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Abstract: An addition-multiplication chain of length / for a positive integer n is a monotonic
increasing sequence 1 = ap < a; < ... < a; = n of positive integers, such that for each 1 < i < [, we
have a; = aj + a; or a; = a; X ar, where 0 < k < j < i— 1. In this paper, we establish upper bounds
for each element in any AM-chain based on the number of squaring steps and the distribution of non-
squaring steps preceding the given element. Moreover, we get additional upper bounds independent
of the distribution of non-squaring steps. These bounds yield a new upper bound for the number of
non-squaring steps in any AM-chain. Finally, we determine all AM-chains that include exactly one
small step and, as a consequence, compute the shortest lengths £4,,(.) of certain integers.
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1. Introduction

An addition chain [1-3] of length [ for a positive integer n is a monotonic increasing sequence
Il =ay <ay <...<a = n,suchthat foreach 1 <i <[, we have q; = a; + a; for some k < j < i.
The shortest length of an addition chain for n is denoted by €4(n). The concept of an addition chain is
closely related to the number of multiplications needed to compute x", since exponents are added when
multiplying powers with the same base. Numerous studies have explored addition chains as a means
of representing the computational difficulty of evaluating integers and polynomials [1, 3,4].

Various proposals in the literature aim to extend or generalize addition chains in different ways. For
example, g-addition chains [5], k-chains [6], and addition sequences (i.e., addition chains for a set of
numbers) [3,7,8].

One of the generalizations of addition chains is the B-chain introduced by Dobkin and Lipton [9] to
investigate the complexities associated with evaluating polynomials and integers. A B-chain of length
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[ for a positive integer n is a sequence 1 = ag, aj,..., a; = n, such that foreach 1 < i < [, we
have a; = a; o a;, where k < j < i, B is a finite set of binary operations, and o € B. If B = {+, -},
the B-chain is called an addition-subtraction chain [10, 11]. If B = {+, X}, the B-chain is called an
addition-multiplication chain (simply an AM-chain) [3,12, 13].

The study of addition chains is motivated by number-theoretic computations such as exponentiation,
where minimizing the number of multiplications optimizes cryptographic algorithms. For example,
to compute the exponentiation x'°, one may use the shortest addition chain for the exponent
n = 15, namely 1,2,3,6,12,15. This yields the sequence x?, x*, x°, x'2, x'°, and hence x!°> can be
evaluated using only five multiplications instead of the fourteen multiplications required by the naive
method. Computing the exponentiation x" is one of the most important operations in public-key
cryptosystems [2]. However, the problem of computing a shortest addition chain is NP-hard [1].
Therefore, from a practical perspective, since n is very large, considerable attention has been devoted to
the fast generation of short, not necessarily shortest, addition chains. More precisely, the focus is often
on efficient computation of the exponentiation without directly generating a short addition chain [4].
A similar perspective applies to the generation of shortest AM-chains, although the computational
complexity of generating a shortest AM-chain remains an open problem [3,9].

This paper focuses on theoretical results concerning AM-chains.

Formally, let n be a positive integer. An AM-chain of length / for n is a monotonic increasing
sequence 1 = ay < a; < ... < a; = n, with the property that for each 1 <i < [, we have a; = a; | a,
ie.,

a;=aj+ag or a;=a;xa;, where 0 <k<j<i-1. (1.1)

The shortest length of all AM-chains for n is denoted by €4,,(n).
Note that

Cam(n) < Ca(n),

since every addition chain is a valid AM-chain. The use of multiplication allows for strictly shorter
chains in many cases.
Astep a; = aj +ai or a; = a; X a;, where 0 < k < j <i— 1, can be classified in two ways:

(1) Based on the indices j and k:

e Theithstepa; =a; X a;, 0 <k < j<i,is called

e X-star step (multiplicative star step) if j =i — 1,

e X-doubling step (squaring step) if j =k =i—1,

e x-nondoubling step (multiplicative non-squaring step) if k < i — 2.

