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well-posedness and exponential stability via a carefully designed Lyapunov functional and multiplier
technique. This work extends the existing theory by treating, for the first time in this setting, the
combined effect of nonlinear unilateral coupling and distributed delay feedback.

Keywords: well-posedness; energy decay; suspension bridge; distributed delay; Lyapunov functional
Mathematics Subject Classification: 35B35, 35L51, 74D10, 93D15

1. Introduction

We consider a coupled suspension bridge model describing the transverse motion of the bridge
deck and the vertical displacement of the sustaining cables. Let ¢ = ¢(x, ) denote the transverse
displacement of the bridge deck and let ¢ = ¢(x, ) represent the displacement of the cable where
x € (0,¢) and t > 0. The evolution of the system is governed by the following coupled equations:

[—T1

Mi$y + bi@ruex + klp — @]" + 619 + a(x) 62(t =) p(1)dr =0, (1.1)

-1
=T

My = bapre — k¢ — 1" + Brop, + b(x) Ba(t = 1) @(7) d7 = 0. (1.2)

-1

Here, ¢ > 0 denotes the span length of the bridge. The functions ¢ = ¢(x, 1) and ¢ = ¢(x, t) describe,
respectively, the transverse motion of the bridge deck and the displacement of the cable. The positive
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parameters my, m, > 0 denote the mass densities of the deck and cable, while b; and b, characterize the
stiffness coefficients of the deck and the cable, respectively. The constant k > 0 measures the strength of
the coupling between the deck and the cable through the nonlinear term [¢p—¢]" := max{¢—¢, 0}, which
models a unilateral restoring force acting only when ¢ > ¢. The instantaneous damping coefficients are
given by 6; > 0,8, > 0, and the distributed internal feedback is introduced through the delay integrals
acting on the velocities ¢, and ¢,. The functions a(x), b(x) € L*(0, {) are nonnegative spatial weights
describing the distribution of the delayed feedback. The delay interval is bounded and determined by
two constants 0 < 7; < 7, and the kernel functions 6,(-), 8,(-) € L'(t;,T,) describe the distributed
delay influence.
The systems (1.1) and (1.2) are complemented with the hinged boundary conditions for the deck

$0,1) = ¢(l,1) = ¢..(0,1) = ¢x(£,1) =0, 120, (1.3)
and homogeneous Dirichlet boundary conditions for the cable
00,6 =p,t)=0, t=>0. (1.4)
The initial conditions are prescribed as

@(x,0) = @o(x),  @:i(x,0) = @i(x),  ¢(x,0) = ¢o(x), ¢(x,0) =P1(x), x€(0,0). (1.5)

Since our model contains distributed delay terms involving past velocities, we further prescribe the
history data

(pt(-x’ t) = ﬁ)(x’ t)’ ¢;(X, t) = gO(x9 t)5 (X, t) € (09 5) X (_TZ, O)’ (16)

where fy and g, describe the past states of the velocity components.

The study of suspension bridge models has remained a central topic in nonlinear structural
dynamics, primarily due to the intricate coupling mechanisms between the deck and the supporting
cables. The foundational model (1.2),, introduced by Lazer and McKenna [1] (without the last term),
was proposed to describe nonlinear oscillatory phenomena in suspension bridges. Since its
introduction, a substantial body of work has focused on the mathematical analysis of this class of
systems, including results on well-posedness, qualitative behavior of solutions, and numerical
simulations. For representative contributions, we refer to [2-5] and the references cited therein.
Furthermore, the analytical properties of coupled suspension bridge systems have been explored in
several directions. In [6, 7], the authors proved the existence of strong solutions and established the
presence of global attractors. More recently, Mukiawa et al. [8] examined a nonlinear coupled
suspension bridge model closely related to (1.1) and (1.2), but without distributed delay effects. They
demonstrated that the dissipation generated by the bridge’s infinite memory, together with thermal
effects described by the Gurtin—Pipkin non-Fourier heat law in the cables, yields sufficient damping to
ensure stability of the system. In another contribution, Mukiawa and Messaoudi [9] analyzed a
different nonlinear coupled suspension bridge model incorporating both infinite memory and external
forcing, proving well-posedness and the existence of a global attractor. Additionally, the influence of
distributed delay terms has been investigated in related structures such as Timoshenko and laminated
beams; see [10—12] and the references therein.

We note that two main Lyapunov-based frameworks have been developed for the stability analysis
of delay systems: the Lyapunov—Krasovskii approach, which operates on the full history of the state,
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and the Lyapunov—Razumikhin approach, which works with functions of the current state only; see,
e.g., [13,14] and the references therein. In the present infinite-dimensional partial differential equation
setting, the Lyapunov—Krasovskii framework is the natural choice, as it accommodates the distributed
delay structure through the transport-type reformulation. For related stability and controllability results
in infinite-dimensional systems, we also refer the reader to [15, 16].

