright-type functions are especially relevant in fractional diffusion and related
evolution equations.

A key feature of the choice (3.2) is that the Hilfer derivative acts as a shift on the normalized basis

φn(t) :=
tnα+δ

Γ(nα + δ + 1)
, n ∈ N0.

Lemma 3.2 (Shift property). Let 0 < α < 1, β ∈ [0, 1], and δ be given by (3.2). Then

Dα,β
t φ0(t) = 0, Dα,β

t φn(t) = φn−1(t), n ≥ 1, t > 0.

Proof. Set µ := (1 − β)(1 − α) = −δ ≥ 0. Since 0 < α < 1 and β ∈ [0, 1], we have 0 ≤ µ < 1. For
u(t) := tδ = t−µ, by (2.1) with γ = −µ, one has

Iµt u(t) = Iµt t−µ =
Γ(1 − µ)

Γ(1)
t0 = Γ(1 − µ),

where the case µ = 0 is understood through the convention I0
t = Id. Hence, d

dt I
µ
t u(t) = 0 and therefore

Dα,β
t u(t) = 0, and consequently Dα,β

t φ0(t) = 0, proving the first claim.
For n ≥ 1, consider u(t) = tnα+δ. Then Iµt u(t) is proportional to tnα, so differentiation produces a

multiple of tnα−1, and applying Iβ(1−α)
t yields a multiple of t(n−1)α+δ. More precisely, using again (2.1),

Iµt tnα+δ = Iµt tnα−µ =
Γ(nα + δ + 1)

Γ(nα + 1)
tnα.

Hence,
d
dt

Iµt tnα+δ =
Γ(nα + δ + 1)

Γ(nα)
tnα−1.

Applying Iβ(1−α)
t and using nα + β(1 − α) = (n − 1)α + δ + 1, we obtain

Dα,β
t tnα+δ = Iβ(1−α)

t

(
Γ(nα + δ + 1)

Γ(nα)
tnα−1

)
=

Γ(nα + δ + 1)
Γ((n − 1)α + δ + 1)

t(n−1)α+δ.

Thus,

Dα,β
t tnα+δ =

Γ(nα + δ + 1)
Γ((n − 1)α + δ + 1)

t(n−1)α+δ,

and dividing by Γ(nα + δ + 1) yields Dα,β
t φn = φn−1. �
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3.4. Hilfer–Taylor-type coefficient extraction

We now introduce a coefficient-extraction mechanism compatible with the Hilfer initial trace. For
β < 1, the value f (0) may fail to exist (typically f (t) ∼ tδ as t → 0+ with δ < 0). In the Hilfer setting,
the natural initial datum is instead given by the regularized trace(

I(1−β)(1−α)
t f

)
(0+).

This motivates defining the following generalized Taylor coefficients.

Definition 3.3. Let 0 < α < 1, β ∈ [0, 1], and µ := (1−β)(1−α). For n ∈ N0, whenever the limit exists,
define

Tn( f ) :=
(
Iµt (Dα,β

t )n f
)
(0+).

Theorem 3.4. Let 0 < α < 1, β ∈ [0, 1], and δ be given by (3.2). Assume that f admits an (α, β)-FPS
representation (3.3) on (0, r) for some r > 0. Then for each n ∈ N0,

an =
Tn( f )

Γ(nα + δ + 1)
=

1
Γ(nα + δ + 1)

(
I(1−β)(1−α)
t (Dα,β

t )n f
)
(0+). (3.4)

Equivalently,

f (t) =

∞∑
n=0

Tn( f )
Γ(nα + δ + 1)

tnα+δ, t ∈ (0, r). (3.5)

In the Caputo case β = 1 (hence δ = 0 and µ = 0), one has Tn( f ) = (Dα,1
t )n f (0) whenever f (0) exists

and these values are finite, and (3.5) reduces to the usual α-fractional Taylor-type expansion.

Proof. Write (3.3) in the normalized basis from Lemma 3.2 as

f (t) =

∞∑
n=0

cn φn(t), cn := an Γ(nα + δ + 1).

By Lemma 3.2, (Dα,β
t )nφk = φk−n for k ≥ n and equals 0 for k < n. Hence,

(Dα,β
t )n f (t) =

∞∑
k=n

ck φk−n(t).

Applying Iµt (with µ = −δ) yields

Iµt φm(t) =
tmα

Γ(mα + 1)
, m ∈ N0,

so

Iµt (Dα,β
t )n f (t) = cn +

∞∑
k=n+1

ck
t(k−n)α

Γ((k − n)α + 1)
.