Clearly, a multiplicative non-squaring step can include a multiplicative star step.

e Theithstepa; =aj+ar, 0 <k < j<i,is called

e +-star step (additive star step) if j =i—1,

e +-doubling step (doubling step) if j =k =i—-1,

e +-nondoubling step (additive non-doubling step) if k < i — 2.

Similarly, an additive non-doubling step can include an additive star step.
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Each step in an AM-chain can be classified as either a squaring step or a non-squaring step.
The non-squaring step is either multiplicative non-squaring, additive non-doubling, or doubling.
Therefore, any AM-chain that contains d squaring steps and p = (I — d) non-squaring steps has
length

l=d+p.

(2) Based on the values a; and a,_;:
Let A4, be a function defined on the set of positive integers as follows:

Aam(1) =0
Aam(x) = [log, log, x| + 1 for x > 2, (1.2)

If Aam(a;) = Aam(ai—1) + 1, then step i is called a big step; otherwise, Ay (a;) = Aam(ai1), and it
is called a small step.

The length / of an AM-chain can be expressed as:

I = Aap(n) + Sam(ao, ai, ..., ap),

where for 1 <i <[, Sap(ap,ai,...,a;), or simply Ssp(a;) indicates how many small steps are present
in the chain up to a;, and A4,,(n) indicates how many big steps are present in the chain. Thus, the length
of shortest AM-chain for n can be obtained by minimizing S4,,(n).

The only AM-chains with no small steps are those of the form

1,2,22.0% .. 2%

In other words, the only integers n > 1 satisfying £4),(n) = Aap(n) are those of the formn = 22A, where
A >0.

Remark 1.1. (On the definition of Asy and small steps) The definition of Aay for x > 2 is slightly
different from that in [12]. In [12], for x > 2,

A, (x) = |log, log, x| (1.3)

Thus, according to Eq (1.3), the first step is considered small in any AM-chain, while it is considered
a big step using Eq (1.2). For example, the chain 1,2,4 has one small step and one big step using
Eq (1.3), whereas it has two big steps in the present work, i.e., Eq (1.2).

This normalization (using Eq (1.2)) ensures that S sp(n) = 0 precisely for integers of the form
n = 2%, which are maximal for their AM-chain length. In general, S y(n) measures how far n lies
below the largest integer attainable with the same number of big steps. Note that using Eq (1.3) [12],
integers of the form n = 22" have one small step.

This justification improves the structural parallelism and provides a more natural interpretation of
small and big steps while remaining compatible with earlier results; see Table 1. The table shows the
similarity between the lengths of the shortest addition chains (A-chains) and the shortest AM-chains
based on Eq (1.2). It provides a natural parallel with addition chains and integer complexity, where
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the defect similarly quantifies deviation from maximal growth at fixed complexity, yielding a cleaner
and more consistent framework.

Table 1. Comparison of the lengths of the shortest A-chains and AM-chains (based on
Egs (1.2) and (1.3)) in the cases of zero and one small step, demonstrating how A,(n),
i.e., Eq (1.2), aligns with 14(n) for addition chains.

A-chain [1] AM-chain and Eq (1.2) AM-chain and Eq (1.3)
lower bound of the £4(n) > Aa(n) = |logn] Capy(n) = Aay(n) using Eq  Cap(n) > /1,/41\4(”) + 1 using
shortest length 2.1) Eq (2.1)
the length of shortest n=2%, x>0 n=2% x>0
chains with no small steps  £4(n) = x = A4(n) Cay(n) = x+ 1 = 4 (2%) -

using Eq (2.2)
the length of shortest n=2"+2",x>y>0 n as in Theorem 1.2 (new n=2", x>0

chains with one small step €4(n) =x+ 1 =A4(n)+1 results) Capy(n) = Aap (@) + 1 Lapy(n) = x+1 = /l;w(n)+1

This paper presents three new contributions on AM-chains.

