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Abstract: An addition-multiplication chain of length l for a positive integer n is a monotonic
increasing sequence 1 = a0 < a1 < . . . < al = n of positive integers, such that for each 1 ≤ i ≤ l, we
have ai = a j + ak or ai = a j × ak, where 0 ≤ k ≤ j ≤ i − 1. In this paper, we establish upper bounds
for each element in any AM-chain based on the number of squaring steps and the distribution of non-
squaring steps preceding the given element. Moreover, we get additional upper bounds independent
of the distribution of non-squaring steps. These bounds yield a new upper bound for the number of
non-squaring steps in any AM-chain. Finally, we determine all AM-chains that include exactly one
small step and, as a consequence, compute the shortest lengths ℓAM(.) of certain integers.
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1. Introduction

An addition chain [1–3] of length l for a positive integer n is a monotonic increasing sequence
1 = a0 < a1 < . . . < al = n, such that for each 1 ≤ i ≤ l, we have ai = a j + ak for some k ≤ j < i.
The shortest length of an addition chain for n is denoted by ℓA(n). The concept of an addition chain is
closely related to the number of multiplications needed to compute xn, since exponents are added when
multiplying powers with the same base. Numerous studies have explored addition chains as a means
of representing the computational difficulty of evaluating integers and polynomials [1, 3, 4].

Various proposals in the literature aim to extend or generalize addition chains in different ways. For
example, q-addition chains [5], k-chains [6], and addition sequences (i.e., addition chains for a set of
numbers) [3, 7, 8].

One of the generalizations of addition chains is the B-chain introduced by Dobkin and Lipton [9] to
investigate the complexities associated with evaluating polynomials and integers. A B-chain of length
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l for a positive integer n is a sequence 1 = a0, a1, . . . , al = n, such that for each 1 ≤ i ≤ l, we
have ai = a j ◦ ak, where k ≤ j < i, B is a finite set of binary operations, and ◦ ∈ B. If B ≡ {+,−},
the B-chain is called an addition-subtraction chain [10, 11]. If B ≡ {+,×}, the B-chain is called an
addition-multiplication chain (simply an AM-chain) [3, 12, 13].

The study of addition chains is motivated by number-theoretic computations such as exponentiation,
where minimizing the number of multiplications optimizes cryptographic algorithms. For example,
to compute the exponentiation x15, one may use the shortest addition chain for the exponent
n = 15, namely 1, 2, 3, 6, 12, 15. This yields the sequence x2, x3, x6, x12, x15, and hence x15 can be
evaluated using only five multiplications instead of the fourteen multiplications required by the naive
method. Computing the exponentiation xn is one of the most important operations in public-key
cryptosystems [2]. However, the problem of computing a shortest addition chain is NP-hard [1].
Therefore, from a practical perspective, since n is very large, considerable attention has been devoted to
the fast generation of short, not necessarily shortest, addition chains. More precisely, the focus is often
on efficient computation of the exponentiation without directly generating a short addition chain [4].
A similar perspective applies to the generation of shortest AM-chains, although the computational
complexity of generating a shortest AM-chain remains an open problem [3, 9].

This paper focuses on theoretical results concerning AM-chains.
Formally, let n be a positive integer. An AM-chain of length l for n is a monotonic increasing

sequence 1 = a0 < a1 < . . . < al = n, with the property that for each 1 ≤ i ≤ l, we have ai = a j
+
× ak,

i.e.,
ai = a j + ak or ai = a j × ak, where 0 ≤ k ≤ j ≤ i − 1. (1.1)

The shortest length of all AM-chains for n is denoted by ℓAM(n).
Note that

ℓAM(n) ≤ ℓA(n),

since every addition chain is a valid AM-chain. The use of multiplication allows for strictly shorter
chains in many cases.

A step ai = a j + ak or ai = a j × ak, where 0 ≤ k ≤ j ≤ i − 1, can be classified in two ways:

(1) Based on the indices j and k:

• The ith step ai = a j × ak, 0 ≤ k ≤ j < i, is called

• ×-star step (multiplicative star step) if j = i − 1,
• ×-doubling step (squaring step) if j = k = i − 1,
• ×-nondoubling step (multiplicative non-squaring step) if k ≤ i − 2.

Clearly, a multiplicative non-squaring step can include a multiplicative star step.

• The ith step ai = a j + ak, 0 ≤ k ≤ j < i, is called

• +-star step (additive star step) if j = i − 1,
• +-doubling step (doubling step) if j = k = i − 1,
• +-nondoubling step (additive non-doubling step) if k ≤ i − 2.

Similarly, an additive non-doubling step can include an additive star step.
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Each step in an AM-chain can be classified as either a squaring step or a non-squaring step.
The non-squaring step is either multiplicative non-squaring, additive non-doubling, or doubling.
Therefore, any AM-chain that contains d squaring steps and p = (l − d) non-squaring steps has
length

l = d + p.

(2) Based on the values ai and ai−1:
Let λAM be a function defined on the set of positive integers as follows:

λAM(1) = 0

λAM(x) =
⌊
log2 log2 x

⌋
+ 1 for x ≥ 2, (1.2)

If λAM(ai) = λAM(ai−1) + 1, then step i is called a big step; otherwise, λAM(ai) = λAM(ai−1), and it
is called a small step.

The length l of an AM-chain can be expressed as:

l = λAM(n) + SAM(a0, a1, . . . , al),

where for 1 ≤ i ≤ l, SAM(a0, a1, . . . , ai), or simply SAM(ai) indicates how many small steps are present
in the chain up to ai, and λAM(n) indicates how many big steps are present in the chain. Thus, the length
of shortest AM-chain for n can be obtained by minimizing SAM(n).

The only AM-chains with no small steps are those of the form

1, 2, 22, 222
, . . . , 22A

.

In other words, the only integers n > 1 satisfying ℓAM(n) = λAM(n) are those of the form n = 22A
, where

A ≥ 0.

Remark 1.1. (On the definition of λAM and small steps) The definition of λAM for x ≥ 2 is slightly
different from that in [12]. In [12], for x ≥ 2,

λ
′

AM(x) =
⌊
log2 log2 x

⌋
(1.3)

Thus, according to Eq (1.3), the first step is considered small in any AM-chain, while it is considered
a big step using Eq (1.2). For example, the chain 1, 2, 4 has one small step and one big step using
Eq (1.3), whereas it has two big steps in the present work, i.e., Eq (1.2).

This normalization (using Eq (1.2)) ensures that S AM(n) = 0 precisely for integers of the form
n = 22A

, which are maximal for their AM-chain length. In general, S AM(n) measures how far n lies
below the largest integer attainable with the same number of big steps. Note that using Eq (1.3) [12],
integers of the form n = 22A

have one small step.
This justification improves the structural parallelism and provides a more natural interpretation of

small and big steps while remaining compatible with earlier results; see Table 1. The table shows the
similarity between the lengths of the shortest addition chains (A-chains) and the shortest AM-chains
based on Eq (1.2). It provides a natural parallel with addition chains and integer complexity, where
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the defect similarly quantifies deviation from maximal growth at fixed complexity, yielding a cleaner
and more consistent framework.

Table 1. Comparison of the lengths of the shortest A-chains and AM-chains (based on
Eqs (1.2) and (1.3)) in the cases of zero and one small step, demonstrating how λAM(n),
i.e., Eq (1.2), aligns with λA(n) for addition chains.

A-chain [1] AM-chain and Eq (1.2) AM-chain and Eq (1.3)

lower bound of the
shortest length

ℓA(n) ≥ λA(n) = ⌊log n⌋ ℓAM(n) ≥ λAM(n) using Eq
(2.1)

ℓAM(n) ≥ λ
′

AM(n) + 1 using
Eq (2.1)

the length of shortest
chains with no small steps

n = 2x, x ≥ 0
ℓA(n) = x = λA(n)

n = 22x
, x ≥ 0

ℓAM(n) = x + 1 = λAM(22x
)

using Eq (2.2)

–

the length of shortest
chains with one small step

n = 2x + 2y, x > y ≥ 0
ℓA(n) = x + 1 = λA(n) + 1

n as in Theorem 1.2 (new
results) ℓAM(n) = λAM(n)+ 1

n =2x
, x ≥ 0

ℓAM(n) = x+1 = λ
′

AM(n)+1

This paper presents three new contributions on AM-chains.

