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Abstract: In this work, we introduced a matrix-induced framework for quantum calculus on discrete
forward orbits generated by affine contractions of the form T(x) = a + Q(x — a) in R", where
the matrix Q has a spectral radius less than one. The proposed approach extends the classical
one-dimensional g-calculus to higher dimensions by replacing scalar dilations with matrix-driven
dynamics. We defined matrix-induced directional derivatives and integrals on the associated forward
orbit and established their fundamental properties, including integration by parts, and first and second
fundamental theorems of calculus. As applications, we proved a Hermite—Hadamard-type inequality
for convex functions under a segment-preserving condition on Q, derived a Poincaré-type inequality
on the orbit, and obtained an existence—uniqueness result for a nonlinear first-order problem driven by
the new derivative. In dimension one, the framework reduces to the standard g-calculus.
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1. Introduction

Quantum calculus, or g-calculus, is a limit-free framework in which differentiation and integration
are formulated through g-difference operators and g-integrals. Its origins go back to the pioneering
works of F. H. Jackson [1, 2]. Since then, it has become a useful analytical tool with connections
to special functions [3-5], orthogonal polynomials [6—8], combinatorics [9-11], and representation
theory [12]. Recent developments include (p,q)-deformations [13—15] and various g-fractional
operators [16-18], often motivated by applications to difference equations, g-Schrodinger-type
equations [19], and related nonlocal models. For further background, we refer the reader to [20,21].

Another relevant direction is the study of Jackson-type constructions on shifted grids over finite
intervals. This leads to anchored operators, such as the left g,-derivative and the associated g,-integral
on [a, b], where the contraction is taken with respect to the base point a rather than the origin. This
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viewpoint was initiated, to the best of our knowledge, in [22] and is particularly useful in boundary-
value settings, where the discrete structure must be adapted to a prescribed endpoint.

Some contributions in the literature have addressed extensions of quantum calculus to higher
dimensions; see, for example, [20, Chap. 10] and [23-25]. A common feature of these works is that
differentiation is introduced coordinatewise. More precisely, given a function f(xi, ..., xy) and a fixed
parameter g € (0, 1), the g-partial derivative with respect to x; is defined by applying the classical
one-dimensional Jackson g-derivative in the x;-variable, while keeping the remaining variables fixed:

JXt ooy Xiy ooy xy) = f(X1, 005 gXiy ooy XN)
(1 = g)x; ’

The value at x; = 0 is understood in the appropriate limiting sense whenever this limit exists. Thus,
if all variables except x; are fixed, then 9, ,, coincides with the usual Jackson derivative applied to the
one-variable function

xl-iO.

aq,xif(xl’ ey XN) =

s = f(xl’---,xi—las’xi+la---3xN);

see, for example, [16, 21]. This approach has the advantage of being conceptually simple and
directly connected with the well-established one-dimensional theory. It also provides a practical
multivariable toolkit, since g-analogues of higher-order derivatives, Taylor-type expansions, and
Jacobian-type matrices can be constructed by iterating these g-partial operators. On the other hand,
the coordinatewise character of the classical multivariate Jackson construction is inherently separable:
each g-partial derivative is generated by an independent one-dimensional dilation x; — gx;. As a
consequence, this framework does not naturally encode genuinely coupled transformations between
variables. In particular, it is less naturally adapted to anisotropic settings in which the underlying
contraction mixes coordinates (for instance, through non-diagonal linear maps), since such couplings
cannot be represented by independent axis dilations. More broadly, the resulting calculus is organized
around N decoupled g-directions and does not, by itself, provide an intrinsic directional framework
tailored to a prescribed linear transformation. This can be a drawback when one seeks operator-driven
identities and integral structures, such as fundamental theorems of calculus or integration-by-parts
formulas, that are canonically aligned with a coupled discrete evolution.

In this paper, we introduce a framework for quantum calculus in higher dimensions that is
intrinsically adapted to affine contractions and their associated discrete orbits. More precisely, we
consider the affine map 7 : RY — RY defined by

T(x)=a+ QO(x—a),

where a € RY is the unique fixed point of T and Q € RV satisfies p(Q) < 1, so that T is a strict
contraction. The associated discrete evolution is described by the forward orbit I'p(b) = (TKD) : k €
No} for a given b € RY with b # a. Rather than relying on coordinatewise g-dilations, this viewpoint
permits genuinely coupled dynamics through non-diagonal matrices Q. Such matrices allow different
coordinates to interact along the same discrete evolution, which is natural when modeling coupled
systems or anisotropic behavior. This leads to directional difference and integral operators that are
naturally aligned with the contraction generated by 7. Within this setting, we establish fundamental
theorems of calculus, integration-by-parts formulas, and basic convergence results, while recovering
the classical one-dimensional g-calculus, including the anchored g, setting, as special cases.
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The paper is structured as follows. In Section 2, we introduce the matrix-induced affine map and its
forward orbit, and we formulate the notion of Q-admissibility, which plays a central role throughout
the paper. Section 3 is devoted to the definition of the matrix-induced directional derivative ,Dg,
and to the study of its basic properties, including algebraic rules and its connection with the classical
directional derivative in the isotropic limit. In Section 4, we introduce the associated (a, Q, e)-integral
and establish the fundamental theorems of calculus, integration-by-parts formulas, and a dominated
convergence theorem within this framework. Finally, in Section 5, we present several applications of
the matrix-induced quantum calculus, including a Hermite—-Hadamard-type inequality, a Poincaré-type
inequality on the forward orbit I'p(b), and existence and uniqueness results for a nonlinear first-order
problem driven by the operator ,Dg .

2. Affine maps, orbits, and Q-admissibility

Notation. We denote by N the set of positive integers and by N, the set of nonnegative integers.
Throughout the paper, N € N is fixed.

We write RV for the space of real N X N matrices, and denote by [ the identity matrix.

For A € R¥¥, we denote by p(A) its spectral radius, that is, the maximum of the moduli of its
eigenvalues. We also denote by AT the transpose of A.

The Euclidean inner product on R¥ is denoted by (-, ), and the associated norm by ||-||.

We assume that a, b € R, with a # b, and that Q € RV*V satisfies p(Q) < 1.

Definition 2.1. Define 7 : R¥Y — R" by
T(x)=a+ QO(x—a), x e RV,

We call T the matrix-induced affine map associated with Q. For each k € Ny, the k-th iterate of T is
defined recursively by

T%(x) = x, T (x) = T(T*(x)), xe RV,
Definition 2.2. The forward orbit of » under 7 is the countable set
To(b) = {T*(b) : k € Ny).

We collect below a few elementary properties of the iterates of 7" and of the forward orbit I'p(b).

Lemma 2.3. The affine map T and the forward orbit I o(b) satisfy the following properties.

(i) The map T has a unique fixed point, namely, a.
(ii) For every x € RN and every k € Ny, one has

T*(x) = a + O (x - a).
(ii1) The forward orbit of b under T admits the representation
Tob) = {a+ Qb - a) : k € Ny}.
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(iv) For every x € RN, one has
THx) > a ask — co.