(1) In Section 3, we establish an upper bound for each element in any AM-chain based on the number
of squaring steps and the distribution of non-squaring steps preceding the given element. We
also establish an improved bound on the total number of non-squaring steps in any AM-chain.
Moreover, we get an additional upper bound independent of the distribution of non-squaring
steps. These results improve the bounds obtained by [13].

(2) In Section 5, we determine all AM-chains that include exactly one small step. We also determine
all integers whose shortest AM-chains contain one small step.

+2€

(3) In Section 6, we compute the shortest length £4,,(.) of certain numbers, such as 224+2°+2% and

32"+2° These results extend the work of [12, 13].
The following theorem identifies all AM-chains with exactly one small step.
Theorem 1.1. An AM-chain with one small step has one of the following forms:
(1) 1,2,3,...,3", a>0,

(2) 12, 2, 2 4 1, (22 41) ez 1,720,

(3) 1,20, 22, 2% 427 (22 +2%) [ a>p20, 720,
(4)1,2,..., 20, 222 22T 45 B8>0,7>0,
(5)1,2,3,4,..., 4, t>0,

(6)1,2,3,5,...,5%, >0,

(7)1,2,3,6,..., 6", t>0,

(8) 1,2, 3,..., 3%, 3%+ 32 072 g > 1, 120,
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9)1,2,3,918,..., 18, 7 >0,

2(1/+T+5+| +2a+r+6—2

X 2(y+2<y—l 20+‘r+21r+‘r—l 2(l+T+]+2(F+T—2
(10) 1, 2,...,2°,2 ) , 2 ey 2 ,
a, 7>1,0=0,

2(X+T+2

(11) 1, 2,..., 22", 222! p2wlade 02w 2™y > 1, 7> 0,

@ a a+ @ a+ (YZT
(12) 1,2,...,2%, 22+ 1, 27" 0% (22" +2%) Jax1, 720,
(13)1,2,...,2%, 22 1,22 .., 22"" a>1, 720,

@ a a+ @ a+ @ 27
(14) 1, 2,..., 2%, 22 427, 22" 4 2272 (227 4 22) 0> 20, 720,

2¢v+]

(15) 1, 2,..., 2%, 2% 42¥ 22" .2

Da+T+ 1

,a>p>0, 7>0,
@ @ of a+l  op a+1+1 | Hp+T
(16) 1, 2,..., 2% 222 2+ 2T 0 >8>0,

pa+ 1

(17) 1, 2,..., 2% 22+% 22 o

2(y+1+1

,a>p>0,7>0,
(18) 1,2, 3,6, 18,..., 18%, 1> 0,
(19) 1, 2,..., 2%, 2272t p2wiaderl 92w 2™y >, 720,

Theorem 1.1 shows all possible AM-chain forms that contain exactly one small step. By filtering out
non-shortest AM-chains and grouping mathematically equivalent forms, we get the following theorem.

Theorem 1.2. (Integers whose shortest AM-chains contain one small step)
An integer n > 1 satisfies Cap(n) = Aay(n) + 1 if and only if n is one of the following forms:

(1) 3%, a >0,

2) (2 +1) ,a=1,720,

(3) (2 +2%) L a>p20, 720,
4) 227 o >8>0,
(5) 27%, @ > 0,

(6) (22(1+I 4 22(14_2,8)27 a> ﬁ > 0’ > 0.