(1) In Section 3, we establish an upper bound for each element in any AM-chain based on the number
of squaring steps and the distribution of non-squaring steps preceding the given element. We
also establish an improved bound on the total number of non-squaring steps in any AM-chain.
Moreover, we get an additional upper bound independent of the distribution of non-squaring
steps. These results improve the bounds obtained by [13].

(2) In Section 5, we determine all AM-chains that include exactly one small step. We also determine
all integers whose shortest AM-chains contain one small step.

(3) In Section 6, we compute the shortest length ℓAM(.) of certain numbers, such as 22A+2B+2C
and

32A+2B
. These results extend the work of [12, 13].

The following theorem identifies all AM-chains with exactly one small step.

Theorem 1.1. An AM-chain with one small step has one of the following forms:

(1) 1, 2, 3, . . . , 32α , α ≥ 0,

(2) 1, 2, . . . , 22α , 22α + 1, . . . ,
(
22α + 1

)2τ
, α ≥ 1, τ ≥ 0,

(3) 1, 2, . . . , 22α , 22α + 22β , . . . ,
(
22α + 22β

)2τ
, α > β ≥ 0, τ ≥ 0,

(4) 1, 2, . . . , 22α , 22α+2β , . . . , 22α+τ+2β+τ , α > β ≥ 0, τ ≥ 0,

(5) 1, 2, 3, 4, . . . , 42τ , τ ≥ 0,

(6) 1, 2, 3, 5, . . . , 52τ , τ ≥ 0,

(7) 1, 2, 3, 6, . . . , 62τ , τ ≥ 0,

(8) 1, 2, 3, . . . , 32α , 32α+2α−1
, . . . , 32α+τ+2α+τ−1

= 272α+τ−1
, α ≥ 1, τ ≥ 0,
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(9) 1, 2, 3, 9, 18, . . . , 182τ , τ ≥ 0,

(10) 1, 2, . . . , 22α , 22α+2α−1
, . . . , 22α+τ+2α+τ−1

, 22α+τ+1+2α+τ−2
, . . . , 22α+τ+δ+1+2α+τ+δ−2

,

α, τ ≥ 1, δ ≥ 0,

(11) 1, 2, . . . , 22α , 22α+2α−1
, 22α+1+2α , 22α+2

, . . . , 22α+τ+2
, α ≥ 1, τ ≥ 0,

(12) 1, 2, . . . , 22α , 22α + 1, 22α+1
+ 22α , . . . ,

(
22α+1

+ 22α
)2τ
, α ≥ 1, τ ≥ 0,

(13) 1, 2, . . . , 22α , 22α + 1, 22α+1
, . . . , 22α+τ+1

, α ≥ 1, τ ≥ 0,

(14) 1, 2, . . . , 22α , 22α + 22β , 22α+1
+ 22α+2β , . . . ,

(
22α+1

+ 22α+2β
)2τ
, α > β ≥ 0, τ ≥ 0,

(15) 1, 2, . . . , 22α , 22α + 22β , 22α+1
, . . . , 22α+τ+1

, α > β ≥ 0, τ ≥ 0,

(16) 1, 2, . . . , 22α , 22α+2β , 22α+1+2β , . . . , 22α+τ+1+2β+τ , α > β ≥ 0,

(17) 1, 2, . . . , 22α , 22α+2β , 22α+1
, . . . , 22α+τ+1

, α > β ≥ 0, τ ≥ 0,

(18) 1, 2, 3, 6, 18, . . . , 182τ , τ ≥ 0,

(19) 1, 2, . . . , 22α , 22α+2α−1
, 22α+1+2α−1

, 22α+2
, . . . , 22α+τ+2

, α ≥ 1, τ ≥ 0.

Theorem 1.1 shows all possible AM-chain forms that contain exactly one small step. By filtering out
non-shortest AM-chains and grouping mathematically equivalent forms, we get the following theorem.

Theorem 1.2. (Integers whose shortest AM-chains contain one small step)
An integer n > 1 satisfies ℓAM(n) = λAM(n) + 1 if and only if n is one of the following forms:

(1) 32α , α ≥ 0,

(2)
(
22α + 1

)2τ
, α ≥ 1, τ ≥ 0,

(3)
(
22α + 22β

)2τ
, α > β ≥ 0, τ ≥ 0,

(4) 22α+2β , α > β ≥ 0,

(5) 272α , α ≥ 0,

(6)
(
22α+1

+ 22α+2β
)2τ
, α > β ≥ 0, τ ≥ 0.

This paper is organized as follows. Section 2 provides the necessary background for this work. In
Section 3, we establish a new upper bound for each element in an AM-chain that includes d squaring
steps. We also find a new upper bound for the number of non-squaring steps in an AM-chain, which
will be utilized to prove Theorem 1.1. In Section 4, we analyze AM-chains that contain d squaring
steps. In Section 5, we use the bounds obtained to provide the proof of Theorems 1.1 and 1.2. In
Section 6, we utilize Theorem 1.1 to determine the shortest length ℓAM(.) of certain integers. Section 7
includes the conclusion and future work.
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2. Preliminaries

This section presents some well-known results that are required in this paper.
Bahig [12] showed the following results regarding ℓAM(n):

ℓAM(n) ≥ log2 log2 n + 1, n ≥ 2. (2.1)

ℓAM(22n
) = n + 1, n ≥ 0. (2.2)

ℓAM(x2n
) ≥ n + log2(⌊log2 x⌋) + 2, v(x) > 1, n ≥ 0. (2.3)

ℓAM(y2n
) = n + q + 2, where y has one of the following forms:

22q
+ 1, 22q

+ 22t
, and 22q

× 22t
, n ≥ 0, 0 ≤ t ≤ q, (2.4)

where v(x) is the number of 1’s in the binary representation of x.
In [13], Bahig and Mahran proved that for an AM-chain a0, a1, . . . , al = n that includes d squaring

steps and s small steps, we have
n ≤ 22l−dFl−d+3 , (2.5)

s + 1 ≤ l − d ≤ 3.271s + 3.271, (2.6)

where Fm is the mth Fibonacci number defined by F0 = 0, F1 = 1, and

Fm+2 = Fm+1 + Fm for all m ≥ 0.

Remark 2.1. Let 1, 2, . . . , ai = 22i
, ai+1 = 22i+1

, be an AM-subchain. The step i + 1 cannot be big if it is
non-squaring.

3. New upper bounds

In this section, we improve the upper bounds in both Eqs (2.5) and (2.6).

Theorem 3.1. Let 1, 2, a2, . . . , al be an AM-chain of length l, with a2 = 4, that includes d squaring
steps and p = l − d non-squaring steps. Then,

log2(al) ≤ 2d−1 × Fp+2. (3.1)

Proof. We prove the theorem by induction on l.
For l = 2, we have the chain 1, 2, 4, with p = 1, and d = 1. Since log2(4) = 2 ≤ 20 × F3 = 1× 2 = 2,

Eq (3.1) holds for l = 2.
For l = 3, we have four chains:

1, 2, 4, 16; 1, 2, 4, 8; 1, 2, 4, 6; and 1, 2, 4, 5.

For the first chain, we have p = 1, d = 2, and Eq (3.1) holds since log2(a3) = log2(16) = 4 ≤
21 × F3 = 2 × 2 = 4. For the other three chains, we have p = 2, d = 1, and Eq (3.1) holds since
log2(a3) ≤ log2(8) = 3 ≤ 20 × F4 = 1 × 3 = 3. Thus, Eq (3.1) is true for l = 3.

Let Eq (3.1) be true for l = 3, . . . , k. Next, we prove Eq (3.1) at l = k + 1.

AIMS Mathematics Volume 11, Issue 6, 16235–16263.



16241

If step k + 1 is squaring, then

log2(ak+1) = 2 log2(ak) ≤ 2
(
2d−2 × Fp+2

)
= 2d−1 × Fp+2.