Letting t → 0+ gives Tn( f ) = cn, and therefore an = cn/Γ(nα + δ + 1), which is (3.4). �
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Remark 3.5. Set µ := (1 − β)(1 − α) ∈ [0, 1) so that δ = −µ and δ + 1 = (1 − β)α + β. In the
Riemann–Liouville setting, it is common to express initial data either through a fractional integral
trace or through a weighted limit; see, e.g., the use of weighted Cauchy-type conditions in the work of
Trujillo and coauthors.*

In our Hilfer framework, the functional Tn( f ) from Definition 3.3 admits an equivalent weighted
form. Namely, whenever the limit exists,

Tn( f ) = Γ(1 − µ) lim
t→0+

tµ (Dα,β
t )n f (t) = Γ(δ + 1) lim

t→0+
t−δ (Dα,β

t )n f (t). (3.6)

In particular, if f admits an (α, β)-FPS expansion (3.3) on (0, r), then the limit in (3.6) exists for every
n ∈ N0 and coincides with Tn( f ).

Consequently, the coefficients in (3.3) can be recovered as

an =
Tn( f )

Γ(nα + δ + 1)
=

Γ(δ + 1)
Γ(nα + δ + 1)

t−δ (Dα,β
t )n f (0+), n ∈ N0. (3.7)

Remark 3.6. If u solves the Hilfer eigenvalue problem Dα,β
t u = λu with initial condition(

I(1−β)(1−α)
t u

)
(0+) = u0,

then (3.5) yields
u(t) = u0 tδEα,δ+1(λtα), δ + 1 = (1 − β)α + β

in agreement with the standard Mittag–Leffler representation (cf. Section 2).

4. Fractional Appell-type sequences

The power of the generalized (α, β)-fractional Taylor series FPS lies in its ability to serve as
a generating function for sequences of polynomials that generalize the classical Appell sequences.
Classical Appell polynomials are characterized by the exponential generating function A(t)ext. We
define the fractional Appell type sequences (FAPS), denoted by {P(α,β)

n (x)}∞n=0, by replacing the standard
exponential function et with the fundamental solution of the Hilfer fractional differential equation when
the eigenvalue is 1, which is xδEα,δ+1(tα).

Definition 4.7. Let α ∈ (0, 1), β ∈ [0, 1], and A(α,β)(t) be a coefficient generating function defined by a
convergent generalized FPS:

A(α,β)(t) =

∞∑
n=0

antnα+δ, an ∈ R.

We define the (α, β)-generating function for the sequence {P(α,β)
n (x)} as the product:

∞∑
n=0

P(α,β)
n (x)

tnα+δ

Γ(nα + δ + 1)
= A(α,β)(t)Gα,δ(t, x), (4.1)

where δ = α(1 − β) + β − 1 and Gα,δ(t, x) = xδEα,δ+1 (tαxα).
*A prototype identity reported in this context is Γ(ρ)

[
(x−a)1−ρDmρ

a f (x)
]
(a+) =

(
I1−ρ

a Dmρ
a f

)
(a+), which links a fractional integral trace

at a with a weighted limit as x→ a+.
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Proposition 4.8. The FAPS {P(α,β)
n (x)}, defined by (4.1), satisfies the following fractional differential

relation for n ≥ 1:

Dα,β
x P(α,β)

n (x) =
Γ(nα + δ + 1)

Γ((n − 1)α + δ + 1)
P(α,β)

n−1 (x). (4.2)

Proof. We apply the Hilfer fractional derivative Dα,β
x with respect to x to both sides of the generating

function definition.

Dα,β
x

{
A(α,β)(t)Gα,δ(t, x)

}
= tαA(α,β)(t)Gα,δ(t, x)

= tα
∞∑

n=0

P(α,β)
n (x)

tnα+δ

Γ(nα + δ + 1)

=

∞∑
n=1

P(α,β)
n−1 (x)

tnα+δ

Γ((n − 1)α + δ + 1)
.

We substitute the original series definition of the generating function:
∞∑

n=0

Dα,β
x P(α,β)

n (x)
tnα+δ

Γ(nα + δ + 1)
=

∞∑
n=1

P(α,β)
n−1 (x)

tnα+δ

Γ((n − 1)α + δ + 1)
.