(v) One has
T(To(b)) =To(b) \ {b}.

Moreover, if Q is invertible, then the restriction
T :To(b) = To(b) \ (b}
is a bijection.
(vi) The set {a} U T o(b) is compact in R".
Proof. (i) Let x € RY be a fixed point of 7. Then
x=Tx)=a+ 0(x—a),

hence (I — Q)(x — a) = 0. Since p(Q) < 1, the number 1 is not an eigenvalue of Q, and therefore I — Q
is invertible. It follows that x = a, and a is the unique fixed point of 7.

(ii) Fix x € RY and argue by induction on k € Ny. For k = 0, the identity is immediate since
T°(x) = x. Assume that T*(x) = a + Q¥(x — a) for some k € N,,. Then

T!'(x) = T(T"(x) = a + Q(T*(x) - a) = a + Q"' (x - a),
which completes the induction.
(111) This follows from (ii) by taking x = b.
(iv) Let x € RY. Since p(Q) < 1, one has QF — 0 as k — 0. By (ii),
T'x)—a=0x—a) >0 ask— oo,

and hence T*(x) — a.

(v) For every k € Ny,
T(TX(b)) = T (b) € Ty(b),

so T(T'y(b)) C Tp(b). Moreover, T¥*!(b) # b for all k € Ny. Indeed, if T**'(b) = b for some k, then
by (i1),
b=a+ Q0" -a),

so (I — Q“"N(b — a) = 0. Since p(Q*™!) = p(Q)F*! < 1, the matrix I — Q**! is invertible, which forces
b = a, which is a contradiction. Therefore,

T(To(b)) c T'p(b) \ {b}.
Conversely, if y € I'g(b) \ {b}, theny = T*(b) for some k > 1, and hence
y = T(T* (b)) € T(To(b)).

This proves that T(T'g(b)) = [p(b) \ {b}.
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Assume finally that Q is invertible. If 7'(x) = T'(y) for some x,y € I'p(b), then
a+Qx—-—a)=a+ Q@ —a),

and the invertibility of Q implies x = y. Thus T is injective on I'p(b). Combined with surjectivity onto
I'o(b) \ {b}, this shows that the restriction of T is a bijection.

(vi) Since p(Q) < 1, one has Q¥ — 0 as k — oo. By (iii), the set {a} UTy(b) = {a} Ufa + O*(b-a) :
k € Ny} is bounded and has a as its only accumulation point. Hence it is closed in RY and therefore
compact. O

Definition 2.4. Let e € RY satisfy |le|| = 1. We say that e is Q-admissible if it satisfies the following
properties:

there exists ¢ > 0 such that QT( — Q)Te = g(I — Q)Te, o
(b-a,(I-0)e)> 0. '

In this case, the constant g is called the Q-admissibility eigenvalue associated with e.

Condition (2.1) has a simple geometric meaning. It requires the direction selected by the linear
functional

x (x,(I-0)'e)

to be invariant under Q, up to multiplication by the positive factor g. Thus, along the orbit generated
by T, the scalar quantity measured in the direction e is contracted by the same factor g at each step.
The positivity condition

(b-a,(I-0)ey>0

fixes the orientation of this direction and will be used below to obtain positive normalizing factors
along the forward orbit.

Remark 2.5. If e is Q-admissible, then the constant ¢ in (2.1) is unique. Indeed, the second condition
in (2.1) gives
(b-a,(I-Q)e) >0,

so (I - Q)'e # 0. If g1, g, > 0 both satisfy
Q'U-0Q)e=qI-0Q)e and Q'I-Q)e=q.(-0)e,
then (q1 — ¢2)(I — Q)Te = 0, hence ¢, = ¢.

Remark 2.6. Let us clarify how Q-admissible directions may be constructed. Such directions do not
necessarily exist for an arbitrary real matrix Q. The admissibility condition is a compatibility condition
between the matrix Q, the endpoint b, and the direction e.

Since p(Q) < 1, the matrix I — Q is invertible. Hence (I — Q)" is also invertible. Let w # 0 be a real
eigenvector of QT associated with a positive real eigenvalue g. Assume that

(b—a,w) #0.
Replacing w by —w, if necessary, we may suppose that

(b-a,w)>0.
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Define
_d-0w
I =2
Then |le|| = 1 and "
I-Qfe= ——.
T la-o
Consequently,
Q"UI-Q)'e=q-0Q)e.
Moreover, ® \
b-a,(I-QTey= =50,
HE a0

Thus e is Q-admissible.

Therefore, Q-admissible directions can be constructed from positive real eigenvalues of QT,
provided that the corresponding eigendirection is not orthogonal to b — a. In particular, the existence
of such directions is not automatic for a general matrix Q.

Lemma 2.7. Assume that e is Q-admissible with constant q. Then 0 < g < 1.

Proof. By Definition 2.4, the admissibility constant g is assumed to be a positive real number.
Moreover, since e is Q-admissible, the vector (I — Q)"e is nonzero and satisfies

QU-Qe=q~-Q)e.
Hence g is a real eigenvalue of Q. Therefore,
q =g < p(Q") = p(Q).

Since p(Q) < 1, we conclude that 0 < g < 1. O

Lemma 2.8. Let e € RY be Q-admissible with constant q. Then, for every x € T o(b), one has
(x=T(x),e) = - D(x—a),e)>0.
Proof. Let x € I'p(b). Then there exists k € Ny such that
x=Tb)=a+ O - a).
Since x — T'(x) = (I — Q)(x — a), we compute

(x = T(x),e) = (I - Q)(x - a),e)
=(x-a,(I-Q)e)
=(0"b-a),I - Q)'e).

Using (Q*u, v) = (u, (Q")*v), we obtain
(x=T),e) =(b—a,(Q)U-Qe).
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By (2.1), one has (Q")*(I — Q)"e = ¢*(I — Q)"e, and hence
(x=T(x).e)=¢"(b-a,(-Qe).
Since ¢ > 0 and (b — a, (I — Q)"e) > 0 by (2.1), it follows that
(x=Tx),e)>0,
as claimed. O
In the remainder of the paper, we always assume that e € R" is Q-admissible with the associated
constant g € (0, 1) and satisfies ||e|]| = 1.

3. The ,D, -directional derivative

In this section, we introduce the ,D -directional derivative and establish its basic properties.