In this work, under the assumption

T2 T2
ny = 61 = llallee f 6>(DldT > 0, 1y = By = blle f B>(D)ldr > 0, (1.7)
71

71

we prove the well-posedness and exponential stability of systems (1.1)—(1.6). This condition requires
the instantaneous damping coefficients ¢, and ; to be strong enough to dominate the cumulative
effect of the distributed delay feedback over the interval [, 7,]. Simply put, the direct damping must
outweigh the total delayed influence. This balance ensures that the delay does not destabilize the
system, and that guarantees that ny and n; are positive, which are the key quantities driving the
dissipation relation (3.2). We note that condition (1.7) is sufficient but not known to be necessary in
general. Whether it can be relaxed, for instance by exploiting weighted norms in the history space or
by considering sign-varying kernels ¢, and f3,, remains an interesting open question. The remainder of
this paper is organized as follows. Section 2 introduces suitable history variables that allow the
system to be reformulated as an abstract Cauchy problem in an appropriately defined extended Hilbert
space. The global existence and uniqueness of solutions are then established via nonlinear semigroup
arguments. In Section 3, we construct a Lyapunov functional equivalent to the natural energy and
establish an exponential decay estimate under condition (1.7). Section 4 provides a numerical
illustration that confirms the exponential energy decay predicted by Theorem 3.1.

2. Problem transformation and well-posedness

To handle the distributed delay terms appearing in the model, we introduce auxiliary variables that
encode the past history of the velocity components. Following a standard transport-type reformulation
(see, e.g., [17]), we define, for (x,p,7,1) € (0,€) X (0, 1) X (11, T2) X R,

w(x, p, 7,1) = ¢(x,t — 1),

2.1
Z(X,PaT’ t) = (,DI(X,I - Tp) ( )

A direct differentiation with respect to ¢ and p shows that the newly introduced variables satisfy the
first-order transport equations

1
wi(x, 0,7, 1) + =wy(x,p0,7,1) =0,
T
. (x,p,7,1) € (0,6) X (0, 1) X (11, T2) X R,. 2.2)
z(x,p, T, 1) + ;zp(x,p, 7,1) =0,

Using the change of variable y = # — 7 and on account of (2.1) and (2.2), the original systems (1.1)
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and (1.2) become

MGy + b1 Pxee + k[P — @] + 619 + a(x) f 2 60w (x, 1,7) dr =0, (x,1) € (0,0) xR,

Twix, 0,7, 0) +w,(x,p,7,1) =0, (x,p,7,1) €(0,0) x(0,1) X (11, 72) X Ry,

(2.3)
T2
Ma@y — bapec — k9 — @l" + i + b(X)f Ba(r) 2(x,1,7) dT =0, (x,1) € (0,4) X R4,
T1
T2(x%,0,7,0) + 2,(x,0,7,1) =0, (x,p,7,1) €(0,6) X (0, 1) X (71, 72) X Ry,
with the transformed boundary conditions
$(0,1) = ¢,:(0,0) = ¢(£, 1) = Ppoe(L, 1) = (0,1) = (£, 1) =0,V > 0, (2.4)
and the initial conditions
W(-x’ Oa T, t) = ¢t(x’ t)7 Z(x’ O, T, t) = ‘Pt(x’ t)’ (x’ t) € (0’ f) X R+,
¢(X, 0) = ¢0(X), ¢t(~xa O) = ¢1(X), QD(X, O) = QD()(X), QD[(.X, O) = QD[(.X), X € (Oa f)a (2 5)
W(X,p, T, O) = ¢l(-x, _Tp) = g()(x7 Tp)’ (-x’p’ T) € (0’ 5) X (O’ 1) X (TI’TQ)a '
Z(X»P, T, O) = th(x’ _TP) = ﬁ)(x’ TP), (x»P» T) € (0’ f) X (O» 1) X (TI»TZ)-
Define
V= (4., w0, ¥,2)",
with @ = ¢, and ¥ = ¢,. The semigroup representation of systems (2.3)—(2.5) is expressed as
Vi) + GV () = O(V), t>0, 2.6)
V(0) = Vo = (¢o, b1, 80» 0, @1, o) » .
G: D(G) c ‘H — H is defined by
-0
b 0 2
— G+ —D + 4 (M) wx, 1,7)dr 0
D lw mq
wi TP B 0
Gly|= Ly . QV) = 0 : (2.7)
"2 b b T2 AN O S L
4 e+ &‘P + b f Ba(7) 2(x, 1, 1) d7 m ¢ =]
my n my Jr, 0
1
P
Let
H%(0,¢) := H*(0,¢) N Hy(0, ) (2.8)
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be the space with the inner product

{
(u, V)HZ(O,E) = ﬁ U (X) Vix(X) dx. (2.9)

The induced norm is therefore

‘
2 2
el 0.0 = s 20,00 = f letx (X)|” dx.