If the step k + 1 is non-squaring, then ak+1 ≤ ak × ak−1. Now, we have two cases: either the step k is
squaring or non-squaring.

If it is squaring, then

log2(ak+1) ≤ 3 log2(ak−1) ≤ 3
(
2d−2 × Fp+1

)
= 2d−1 ×

3
2

Fp+1 ≤ 2d−1 × Fp+2,

where we used the inequality 3
2 Fn ≤ Fn+1, which holds for all n ≥ 2 and also for n = 0.

If step k is non-squaring, then we apply the inductive hypothesis to both ak and ak−1:

log2(ak+1) ≤ log2(ak) + log2(ak−1) ≤
(
2d−1 × Fp+1

)
+

(
2d−1 × Fp

)
= 2d−1 × Fp+2.

□

Theorem 3.2. Let 1, 2, a2, . . . , al be an AM-chain of length l, with a2 = 3, that includes d squaring
steps and p = l − d non-squaring steps. Then,

log2(al) ≤ 2d
(
Fp−1 log2(3) + Fp−2

)
. (3.2)

Proof. We prove the theorem by induction on l.
For l = 2, we have the chain 1, 2, 3, with p = 2, and d = 0. Since log2(a2) = log2(3) ≤

20 (
F1 log2(3) + F0

)
= log2(3), Eq (3.2) is true for l = 2.

For l = 3, we have four chains:

1, 2, 3, 9; 1, 2, 3, 6; 1, 2, 3, 5; and 1, 2, 3, 4.

For the first chain, we have p = 2, d = 1, and Eq (3.2) holds since log2(a3) = log2(9) = 2 log2(3) ≤
21 (

F1 log2(3) + F0
)
= 2 log2(3). For the other three chains, we have p = 3, d = 0, and Eq (3.2) holds

since log2(a3) ≤ log2(6) = log2(3) + 1 ≤ 20 (
F2 log2(3) + F1

)
= log2(3) + 1.

Let Eq (3.2) be true for l = 3, . . . , k. Next, we prove it at l = k + 1. There are two cases:
Case (1) is when the step k + 1 is squaring. Thus,

log2(ak+1) = 2 log2(ak) ≤ 2
(
2d−1

(
Fp−1 log2(3) + Fp−2

))
= 2d

(
Fp−1 log2(3) + Fp−2

)
.

Thus, Eq (3.2) holds for k + 1.
Case (2) is when the step k + 1 is non-squaring. Thus, ak+1 ≤ ak × ak−1.We now have two subcases:

Case (2.1) is when the step k is squaring. In this case, we have

log2(ak+1) ≤ log2(ak) + log2(ak−1) = 3 log2(ak−1) ≤ 3
(
2d−1

(
Fp−2 log2(3) + Fp−3

))
= 2d

(
3
2

Fp−2 log2(3) +
3
2

Fp−3

)
≤ 2d

(
Fp−1 log2(3) + Fp−2

)
, p ≥ 5,
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where we used the inequality 3
2 Fn ≤ Fn+1, which holds for all n ≥ 2 and also for n = 0. We now show

that the above inequality also holds for the remaining values of p, i.e., p = 3, and 4.
If p = 3, we have

3
2

F1 log2(3) +
3
2

F0 ≤ F2 log2(3) + F1 ⇐⇒
3
2

log2(3) ≤ log2(3) + 1 ⇐⇒
1
2

log2(3) ≤ 1,

which holds since log2(3) ≤ 2 (equivalent to 3 ≤ 4).
If p = 4, we have

3
2

F2 log2(3) +
3
2

F1 ≤ F3 log2(3) + F2 ⇐⇒
3
2

log2(3) +
3
2
≤ 2 log2(3) + 1 ⇐⇒

1
2
≤

1
2

log2(3),

which holds since 1 ≤ log2(3) (equivalent to 2 ≤ 3).
Thus, for Case (2.1), Eq (3.2) holds for k + 1.
Case (2.2) is when the step k is non-squaring. In this case, Eq (3.2) is true for k + 1 since

log2(ak+1) ≤ log2(ak) + log2(ak−1)

≤ 2d
(
Fp−2 log2(3) + Fp−3

)
+ 2d

(
Fp−3 log2(3) + Fp−4

)
= 2d

(
(Fp−2 + Fp−3) log2(3) + (Fp−3 + Fp−4)

)
= 2d

(
Fp−1 log2(3) + Fp−2

)
.

Thus, Eq (3.2) is true for k + 1. □

The next corollary finds upper bounds for the number of small steps and non-squaring steps in an
AM-chain by applying Theorems 3.1 and 3.2.

Corollary 3.1. Let 1, 2, a2, . . . , al = n be an AM-chain of length l, which includes d squaring steps,
p = l − d non-squaring steps, and s small steps.

If a2 = 4, then
s + 1 ≤ p ≤ 3.271s + 1.

Otherwise (i.e., a2 = 3),
s + 1 ≤ p ≤ 3.271s + 1.1855.

Proof. Since the first step is big and non-squaring, and all subsequent squaring steps are big, we have

s + 1 ≤ p.

If a2 = 4, we have log2(al) ≤ 2d−1 × Fp+2. Therefore,

2λAM(n)−1 ≤ log2(al) ≤ 2d−1 × Fp+2,

where we used the fact that 22λAM (n)−1
≤ al.

Using the fact that Fm ≤ 2φm−3, which holds for all m ≥ 2 and also for m = 0, where φ = 1+
√

5
2 , and

l = d + p = λAM(n) + s, we get

2λAM(n)−1 ≤
(
2λAM(n)+s−p−1

) (
2φp−1

)
.
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Dividing by 2λAM(n)−1, we get

1 ≤ 2s+1 ×

(
φ

2

)p
× φ−1.

Taking log2, we get

0 ≤ s + 1 + p log2

(
φ

2

)
− log2(φ).

Consequently,

p ≤
s

log2

(
2
φ

) + 1 − log2(φ)

log2

(
2
φ

) .
Thus,

p ≤ 3.271s + 1.

In the case of a2 = 3, we have log2(al) ≤ 2d
(
Fp−1 log2(3) + Fp−2

)
. Therefore,

2λAM(n)−1 ≤ log2(al) ≤ 2d
(
Fp−1 log2(3) + Fp−2

)
.

Assume for now that p ≥ 4; we will handle the remaining cases afterward.
Using the fact that Fm ≤ 2φm−3, which holds for all m ≥ 2 and also for m = 0, and l = d + p =

λAM(n) + s, we get

2λAM(n)−1 ≤ 2λAM(n)+s−p+1
(
φp−4 log2(3) + φp−5

)
p ≥ 4.

Dividing by 2λAM(n)−1, we get

1 ≤ 2s+2 ×

(
φ

2

)p (
φ−4 log2(3) + φ−5

)
, p ≥ 4.

Taking log2, we get

0 ≤ s + 2 + p × log2

(
φ

2

)
+ log2

(
φ−4 log2(3) + φ−5

)
, p ≥ 4.

Thus,

p ≤
s

log2

(
2
φ

) + log2

(
φ−4 log2(3) + φ−5

)
+ 2

log2

(
2
φ

) , p ≥ 4.

Hence,

p ≤ 3.271s + 1.1855, p ≥ 4. (3.3)

Now we consider the case 1 ≤ p ≤ 3. Note that s = 0 if and only if p = 1, and since the AM-chain
starts with 1, 2, 3, we get p ≥ 2; hence, s ≥ 1. For (p, s) = (2, 1) and (3, 1), Eq (3.3) holds, so it remains
valid for all p ≥ 2 and can be written as

p ≤ 3.271s + 1.1855, p ≥ 2. (3.4)

□

Note that whether a2 = 4 or 3, Eq (3.4) holds for any AM-chain.
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4. AM-chains with d squaring steps

The purpose of this section is to investigate AM-chains containing d squaring steps and to determine
upper bounds for their elements. Theorems 3.1 and 3.2 give upper bounds based only on the number
of squaring steps. We now prove two stronger results, Theorems 4.1 and 4.2, which demonstrate that
both the number of squaring steps and the distribution of non-squaring steps preceding a given element
in an AM-chain play a key role in determining its maximum value.