Definition 3.1. Let u : I'p(b) — R. Since e is Q-admissible, Lemma 2.8 gives

(I - Q)x—a),e)>0, x € Tp(b).
The ,Dg.-directional derivative of u at a point x € I'p(b), in the direction e, is defined by

u(x) — u(a + Q(x — a))
(I-0)(x-a)ey

Remark 3.2. Since T(x) =a+ Q(x —a) and x — T(x) = (I — Q)(x — a), we may rewrite

u(x) — u(T(x))
(x—=T(x),e)

Remark 3.3. Let N = 1 and let a, b € R satisfy a < b. Fix g € (0, 1), and set Q = [¢] and e = 1. Since
Q"=Q=[gland(I - Q)T =1- Q =[l —q], we have

QU-Q)e=q(l-qe=ql-Q) e
Thus the first condition in (2.1) holds with the constant ¢ > 0. Moreover,

(b—a,(I-Q)e)=(b-a)(l-gq) >0,

aDQ,eu(-x) =

aDg . u(x) = x € Tp(b).

so the second condition in (2.1) is also satisfied. Therefore, e is Q-admissible with constant g € (0, 1).
In this case, the forward orbit is

Tob) = {a+q"(b—a): ke Ny}
For x € I'p(b), Definition 3.1 yields

u(x) —u(a+ Q(x—a))  u(x)—ula+q(x - a))

(= 0)x—a)e) I-9x-a)
In particular, ,Dg.u(x) coincides with the g,-derivative ,D,u(x) in the sense of Tariboon and
Ntouyas [22], restricted to the g-grid I'p(b).

aDQ,eu(x) =

AIMS Mathematics Volume 11, Issue 6, 16334—-16365.
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We now present a few concrete examples in which ,Dg u can be computed explicitly for selected
classes of functions u on I'p(D).

Example 3.4. Let N = 2 and

L 0 0.1
Q—(O r)’ s,re(0,1).

Set
a=(0,0), b= (b,by), by >0, b, >0, er =(1,0)7, e; =(0,1)".

Since p(Q) = max{s, r} < 1, the standing assumption p(Q) < 1 is satisfied.
We check that e, and e, are Q-admissible. Since QT = Q and

U-0)  =1- _(l—s 0)
Q= 0= 0 1-r)

we have
I-Qler=(1-se,  T-Qlex=(1-res,
and
QU-QTer=s(1-s)ey=sU-Q'er, QO U-QTex=r(1-re;=r-0)e,.
Thus the first condition in (2.1) holds for ¢; with constant s and for e, with constant . Moreover,

(b—a,(I-0Q)e)=(b,(1-s)e;)=(1-5)b >0

and
(b—a,(I- Q) er)=(b,(1=r)es) = (1 =r)by >0,

so the second condition in (2.1) is also satisfied in both cases. Therefore, e; is Q-admissible with
constant s, and e, is Q-admissible with constant r.
Let n,m € Ny and define u : I'p(b) — R by

ux) = Xixy,  x=(x,x) €yb).
Since a = (0,0)", we have a + Q(x — a) = Qx with
Ox = (sx1,rx2)", u(Qx) = (sx1)"(rx)"™ = s"'r" xi x5

Hence
u(x) —u(Qx) = (1 = s"r") x| x5
For e; = (1,0)", one has ((I — Q)(x — a), e;) = (1 — s)x;, and therefore
(1 = s"r™) x{xl} =
A-s)x,  1-s

aDQ,el M(X) =

For e, = (0,1)", one has {(I — Q)(x — a), e,) = (1 — r)x,, and therefore
(I =s"r")xixy 1 —s"r"
(I-rx, — 1-r

n_m—1
xl XZ .

aDQ,EQ M(X) =
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By Lemma 2.8, the denominators above are positive on I'p(b), so both expressions are well-defined.

This example corresponds to a separable anisotropic orbit: The two coordinates are contracted
independently, with rates s and r, and the two admissible directions e; and e, recover the corresponding
coordinatewise g-derivatives along the orbit.

Example 3.5. Let

Q:

S OO

s 0

r 0], o,r,pe0,1), s>0,
0 p

and set

1
a=(0,0,0)T, b=(0,1,0), e= —==(0-r50"

Since Q is upper triangular with diagonal entries 9, r, and p, one has

p(Q) = max{o,r, p} < 1.

We verify that e is Q-admissible. Writing

5 00 1-6 0 0
O'=|s r 0], I-0)'=1-0"=| -s 1-r 0 |,
00 p 0 0 1-p

a direct computation yields

(I - Q)T€ = \/ﬁ((l - 5)(5 - I’), —S(5 - I’) + (1 - r)s, O)T = (1 - 5)6,
—-r S
and .
QTe = W(d(d— I"), S(d— I") + rs, O)T = de.
—-r S
Consequently,

Q'I-0)e=0"((1-0e)=06(1-8e=51I-0Q)e,

so the first condition in (2.1) holds with constant § € (0, 1). Moreover, since a = (0,0,0)" and b =
0,1,0)7,

S

b-a,d-Q)e)=(b,(1-0e)=(l -6 —————>0.

Thus e is Q-admissible with constant o.
Letu : I'p(b) — R be defined by

u(x) = xfx;”x’;, x=(x1,x%,x3)" € Lo(b), €, m,n € No.
Since a = (0, 0,0)", Definition 3.1 gives

u(x) — u(Qx)

Lot =T o ey

x € Ty(b).
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A direct computation shows that

0x1 + Sxp (1 =8)x; — sx2
sz[ rx; ], (I—Q)X:[ (I -r)x; ],

px3 (1= p)x;
and hence

u(Qx) = (6x; + sx2)" (rx2)"(px3)".
Moreover, |

-0
(I - Q)x,e) = —————((6 — r)x; + sx2).
V(@G —r)? + 52

Therefore,

EXBt — (6x1 + sx0) (rx)™(pxs)"

1=9 2((5 —r)x; + 5x3)

o rres

After simplification, this can be written as

X

aDQ,eu(x) = s X € FQ(b)

aDQ,eM(-x) =

(1- 5)((5 — )X + sz) )‘J;xg(xl —7r"p"(0x; + sx7) ), X € FQ(b)_

This example illustrates the genuinely matrix-induced nature of the construction: Because of the
nonzero off-diagonal entry s, the first coordinate of Qx depends on both x; and x,. Thus the orbit is
no longer generated by independent coordinate dilations, and the admissible direction e captures this
coupled behavior.

We now establish several basic properties of the ,D .-directional derivative.
The following result connects ,D . with the classical directional derivative in the isotropic case.

Proposition 3.6. Let Q c RN be an open set and let u € C1(Q). Fix a € RY and a unit vector e € R".
Lett > 0 and set b = a + te. For h € (0, 1), define

O,=0-hI and T,(x)=a+0y(x—a)=a+ (1 —h)(x-a).
Assume that I, (b) C Q. Then:

(i) Forevery h € (0, 1), the vector e is Q,-admissible with constant ¢ = 1 — h.
(i1) Fix k € Ny and set x;, = T,’l‘(b) €T'p,(b). Then

lgg)laDQh,eu(xh) = d.u(D),
where d,u(b) = (Vu(b), e).
Proof. (i) Fix h € (0, 1). Since Q;, = (1 — h)I, one has p(Q;) = 1 — h < 1. Moreover,
(I-QnTe=he and Qi - QOn'e=(1-hhe=(1-h{UI-Qne
so (2.1) holds with constant g = 1 — h € (0, 1). In addition,

(b—a,I - Qp'e) = (te,he) = th > 0.
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Thus e is Q,-admissible.

(i1) Fix k € Ny and set
xp = Ti(b) = a+ t(1 — h)e.

Then
T(xp) = x, — th(1 — h)'e, (xn = Tu(xp), €) = th(l — hy-.