We then compare the coefficients of tnα+δ for n ≥ 1 on both sides:

Dα,β
x P(α,β)

n (x)
1

Γ(nα + δ + 1)
= P(α,β)

n−1 (x)
1

Γ((n − 1)α + δ + 1)
.

This completes the proof. �

Remark 4.9. The fractional differential property (4.2) serves as a robust generalization, recovering
canonical relations through the choice of β: In the Caputo case, setting β = 1 forces δ = α(1− 1) + 1−
1 = 0. The operator Dα,1

x is the Caputo derivative CDα
x , and the relation simplifies to

CDα
x P(α,1)

n (x) =
Γ(nα + 1)

Γ((n − 1)α + 1)
P(α,1)

n−1 (x).

Furthermore, if α = 1 (the classical derivative d
dx ), the relation fully recovers the defining property of

classical Appell sequences:

d
dx

P(1,1)
n (x) =

Γ(n + 1)
Γ(n)

P(1,1)
n−1 (x) = nP(1,1)

n−1 (x).

5. Operational properties of fractional Appell-type sequences

Throughout this section, we fix α ∈ (0, 1), β ∈ [0, 1], and δ = α(1 − β) + β − 1.

Proposition 5.10. Let {P(α,β)
n }n≥0 be an FAPS defined by (4.1). Then for every n ∈ N0 and m ∈ N0,

(Dα,β
x )mP(α,β)

n (x) =


Γ(nα + δ + 1)

Γ((n − m)α + δ + 1)
P(α,β)

n−m (x), 0 ≤ m ≤ n,

0, m > n,
x > 0.
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Proof. The case m = 0 is trivial. For m = 1, the identity is exactly (4.2). Assume the claim holds for
some m ≤ n − 1. Applying Dα,β

x and using (4.2) gives

(Dα,β
x )m+1P(α,β)

n (x) =
Γ(nα + δ + 1)

Γ((n − m)α + δ + 1)
Dα,β

x P(α,β)
n−m (x) =

Γ(nα + δ + 1)
Γ((n − m − 1)α + δ + 1)

P(α,β)
n−m−1(x),

which is the desired formula for m+1. If m > n, repeated application eventually reaches Dα,β
x P(α,β)

0 = 0,
so (Dα,β

x )mP(α,β)
n ≡ 0. �

Now, recall the normalized Hilfer basis functions (cf. Section 3)

φk(x) :=
xkα+δ

Γ(kα + δ + 1)
, k ∈ N0, x > 0.

Proposition 5.11. For each n ∈ N0 and x > 0, the following identity holds,

P(α,β)
n (x) = Γ(nα + δ + 1)

n∑
k=0

an−k φk(x). (5.1)

Equivalently,

P(α,β)
n (x) = Γ(nα + δ + 1)

n∑
k=0

an−k
xkα+δ

Γ(kα + δ + 1)
. (5.2)

In particular, P(α,β)
n (x) = xδQn(xα), where Qn is a polynomial of degree at most n.

Proof. Expand the kernel

Gα,δ(t, x) = xδEα,δ+1(tαxα) = xδ
∞∑

k=0

(tαxα)k

Γ(kα + δ + 1)
=

∞∑
k=0

φk(x) tkα.

Multiplying by A(α,β)(t) =
∑

m≥0 amtmα+δ and collecting powers of tnα+δ in (4.1) yields (5.1), which is
equivalent to (5.2). �

Let µ := (1−β)(1−α) = −δ ∈ [0, 1) and define, for functions of x, the Hilfer–Taylor trace functional

T (x)
m ( f ) :=

(
Iµx (Dα,β

x )m f
)
(0+), m ∈ N0

whenever the limit exists (this is the x-analogue of Definition 3.3).

Proposition 5.12 (Kronecker property and coefficient identification). For the basis functions {φk}k≥0,
one has

T (x)
m (φk) = δmk, (m, k ∈ N0),

where δmk is the Kronecker symbol. Consequently, for an FAPS, one has, for all n,m ∈ N0,

T (x)
m

(
P(α,β)

n
)

=

Γ(nα + δ + 1) an−m, 0 ≤ m ≤ n,

0, m > n.