In this section, we use D to denote a block of consecutive squaring steps, and D to denote a block of
consecutive non-squaring steps. The notations |D| and

∣∣∣D∣∣∣ refer to the number of steps in each block.
We use Di, to denote the ith squaring block, and similarly Di to denote the ith non-squaring block.

In any AM-chain 1, 2, a2, a3, . . . , al, the sub-AM-chain a2, a3, . . . , al can be divided into a
combination of D and D blocks.

Since we seek to find the maximum value for an element in an AM-chain after a2, we can maximize
the outcome of a non-squaring step by multiplying the current element, say ai, by the previous one,
ai−1; i.e., ai+1 = ai × ai−1 (×-star step). If there is a block of consecutive steps of ×-stars, we denote
this block by T.

We note that the addition operation does not need not to be considered when finding the maximum
value for an element, since a +-doubling step ai+1 = ai+ai, i ≥ 1, can be considered as a multiplicative
non-squaring step since ai+1 = ai + ai = ai × a1, i ≥ 1.

By replacing each non-squaring step with an ×-star step, each D block can be replaced by a T block.
In this case, we have

∣∣∣D∣∣∣ = |T | .
Theorem 4.1. Let 1, 2, a2, . . . , al be an AM-chain of length l, with a2 = 4, that includes d squaring
steps and l − d non-squaring steps. Assume that the l − d − 1 non-squaring steps following a2 are
partitioned into r blocks D1, . . . ,Dr, such that between any two D blocks, there is a D block. Then,

al ≤ 2
2d−r×

r∏
i=1

F
|Di|+3 , (4.1)

where
r∑

i=1

∣∣∣Di

∣∣∣ = l − d − 1, and Fi is the ith Fibonacci number.

Proof. To find an upper bound of al, we replace each D block by a T block, since for i ≥ 2 a non-
squaring step ai = a j + ak or a j × ak ≤ ai−1 × ai−2, where 1 ≤ k ≤ i − 2, 1 ≤ j ≤ i − 1. Thus, we have
four possible arrangements (cases) for T, and D.
Case (1):

1, 2, 4, T1,D1, T2, . . . ,Dr−1, Tr.

The first block T1 has the form
2F4 , 2F5 , . . . , 2F|T1 |+3 .

The second block D1 has the form

22×F|T1 |+3 , 222×F|T1 |+3 , . . . , 22|D1 |×F|T1 |+3 .

The third block T2 has the form

22|D1 |−1×F|T1 |+3×F4 , 22|D1 |−1×F|T1 |+3×F5 , . . . , 22|D1 |−1×F|T1 |+3×F|T2 |+3 .
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Following this process, we finally obtain the block Tr:

2
2

r−1∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F4
, 2

2

r−1∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F5
, . . . ,

2
2

r−1∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F|Tr |+3

= 2
2d−r×

r∏
i=1

F|Ti |+3
,

(4.2)

where
r−1∑
i=1
|Di| = d − 1. Thus,

al ≤ 2
2d−r×

r∏
i=1

F
|Di|+3 .

Case (2):
1, 2, 4, T1,D1, T2, . . . ,Dr−1, Tr,Dr.

Using Eq (4.2), the last block Dr is

2
2

r−1∑
i=1
|Di |

−(r−1)+1
×

(
r∏

i=1
F|Ti |+3

)
, 2

2

r−1∑
i=1
|Di |

−(r−1)+2
×

(
r∏

i=1
F|Ti |+3

)
, . . . ,

2
2

r−1∑
i=1
|Di |

−(r−1)+|Dr |
×

(
r∏

i=1
F|Ti |+3

)
= 2

2d−r×
r∏

i=1
F|Ti |+3
,

where
r∑

i=1
|Di| = d − 1. Thus,

al ≤ 2
2d−r×

r∏
i=1

F
|Di|+3 .

Case (3):
1, 2, 4,D1, T1,D2, . . . ,Dr, Tr.

The first block D1 has the form
222
, 223
, . . . , 22|D1 |+1

.

The second block T1 has the form

22|D1 |×F4 , 22|D1 |×F5 , . . . , 22|D1 |×F|T1 |+3 .

The third block D2 has the form

22|D1 |+1×F|T1 |+3 , 22|D1 |+2×F|T1 |+3 , . . . , 22|D1 |+|D2 |×F|T1 |+3 .

The fourth block T2 has the form

22|D1 |+|D2 |−1×F|T1 |+3×F4 , 22|D1 |+|D2 |−1×F|T1 |+3×F5 , . . . , 22|D1 |+|D2 |−1×F|T1 |+3×F|T2 |+3 .

Continuing in this pattern, we get the block Tr:

2
2

 r∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F4
, 2

2

 r∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F5
, . . . ,
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2
2

 r∑
i=1
|Di |

−(r−1)
×

(
r−1∏
i=1

F|Ti |+3

)
×F|Tr |+3

= 2
2d−r×

r∏
i=1

F|Ti |+3
,

where
r∑

i=1
|Di| = d − 1. Thus,

al ≤ 2
2d−r×

r∏
i=1

F
|Di|+3 .

Case (4):
1, 2, 4,D1, T1,D2, . . . ,Dr, Tr,Dr+1.

Case (4) has the same result as Case (3), using the same argument used to prove Case (2) from Case

(1). Thus, al ≤ 2
2d−r×

r∏
i=1

F
|Di|+3 in all cases. □

Remark 4.1. (Addition-chain analogue of Theorem 4.1) The addition-chain version of Theorem 4.1
holds as well. Let 1, 2, a2, . . . , al be an addition chain of length l that includes d doubling steps and l−d
non-doubling steps. Assume that the l − d non-doubling steps are partitioned into r blocks D1, . . . ,Dr,
such that between each two D blocks there is a D block. Then,

al ≤ 2d−r
r∏

i=1

F|Di |+3,

where
∑r

i=1 |Di| = l − d, and Fi denotes the ith Fibonacci number.

Theorem 4.2. Let 1, 2, a2, . . . , al be an AM-chain of length l, with a2 = 3, that includes d squaring steps
and l− d non-squaring steps. Assume that the l− d− 2 non-squaring steps following a2 are partitioned
into r blocks D1, . . . ,Dr, such that between each two D blocks there is a D block. If a3 = 32, then

al ≤ 3
2d−(r−1)×

r∏
i=1

F
|Di|+3 .

Otherwise (i.e., a3 , 32),

al ≤ 3
2d−(r−1)×F

|D1|+1
×

r∏
i=2

F
|Di|+3
× 2

2d−(r−1)×F
|D1|
×

r∏
i=2

F
|Di|+3 , (4.3)

where
r∑

i=1

∣∣∣Di

∣∣∣ = l − d − 2.

Proof. If a3 = 32, then the proof is similar to the proof of Theorem 4.1 by replacing the base 2 with 3.

Thus, al ≤ 3
2d−(r−1)×

r∏
i=1

F
|Di|+3 .

Otherwise, a3 , 32. By replacing each D block by a T block, we have two possible
arrangements (cases) for T and D:

Case (1):
1, 2, 3, T1,D1, T2, . . . ,Dr−1, Tr.

The first block T1 has the form

3F2 × 2F1 , 3F3 × 2F2 , . . . , 3F|T1 |+1 × 2F|T1 | .
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The second block D1 has the form

32×F|T1 |+1 × 22×F|T1 | , 322×F|T1 |+1 × 222×F|T1 | , . . . , 32|D1 |×F|T1 |+1 × 22|D1 |×F|T1 | .

The third block T2 has the form

32|D1 |−1×F|T1 |+1×F4 × 22|D1 |−1×F|T1 |
×F4 , 32|D1 |−1×F|T1 |+1×F5 × 22|D1 |−1×F|T1 |

×F5 , . . . ,

32|D1 |−1×F|T1 |+1×F|T2 |+3 × 22|D1 |−1×F|T1 |
×F|T2 |+3 .