Therefore,

u(xy) — u(Ty(xp)) _ u(xy) — u(x — 6pe)
(xp = Th(xp), €) On ’

Define ¢, : [0, 6,] — R by ¢,(s) = u(x; — se). Since u € C'(Q), the function ¢, is differentiable on
[0, 6] and

5, = th(1 — h)~.

aDQh,eu(xh) =

#,,(s) = —(Vu(x, — se), e).

By the mean value theorem, there exists &, € (0, d;,) such that

u(xy) — u(x, — ope) = $p(0) — (65 = —¢,(&r) On = (Vulx), — &pe), €) Oy

Hence
aDo, cu(xy) = (Vulx, — &pe), e).
Since 6, — 0 as h | 0, one has & — 0. Moreover, x, — bash | 0, so x, — e — b. By the
continuity of Vu at b, it follows that
lgfglaDQh,eu(xh) = (Vu(b), e) = d.u(b).

O

Proposition 3.7. Let u,v : I'y(b) — R and let o, € R. Then, for every x € I'p(b), the following
identities hold:

(1) Linearity:
aDQ,e(a’u +,3V)(X) = a'aDQ,eu(x) +ﬁaDQ,ev(x)~
(i1) Product rule:
aDo(uv)(x) = u(x) ;Do v(x) + v(a + Q(x = a)) 4Dy .u(x).
(iii) Quotient rule: If v(x) # 0 and v(a + Q(x — a)) # 0, then

v(a + Q(x — a)) 4 Do u(x) — u(a + Q(x — a)) ;Dg..v(x)
() v(a + Q(x — a)) '

Do) =

Proof. Fix x € I'p(b) and set
y=a+ Q(x—a)€Tyb).

(i) This follows directly from Definition 3.1.

(i) We write
u(x)v(x) = u)v(y) = u(x)(v(x) = v(y)) + vy)(ux) — uy)),
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and divide by ((I — Q)(x — a), e).
(ii1) Assume that v(x) # 0 and v(y) # 0. Then

wx) _u@y) _ uv() — u@)vx)

v(x) vy v(x)v(y)
Moreover,
u()v(y) — u(y)v(x) = vy)(u(x) — u@y)) — u(@Ox) - v(y)).
Dividing by ((I — Q)(x — a), e) yields the stated formula. O

Proposition 3.8 (Chain rule in integral form). Let u : I'o(b) — R and let ¢ € C Y(R). Then, for every
x € I'p(b), one has

1
aDo.e(¢ © u)(x) = ( fo ¢'(tu(x) + (1 - Dula + O(x — a))) dT) aDg.cu(x).

Proof. Fix x € I'p(b) and set y = a + Q(x — a). Using the identity

1
Pu(x)) = pu(y)) = ( fo ¢'(Tu(x) + (1 - Du(y)) dr ) (u(x) = u(y)),

and dividing by {(I — Q)(x — a), e), we obtain the claim. O

We may iterate the operator ,D . along the forward orbit I' () and thus define higher-order, matrix-
induced directional derivatives.

Definition 3.9. Let u : I'p(b) — R and let m € N,. The m-th-order matrix-induced directional
derivative D u : To(b) — R is defined recursively by

Dy=u,  Dptux) = Do D)),  xeTgb).

e

In particular, for x € I'p(b), set

W =a+ Q- a), x? =a+ Q*x-a).
Then ( (1))
) 3 aDgett(x) — ¢Dg u(x

Lot = 0 —ae)

Moreover,
Do)y = D ) ) — ux)
e (I-0)(xD -a).e) (I - QQ(x—a)e)’
and therefore
e p——— SRR I
e I - Q)(x-a)e)y\(U-Q)(x-a)ey {(I-Q)0(x-a)e))
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4. (a, Q, e)-Integrals

In this section, we introduce an integral operator naturally associated with the ,Dg .-directional
derivative. Throughout this section, e is assumed to be (Q-admissible with the associated constant
g €(0,1),asin (2.1).

Definition 4.1. Let u : {a}UI'x(b) — R. For x € I'y(b), the (a, O, e)-integral of u from a to x is defined
by

f u(t)dot = (I — Q)(x —a),e) Z ¢ u(a + Q'(x — a)),
a =0

whenever the series converges. We also set fa ¢ u(t)dg,t = 0.
For x,y € I'p(b), the (a, Q, e)-integral of u from x to y is defined by

y Y X
f u(t)dop,t = f u(t)dgp et — f u(t)dp,t.

Remark 4.2. Assume that u is bounded on I'y(b), that is, there exists M > 0 such that |u(y)| < M for
all y € T'p(b). Since e is Q-admissible, Lemma 2.7 yields 0 < g < 1. Therefore, for every x € I'p(b),

Dldu(a+ Qx| <MY g <,
Jj=0 j=0

so the series in Definition 4.1 converges absolutely and the integral fa u(t) do.t 1s well-defined.

Since I'p(b) is a discrete subset of RY, every function u : I'p(b) — R is automatically continuous
on I'y(b) with respect to the relative topology. Consequently, if u : {a} UT'o(b) — R is continuous at a,
then u is continuous on {a} U I'p(D).

In addition, the set {a} UI'(b) is compact by Lemma 2.3(vi). Therefore, if u is continuous at a, then
u is bounded on I'y(b), and the integral in Definition 4.1 is well-defined.

Remark 4.3. The boundedness assumption is only a sufficient condition for the convergence of the
(a, Q, e)-integral. For a fixed x € I'p(b), the integral

f Lt(t) dQ’el‘

D dula+ Q/(x - a)

J=0

is well-defined whenever the series

converges. In particular, absolute convergence holds if
Z q’ |u(a +Q/(x - a))| < o0,
j=0

Thus, unbounded functions may also be integrated, provided that their growth along the forward orbit
is controlled by the geometric weight ¢/. For example, it is enough to assume that

|u(a +0/(x - a))| <Cq™

for some C > 0 and some a < 1.
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Remark 4.4. Consider the one-dimensional setting N = 1 and fix g € (0, 1). Let Q = [¢], take e = 1,
and keep the same points a, b € R with a # b. Then

a+Q(x—-a)=a+qgx—a), a+Qx-a)=a+q¢g(x-a), (-0 (x-a)e)=(l-qg)(x-a).

Moreover, the Q-admissibility constant is g. Hence, for x € I'(b), Definition 4.1 yields
f u(t)doot = (1 - )(x—a) ) ¢’ ua+q'(x - a)).
a J:O

Therefore, the (a, Q,e)-integral coincides with the g¢,-integral introduced by Tariboon and
Ntouyas [22].

We now provide an example in which we compute the (a, O, e)-integral explicitly for a specific
function.

Example 4.5. Consider

1

31 1 |
0=—|1 3 1{, a=(0,0,0)", b=(,1,1T, e=—

L1,D
\/5( )

10113

An elementary computation gives
1
= - <.
p(O) =5
We verify that e is Q-admissible. Since QT = Q and (I - Q)" = I — Q, we have

_1 COVe=(—Ow<]
Qe—ze and I-0)e=( Q)e—ze.