In particular,

an =
T

(x)
0

(
P(α,β)

n
)

Γ(nα + δ + 1)
.
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Proof. Using the shift property from Lemma 3.2 (with t replaced by x), (Dα,β
x )mφk = φk−m if k ≥ m and

0 if k < m. Applying Iµx gives Iµxφk−m(x) = x(k−m)α

Γ((k−m)α+1) , whose limit at x→ 0+ equals 1 if k = m and 0 if
k > m. Hence, T (x)

m (φk) = δmk. The formula for T (x)
m (P(α,β)

n ) follows by applying T (x)
m to (5.1) and using

linearity. �

Corollary 5.13. Define the normalized sequence

P̃(α,β)
n (x) :=

P(α,β)
n (x)

Γ(nα + δ + 1)
.

Then P̃(α,β)
0 (x) = a0 φ0(x) and

Dα,β
x P̃(α,β)

n (x) = P̃(α,β)
n−1 (x), n ≥ 1, x > 0.

Moreover, P̃(α,β)
n admits the finite expansion

P̃(α,β)
n (x) =

n∑
k=0

an−kφk(x).

Proof. Divide (4.2) and (5.1) by Γ(nα + δ + 1). �

6. Fractional Bernoulli sequences and numbers B(α,β)
n (x)

In this section, we introduce a Bernoulli-type example within the class of FAPS constructed in
Section 4. Throughout, 0 < α < 1, β ∈ [0, 1], and

δ = α(1 − β) + β − 1 = −(1 − α)(1 − β) ∈ [−(1 − α), 0].

We recall the Hilfer eigenfunction kernel

Gα,δ(t, x) = xδEα,δ+1(tαxα), t > 0, x > 0, (6.1)

which satisfies Dα,β
x Gα,δ(t, x) = tαGα,δ(t, x).

6.1. Definition via a Hilfer-adapted generating function

Motivated by the classical Bernoulli factor t/(et − 1), we define a fractional coefficient generator by
subtracting the constant term of Eα,δ+1(tα).

Definition 6.14. Define the coefficient generator

A
(α,β)
B

(t) := tδ
tα

Eα,δ+1(tα) − 1
Γ(δ+1)

, t > 0. (6.2)

The (α, β)-fractional Bernoulli sequences {B(α,β)
n (x)}n≥0 are defined by the generating identity

∞∑
n=0

B(α,β)
n (x)

tnα+δ

Γ(nα + δ + 1)
= A

(α,β)
B

(t) Gα,δ(t, x), t > 0, x > 0. (6.3)
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The fractional Bernoulli numbers {B(α,β)
n }n≥0 are the coefficients of the (α, β)-FPS expansion of the

generator:

A
(α,β)
B

(t) =

∞∑
n=0

B(α,β)
n

tnα+δ

Γ(nα + δ + 1)
. (6.4)

Remark 6.15. The fractional generating identity (6.3) recovers the classical Bernoulli generating
function as a limiting case. Indeed, for α = 1 and β = 1, one has δ = 0, E1,1(z) = ez, and 1/Γ(δ+1) = 1.
Hence,

A
(1,1)
B

(t) =
t

et − 1
, G1,0(t, x) = E1,1(tx) = etx.

Substituting into (6.3) gives
∞∑

n=0

B(1,1)
n (x)

tn

Γ(n + 1)
=

t
et − 1

etx =

∞∑
n=0

Bn(x)
tn

n!
,

so B(1,1)
n (x) = Bn(x) and B(1,1)

n = Bn.

Remark 6.16 (On the value at x = 0 and the role of β). Since δ ≤ 0, the factor xδ in (6.1) is either
harmless (δ = 0) or singular at the origin (δ < 0). In the Caputo limit β = 1, one has δ = 0 and
therefore Gα,0(t, 0) = 1, so it is consistent to set B(α,1)

n = B
(α,1)
n (0) (when x = 0 is included in the

domain). For β < 1 (hence δ < 0), B(α,β)
n (x) is naturally defined for x > 0 and typically diverges as

x → 0+; in this regime, the numbers are understood intrinsically through the coefficient definition
(6.4) (equivalently, through Hilfer-trace extraction).

6.2. Appell-type property and finite expansion

As a particular instance of the general FAPS theory, the fractional Bernoulli sequences inherit an
Appell-type lowering relation under the Hilfer derivative.

Proposition 6.17. For n ≥ 1 and x > 0,

Dα,β
x B

(α,β)
n (x) =

Γ(nα + δ + 1)
Γ((n − 1)α + δ + 1)

B
(α,β)
n−1 (x). (6.5)

Proof. Differentiate (6.3) termwise with Dα,β
x and use

Dα,β
x Gα,δ(t, x) = tαGα,δ(t, x).