This paper is organized as follows. Section 2 provides the necessary background for this work. In
Section 3, we establish a new upper bound for each element in an AM-chain that includes d squaring
steps. We also find a new upper bound for the number of non-squaring steps in an AM-chain, which
will be utilized to prove Theorem 1.1. In Section 4, we analyze AM-chains that contain d squaring
steps. In Section 5, we use the bounds obtained to provide the proof of Theorems 1.1 and 1.2. In
Section 6, we utilize Theorem 1.1 to determine the shortest length €4,,(.) of certain integers. Section 7
includes the conclusion and future work.
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2. Preliminaries

This section presents some well-known results that are required in this paper.
Bahig [12] showed the following results regarding £4,(n):

Cap(n) > log,log,n+1, n > 2. 2.1
() =n+1,n>0. (2.2)
Lan(x*) = n +log,(llog, x]) + 2, v(x) > 1, n > 0. (2.3)
Lam(y*) =n+q+2, wherey has one of the following forms:

22 41,27 +2%, and 2% x2%, n>0,0<1<gq, (2.4)

where v(x) is the number of 1’s in the binary representation of x.
In [13], Bahig and Mahran proved that for an AM-chain ay, a,,...,a; = n that includes d squaring
steps and s small steps, we have
n <22 s, (2.5)

s+1<1-d<3271s+3.271, (2.6)
where F,, is the mth Fibonacci number defined by F, =0, F; = 1, and

Fpop=F,. +F,forallm>0.

Remark 2.1. Let 1,2,...,a; = 22i, i = 22! , be an AM-subchain. The step i + 1 cannot be big if it is
non-squaring.

3. New upper bounds

In this section, we improve the upper bounds in both Eqgs (2.5) and (2.6).

Theorem 3.1. Let 1,2,a,,...,a; be an AM-chain of length I, with a, = 4, that includes d squaring
steps and p = | — d non-squaring steps. Then,

logy(a)) <297 X F s (3.1)

Proof. We prove the theorem by induction on /.

For [ = 2, we have the chain 1,2,4, with p = 1, and d = 1. Since log,(4) =2 < W% Fy=1%x2=2,
Eq (3.1) holds for [ = 2.

For [ = 3, we have four chains:

1,2,4,16; 1,2,4,8; 1,2,4,6; and]l,2,4,5.

For the first chain, we have p = 1, d = 2, and Eq (3.1) holds since log,(a;) = log,(16) = 4 <
2! x F3 = 2 x 2 = 4. For the other three chains, we have p = 2, d = 1, and Eq (3.1) holds since
log,(az) < log,(8) =3 <2°x Fy =1 x 3 = 3. Thus, Eq (3.1) is true for [ = 3.

Let Eq (3.1) be true for [ = 3, ..., k. Next, we prove Eq (3.1) at [ = k + 1.

AIMS Mathematics Volume 11, Issue 6, 16235-16263.
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If step k + 1 is squaring, then
logy(@.1) = 2logy(ar) < 2(27 X Fpiz) = 27 X Fn.

If the step k + 1 is non-squaring, then a;; < a; X a;—1. Now, we have two cases: either the step k is
squaring or non-squaring.
If it is squaring, then

_ 1.3 _
logy(axs1) < 3logy(a-1) < 3 (2" 2 X F,,+1) =241 x FFp < 27N X F i,

where we used the inequality %F . < F,.1, which holds for all n > 2 and also for n = 0.
If step k is non-squaring, then we apply the inductive hypothesis to both a; and a;_;:

logy (@) < logy(ay) +10gy (@) < (277 X Fput) + (277 x Fy) = 207 x Fpa.

O

Theorem 3.2. Let 1,2,a,,...,a; be an AM-chain of length I, with a, = 3, that includes d squaring
steps and p = | — d non-squaring steps. Then,

logy(ar) < 2 (Fpylogy(3) + Fyoa) . (3.2)

Proof. We prove the theorem by induction on /.

For [ = 2, we have the chain 1,2,3, with p = 2, and d = 0. Since log,(a,) = log,(3) <
20 (Fylog,(3) + Fy) = log,(3), Eq (3.2) is true for [ = 2.

For [ = 3, we have four chains:

1,2,3,9; 1,2,3,6; 1,2,3,5; andl,2,3,4.

For the first chain, we have p = 2, d = 1, and Eq (3.2) holds since log,(as) = log,(9) = 2log,(3) <
21 (F1log,y(3) + Fp) = 210g,(3). For the other three chains, we have p = 3, d = 0, and Eq (3.2) holds
since log,(a3) < log,(6) = log,(3) + 1 < 2°(F,1og,(3) + F) = log,(3) + 1.