20, .

It is well known that this norm is equivalent to the standard H>(0, £)-norm on H>(0, £); consequently,
(HZ(0,0), 1l - llg20.0)) is a Hilbert space.
For the semigroup formulation of (2.6), we define the underlying Hilbert space as

H := H2(0,€) x L*(0, £) x LY(0, £) X (0, 1) X (11, 72)) X Hy(0, £) x L*(0, £) x L{(0, £) X (0, 1) X (71, 72)),
and domain of G is defined by

¢ € H*0,0) N H*0,¢), ® € HX0,¢)
$xx(0) = ¢x(€) = 0

DG) =V = (¢, D, w,¢,'¥,2) € H|p € H(0,0) N H*0,¢), ¥ € Hy(0, 0),
w(x,0,7) =D, z2(x,0,7) =¥

W, Wy, 2,2y € L2((0, 6) X (0, 1) X (11, 72))

For any L _
V = (¢a q), Wa 90’ \119 Z)a V = (¢, (D9 T"Z 255 \Pa/i) € 7{9

we endow H with the inner product defined by

¢ ¢
(V, V)w —mlf d)d)dx+m2f‘l"1’dx+b1 ¢xx¢xxdx+b2f O pedx

+k f [¢— ]"[6 - @l"dx + f a(x) f f 7|6,(0)| w(x, p, TW(x, p, T)drdpdx  (2.10)
+ f b(x) f f 7|B2(7)| 2(x, p, T)2(X, p, T)dTdpdx,
0 0 T

and norm
V15, := [mlllfbll2 + mol[PI” + billgdl* + ballpsl® + kll[gp — 90]+||2]

1 T)
5 2(x, p, T)drdpd
+fa(X)L L 7|02(0)| w(x, p, T)dTdpd x 2.11)
1 )
+ f b(x) f f 7|8:(1)| 2 (x, p, T)drdpdx.
0 0 T

We now state the well-posedness result for system (2.6).
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Theorem 2.1. Let
Vo = (¢, 1, fo, 0, ¢1, 80) € H.

Then, the system (2.6) possesses a unique global weak solution
V € C([0, 0); H).

Furthermore, if

Vo € D(G),

then the corresponding solution satisfies
V € C([0,0): D(G)) N C([0, 00); H).

Proof. Stepl: the monotonicity of G. First, we show that the operator G: D(G) € H — H defined
by (2.7) is monotone. Setting V = (¢, D, w, ¢, ¥, z)T € D(G), in view of (2.7), (2.10), and applying
integration by parts on the by, b, terms, we obtain

4 4
<QV,V)W:61f®2dx+ﬁ1f‘P2dx
0 0

¢ T2
+ f a(x)d(x) (f 0 (t)yw(x, 1,7) dT) dx
0 71

4 Ty
+ f b(x)¥Y(x) ( f Bo(t) z(x, 1, 7) dT) dx (2.12)
0

T

1 T2
+ f a(x) f f l02(D)|w, wdr dp dx
0 0 T
1 T)
+ f b(x) f f |B2(7)| z, zd7 dp dx.
0 0 Ty

Further integration by parts on the last two terms in (2.12), and using the conditions w(x, 0, 7) = ®(x),
72(x,0,7) = W(x), we arrive at

4 £
<§V,V>w:61f ®2dx+,81f Y2 dx

0 0

+ f a(x)d(x) (fTZ o (T)w(x, 1,7) dT) dx
0 T

4 T)
+ f b(x)¥(x) ( f Ba(t) z(x,1,7) dT) dx (2.13)
0 Tl

4 T ) {
+% f a(x) f |52(T)|W2(X,1,T)d7dx—%( f |6z(r>|dr) f a(x)D?(x) dx
0 T1 T 0

4 T) T 4
+% f b(x) f Iﬁz(T)Izz(x,l,T)dex—%( f |,82(T)|d7') f b(x)¥*(x) dx.
0 T T 0
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Now, applying Cauchy—Schwartz and Young’s inequalities to the third and fourth terms of (2.13), we
obtain

GV, Vg 2 (51 - IIalloof 162(7) dT)IICDII2 + (Bl - IIblloof 1B2(7)] dT)II‘PIIQ- (2.14)

1

In view of the conditions in (1.7), we deduce from the last line above, that (GV, V)¢ > 0,VV € D(G).
Hence, the monotonicity of G is established.

Step 2: maximality of G.