Hence

1 1
Q'U-0Q)e=00-Qe=7e=5U-0e
so the first condition in (2.1) holds with constant g = % € (0,1). Moreover,
1 3
(b-a,(q-Q)e)= <(1, LD, —e> = i > 0.
2 2
Therefore, e is Q-admissible with constant g = 1.
Letu : {a} UT'g(b) — R be defined by
u(x) = xx3, X = (xl,xz,x3)T eTlp(b).

Fix x € I'p(b). Then there exists k € Ny such that
x=a+ Qb -a)= Q.
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Since b = (1, 1,1)" is an eigenvector of Q associated with the eigenvalue 1/2, we have

L\
0b = (5) b, hence  x= (2"‘,2"‘, 2_")T.

In particular,
u(x) = xpx3 = 2%,

Recall that e is Q-admissible with constant g = % Moreover, since x is collinear with b, one has

1 1
(I—Q)x:(l—i)xzix,

and therefore

—k T 1 T\ _ V3
<2 (1,1, 17, \/§(1’1’1) >_ ot

GE

. : . 1\
u(Q’x) = (Qx):)((Q'x)3) = (5) u(x).

1 1
(I-Q)x.e)=5(x.e) =7

Furthermore, for every j € Ny,

Jj+k
Q'x= Q™" = (%) b

SO

Using Definition 4.1, we obtain

f u(t)do.t = (I - Q)x.e) Y ¢’ u(Q'x)
a i=0
joo 1 ] 1 2j
= (I - O)x, e>;(5) (5) u(x)

[ 1 ]
= (I - Q)x, ) u(x) Z;‘ (g)
8
=5 (I - Q)x, e) u(x).

Substituting {(I — Q)x, e) = 2£ and u(x) = 27%* yields

X 8 \/g ) \/g .
fa u(t)do,t = 7 W.z 2% _ T22 3k

Equivalently, since x; = x, = x3 = 27%, one may write

o 43
f u(t)do,t = T\/_ x?.
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We next record several basic properties of the (a, Q, e)-integral.
Proposition 4.6. Let f, g : {a} UT'y(b) — R be bounded and fix x € I'y(b).
1) If f 200nTy(b) and
fx fdg.t =0,

then
fla+ Q/(x—a)) =0 forall jeN,.

f f@)dg,.t < f g dp,t.

Proof. Fix x € I'p(b). Since e is Q-admissible, Lemma 2.8 yields

(I - O)(x - a),e) > 0.

In particular, f(x) = 0.
(i1) If f < g onTp(b), then

(i) By Definition 4.1, we have

f f@doet = (U~ Qx-a).e) Y ¢’ fla+ Q/(x - a)).
a =0

Assume that f > 0 on I'y(b) and fa W0 dg.t = 0. Dividing by ((I — Q)(x — a), e) gives

D4 fla+ Q(x-a) =0.
=0

Each term in the above series is nonnegative since ¢/ > 0 and f > 0. Hence every term must vanish,

that is,
fla+ Q/(x—a)) =0 forall j e N,.

In particular, taking j = 0 yields f(x) = 0.
(i1) Assume that f < g on I'y(b). Then, for every j € Ny,
fla+Q(x~a)) < gla+ Q(x~-a)).

Multiplying by ¢/ > 0 and summing over j € Ny, we obtain

D @ fla+ Qx-a) < > ¢ gla+ Qx - a).

J=0 J=0

Finally, multiplying by {(I — Q)(x — a), e) and using Definition 4.1, we conclude that

f fMdp,t < f gM)dp,t.

O
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Proposition 4.7. Let f,g : {a} UTo(b) — R be bounded and let a,5 € R. Then, for every x € T'o(b),
one has

[ (s +petndot = [ ot [ ettdu
Proof. Fix x € I'p(b). The identity follows directly from Definition 4.1. i

We next establish the first fundamental theorem of the matrix-induced quantum calculus, showing
that the ,D -directional derivative inverts the (a, Q, e)-integral along the forward orbit I'p(b).

Theorem 4.8 (First fundamental theorem). Let u : {a} U T'o(b) — R be bounded on I'y(b), and define
F :{a} UT'g(b) — R by

F(a) =0, F(x) = fx u(t) do.t, x € Ip(b).

Then, for every x € I'p(b), one has
aDQ,eF(x) = M(X).

Proof. Fix x € I'p(b) and set

S =) ¢ ua+ Qx-a).
=0
Since x € I'p(b), one has a + O(x — a) € I'p(b) and, for every j € Ny,

a+Q((a+ Q(x—a))—a)=a+ Q™" (x-a).

Hence,
S(a+Q(x-a)= Z ¢ ula+ Q' (x —a)) = é Z g’ u(a + Q’(x — a)).
J=0 j=1

Moreover, since e is Q-admissible with constant g, one has

(I - O)(a+ Q(x—a))—a),e) = (I - Q)O(x — a),e)
={(x—a,0"U - Q)e)
= q{((I - Q)(x - a),e).

Therefore,
Fla+Q(x—-a)={I-0O)(a+ Q(x—a))—a),e)S(a+ Qx—a))
I & . .
=qg{(I-Q)x—-a)e)- 5 Z q’ u(a + Q'(x — a))

=

= (I - Q)x—a),e) ) ¢ ula+ Q/(x—a)).

J=1
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The key point is the telescoping cancellation produced by subtracting the shifted series from the
original one: All terms with j > 1 cancel, and only the first term remains. Subtracting this identity
from

F) = (I - Q(x—a)e) Y ¢ u(a+ Q/(x—a)
j=0

yields
F(x) = F(a+ Q(x —a)) = (I - O)(x — a), ) u(x).
Dividing by
(x=(a+ Q(x—a)),e) ={(U - O)(x—a),e),
we obtain

aDQ,eF(x) = M(X).

We next establish the second fundamental theorem.

Theorem 4.9 (Second fundamental theorem). Let u : {a} UT'g(b) — R. Assume that u is continuous at
a and that ;D¢ .u is bounded on I'o(b). Then, for every x € I'o(b), one has

f aDou(t) dgt = u(x) — u(a).
Proof. Fix x € Tg(b) and set x; = a + Q’(x — a) for j € Ny. Then x; € I'x(b) and

X1 =a+ 0(x;—a).

By Definition 4.1 and Definition 3.1, we obtain

[ Doty dout = (1 - Q= a1.e) )’ ¢ Do.utx)

J=0

=(I-Qx-a)e) Y ¢
=0

u(x;) — u(xjs1)

(d - O)(x;—a),e)

Since x; — a = Q/(x — a), we have

(I - Q)xj—a),e) = (I - Q)Q/(x - a),e)
={(x-a,(Q"YI - Q) e).

Using the Q-admissibility condition QT(I — Q)Te = ¢ (I — Q)"e, we obtain
Q@YU -Q)e=q¢'U-Q)e,
and therefore
(U= 0)x;—a),ey = ¢{x—a,(I = D)e) = ¢(I - Q)(x — a),e).
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Hence, for every j € N,

q’ _
(d-0)xj—a)e)

(- O)x—a)e)

and consequently

f aDgu(t)dgt = Z(M(xj) —u(xj41)) = u(xp) — ]}1_{1010 U(Xpes1).