Let Eq (3.2) be true for [ = 3,..., k. Next, we prove it at [ = k + 1. There are two cases:
Case (1) is when the step k + 1 is squaring. Thus,

10g,(@1s1) = 21ogy(ar) < 2(27 (Fyoi 1ogy(3) + Fya)) = 29 (F o1 logy(3) + Fma).

Thus, Eq (3.2) holds for k + 1.
Case (2) is when the step k + 1 is non-squaring. Thus, a1 < a; X a;_1. We now have two subcases:
Case (2.1) is when the step & is squaring. In this case, we have

108, (1) < logy(ar) +10g,(ar1) = 3logy(ar-1) < 3 (27" (Fp-2log,(3) + F3))
3 3
= 2d (EFP_Z 10g2(3) + 5Fp_3)

<2!(Fyilogy(3) + Fp). p 235,

AIMS Mathematics Volume 11, Issue 6, 16235-16263.
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where we used the inequality %Fn < F,.1, which holds for all » > 2 and also for n = 0. We now show
that the above inequality also holds for the remaining values of p, i.e., p = 3, and 4.
If p = 3, we have

3 3 3 1
EF] log,(3) + EFO < F,log,3)+ F, > log,(3) <log,3) +1 & > log,(3) < 1,

which holds since log,(3) < 2 (equivalent to 3 < 4).
If p = 4, we have

3 3 3 3 1 1
EFZ log,(3) + EFI < F3log,(3)+ F, < Elogz(S) + > <2log,3)+1 > < 3 log,(3),

which holds since 1 < log,(3) (equivalent to 2 < 3).
Thus, for Case (2.1), Eq (3.2) holds for k + 1.
Case (2.2) is when the step k is non-squaring. In this case, Eq (3.2) is true for k + 1 since

log,(ak+1) < logy(ax) + log,(ax-1)
< 2! (Fp210g,(3) + Fp3) + 29 (Fpo3 1ogy(3) + Fa)
= 2/ ((Fpa + Fp3)10g,(3) + (Fpo3 + Fps))
=2/ (F )1 10g,(3) + Fpoa).
Thus, Eq (3.2) is true for k + 1. O

The next corollary finds upper bounds for the number of small steps and non-squaring steps in an
AM-chain by applying Theorems 3.1 and 3.2.

Corollary 3.1. Let 1,2,a;,...,a; = n be an AM-chain of length I, which includes d squaring steps,
p = | — d non-squaring steps, and s small steps.
If a; = 4, then
s+1<p<3271s+ 1.

Otherwise (i.e., a, = 3),
s+1<p<3271s+ 1.1855.

Proof. Since the first step is big and non-squaring, and all subsequent squaring steps are big, we have
s+1<p.
If a, = 4, we have log,(a;) < 2¢! X F,,,. Therefore,
21 <ogy(ay) < 297 X Fpun,

where we used the fact that 22" < q,.

Using the fact that F,, < 2¢™3, which holds for all m > 2 and also for m = 0, where ¢ = ”2‘/5, and
l=d+ p= Ay + s, we get

plamm-1 < (ZAAM(n)H—p—l) (2901"1),
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Dividing by 24#®-1 we get
1 <27 x (f)p x ¢ L.
2
Taking log,, we get
0<s+1+plog, (g) —log,(¢).

Consequently,

1-1
s + ng(cp).

p<
log, (3)  log: ()

Thus,
p<3271s+1.

In the case of a, = 3, we have log,(a;) < 24 (F,,_l log,(3) + Fp_z) . Therefore,

zlAM(n)—l < 10g2(a1) < 2d (Fp—l 10g2(3) + Fp—Z) .