Let
Q = (qla 42,493,494, 45, q6)T S 7'(

To establish that G is maximal, we solve the resolvent equation
I+6)V =0 inH, (2.15)
for an unknown
V = (¢, D,w,0,¥,2)" € DG).
Using the definition of G in (2.7), the problem in (2.15) is equivalent to
¢—® =g, in HX0,?),

a

(x) 2 . 2
62(7) W(X, 1a T) dT = ({2, 1M L (O’ f)a
nmi 71

1
Wt —w, = g3, in L*((0,6) % (0,1) X (11, 72)),

b o)
O+ L ¢xxxx+—1<D+
mi mg

2.1
o—¥ = gs. in HYO,1), (2.16)
b b >
Y- 2+ Pry, ﬁf Bao(7) 2(x, 1,7)d7 = g5, in L*(0,0),
ny ny my Jq )
2+ —% = s in L2((0,€) x (0, 1) X (11, 72)).
From Eq (2.16), and (2.16),, we have
O=¢-q, Y=¢-q. (2.17)

Solving the first-order equations appearing in (2.16); and (2.16)4, and using the boundary conditions,
w(x,0,7) = O(x), z(x,0,7) ="Y(x),

we obtain explicit expressions for w and z in terms of ® and ¥ as follows:

O
w(x,0,7) = e PO + 1™ f e” q3(x, 5, 7)ds,
0 (2.18)

0
2(x,p,1) =€ PY + 1™’ f e” go(x, s,7)ds.
0
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In view of (2.17), we obtain

Y
w(x,p,7) = e Pp—e g +1e " f e” q3(x, s, 7)ds,
0 (2.19)

O
2(x,p,7) =€ Pp—ePgs+T1e " f e” qe(x, 5, T)ds.
0

In particular,

1
wx, 1, 1) =e"¢p—e "q + 1" f e” q3(x, 5, 7)ds,
0 (2.20)

1
Z(x, 1, 1) =€ "p—e gy +TE" f e” qe(x, 5, T)ds.
0

Substituting (2.17) into (2.16),, (2.16)5, and multiplying the results by m; and m, respectively, we
obtain

T2

my(¢ —q1) + b1dper +01(¢ — q1) + a(x) o (T)w(x, 1,7)dt = mq,
i 2.21)

T2

my(@ — qa4) — by + B1(@ — q4) + a(x) Bo(1) z(x, 1, 7) dt = mygs.

7]

Furthermore, substituting (2.20) into (2.21), we obtain

b woxx T O = ’
19 19=8 (2.22)
— b+t a9 =g,
where the terms a, a», g1, > are given by
ap := (my +6,) +ax) f e "o, (7)dr,
1 o
g1 :=miqy + (my + 61)q, — a(x) (f e_Tég(T)d‘r) qi
T) 1 1
+ a(x) f Te " 8,(T) ( f e“qs(x, s, T)ds) dr,
n 0 (2.23)

@ = (my + 1) + b(x) f e Pa(7)dr,

8

[ ]

= mags + (my + B1)qs — b(x) (f e_T,Bz(T)dT) qa

T

T) 1
+ b(x) f Te Br(T) ( f e qe(x, s, T)ds) dr.
T 0

We now introduce the product space V := H>(0, ) X H, (0, £). We then define the bilinear mapping
B: VXV — Rby

¢ 4 { Ll
8((¢’ ‘P)a (77’ f)) = bl f ¢xx77xx dx + b2 f ‘prx dx + f a) ‘P n dx + f an 90§dx (224)
0 0 0 0
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In addition, we introduce the linear functional £: V — R defined by

¢ ¢
L(n,¢é) = f gindx+ f & &dx, @& eV. (2.25)
0 0
The weak formulation associated with (2.22) is the following: Find (¢, ¢) € V such that

B(($,9),(,8) = L&), Y8 eV, (2.26)

Applying the Cauchy-Schwarz inequality together with the Poincaré inequality on HZ2(0,¢) and
H,(0,¢), one verifies that both 8 and L are continuous on V. More precisely, there exist positive
constants C; and C, such that

1B((¢, 9), (1. 9))| < Cill(, @Il @7, Ol

(2.27)
|L®.6)| < Callg1, 82)ll20.0x120.01107. Ol
In addition, B is coercive, since there exists C > 0, such that
B((,9). (¢, 9)) = Cll(®, o)l (2.28)

Since B is continuous and coercive on V, and L is continuous, the Lax—Milgram theorem guarantees
the existence of a unique element (¢, ¢) € V satisfying (2.26). Furthermore, relation (2.17) implies
that ® € H2(0,0),¥ € Hé(O, ). Substituting ¢ and ¢ into (2.20), and (2.20),, respectively, we get

W, Wy, 2,2 € Lz((O, ) x(0,1) X (11,72)) and w(x,0,7) =¥, z(x,0,7) = D.