If we follow this process, finally, we will obtain the block Tr:

3
2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |+1×

(
r−1∏
i=2

F|Ti |+3

)
×F4
× 2

2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |

×

(
r−1∏
i=2

F|Ti |+3

)
×F4
,

3
2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |+1×

(
r−1∏
i=2

F|Ti |+3

)
×F5
× 2

2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |

×

(
r−1∏
i=2

F|Ti |+3

)
×F5
, . . . ,

3
2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |+1×

(
r∏

i=2
F|Ti |+3

)
× 2

2

r−1∑
i=1
|Di |

−(r−1)
×F|T1 |

×

(
r∏

i=2
F|Ti |+3

)
.

where
r−1∑
i=1
|Di| = d. Thus,

al ≤ 3
2d−(r−1)×F

|D1|+1
×

r∏
i=2

F
|Di|+3
× 2

2d−(r−1)×F
|D1|
×

r∏
i=2

F
|Di|+3 .

Case (2):

1, 2, 3, T1,D1, T2, . . . ,Dr−1, Tr,Dr.

This implies the same result as in Case (1). □

Remark 4.2. Note that setting r = 1 in Theorems 4.1 and 4.2 recovers Theorems 3.1 and 3.2,
respectively, exactly. This shows that the earlier bounds represent the maximal growth scenario, which
occurs when all non-squaring steps are contiguous.

5. Proofs of Theorems 1.1 and 1.2

5.1. Proof of Theorem 1.1

Using Corollary 3.1 and setting the number of small steps s = 1,we obtain the possible total number
of non-squaring steps p ∈ {2, 3, 4}. By studying all possible AM-chains with p non-squaring steps, we
derive the nineteen AM-chain forms. Table 2 shows the structural constraints for each case.
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Table 2. Classification of valid numerical pathways by p.

p Structural Constraints & Examples

2 For p = 2, the two non-squaring steps are entirely accounted for by the initial step and a small
step S . In this case, the small step may occur immediately after 1, 2, hence S = 3, or it may
occur after a squaring block, consequently S ∈ {22α + 1, 22α + 22β , 22α+2β}, where α > β ≥ 0,
resulting in Cases I through IV of Theorem 1.1.
Examples: 1, 2, 3, 9, 81; and 1, 2, 4, 16, 64.

3 For p = 3, exactly one big non-squaring step B must be introduced after the chain 1, 2
and a small step S . We show that if S = 3, then either B ∈ {4, 5, 6}, yielding Cases
V, VI, and VII, respectively; or B ∈ {32α+2α−1

, 18} after a squaring block, yielding Cases
VIII and IX, respectively. Alternatively, if S follows an initial squaring block, then either
B ∈ {22α+1

+22α , 22α+1
, 22α+1

+22α+2β , 22α+1+2β}, yielding Cases XII, XIII, XIV, XV, XVI, and XVII,
respectively; or B ∈ {22α+τ+1+2α+τ−2

, 22α+2
} after an intermediate squaring block, yielding Cases X

and XI, respectively.
Examples: 1, 2, 3, 5, 25; 1, 2, 3, 9, 27, 729; 1, 2, 4, 16, 17, 256; and
1, 2, 4, 16, 64, 4096, 65536.

4 For p = 4, two big non-squaring steps (B1 and B2) are required after the chain 1, 2 and a small
step S . We show that we have two valid chains. The first one is when S = 3, B1 = 6, and
B2 = 18, resulting in Case XVIII, and the other is when S = 22α+2α−1

, B1 = 22α+1+2α−1
, and

B2 = 22α+2
, resulting in Case XIX.

Examples: 1, 2, 3, 6, 18; and 1, 2, 4, 8, 32, 256.

We now prove the theorem.
Let p denote the number of non-squaring steps. By substituting s = 1 into Eq (3.4), we get p =

2, 3, 4. Thus, we have three main cases based on p.

Case (1): p = 2.
Since every small step is a non-squaring step, the two non-squaring steps are:

• the first step, occurring at i = 1, and

• the small step S , which occurs after a step with i > 1.

There are two subcases:
Case (1.1):

1, 2, S , . . . .

The only choice for S is 3; hence, we get the AM-chain

1, 2, 3, . . . , 32α , α ≥ 0. (5.1)

Eq (5.1) corresponds to the Case (I) in Theorem 1.1.

Case (1.2):
1, 2, . . . , 22α , S , . . . .
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The only choices for S are

22α + 1, 22α + 22β , and 22α+2β , where α > β ≥ 0.

Therefore, we have the following chains for Case (1.2) (with one small step):

1, 2, . . . , 22α , 22α + 1, . . . ,
(
22α + 1

)2τ
, α ≥ 1, τ ≥ 0, (5.2)

1, 2, . . . , 22α , 22α + 22β , . . . ,
(
22α + 22β

)2τ
, α > β ≥ 0, τ ≥ 0, (5.3)

and
1, 2, . . . , 22α , 22α+2β , . . . , 22α+τ+2β+τ , α > β ≥ 0, τ ≥ 0. (5.4)

Eqs (5.2, 5.3, 5.4) correspond to the Cases (II, III, IV) in Theorem 1.1.

Case (2): p = 3.
Since every small step is a non-squaring step, the three non-squaring steps are:

• the first step, occurring at i = 1,

• the small step S , and

• the remaining non-squaring step B, which must be big.

Figure 1 shows all possible AM-chains when p = 3.

1, 2

S

D, S

B,D Case (2.1)

D, B,D Case (2.2)

D, B,D Case (2.3)

B,D Case (2.4)

Figure 1. All four possible cases for AM-chains containing (after 1, 2) exactly one small step
S and exactly one big non-squaring step B. The symbol D represents a block of consecutive
squaring steps.

.

Case (2.1):
1, 2, S , B, D. (5.5)

In this case, S = 3. Hence, the only possible values of B are 4, 5, and 6. Therefore, we get the
following three chains:
Case (2.1.1):

1, 2, 3, 4, . . . , 42τ , (5.6)

Eq (5.6) corresponds to Case (V) in Theorem 1.1.

Case (2.1.2):
1, 2, 3, 5, . . . , 52τ , (5.7)
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Eq (5.7) corresponds to Case (VI) in Theorem 1.1.

Case (2.1.3):
1, 2, 3, 6, . . . , 62τ , where τ ≥ 0. (5.8)

Eq (5.8) corresponds to Case (VII) in Theorem 1.1.

Case (2.2):
1, 2, S , D, B, D. (5.9)

The only possible value for S is 3. Then, we have

1, 2, 3, . . . , 32α , B, . . . , α ≥ 1.

We note that λAM

(
32α

)
= α+1. Therefore, in order to have a big step for B, we have λAM(B) = α+2.

If α = 1, the only possible values for B are

B = 32 × 3,

and
B = 32 × 2.

If α ≥ 2, the only possible value for B is

B = 32α × 32α−1
= 32α+2α−1

,

where, λAM

(
32α+2α−1

)
= α + 2, since

22α+2
= 162α >

(
3 × 3

1
2
)2α
= 32α × 32α−1

=
(
3 × 3

1
2
)2α
> 42α = 22α+1

.

Otherwise, we get

B ≤ 32α × 32α−2
=

(
3 × 32−2)2α

< (3.95)2α < 42α = 2α+1,

and hence λAM

(
32α+2α−2

)
= α + 1, which is a contradiction.

Therefore, we get two subcases:

Case (2.2.1):

1, 2, 3, . . . , 32α , 32α+2α−1
, . . . , 32α+τ+2α+τ−1

= 272α+τ−1
, α ≥ 1, τ ≥ 0. (5.10)

Eq (5.10) corresponds to Case (VIII) in Theorem 1.1.

Case (2.2.2):
1, 2, 3, 9, 18, . . . , 182τ , τ ≥ 0. (5.11)

Eq (5.11) corresponds to Case (IX) in Theorem 1.1.

Case (2.3):
1, 2, D, S , D, B, D. (5.12)
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Similar to Case (1.2), the only choices for S are

22α + 1, 22α + 22β , and 22α+2β , where α > β ≥ 0.