Comparing coefficients of tnα+δ yields (6.5). �

Corollary 6.18. Define
B̃(α,β)

n (x) := B(α,β)
n (x)/Γ(nα + δ + 1).

Then
Dα,β

x B̃
(α,β)
n (x) = B̃

(α,β)
n−1 (x), n ≥ 1, x > 0.

Moreover, writing φk(x) := xkα+δ/Γ(kα + δ + 1), one has the finite expansion

B̃(α,β)
n (x) =

n∑
k=0

B
(α,β)
n−k

Γ((n − k)α + δ + 1)
φk(x), n ∈ N0, x > 0. (6.6)
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Proof. The normalized lowering relation follows by dividing (6.5) by Γ(nα + δ + 1). For (6.6), expand
bothA(α,β)

B
(t) and Gα,δ(t, x) using (6.4) and the Mittag–Leffler series, multiply the resulting series, and

identify coefficients of tnα+δ in (6.3). �

6.3. A convolution-type recurrence for B(α,β)
n

From (6.2), we obtain the identity(
Eα,δ+1(tα) − 1

Γ(δ+1)

)
A

(α,β)
B

(t) = tα+δ. (6.7)

Since

Eα,δ+1(tα) −
1

Γ(δ + 1)
=

∞∑
k=1

tkα

Γ(kα + δ + 1)
,

coefficient comparison in (6.7) yields the following recurrence.

Proposition 6.19. The numbers {B(α,β)
n }n≥0 satisfy

n∑
k=1

B
(α,β)
n−k

Γ(kα + δ + 1) Γ((n − k)α + δ + 1)
=

1, n = 1,

0, n ≥ 2.
(6.8)

In particular,

B
(α,β)
0 = Γ(δ + 1) Γ(α + δ + 1). (6.9)

Proof. Insert the series expansions of Eα,δ+1(tα) − 1/Γ(δ + 1) and A(α,β)
B

(t) into (6.7) and identify the
coefficients of tnα+δ. For n = 1, one obtains B(α,β)

0 /(Γ(α + δ + 1)Γ(δ + 1)) = 1, which gives (6.9); for
n ≥ 2, one obtains the homogeneous relation in (6.8). �

6.4. Example: the Caputo case β = 1

When β = 1, one has δ = 0, and the generator reduces to the standard fractional Bernoulli factor

A
(α,1)
B

(t) =
tα

Eα,1(tα) − 1
,

so that B(α,1)
0 = Γ(α + 1) by (6.9). The recurrence (6.8) becomes, for n ≥ 2,

n∑
k=1

B
(α,1)
n−k

Γ(kα + 1) Γ((n − k)α + 1)
= 0,

which determines the sequence recursively.
For α = 0.2, the first values of B(0.2,1)

n (computed from (6.8)) are reported in Table 1.
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Table 1. Fractional Bernoulli numbers B(0.2,1)
n (Caputo case), rounded.

n B
(0.2,1)
n

0 0.9181687424
1 −0.8723981582
2 0.03526265367
3 0.02689256575
4 0.02016394995
5 0.01474683379
6 0.01040593949
7 0.006963538469
8 0.004278731168
9 0.002235223923

The corresponding first five fractional Bernoulli sequences (more precisely, functions expanded in
fractional powers of x) are

B
(0.2,1)
0 (x) = 0.9181687424,

B
(0.2,1)
1 (x) = −0.8723981582 + 0.9181687424 x0.2,

B
(0.2,1)
2 (x) = 0.03526265367 − 0.9181687424 x0.2 + 0.9181687424 x0.4,

B
(0.2,1)
3 (x) = 0.02689256575 + 0.03867601625 x0.2 − 0.9568447586 x0.4 + 0.9181687424 x0.6,

B
(0.2,1)
4 (x) = 0.020163949 + 0.03053067345 x0.2 + 0.04171940589 x0.4 − 0.9904188217 x0.6 + 0.9181687424 x0.8.

6.5. Example: the Riemann–Liouville limit β = 0

We consider the Riemann–Liouville limit β = 0. In this case,

δ = α(1 − β) + β − 1 = α − 1 < 0, δ + 1 = α,

and the Hilfer eigenfunction kernel becomes

Gα,α−1(t, x) = xα−1Eα,α(tαxα),

which is consistent with the classical Riemann–Liouville eigenfunction relation for the Mittag–Leffler
kernel.