J=0

Finally, since x;,; = a + Q*!(x — a) — a as k — oo and u is continuous at a, we have u(x;,;) — u(a)
as k — co. Hence

| Doty do.t = ) - ute) = ut) -
which completes the proof. m|

Proposition 4.10 (Integration by parts). Let u,v : {a}UT'o(b) — R. Assume that u and v are continuous
at a, and that ;Do .u and ;D¢ .v are bounded on T'o(b). Then, for every x € I'p(b),

f u(t) o Do.ev(1) do.t = u(x)v(x) — u(a)v(a) - f v(a + Q(t = a)) Do cu(t) do.t.
Proof. Fix x € I'p(b). By the product rule in Proposition 3.7(ii), for every ¢ € I'p(b), one has

aDo(uv)(t) = u(t) ;Do v(t) + v(a + Q(t — a)) «Dg .u(?).

Rearranging, we obtain
u(t) {Dg. (1) = oDo(uv)(t) = v(a + Ot — @) ;Do .u(?).
Integrating from a to x and using the linearity of the (a, Q, e)-integral, we get
f u(t) ¢ Do v(t)doet = f aDouv)(t)dg .t — f v(a + Ot — a)) 4 Do u(t) dgt.

Since uv is continuous at a, Theorem 4.9 applied to uv yields

f aDo(uv)(1) dg .t = (uv)(x) — (uv)(@) = u(x)v(x) — u(a)v(a).

Substituting into the previous identity gives the desired formula. O
We conclude this section by establishing a dominated convergence theorem for the (a, Q, e)-integral.

Theorem 4.11 (Dominated convergence). Let (u,),en and u be functions
up,u : {ay UT'p(b) — R.

Assume that:
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(1) for everyy € I'p(b), one has u,(y) — u(y) as n — oo;
(i1) there exists a function g : I'o(b) — [0, 00) such that

lu,(y)l < g(y) foralln>1andally €Xy(b);
(ii1) the function g is bounded on I'o(b).
Then u is bounded on I'o(b) and, for every x € I'p(b),

X

lim Uy () dot = f u(t)doet.

—00
n a

Proof. Fix x € I'g(b). Since e is Q-admissible, Lemma 2.7 yields 0 < g < 1. Set
A= (I~ Q)(x - a)e).
By Definition 4.1, one has

f ) (1) doot = Ay )" ¢ u(a+ Q'(x - @), f ) u(t)dot = A, ) q'u(a+ Q'(x - a)).

=0 =0
For each fixed j € N, assumption (i) implies
u(a+ Q/(x —a)) = u(a+ Q/(x —a)) asn— oco.
Moreover, by (ii) and (iii), there exists M > 0 such that g(y) < M for all y € I'p(b). Hence
|qj up(a+ Q’(x — a))| <qg' gla+ Q/(x—a) < Mg, n>1, jeN,.

Since 3772, Mg’ < oo, the dominated convergence theorem for the series yields

n—oo

lim Z ¢ u(a+ Q'(x —a)) = Z g’ u(a + Q’(x — a)).
Jj=0 j=0

Multiplying by A, gives

X

lim uy () dot = f u(t)doet.
Finally, by (ii) and (iii), one has
lu(y)| = lim |u,(y)| < g(y) <M forally € I'p(b),

and thus u is bounded on I'y(b).

S. Applications

In this section, we present several applications of matrix-induced quantum calculus.

These

applications show how the proposed framework can be used to derive functional inequalities and
solvability results on discrete orbits generated by affine contractions. They are particularly relevant
for discrete models in which the variables are coupled through prescribed matrix dynamics, including

anisotropic contractions and nonlinear difference equations along matrix-generated orbits.

We first establish a Hermite—Hadamard-type inequality for convex functions. We then derive a
Poincaré-type inequality on I'o(b). Finally, we address the existence and uniqueness of solutions to a

nonlinear first-order problem driven by the directional derivative ,Dg.
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5.1. A Hermite—Hadamard-type inequality

We first introduce the following notion.

Definition 5.1 (Segment-preserving matrix). The matrix Q is said to be segment-preserving along
[a, b] if there exists A € [0, 1) such that

Ob—-a)=Ab - a).
The scalar A € [0, 1) satisfying this identity is uniquely determined and is called the segment eigenvalue
of Q along [a, b].

Remark 5.2. The segment-preserving condition is a restriction on the pair (Q, b —a), not a diagonality
condition on Q. It requires the direction b — a to span a one-dimensional invariant subspace of Q.
This assumption is natural in the Hermite—Hadamard inequality, since it ensures that the forward orbit
remains on the segment [a, b]. However, Q may be non-diagonal.
For example, let N = 2,
a=(0,07,  b=(,07,

and

A c
Q—(O #), O<Au<l, c#0.

Then Q is non-diagonal and p(Q) < 1. Moreover,
Qb —a) = Q(1,0)" = 2(1,0)" = Ab - a).

Thus Q is segment-preserving along [a, b] with the segment eigenvalue A, although Q is not diagonal.

Lemma 5.3. Assume that Q is segment-preserving along [a, b] with the segment eigenvalue A € [0, 1).
Then the following assertions hold:

(1) {a} UTp(D) C [a,b];
(i) a+ (1 -q)I—-qQ)"'(b-a) € [a,b], where q € (0, 1) is the Q-admissibility eigenvalue associated
with e.

Proof. Setv=>b—-a # 0.
(i) Since Qv = Av, one has Qv = A/ for every j € Ny. Hence
a+Q'b-a)=a+AVb-a)=(1-)a+ b€ a,b],
and therefore I'p(b) C [a, b]. Since a € [a, b], it follows that {a} U I'¢(b) C [a, b].
(1) Since p(Q) < 1 and g € (0, 1), one has p(gQ) = gp(Q) < 1, so I — gQ is invertible. Moreover,
(I =qQ)y =v—-qQv=_~1-qdy,

and thus
(I-qQ)'v=

l—q/lv'
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Consequently,
1 -
a+(=q)I-q0) '\ b-a)=a+1tb-a), t=—37L.
I —gAa
Since 1 € [0, 1) and g € (0, 1), we have 1 — g4 > 0 and
0< ﬂ < 1’
1 —gA
sot € (0,1). Hencea + t(b — a) € [a, b]. O

Theorem 5.4 (Hermite—Hadamard-type inequality). Assume that Q is segment-preserving along [a, b]
with segment eigenvalue A € [0, 1). Let u : [a,b] — R be continuous and convex on the segment |a, b].

Then
b

_ l1-g¢g
ula+(1—g)I -qQ)"'(b-a) < u(t) do .t
( ) ;ill:%;(b_a)’ef_i] (5.1)
< =g u(a) + ) u(b),

where q € (0, 1) is the Q-admissibility eigenvalue associated with e.