Taking (¢, ¢) = (¢,0) € V in (2.26), we obtain

b, f¢xxnxxdx + f[cmb - g1lndx = 0, ¥y € H(0,0). (2.29)
0 0

It follows that
b1$uxxx = —a1¢ + g1 € L*(0,0). (2.30)

This implies
¢ € HY0,0) N H*(0, ).

Let u € C?[0, ] be an arbitrary test function with u,,(0) = u.(£) = 0, Eq (2.26) remains valid and
we have

b, j: Grxllondx + f;[aqqﬁ — giludx =0, Yu € C*0,£], uu(0) = u.(f)=0. (2.31)
Integrating by parts in view of (2.33), yields
G Otx(6) = G0t (0) = 0, Y € C[0, €], 1 (0) = u(£) = 0. (2.32)
By the arbitrariness of u, it follows that
$2:(0) = $(€) = 0.
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Similarly, taking (¢, ¢) = (0, ¢) € V in (2.26), we obtain

4 4
b, f O éxdx + f [aap — g2]édx = 0, V€ € Hy(0, ). (2.33)
0 0

It follows that
—bypux = —trp + g € L*(0,0). (2.34)
This implies
@ € H*(0,£) N H)(0, ).
Therefore, V = (¢, ®,w, ¢, ¥, z) € D(G) and solves (2.15). Hence, the operator G is maximal.
Step 3: Lipschitz continuity of Q.
Let Vi = (¢1, @1, wi, 01, W1, 21), Vo = (¢2, @2, wa, 2, W2, 20) € H. Then, in view of (2.7), we obtain

0
k
—([p1 —@1]" = [¢h2 — 21")
my
0
O(Vy) —0(V,y) = 0
k
——([¢1 = @1]" = [¢2 — @2]")
)
0
Thus, we have
k 2 k 2
1O(V1) = Q(Vo)ll3, = my |— (161 - @] = (2 — @l )| +ma||—(l1 = @11" = [¢2 — ¢2]")
my L2(0,0) ) L2(0,0)
Kk + +112
= (m_l + m_z) ||[¢1 - 901] - [¢2 - 902] ||L2(0,[) .

It is evident that,
||[¢1 N <P2]+||L2(0’€) < llg1 = d2ll20.0) + o1 — @2llr20,0)-
It follows that, there exists C > 0, depending on k, m;, m, such that
IO(V1) = O(V)llw < ClIVy = Vallgy, ¥V, V, € H.
Hence, the nonlinear mapping Q: H — H is globally Lipschitz continuous. Finally, applying the
semi-group theory, see [18, 19], the well-posedness is deduced from Steps 1-3.

O
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3. Stability of solution

Lemma 3.1. Let (¢, w, ¢, 7) denote the solution of (2.3)—(2.5) under assumption (1.7). The continuous
energy functional associated with the systems (2.3)—(2.5) is defined as

EQ@) = [mllldhll + mallgd P + billg > + ballpl* + Klilg — 1" ||2]

+3 f a(x) f f 7162(T)l W (x, p, T, dTdpdx (3.1)
0 0 T]
1 4 1 T)
+3 f b(x) f f 7|Ba(7)| 2(x, p, T, NdTdpdyx,
0 0 T]

and satisfies the dissipative inequality
d 2 2
7 [E®)] = —nollg|l” — mllel” <0, ¥r >0, (3.2)

where ny and n, are positive parameters defined in (1.7).

Proof. Testing (2.3), and (2.3); with ¢, and ¢, respectively, integrating over (0, £), and performing
integration by parts yield

1d 4 4 T)
37 (m1||¢t”2 + b1||¢xx||2) + kf ¢lp — ] dx + 61l + f ¢za(X)f 62(t)w (x, 1,7) drdx =0
0 0 T]
1d 5 5 ¢ . ) 72
5 75 (malleP +balle.dP) — & f oo — ol dx+Billed + | @b(x) f Ba(1)z(x, 1,7) drdx = 0,
0 0 T
(3.3)
Summing the equations in (3.3) yields
1d
5 72 (o + mallg P +b1lgull + balleudl + Kile — o1°IF)
T2
= =61l - f ¢ra(X)f 60w (x, 1,7) drdx - Billg (3.4)
0 T]

¢ -
- f ¢:b(x) f Ba(1)z(x,1,7) drdx.
0 -

Next, multiplying (2.3), and (2.3), by a(x)|0.(7)lw and b(x)|B(7)|z, respectively, and integrating
over (0,¢€) x (0,1) x (11, T2), we arrive at

1 d 4 1 Ty
- f a(x)f f T|02(7)| wz(x,p, 7, t)drdpdx
2dt | Jo 0 Jn

1 4 T 1 P
= f ax) | 1620 f — [w(x.p.7.0)| dpdrdx
o (3.5)