Therefore, Case (2.3) has the following three subcases:

Case (2.3.1): 1, 2, . . . , 22α , 22α + 1, . . . ,
(
22α + 1

)2τ
, B1, . . . , α, τ ≥ 1,

Case (2.3.2): 1, 2, . . . , 22α , 22α + 22β , . . . ,
(
22α + 22β

)2τ
, B2, . . . ,

α > β ≥ 0, τ ≥ 1,

Case (2.3.3): 1, 2, . . . , 22α , 22α+2β , . . . , 22α+τ+2β+τ , B3, . . . , α > β ≥ 0, τ ≥ 1.

Since
λAM

((
22α + 1

)2τ
)
= λAM

((
22α + 22β

)2τ
)
= λAM

(
22α+τ+2β+τ

)
= α + τ + 1,

we have
λAM (B1) = λAM (B2) = λAM (B3) = α + τ + 2.

If α ≥ 2 in either Cases (2.3.1) and (2.3.2), we get

Bi <
(
22α+1

)2τ+2τ−1

= 22α+τ+2α+τ−1+2τ+2τ−1
< 22α+τ+1

, i = 1, 2,

and hence λAM(Bi) < α + τ + 2, i = 1, 2, which is a contradiction.

For α = 1, Cases (2.3.1) and (2.3.2) are reduced to the following chains:

1, 2, 4, 5, . . . , 52τ , B1, . . . (τ ≥ 1),

1, 2, 4, 6, . . . , 62τ , B2, . . . (τ ≥ 1).

which is impossible since for i = 1, 2 and τ ≥ 1, we have

Bi ≤ (6
√

6)2τ < 162τ ,

which implies that λAM(Bi) < τ + 3, which is a contradiction.

Then, Cases (2.3.1) and (2.3.2) are impossible.

If β ≤ α − 2 in Case (2.3.3), we get

B3 ≤ 22α+τ+2α+τ−1+2α+τ−2+2α+τ−3
< 22α+τ+1

,

which is a contradiction. Then, β > α − 2, hence, the only possible value for β is β = α − 1.

If τ ≥ 2, the only possible value of B3 is

B3 = 22α+τ+2α+τ−1
× 22α+τ−1+2α+τ−2

= 22α+τ+1+2α+τ−2
,

since otherwise we get
B3 ≤ 22α+τ+2α+τ−1

× 22α+τ−2+2α+τ−3
< 22α+τ+1

.
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If τ = 1, the only possible values of B3 are

B3 = 22α+1+2α × 22α+2α−1
= 22α+2+2α−1

,

and
B3 = 22α+1+2α × 22α = 22α+2

.

Otherwise, we get
B3 ≤ 22α+1+2α × 22α−1

< 22α+2
,

which is a contradiction.

Therefore, we get two subcases:

Case (2.3.3.1):

1, 2, . . . , 22α , 22α+2α−1
, . . . , 22α+τ+2α+τ−1

, 22α+τ+1+2α+τ−2
, . . . , 22α+τ+δ+1+2α+τ+δ−2

, (5.13)

where α, τ ≥ 1, δ ≥ 0.

Eq (5.13) corresponds to Case (X) in Theorem 1.1.

Case (2.3.3.2):

1, 2, . . . , 22α , 22α+2α−1
, 22α+1+2α , 22α+2

, . . . , 22α+τ+2
, α ≥ 1, τ ≥ 0. (5.14)

Eq (5.14) corresponds to Case (XI) in Theorem 1.1.

Case (2.4):
1, 2, D, S , B, D. (5.15)

Similar to Case (1.2), the only choices for S are

22α + 1, 22α + 22β , and 22α+2β , where α > β ≥ 0.

Therefore, Case (2.4) has the following three subcases:

Case (2.4.1): 1, 2, . . . , 22α , 22α + 1, B4, . . . , α ≥ 1,

Case (2.4.2): 1, 2, . . . , 22α , 22α + 22β , B5, . . . , α > β ≥ 0,

Case (2.4.3): 1, 2, . . . , 22α , 22α+2β , B6, . . . , α > β ≥ 0.

We note that

λAM

(
22α

)
= λAM

(
22α + 1

)
= λAM

(
22α + 22β

)
= λAM

(
22α+2β

)
= α + 1.

Therefore, we have
λAM (B4) = λAM (B5) = λAM (B6) = α + 2.

This result will be used to reject some possible values for B4, B5, and B6.

We now consider Case (2.4.1). We prove that the only possible values for B4 are

B4 =
(
22α + 1

)
× 22α = 22α+1

+ 22α , (5.16)
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and
B4 = 22α × 22α = 22α+1

, (5.17)

since the other possible values make B4 a small step.

Suppose that B4 is an additive step. Then, we get

B4 ≤ 22α+1 + 2 < 22α+2 ≤ 22α+1
.

Hence, B4 cannot reach 22α+1
as an additive step, and must therefore be a multiplicative step.

If B4 is a multiplicative star step not of the form given in Eq (5.16), then

B4 ≤ (22α + 1) × 22α−1
= 22α+2α−1

+ 22α−1
< 22α+2α−1+1 ≤ 22α+1

.

Therefore, λAM(B4) < α + 2.

On the other hand, if B4 is not a multiplicative star step and is not equal to the value in Eq (5.17),
then

B4 ≤ 22α × 22α−1
< 22α+1

,

and again we have λAM(B4) < α + 2.

Hence, Case (2.4.1) can be divided into the following two subcases:

Case (2.4.1.1):

1, 2, . . . , 22α , 22α + 1, 22α+1
+ 22α , . . . ,

(
22α+1

+ 22α
)2τ
, α ≥ 1, τ ≥ 0. (5.18)

Eq (5.18) corresponds to Case (XII) in Theorem 1.1.

Case (2.4.1.2):
1, 2, . . . , 22α , 22α + 1, 22α+1

, . . . , 22α+τ+1
, α ≥ 1, τ ≥ 0. (5.19)

Eq (5.19) corresponds to Case (XIII) in Theorem 1.1.

We now consider Case (2.4.2). Similar to Case (2.4.1), the only possible values for B5 in
Case (2.4.2) are

B5 = (22α + 22β) × 22α = 22α+1
+ 22α+2β ,

and
B5 = 22α × 22α = 22α+1

.

Hence, Case (2.4.2) can be divided into the following two subcases:

Case (2.4.2.1):

1, 2, . . . , 22α , 22α + 22β , 22α+1
+ 22α+2β , . . . ,

(
22α+1

+ 22α+2β
)2τ
, α > β ≥ 0, τ ≥ 0. (5.20)

Eq (5.20) corresponds to Case (XIV) in Theorem 1.1.

Case (2.4.2.2):

1, 2, . . . , 22α , 22α + 22β , 22α+1
, . . . , 22α+τ+1

, α > β ≥ 0, τ ≥ 0. (5.21)
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Eq (5.21) corresponds to Case (XV) in Theorem 1.1.

We now consider Case (2.4.3). B6 can be a multiplicative or additive step. If B6 is a multiplicative
star step, then the possible values of B6 are

B6 = 22α+2β × 22α = 22α+1+2β ,

or
B6 = 22α+2α−1

× 22α−1
= 22α+1

.

Note that B6 cannot be
B6 ≤ 22α+2α−1

× 22α−2
< 22α+1

;

since λAM(B6) < α + 2, which is a contradiction.

Similar to Case (2.4.1), if B6 is not a multiplicative star step, the only possible value for it is

B6 = 22α × 22α = 22α+1
.

Note that B6 cannot be
B6 ≤ 22α × 22α−1

< 22α+1
.

If B6 is an additive step, we have
B6 < 22α+2β+1 ≤ 22α+1

.

It follows that there are two different values of B6. Thus, Case (2.4.3) has the following two
subcases:

Case (2.4.3.1):

1, 2, . . . , 22α , 22α+2β , 22α+1+2β , . . . , 22α+τ+1+2β+τ , α > β ≥ 0, τ ≥ 0. (5.22)

Eq (5.22) corresponds to Case (XVI) in Theorem 1.1.

Case (2.4.3.2):

1, 2, . . . , 22α , 22α+2β , 22α+1
, . . . , 22α+τ+1

, α > β ≥ 0, τ ≥ 0. (5.23)

Eq (5.23) corresponds to Case (XVII) in Theorem 1.1.