Proof. By Lemma 5.3(i), we have {a} UT'g(b) C [a, b]. Since u is continuous on the compact segment

[a, b], itis bounded on [a, b], and in particular on I'((b). Hence the integral fa b u(t) do .t is well-defined.
Moreover, by Lemma 5.3(i1), one has

a+(1-q)-q0) " (b-a)ela,b),
so the value u(a +(1 - -q0)'(b- a)) is well-defined.

We next prove the right-hand inequality in (5.1). Setv = b — a. For t € [a, b], there exists a unique
6(r) € [0, 1] such that
t=(1-0(@)a+6(t)b.
Moreover,
(t—a,v)
0(t) = ———.
[IvII?

Indeed, from ¢ = (1 — 6(¢))a + 6(t)b, we get t —a = 0(t)(b — a) = 6(t)v, and taking the inner product with
v yields
(t—a, v) = 00)|vIP.

Since u is convex on the segment [a, b], we obtain

u(t) < (1 = 6()u(a) + 6(r)u(b), t € [a, b].
In particular, since I'(b) C [a, b] by Lemma 5.3(1), it follows that

u(t) < (1 = 6()ula) + 6(1)u(b), t€T'p(b).

Then, by Proposition 4.6(ii) and Proposition 4.7, we obtain
b b b
f u(t)do.t < u(a) f (1 =6(1)dg.t + ub) f 0(t) dp,t. (5.2)
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By Definition 4.1 (with x = b), we have

(d = Qpv, €>
ldget = - _—
f 0ot = Q)ve>§ T,
Moreover, since Q is segment-preserving along [a, b] with the segment eigenvalue A € [0, 1), one has

(Qv, vy (v, vy Iy

VI vl ’

fa+ Q') =

and therefore

f 00 dgut = (T - O, &) S ' la + O)

j=0

iv7 <(I - Q)V, €>
=( - ) = ——— =,
( Q)v,e>;q =
Consequently,
’ (-0, e) (U-0Q e)
1-6()dp.t = - )
fa ( (1) do, T—g =gl
Multiplying (5.2) by (1 — g)/{(I — Q)v, e) and substituting the above identities, we get

l-g (7 q(1 - 2) 1-¢g
m]{; u(t)dp,et < T~ u(a) + T u(b).

This completes the proof of the right-hand inequality in (5.1).

We now prove the left-hand inequality in (5.1). Set again v = b — a and define
t;=a+ Qv eTlyb), j€N.

By Lemma 5.3(i), we have ¢; € [a, b] for all j € Ny, and hence u(z;) is well-defined.
For j > 0, set
w;=(1-¢q)q’.
Then w; > 0 and Z;’;O w; = 1. Moreover, by Definition 4.1 (with x = b),

(- Q)v >f”(t)dQet‘(l_‘DZ‘l”(’)—iju(f)- (5.3)

Next, we compute the corresponding barycenter. Using 372, w; = 1, we have
Dwi=-9 ) ¢la+0v)=a+1-9 ) g0,
j=0 Jj=0 J=0

Since p(qQ) = g p(Q) < 1, the Neumann series gives
> 40" =-q0",
Jj=0
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and therefore

Switi=a+ (- -q0"v=a+-gU -0 (b - a).

J=0

We now apply Jensen’s inequality to the convex function u. For n € N, set

Wo=>wi=1-g"", &=l 0<js<w,
=0

so that Vv%j") > 0and 3, WS.") = 1. By the convexity of u,
u[z Vvﬁ")tj] < Z Wg.")u(tj).
=0 =0
Multiplying by W, yields

n n
W, L{Z W;")tj) < Z wu(t)).
=0 =0

Moreover, W,, — 1. Since ¢; € [a, b] for all j € N, and Zj‘;o w; = 1, the series

0
2, Wil
J=0

converges in RV, Hence
n 1 n (o)
W(”)t~:—2w-r—>2w-t- asn — oo
i T W it itis :
=0 =0 j=0
Since u is continuous on [a, b], it follows that
n o)
~(n)
MZWJ. t; —>uijtj .
=0 =0

Also, u is bounded on [a, b], and therefore the series

Z wju(tj)
=0
converges absolutely. Thus
Z le/t(l‘j) — Z le/l(l'j).
j=0 J=0

Passing to the limit in (5.5), we obtain

u[i wjtj] < i w;u(t;).
j=0 =0

(5.4)

(5.5)
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Combining this with (5.3) and (5.4) gives

a+ (1=t =40y b-a) < gt >fu<t>dge

which is the left-hand inequality in (5.1). O

Remark 5.5. Consider the one-dimensional setting N = 1. Fix ¢ € (0, 1), take Q = [¢g], and set e = 1.
Then Q is segment-preserving along [a, b] with the segment eigenvalue 1 = g. Moreover,

T-q0) ' = — . a+(-qU-q0 ' b-a)=a+ Lio-a)- £l
1 -¢q? 1 l+gq
In addition, since (I — Q)(b — a) = (1 — q)(b — a), Definition 4.1 yields
l-g b . 1-g¢ b
=00 -ar0 J, "D =T g0 -a ), “Wdo

= ﬁ ;(1 - q)qju(a +q'(b —a))

b
= — 1) d,t,
b—al u(t) odg
where ,d,t denotes the left g-integral on the g-grid.

Therefore, Theorem 5.4 reduces to the one-dimensional g-Hermite—Hadamard-type inequality
(see [26—-28]):

+b 1 [ 1
| 2 < f w(t) odyt < —1— u(a) + —— u(b),
l+g¢ b-alJ, l+¢g 1+g¢
for every convex and continuous function u : [a, b] — R.
For further contributions to g-Hermite—Hadamard-type inequalities in the one-dimensional setting,
we refer to [29-32] and the references therein.

5.2. A Poincaré-type inequality

In this subsection, we establish a Poincaré-type inequality on I'y(b) linking the size of a function to
the size of its ,Dg .-directional derivative.

Theorem 5.6 (Poincaré-type inequality). Let u : {a} U'o(b) — R be continuous at a and assume that
u(a) = 0. Assume in addition that ,Dg .u is bounded on I' (D). Then, for every x € I'p(b),

f )] gt <

where q € (0, 1) is the Q-admissibility eigenvalue associated with e.

Proof. Fix x € I'p(b) and set
xj=a+ Q(x—a)eTyb),  jeN,.
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Write
A, ={U-0)x—a),e)>0.

For each j € Ny, using the Q-admissibility condition as in the proof of Theorem 4.9, we have

(I = O)xj—a),e) = ¢’A,. (5.6)
Moreover,
~ulxg) —u(xje)
Do) = T 0, —a).ey
SO
u(xj) — u(xj1) = (I — Q)(x; — a), €) Do u(x)) = ¢'Ay 4D u(x;)). (5.7)

Since x; — a as j — oo and u is continuous at a with u(a) = 0, we have u(x;) — 0. Hence, for
every j € Ny,

u(x) = D (u06n) = uxi1)).

m=j

Taking absolute values and using (5.7), we obtain

Jux )l < Z q
m=j

Multiplying by ¢/ and summing over j > 0 gives

m=j

Z Pl <A, > a™ .