Moreover, the Bernoulli-type generator (6.2) simplifies to

A
(α,0)
B

(t) = tα−1 tα

Eα,α(tα) − 1
Γ(α)

=
t2α−1

Eα,α(tα) − 1
Γ(α)

.

The fractional Bernoulli numbers {B(α,0)
n }n≥0 are defined by

A
(α,0)
B

(t) =

∞∑
n=0

B(α,0)
n

tnα+α−1

Γ(nα + α)
.
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In particular, Proposition 6.19 yields

B
(α,0)
0 = Γ(α)Γ(2α).

For α = 0.2 (hence δ = −0.8), the first values of B(0.2,0)
n are displayed in Table 2.

Table 2. Fractional Bernoulli numbers B(0.2,0)
n (Riemann–Liouville limit), rounded.

n B
(0.2,0)
n

0 10.1832237937

1 −7.3287106135

2 1.0351321940

3 0.3950457138

4 0.1402091223

5 0.0360936267

6 −0.0038171836

7 −0.0157108314

8 −0.0158533456

9 −0.0117911205

The corresponding first five fractional Bernoulli sequences (more precisely, Appell-type functions
expanded in fractional powers of x) are naturally defined for x > 0 and take the form

B(0.2,0)
n (x) = x−0.8

n∑
k=0

cn,k x0.2k.

Using the finite expansion identity induced by (6.3), one obtains:

B
(0.2,0)
0 (x) = 2.2181595438 x−0.8,

B
(0.2,0)
1 (x) = x−0.8

(
−1.5963755408 + 2.2181595438 x0.2

)
,

B
(0.2,0)
2 (x) = x−0.8

(
0.2254775503 − 2.2181595438 x0.2 + 2.2181595438 x0.4

)
,

B
(0.2,0)
3 (x) = x−0.8

(
0.0860507869 + 0.3648303401 x0.2 − 2.5829898838 x0.4 + 2.2181595438 x0.6

)
.

7. Conclusions

This work develops a Hilfer-adapted analytic framework that unifies FPS expansions, coefficient
extraction, and Appell-type structures under a single operational viewpoint. Starting from the Hilfer
fractional derivative and the associated Mittag–Leffler eigenfunction, we introduced a shifted (α, β)-
FPS with exponent δ = α(1−β) +β−1, which removes the incompatibility of standard α-FPS with the

AIMS Mathematics Volume 11, Issue 6, 16613–16634.



16632

natural Hilfer initial trace when β < 1. On this basis, we defined generalized Hilfer–Taylor coefficients
via the regularized trace Tn( f ) = (I(1−β)(1−α)(Dα,β)n f )(0+) and proved an explicit coefficient formula
yielding a Taylor-type expansion consistent with both the Caputo limit β = 1 and the Riemann–
Liouville-type regime β < 1.

Building on this Hilfer–Taylor calculus, we constructed fractional Appell-type sequences through a
generating identity driven by the Hilfer eigenfunction kernel Gα,δ(t, x). The resulting families satisfy
a fractional Appell-type lowering relation under Dα,β

x , admit finite expansions in the normalized Hilfer
basis, and allow recovery of generator coefficients via Hilfer–Taylor traces. As an illustrative class, we
introduced Bernoulli-type objects through an appropriate fractional coefficient generator and derived a
clean convolution recurrence for the associated fractional Bernoulli numbers, recovering the classical
Bernoulli structure in the limit (α, β) = (1, 1).

Several directions merit further investigation. First, the analytic scope of the (α, β)-FPS expansion
and the associated trace functionals can be extended to broader function spaces and to vector-valued
settings relevant for fractional evolution problems. Second, the Appell-type calculus developed
here suggests natural analogues of classical identities (addition theorems, operational rules, and
orthogonality-type properties) in the Hilfer context, which may yield new families of special functions.
Finally, the proposed Bernoulli-type constructions invite a systematic study of asymptotic behavior,
zero distributions, and numerical schemes for computing fractional Bernoulli numbers and sequences,
as well as applications to Hilfer-type fractional differential equations. Another promising direction
is suggested by recent developments in the asymptotic analysis of branching processes. In particular,
Kutsenko [18] obtained complete left-tail asymptotic expansions for the density of branching processes
in the Schröder case, where coefficients involving factors of the form

1
Γ(nα + β)

naturally appear. This structure is closely related to Mittag–Leffler-type expansions and suggests
that fractional differentiation methods, including Hilfer-adapted techniques, may provide a useful
perspective for future investigations on martingale limits of branching processes.
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