Case (3): p = 4.

Since every small step is a non-squaring step, the four non-squaring steps consist of the following:

• the first step (occurring at i = 1),

• the small step S , and

• two non-squaring steps B1 and B2, which must both be big steps.
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Figure 2 shows all possible AM-chains when p = 4.

1, 2

S

D, S

B

D, B

D, B

B

B,D Case (3.1)

D, B,D Case (3.2)

B,D Case (3.3)

D, B,D Case (3.4)

B,D Case (3.5)

D, B,D Case (3.6)

B,D Case (3.7)

D, B,D Case (3.8)

Figure 2. All eight possible cases for AM-chains containing (after 1, 2) exactly one small
step S and exactly two big non-squaring steps B. The symbol D represents a block of
consecutive squaring steps.

Case (3.1):
1, 2, S , B, B, D.

Using Case (2.1), the only possible AM-chain is

1, 2, 3, 6, 18, . . . , 182τ , τ ≥ 0. (5.24)

Eq (5.24) corresponds to Case (XVIII) in Theorem 1.1.

Case (3.2):
1, 2, S , B, D, B, D.

Using Case (2.1), the only possible subchains are

Case (3.2.1): 1, 2, 3, 4, . . . , 42τ , B7, . . . , τ ≥ 1,

Case (3.2.2): 1, 2, 3, 5, . . . , 52τ , B8, . . . , τ ≥ 1,

Case (3.2.3): 1, 2, 3, 6, . . . , 62τ , B9, . . . , τ ≥ 1.

We note that λAM

(
42τ

)
= λAM

(
52τ

)
= λAM

(
62τ

)
= τ + 2. Therefore, λAM(Bi) = τ + 3, i = 7, 8, 9.

Next, we show that all of these subchains are impossible, since all possible values for Bi, i =
7, 8, 9, are small.

Since
Bi ≤ 62τ+2τ−1

=
(
6
√

6
)2τ
< 14.72τ < 162τ = 22τ+2

, i = 7, 8, 9,
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we get that λAM(Bi) < τ + 3, i = 7, 8, 9.

Case (3.3):
1, 2, S , D, B, B, D.

Using Case (2.2), the only possible subchain is

1, 2, 3, . . . , 32α , 32α+2α−1
, B, . . . , α ≥ 1.

As we know, λAM

(
32α+2α−1

)
= α + 2, and

B ≤ 32α+1+2α−1
=

(
3 × 3

1
4
)2α+1

< 42α+1
= 22α+2

.

Therefore, λAM(B) < α + 3. Thus, B cannot be a big step. Hence, this case is impossible.

Case (3.4):
1, 2, S , D, B, D, B, D.

Using Case (2.2), the only possible subchains are

Case (3.4.1): 1, 2, 3, . . . , 32α , 32α+2α−1
, . . . , 32α+τ+2α+τ−1

, B10, . . . , α ≥ 1, τ ≥ 1,

Case (3.4.2): 1, 2, 3, 9, 18, . . . , 182τ , B11, . . . , τ ≥ 1.

As we can see, λAM

(
32α+τ+2α+τ−1

)
= α + τ + 2, and λAM

(
182τ

)
= τ + 3.

Since

B10 ≤ 32α+τ+1+2α+τ−2
=

(
32 × 3

1
4
)2α+τ
< 122α+τ < 22α+τ+2

, and

B11 ≤ 182τ+2τ−1
=

(
18 ×

√
18

)2τ
< 22τ+3

,

we get λAM(B10) < α+ τ+3, and λAM(B11) < τ+4. Thus, B10 and B11 cannot be big. Hence, these
subcases are impossible.

Case (3.5):
1, 2, D, S , D, B, B, D.

Using Case (2.3), the only possible subchains are

1, 2, . . . , 22α , 22α+2α−1
, . . . , 22α+τ+2α+τ−1

, 22α+τ+1+2α+τ−2
, B12, . . . , α ≥ 1, τ ≥ 1,

and
1, 2, . . . , 22α , 22α+2α−1

, 22α+1+2α , 22α+2
, B13, . . . , α ≥ 1.

Since
B12 ≤ 22α+τ+1+2α+τ+2α+τ−1+2α+τ−2

< 22α+τ+2
,

and
B13 ≤ 22α+1+2α × 22α+2

< 22α+3
,

both B12 and B13 cannot be big steps. Hence, this case is impossible.
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Case (3.6):
1, 2, D, S , D, B, D, B, D.

Similar to Case (3.5), this case is impossible.

Case (3.7):
1, 2, D, S , B, B, D.

Using Case (2.4), the only possible subchains are

Case (3.7.1): 1, 2, . . . , 22α , 22α + 1, 22α+1
+ 22α , B14, . . . , α ≥ 1,

Case (3.7.2): 1, 2, . . . , 22α , 22α + 1, 22α+1
, B15, . . . , α ≥ 1,

Case (3.7.3): 1, 2, . . . , 22α , 22α + 22β , 22α+1
+ 22α+2β , B16, . . . , α > β ≥ 0,

Case (3.7.4): 1, 2, . . . , 22α , 22α + 22β , 22α+1
, B17, . . . , α > β ≥ 0,

Case (3.7.5): 1, 2, . . . , 22α , 22α+2β , 22α+1
, B18, . . . , α > β ≥ 0,

Case (3.7.6): 1, 2, . . . , 22α , 22α+2β , 22α+1+2β , B19, . . . , α > β ≥ 0.

We note that

λAM

(
22α+1

+ 22α
)
= λAM

(
22α+1)

= λAM

(
22α+1

+ 22α+2β
)
= λAM

(
22α+1+2β

)
= α + 2,

and
Bi < 22α+1+2α+2 ≤ 22α+2

, for i = 14, . . . , 17.

Therefore,
λAM(Bi) < α + 3, for i = 14, . . . , 17.

Hence, all Bi, for i = 14, . . . , 17, cannot be big steps. Therefore, all subcases from Case (3.7.1)
to Case (3.7.4) are impossible.

In Case (3.7.5), we have
B18 ≤ 22α+1+2α+2α−1

< 22α+2
.

Therefore,
λAM(B18) < α + 3.

Thus, B18 cannot be a big step, and that makes Case (3.7.5) impossible.

In Case (3.7.6), if β ≤ α − 2, we get

B19 ≤ 22α+1+2α−2
× 22α+2α−2

= 22α+1+2α+2α−1
< 22α+2

.

Therefore, β > α − 2. Since α > β, the possible value of β is α − 1.

If β = α − 1, the only possible value of B19 is

B19 = 22α+1+2α−1
× 22α+2α−1

= 22α+2
;
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otherwise, we get
B19 < 22α+2

,

which is a contradiction. Hence, we get the AM-chain:

1, 2, . . . , 22α , 22α+2α−1
, 22α+1+2α−1

, 22α+2
, . . . , 22α+τ+2

, α ≥ 1, τ ≥ 0. (5.25)

Eq (5.25) corresponds to Case (XIX) in Theorem 1.1.

Case (3.8):
1, 2, D, S , B, D, B, D.

If the number of squaring steps after 2 is α, we get the AM-chain:

1, 2, . . . , 22α , S , B20, . . . , B21, . . . .

Therefore, λAM(S ) = α + 1, and λAM(B20) = α + 2. The maximum value for S is S = 22α+2α−1
.

Therefore, the maximum value for B20 is B20 = 22α+1+2α−1
. If we have τ squaring steps after B20,

then we get
1, 2, . . . , 22α , 22α+2α−1

, 22α+1+2α−1
, . . . , 22α+τ+1+2α+τ−1

, B21, . . .

where α ≥ 1, τ ≥ 1.We note that λAM(22α+τ+1+2α+τ−1
) = α + τ + 1. Also, we have

B21 ≤ 22α+τ+1+2α+τ+2α+τ−1+2α+τ−2
< 22α+τ+2

.

Hence,
λAM(B21) < α + τ + 3,

which makes B21 a small step. Hence, this case is impossible.