:AmZ

3
I
~.

SEMS
Mz

(o)

Finally, by Definition 4.1,

[ woldor =4,y glucxpi
a =0

Combining the last two displays yields

X A,
f lu(®)| dgt < I

which is the desired inequality. O

of =

m=0
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Remark 5.7. The constant in Theorem 5.6 depends on the endpoint x. However, a uniform version
follows directly from the structure of the orbit. Indeed, if x = T*(b) = a + Q*(b — a), then

(I - Q)x—a)e)y=qg{UI-Q)b-a)e)<{U-Q)b-a),e).

Therefore, for every x € I'p(b),

: I-Qb-ae) [
fa|u<r)|dg,ers< Ql_q“ e>fa

Thus the Poincaré-type inequality admits a global constant on the whole forward orbit I'p(b).

Do u(®)| dg,t.

5.3. Existence and uniqueness for a nonlinear first-order problem

In this subsection, we investigate the existence and uniqueness of solutions to a first-order problem
governed by the directional derivative Dy, on I'g(b).
We consider the nonlinear first-order problem

(5.8)
u(a) = uo,

{aDQ,euu) = flx,u(x)), x€Tqb),

where f : T'p(b) X R — Ris given and u € R.
Definition 5.8. A function u : {a} UT'¢(b) — R is a solution of (5.8) if:

(1) u is continuous at a;
(i) u(a) = up;
(iii) Do u(x) = f(x,u(x)) for all x € Tp(b).

Remark 5.9. The continuity assumption at a in this definition is precisely the one needed in
Theorem 4.9.

Lemma 5.10. Assume that f : I'g(b) X R — R is bounded. Let uy € R and let u : {a} UTo(b) = R.
Then the following assertions are equivalent:

(i) u is a solution of (5.8) in the sense of Definition 5.8;
(1) u is continuous at a and, for every x € I'p(b), one has

u(x) = uy + fx ft,u(®)dg,t.

Proof. (1)=(i1) If u is a solution, then u is continuous at a and u(a) = uy. Moreover, ,Dg u(t) =
f(t,u(®)) for all r € Tp(b). Since f is bounded on I'p(b) X R, the function ,Dg u is bounded on I'y(D).
Theorem 4.9 yields

fx aDout(t) dg .t = u(x) — u(a) = u(x) — up.
Substituting , Do u(t) = f(t,u(t)) gives (ii).

AIMS Mathematics Volume 11, Issue 6, 16334—-16365.



16361

(11)=(1) Assume that (i1) holds. Evaluating at x = a gives u(a) = uy. Define F : {a} UT'o(b) — R by

Fla)=0, F(x)= f " fu) dpet,  xeTyb).

Since f is bounded on I'p(b) X R, the integral defining F is well defined. By Theorem 4.8, for every
x € I'p(b), one has

aDQ,eF(x) = f(x’ u(x))
From (i1), u(x) = up + F(x) for all x € I'p(b), and therefore, by linearity,
aDou(x) = f(x,u(x)), x € T'p(b).
Thus u is a solution of (5.8) in the sense of Definition 5.8. O

Theorem 5.11 (Existence and uniqueness). Assume that f : I'o(b) X R — R is bounded. Assume in
addition that there exists a bounded function ¢ : I'g(b) — [0, 00) such that

lf@t,y)— ft. Dl <o) y—z forallt €eT'p(b)andally,z €R, (5.9
and .
sup f e(t)dget < 1. (5.10)
xelp(b) Ja

Then the problem (5.8) admits a unique solution u : {a} U T o(b) — R in the sense of Definition 5.8.

Proof. Set X = C({a} UT o(b)) endowed with the supremum norm

lullo = sup |u(x)l.
xe{a}Ul'p(b)

Since {a} U I'p(b) is compact, (X, || - ||«) is a Banach space.
For u € X, define 7 u : {a} UT'g(b) — R by

(Tu)(a) = uy, (Tu)(x) = ug + f ft,u@®)dp.t, x € Tp(b).

Fix u € X. We claim that 7 u 1s continuous at a. Let (x,),en be a sequence in I'p(b) such that x, — a
as n — oo. Since f is bounded on I'p(b) X R, there exists M > 0 such that

|f(t,y) <M forallt e 'yp(b)andallyeR.

Hence, for every n € N,

|(Tu)(x) — (Tu)a)| =

f " u(0) dout| < f x,,| F(t.u(®)) dgot < M f " 1 dut.

By Definition 4.1,

" _ <(I - Q)(xn - a)9 6>
L 1 dQ’el‘ = = p .
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Since x, — a, one has {(I — Q)(x, — a), e) — 0, and therefore

X
f ldgp.t -0 asn— oo.
a

Consequently, (7 u)(x,) — (7 u)(a) = uy, which proves that 7 u is continuous at a. Consequently,
T u € X (see Remark 4.2), thatis, 7 : X — X is well-defined.

Letu,v € X and fix x € I'p(b). Using the Lipschitz condition and the monotonicity of the (a, O, e)-
integral, we obtain

(T w)(x) = (Tv)(x)| =

f (£, u@) = f(2,v(@)) dg.t
< [ 1.ty - a0 do
< f (1) u(t) — V(D) dg !

<l = vl f () dgt.

Since (7 u)(a) = (T v)(a) = uy, taking the supremum over x € {a} U I'p(b) yields

X

T u—-TV||e < ( sup f o(t) dQ’etJ [t = V||so-
xelp(®) Ja

By assumption, the constant in parentheses is strictly less than 1, hence 7 is a contraction on the

Banach space (X, || - ||)- By the Banach fixed point theorem, 7 admits a unique fixed point # € X. In

particular,

u(x) = uy + f ft,u(®)do.t, x € Tp(b).
By Lemma 5.10, u is the unique solution of (5.8) in the sense of Definition 5.8. O

Remark 5.12. Condition (5.10) is a sufficient condition ensuring that the integral operator used in the
proof is a contraction. It should be viewed as a convenient Banach-type sufficient condition, not as an
optimal uniqueness condition. In particular, the bound may be relaxed in special situations, but this
would require arguments adapted to the particular structure of f, rather than the general contraction
argument used here.

6. Conclusions

In this paper, we developed a matrix-induced quantum calculus on discrete forward orbits generated
by affine contractions. This framework extends one-dimensional g-calculus to higher dimensions while
preserving a transparent geometric interpretation, driven by the affine dynamics associated with the
map 7' (x) = a+ Q(x —a) and the Q-admissible direction e. As applications, we established a Hermite—
Hadamard-type inequality for convex functions under a natural segment-preserving assumption on Q,
derived a Poincaré-type inequality on I'p(b), and proved existence and uniqueness for a nonlinear first-
order problem governed by the matrix-induced directional derivative.
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The proposed framework opens several directions for further research. Possible extensions include

the development of higher-order and fractional matrix-induced operators, as well as the study of
boundary value problems driven by ,D . and its iterates. Another natural direction is the investigation
of variational principles and spectral problems associated with matrix-induced quantum operators on
forward orbits.
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