= ——f a(x)f 16,(D)W(x, 1, 7, )drdx + = f a(x)f 162(T)IW*(x, 0, T, t)dTdx

:_% f a(x) f |62(T)|w2(x,1,r,t)drdx+% f a(x)¢; dx f i 162(7)ldT
0 7 i
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and

1d t 1
EEM b(X)ﬁ L 718>(7)| 2(x, p, T, t)depdx]

4 T 1
:—%fo b(x) 3 1B>(7)] fo (%[ZZ(x,p’T,t)]dpdex

4 T)
= ;f b(x) Iﬁz(T)|Z (x,1,7,0dtdx + = f b(x)f |ﬁ2(‘1')|Z (x,0, 7, 0)dtrdx

1

_ ! f b0 f BaOIRx, 17, DT+ » f bx)gdx f >0

Using (3.4)—(3.6), it follows that
d 2
7 [E®0)] = - 6illgl* — f(lﬁza(X)f O2(mw (x, 1,7) drdx
0 71

—31||90:||2—f¢zb(x)f Bar(T)z(x,1,7) drdx
0 T]

1 4 T2 1 {
-3 f a(x) 16,(D)W?(x, 1, 7, t)dnmE fo a(x)¢>dx 16, (7)|dT
T T

4 T)
_2 f b(x) f 1B>(D)|2*(x, 1,7, f)dtdx + ; f b(x)g*dx f 1B>(T)ldT
0 T

1 Ty {
(m——nauw f |62<r>|df) f ¢2dx—(ﬁ1—§llblloo f |ﬁ2(T)|dT) f grdx
T 0

{ )
- f ¢.a(x) f O2(t)w (x,1,7) drdx — f @:b(x) f Ba(1)z(x,1,7) drdx
0 T 0 T]

1 4 7 1 4 19)
~3 f a(x) f |(52(T)|w2(x, 1,7, t)drdx — > f b(x) f Iﬁz(T)lZQ(x, 1, 7, 0)drdx.
0 T] 0 T]

Applying the Cauchy—Schwarz and Young inequalities, we deduce

¢ -
_f ¢ta(x)f 0 (tw(x,1,7) drdx

< —f a(x)d)za’xf |62(D)|dT + = fa(x)f |52(T)|w (x, 1,7, Hdrdx
0

—||a||oo f |(52(T)|d7f ¢,2dx+ fa(x)f 16,(7)|w? (x, 1,7, t)drdx,

f @:b(x) f Br(T)z(x,1,7) drdx

fb(x)gozdxf |B2(D)ldT + = fb(x)f B0 (x, 1, 7, £)dTdx

s%lbllm‘f zdxf |B2(T)ldT + = fb(x)f |ﬁ2(T)|Z (x, 1,7, Hdrdx.

(3.6)

(3.7)

(3.8)
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On account of (3.7), (3.8) and condition (1.7), we obtain

d ( 4
= [E()] < —nof ¢*dx —n, f @rdx <0, YVt > 0. (3.9)
0 0
This completes the proof. m|

Lemma 3.2. Let (¢, w, ¢, 2) be the sufficiently regular solution of (2.3)—(2.5). Define the functional

4
La) = f (1, + mopp,) do. (3.10)
0

The functional I,(t) is differentiable for t > 0, and its time derivative satisfies

b b
I(n) < - 51||¢xx||2 - gnsoxnz — kIl — @1 I + cligil? + cllgilP
¢ . V) - (3.11)
+c f a(x) f 16-(T)| W?(1, T)d7dx + ¢ f b(x) f 18,(0)| 22 (1, ) drdx, ¥t > 0.
0 T 0 T

Proof. Differentiating (3.10) and using (2.3), and (2.3);, then integration by parts leads to
¢
() = f (mlqbtz + m1p by + M@’ + Mo (pt,) dx
0

£ ¢
= = billpl = ballpall® = Klllp — @1 IP + millgall® + mallgdl” = 6, ¢¢tdx—,31f g dx
0 0

4 Ty 4 Ty
— f a(x)¢ (f o (tw(x, 1,7) dT) dx — f b(x)p (f Ba(t) z(x,1,7) dT) dx. (3.12)
0 T] 0 T]

By applying the Cauchy—-Schwarz, Young, and Poincaré inequalities together with the embedding
result stated in [4, Lemma 2.1], we derive the following estimates,

! (le> bi, g
Y i ¢ ¢ dx < g > + Zleal’, =B i Q@ dx <

Furthermore,

4 T)
—f a(x)¢(f 0L (T)w(x, 1,1, t)dT) dx
0 T
¢ N - 2 3
s( f ¢2dx) ( f (a(x) f 16,(7)] Iw(x,l,T,t)IdT) dx)
0 0 T
¢ 3 72 12 ) At - 7
<ec, ( f ¢§xdx) (||a||Lm f |62(T)|d7') ( f a(x) f |62(T)|w2(x,1,7',t)d‘rdx)
0 T 0 T