This completes the proof of the theorem. □

5.2. Proof of Theorem 1.2

To prove Theorem 1.2, we must establish that an integer n has a shortest AM-chain with exactly
one small step (i.e. ℓAM(n) = λAM(n) + 1) if and only if n belongs to one of six primary families.

Proof. Assume that an integer n has a shortest AM-chain with exactly one small step. By Theorem 1.1,
the chain must be one of the 19 exhaustive cases. We know that the only AM-chain that contains zero
small steps has the form 1, 2, 22, 222

, . . . , 22A
, for some A ≥ 0. Consequently, if the integer n , 22A

, then
ℓAM(n) > λAM(n), i.e., ℓAM(n) ≥ λAM(n)+1. Since we assume that the integer n has a shortest AM-chain
with exactly one small step, n cannot be one of the integers generated by Cases (V), (XI), (XIII), (XV),
(XVII), and (XIX). All of these cases terminate at an integer of the form n = 22A

. Consequently, n must
correspond to one of the remaining 13 cases.

The remaining 13 cases of Theorem 1.1 either terminate in, or can be consolidated into, the
following six primary families of integers:

(1) 32α , α ≥ 0,

(2)
(
22α + 1

)2τ
, α ≥ 1, τ ≥ 0,
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(3)
(
22α + 22β

)2τ
, α > β ≥ 0, τ ≥ 0,

(4) 22α+2β , α > β ≥ 0,

(5) 272α , α ≥ 0,

(6)
(
22α+1

+ 22α+2β
)2τ
, α > β ≥ 0, τ ≥ 0.

It is clear that families (1) through (6) cover cases (I)–(III), (IV), (VIII), and (XIV), respectively. We
now demonstrate that the remaining seven cases are also encompassed by these six families. Since
5 =

(
221
+ 1

)
, the second family (2) explicitly covers the integers generated by Case (VI). Similarly,

since 6 =
(
221
+ 220

)
and 18 =

(
222
+ 220

)
, the third family (3) encompasses the integers generated by

Cases (VII), (IX), and (XVIII). Furthermore, the third family (3) also covers the integers generated by
Case (XII). We note that the expression for Case (XII),

(
22α+1

+ 22α
)2τ

, where α ≥ 0, τ ≥ 0, can be

strictly rewritten in the general form of the third family (3),
(
22x
+ 22y

)2τ
, where x > y ≥ 0, τ ≥ 0,

by substituting x = α + 1 and y = α. Additionally, the fourth family (4) covers the integers generated
by Cases (X) and (XVI). For example, the expression for Case (X), 22α+τ+δ+1+2α+τ+δ−2

, where α ≥ 1, τ ≥
1, δ ≥ 0), can be expressed in the general form of the fourth family (4), 22x+2y

, where x > y ≥ 0, by
substituting x = α + τ + δ + 1 and y = α + τ + δ − 2. Similarly, family (4) encompasses Case (XVI).
Thus, n must belong to one of these six families.

Conversely, assume that an integer n belongs to one of the six primary families listed above. Because
each of these families corresponds directly to one or more of the cases established in Theorem 1.1, there
exists an AM-chain for n that contains exactly one small step. Therefore, ℓAM(n) ≤ λAM(n) + 1. We
must ensure that this is the shortest possible chain (i.e., ℓAM(n) > λAM(n)). As established, the only
integers n that admit a chain of length λAM(n), i.e., no small steps, are strictly those of the form 22A

.
Furthermore, none of the integers generated by the six primary families can be expressed in the form
22A

. This completes the proof. □

6. Shortest AM-chains

Finding ℓA(n) and generating a shortest or short addition chain have attracted the interest of many
researchers [7, 14–22]. Similarly, for AM-chain [12, 13].

In this section, we prove some new results about ℓAM(n).
Theorem 1.2 shows that

ℓAM

(
22A+2B)

= λAM

(
22A+2B)

+ 1 = A + 2, where A > B > 0.

Now, we find ℓA.M
(
22A+2B+2C

)
, where A > B > C > 0.

Theorem 6.1. ℓAM

(
22A+2B+2C

)
= A + 3, where A > B > C > 0.

Proof. Using Eq (2.1), we have

ℓAM

(
22A+2B+2C )

≥ log2

(
log2

(
22A+2B+2C ))

+ 1 > A + 1.
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If ℓAM

(
22A+2B+2C

)
= A + 2, then a shortest AM-chain must contain one small step. Therefore, 22A+2B+2C

must be one of the cases in Theorem 1.2. Since 22A+2B+2C
is an even number, we exclude all odd cases.

Therefore, the possible cases are (
22α + 22β

)2τ
, α > β ≥ 0, τ ≥ 0,(

22α+1
+ 22α+2β

)2τ
, α > β ≥ 0, τ ≥ 0.

Now, we prove that (2x + 2y)z , 2t, where x > y > 0.
If (2x + 2y)z = 2t, then 2x + 2y = 2

t
z , which is impossible. Therefore, ℓAM

(
22A+2B+2C

)
, A + 2. Since

the length of the chain
1, 2, . . . , 22A

, 22A+2B
, 22A+2B+2C

is A + 3, we get ℓA.M
(
22A+2B+2C

)
= A + 3. □

Theorem 6.2. ℓAM

(
32A+2B

)
= A + 3, where A > B ≥ 0.

Proof. If B = A − 1, then

42A
< 32A+2A−1

=
(
3
√

3
)2A

< 162A
.

Therefore, λAM

(
32A+2A−1

)
= A + 2. Since 32A+2A−1

is not a power of 2, then ℓA.M
(
32A+2A−1

)
> A + 2. Since

32A+2A−1
is one of the cases of Theorem 1.2, we get that

ℓA.M
(
32A+2A−1)

= A + 3.

If B ≤ A − 2, since

22A
< 32A+2A−2

=
(
3 × 32−2)2A

< 42A
= 22A+1

,

we get that λAM

(
32A+2B

)
= A + 1, where 0 ≤ B ≤ A − 2. Since 32A+2B

is not a power of 2, where 0 ≤
B ≤ A− 2, a shortest AM-chain for 32A+2B

must contain at least one small step. If there exists a shortest
AM-chain for 32A+2B

, with exactly one small step, then it must be one of the cases of Theorem 1.2.
Since 32A+2B

is an odd number, we have three possible cases:

32α , α ≥ 0,

272α+τ−1
, α ≥ 1, τ ≥ 1,(

22α + 1
)2τ
, α ≥ 1, τ ≥ 0.

The first two cases are not equal to 32A+2B
, where 0 ≤ B ≤ A − 2. If 32A+2B

=
(
22α + 1

)2τ
, we get

A + 1 = λAM

(
32A+2B)

= λAM

((
22α + 1

)2τ
)
= α + τ + 1.
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Therefore,

32A+2B
=

(
22α + 1

)2A−α

.

Thus,
32α+2B−τ

− 22α = 1,

which is impossible for α ≥ 1. Hence, a shortest AM-chain for 32A+2B
, where 0 ≤ B ≤ A − 2,

must contain at least 2 small steps. The following chain shows that there is an AM-chain for 32A+2B
,

where 0 ≤ B ≤ A − 2, with two small steps:

1, 2, 3, . . . , 32A
, 32A+2B

.

Thus, ℓA.M
(
32A+2B

)
= A + 3, where 0 ≤ B ≤ A − 2. In general, we get that

ℓA.M
(
32A+2B)

= A + 3, where 0 ≤ B ≤ A − 1.

□

Theorem 6.3. ℓA.M
(
52A+2B

)
= A + 4, where A > B ≥ 0.

Proof. The proof is similar to the proof of Theorem 6.2. □

7. Conclusions and future work

Let a0, a1, . . . , al be an AM-chain with d squaring steps. We have found upper bounds for al and
the number of non-squaring steps. We have also found all AM-chains with one small step. Finally, we
have computed ℓAM(n) for some integers n.

There are still some interesting open problems related to this study, such as:

• Extend Theorem 1.1 to two small steps.

• Can the upper bounds given in Theorem 3.2 and Corollary 3.1 accelerate the generation of a
shortest AM-chain [13]?

• Calculating the difference between the upper bounds of two consecutive elements in an AM-chain.
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