3(Bicy)
4b,

llgdl? + —2||<px||2. (3.13)

(3.14)

b 3¢25, (¢ &
< gl + e lfa(X)f 162(T) W(x, 1,7, 1) d dx.
4 4b;  Jo o
Similarly,
Zﬂ T
f b(x)QO( f ,82<r)z(x,1,rr>dr) de < 2l + 2 o) f B0 2(x, 1,7) drd.
2 0 T
‘ (3.15)
Substituting (3.13)—(3.15) into (3.12), we obtain (3.11). O
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Lemma 3.3. Let (¢, w, ¢, 2) be a solution of systems (2.3)—(2.5). Then, the functional

4 1 Ty
L) = f a(x)f f 7" 16,(T)| w(x, p, T, 1) dtdp dx (3.16)
0 0 T

satisfies

4 1 T)
L) <— mof a(x)f f |0-(7)| wz(x,p, 7,t) drdpdx
0 0 (3.17)

4 Ty 4
- my f a(x) f |62(T)|w2(x, 1,7, Hdrdx + 6, f qb,z(x, Hdx,
0 T1 0

where my = e ™.

Proof. We differentiate /,(¢) with respect to ¢. Using the transport equation satisfied by w, namely

1
W[+ _Wp = O,
T

we obtain,

4 1 T)
I(t) =2 f a(x) f f Te” P |6, ()| w(x, p, T, 1) wi(x, p, T, 1) dr dp dx
0 0 T

4 1 T)
= - 2f a(x) f f e~ 162(D) w(x, p, T, ) Wy(x, p, T, 1) dT dp dx
0 0 T

4 1 Ty a
=— f a(x) f f 162(7)| =—[e” W (x, p, 7, )] dT dp dx
0 0 T1 8,0

4 1 T) (318)
- f a(x) f f e P 16,(0)| W (x, p, 7,1) drdpdx
0 0 T
4 T) l
=- f a(x) f 60| Ww(x, 1,7, 8) = w(x, 0,7, 1) | dr dx
0 T
4 11 T)
— f a(x)f f e |6,(T)| w(x, p, T, 1) drdpdx.
0 0 T
Recalling that w(x, 0, 7, 1) = ¢,(x, t) and using (1.7), we arrive at
4 ) ) {
() < - f a(x) f e 16 (DIW(x, 1,7, Ndrdx + ||alle f l62(D)ldT f 7 (x, dx
0 T T] 0 (319)

{ 1 T)
- f a(x)f f 7™ |0,(T)| W(x, p, 7, 1) dtdpdx.
0 0 T

Observe that e™™ < ¢7™ for all p € [0, 1]. Moreover, e " is decreasing on the interval [7y, 7,], it follows
that

e <e’, Yre[r,nl

Consequently, (3.19) leads to (3.17). O
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Lemma 3.4. Assume (¢, w, ¢, z) is the sufficiently regular solution of systems (2.3)—(2.5). We define
the functional

1 T
L) = f b(x) f f 7" |Bo(7)| 22 (x, p, T, ) dTdpdx. (3.20)
0 0 T

Then, I5(¢) is differentiable for t > 0, and its time derivative satisfies

4 1 T)
I(H) < —my f b(x) f f B2(0)| 2 (x, p, 7, 1) dTdpdx
0 0 Jm (3.21)

Ty 4
- my f b(x) f |ﬁ2(7')|22(x, 1,7, t)drdx + 5, f go,z(x, tdx,
0 T 0

where
my =e .

Proof. Similarly, differentiating I5(¢) with respect to ¢, using (2.3), and following the same steps as
in (3.18) and (3.19), we obtain (3.21). O

To establish exponential decay, we combine the natural energy E(¢) with three auxiliary functionals
into a single Lyapunov functional (). Each component plays a specific role. The functional /;(r)
is built from a cross term between displacement and velocity, and it produces the negative potential
energy terms that drive the decay. Once I/(¢) is estimated, delay terms involving w and z appear on the
right-hand side, and these are precisely what I;(¢) and I5(¢) are designed to absorb. The constants &, &;,
&3 are then chosen to make ¥ (¢) equivalent to E(¢).

Lemma 3.5. Let (¢, w, ¢, 7) be a solution of (2.3)—(2.5) and assume that condition (1.7) is satisfied.
Define the Lyapunov functional

F (1) = eE(@) + L,(t) + e,(1) + &315(2), (3.22)

where €, &,, and &3 are suitably chosen positive constants. Then, there exist positive constants A, Ay,
and A5 such that

AME®) < F (@) < LE(®M, VYt=0 (3.23)

and
F'(H) < —E@®), VYit>0. (3.24)

Proof. Using Cauchy—Schwarz, Young’s, Poincaré’s inequalities, and embedding, we have
17 (1) — eE(D)] <IL(D] + elL(0)| + &|5(0)] < cE() (3.25)

This implies,
(e=)E@®) <F(@) <(e+)E®Q).
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Taking € large such that € — ¢ > 0, we obtain (3.23). Next, differentiating the Lyapunov functional ¥
in (3.22) and using Lemmas 3.1-3.4, we have

F'(t) < — [nos — 612, = ClIg P = [me - Bies - C|llgill?

b, 2 by 2 +112
> [l > llpall” = Kllle — o7l

{ 1 Ty
— &my f a(x) f f 716, (7)| w(x, 0,7, 1) dt dpdx
0 0 T

¢ Loem , (3.26)
— &3y f b(x) f f 7B (D 27 (x, p, 7, 1) dt dpd x
0 0 T

- [82m0 — c] fa(x) " |02(7)] wz(x, 1,7, 1) drdx
0

71

4 T)
— [&3mo = c| f b(x) f Ba()] (x, 1,7, 1) drdx.
0 T]

Choose &; and &3 large such that
emy—c >0, emy—c>0,
followed by selecting € even larger such that (3.23) stays valid and
noe —01& —c >0, nje—pFiez—c>0.

In view of (3.1), we obtain (3.24). |

Theorem 3.1. Let (¢, w, ¢, 7) be a solution of systems (2.3)—(2.5) and suppose (1.7) holds. Then, the
energy functional (3.1) decays exponentially. That is, we can find positive constants Ay and A such that

E(t) < Agexp(—A1), YVt =>0. (3.27)
Proof. From Lemma 3.5, on account of (3.23) and (3.24), we have for some 4, > 0,
F'(t) < =AF (1), Yt =0. (3.28)
Integrating (3.28) over (0, ¢), we obtain
F (1) < F(0)exp(=Ayg 1), ¥t >0, (3.29)

for some positive constant Ay. Finally, using (3.23) again and (3.29), we obtain the result in (3.27).
This completes the proof. m|

4. Numerical illustration
To support the theoretical findings, we present a numerical simulation of systems (1.1)—(1.6). The
spatial domain (0, ) is discretized using N = 20 interior finite difference points, and the time

integration is carried out via a Crank—Nicolson scheme with time step Az = 0.01, in which the
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fourth-order and second-order spatial operators are treated implicitly while the damping, delay, and
nonlinear coupling terms are treated explicitly. The parameters are chosen as £ = w1, m;y = mp = 1,
by=b,=1,k=0.5,6, =8, =3, 17 =0.1, 7, = 0.5, with constant kernel functions 6,(7) = B,(1) = 1
and uniform spatial weights a(x) = b(x) = 1. One can verify that condition (1.7) is satisfied, since

T2
nog = Ny =0 —f |(52(T)|d‘[':3—0.4:2.6>0.

71

The initial conditions are

¢o(x) = sin(x),  1(x) =0, @o(x) = 3sin(x), @i1(x) =0,

with zero past history go = 0 and f = 0 on (0, {) X (—13,0), consistent with the zero initial velocity.

The left panel of Figure 1 displays the energy E(#) on a logarithmic scale, showing an initial transient
followed by a clear linear trend, which confirms the exponential decay predicted by Theorem 3.1. The
right panel shows the displacement profiles of the deck ¢ (solid lines) and the cable ¢ (dashed lines) at
times ¢t = 0, 1, 3, 6, illustrating how both components are progressively damped to rest by the combined
action of the instantaneous damping and the distributed delay feedback.

Exponential energy decay Solution profiles
1.0 1
0

10 0.8
o
g

g 0.61
S 107! 2
w =

% 0.4
A

1072 4 0.2
0.0
0 1 2 3 4 5 6 7 8 0.0 0.5 1.0 1.5 2.0 2.5 3.0
t X

Figure 1. Left: energy E(¢) on a logarithmic scale, confirming exponential decay; Right:
displacement profiles of the deck ¢ (solid) and cable ¢ (dashed) at times # = 0, 1, 3, 6.

5. Conclusions

In this paper, we have studied a coupled suspension bridge system in which the deck and cable
are linked through a nonlinear unilateral coupling term of positive-part type, and both components are
subject to distributed delay feedback acting on their velocity fields. By introducing suitable auxiliary
variables, the original integro-differential system was reformulated as an abstract Cauchy problem in an
appropriate product Hilbert space, and well-posedness was established via semigroup theory. Under the
natural balance condition (1.7) between the instantaneous damping coefficients and the delay kernels,
we constructed a Lyapunov functional equivalent to the natural energy and derived an exponential
decay estimate for the energy.
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