Assume for now that p > 4; we will handle the remaining cases afterward.
Using the fact that F,, < 2¢™>, which holds for all m > 2 and also form = 0, and [ = d + p =
Aapy(n) + s, we get

DAam(m=1 < Hdap()+s=p+l (wp—4 log,(3) + (pp—s) p > 4.
Dividing by 24™-1 "we get

p
122 % (£) (¢ om® + ), p24

Taking log,, we get
0<s+2+pxlog, (g) +log, (¢ log,3) +¢7°), p=4.

Thus,

g log, (90‘4 log,(3) + cp‘S) +2
p < + , p=>4

logs (§) log; (3)

Hence,

p<3271s+1.1855, p=>4. (3.3)

Now we consider the case 1 < p < 3. Note that s = 0 if and only if p = 1, and since the AM-chain
starts with 1,2, 3, we get p > 2; hence, s > 1. For (p, s) = (2,1) and (3, 1), Eq (3.3) holds, so it remains
valid for all p > 2 and can be written as

p<3271s+1.1855, p=>2. (3.4)

O

Note that whether a, = 4 or 3, Eq (3.4) holds for any AM-chain.
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4. AM-chains with d squaring steps

The purpose of this section is to investigate AM-chains containing d squaring steps and to determine
upper bounds for their elements. Theorems 3.1 and 3.2 give upper bounds based only on the number
of squaring steps. We now prove two stronger results, Theorems 4.1 and 4.2, which demonstrate that
both the number of squaring steps and the distribution of non-squaring steps preceding a given element
in an AM-chain play a key role in determining its maximum value.

In this section, we use D to denote a block of consecutive squaring steps, and D to denote a block of
consecutive non-squaring steps. The notations |D| and |5| refer to the number of steps in each block.
We use D;, to denote the i squaring block, and similarly D; to denote the i non-squaring block.

In any AM-chain 1,2,a;,a3,...,a;, the sub-AM-chain a;,as,...,a; can be divided into a
combination of D and D blocks.

Since we seek to find the maximum value for an element in an AM-chain after a,, we can maximize
the outcome of a non-squaring step by multiplying the current element, say a;, by the previous one,
ai_1; iLe., a1 = a; X a;_; (X-star step). If there is a block of consecutive steps of X-stars, we denote
this block by 7.

We note that the addition operation does not need not to be considered when finding the maximum
value for an element, since a +-doubling step a;;; = a; +a;, i > 1, can be considered as a multiplicative
non-squaring step since a;;; = a; +a; = a; X a, i > 1.

By replacing each non-squaring step with an x-star step, each D block can be replaced by a T block.
In this case, we have |5| =|T|.

Theorem 4.1. Let 1,2,a,,...,a; be an AM-chain of length [, with a, = 4, that includes d squaring
steps and | — d non-squaring steps. Assume that the | — d — 1 non-squaring steps following a, are
partitioned into r blocks D, ..., D,, such that between any two D blocks, there is a D block. Then,

’
2d-ry H F
i=1

a <2 [Pl 4.1)

where ), |5,~| =1-d -1, and F; is the ith Fibonacci number.
i=1

Proof. To find an upper bound of a;, we replace each D block by a T block, since for i > 2 a non-
squaring step a; = a; + a; or aj X ay < a; X a;», where 1 <k <i-2,1 < j <i- 1. Thus, we have
four possible arrangements (cases) for 7', and D.

Case (1):

1,2’47T13D19T27---7Dr—1’Tr-

The first block 7', has the form
2fs 2fs . 2Finks,

The second block D; has the form

2xF) 2ZxF, 2PilxF,
27773 2 s 02 [T1]+3

The third block T, has the form

Dy]-1 D=1 Dy|-1
22 1 XF|T1|+3><F4’ 22 XF|T1|+3><F5’ e 22 XF|T1|+3><F|T2|+3'
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Following this process, we finally obtain the block 7,:

—1 —1
2(r)ZIID,-I]—o-—n (r—an ) F 2[r,ZIID,-I]—o—l) (r-an ) -
i= X a3 |XFa i= X a3 |XF's
2 =1 |T]+3 , 2 =1 |T]+3 s

-1
Z[TleD,'l]—(r—l) (r_l'[lF ) F 2-ry [ F
= X X X X 3
) LB pries peFimees_ ) H |r,|+3,
r—1
where ) |D;| = d — 1. Thus,
i=1

’
od-r Fi—
a < gl [Pl

Case (2):
1, 2’ 4, Tl’ Dl, T2, e ,Drfh Tr’ Dr-

Using Eq (4.2), the last block D, is
(E]|Di|]_u_1>+1 ; [EI|D,-|)_U_|>+2 ,
22 =l X(I_EII F|T,»|+3) 22 =l X(ZIJI F|T,-|+3)
(E;ID,-I)—(r—IHIDrI r T
22 = X(El F|T,v|+3) _ 22 Xll:[l Firyj+s
-
where | |D;| =d — 1. Thus,
i=1

’
2d—r Fi—
a <2 Xi:H‘ lDi|+3.

Case (3):
192’47D17T17D27'- "Dr’ Tr-

The first block D has the form
222 223 22|D1|+1

The second block T has the form

D D |Dq]
22| 1|><F4,22| ||><F5 . ’22 1><F|T1|+3'

9.

The third block D, has the form

APy s 2P 2 2112l
2 71l+3 2 s 00,2 [Ty]+3

The fourth block T, has the form

Di|+|Dy|-1 Di|+|Dy|-1 D |+|Dy|-1
22| 11+ID2] XF|7~1|+3XF4 22| 11+ID2] xF|T||+3>(F5 22| 11+ID2] XF|T||+3XF|T2|+3
N e ooy .

Continuing in this pattern, we get the block 7',:

z(ﬁllbil)—(r—l) (rl:[lF ) - Z(ﬁllDil)—v—n (rl:llF ) -
= X 7,43 |} F4 = X Ty|+3 |XF5
2 i Tl ,2 o Il e

4.2)
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(. |D |) r—1 7 r
2=t X(Hl FlTi|+3)XFITrI+3 22d 'X_Ul Firijss
= ol =
2

2

where | |D;| = d — 1. Thus,
i=1

22d rX]—[ F|D |+3

a <
Case (4):
17274’D17T1’D2a-'-aDrvTraDr+1'

Case (4) has the same result as Case (3), using the same argument used to prove Case (2) from Case

(1). Thus, a; < 2 B in all cases. m]

Remark 4.1. (Addition-chain analogue of Theorem 4.1) The addition-chain version of Theorem 4.1
holds as well. Let 1,2, a,, ..., a; be an addition chain of length | that includes d doubling steps and [-d
non-doubling steps. Assume that the | — d non-doubling steps are partitioned into r blocks Dy, ..., D,,
such that between each two D blocks there is a D block. Then,

,
d-r _
a; <2 l_[FlDi|+3’
i=1

where Y_, |D;| = I — d, and F; denotes the ith Fibonacci number:

Theorem 4.2. Let 1,2,a,,...,a; be an AM-chain of length [, with a, = 3, that includes d squaring steps
and | — d non-squaring steps. Assume that the | — d — 2 non-squaring steps following a, are partitioned
into r blocks Dy, ..., D,, such that between each two D blocks there is a D block. If a; = 32, then

il

a S -1 |5,~|+3.

Otherwise (i.e., az # 32),

d—(r—1) L
S AR L Y

,
24==Dyp_ X[ F
i|+3 X 2 |Dl| i=

a < 2 [Pl 4.3)

where Zr] |5i| =[l-d-2.
i=1

Proof. 1f a; = 32, then the proof is similar to the proof of Theorem 4.1 by replacing the base 2 with 3.

2d-(r- 1>xn F
Thus, a; < 3 [P+

Otherwise, a3 # 32. By replacing each D block by a T block, we have two possible
arrangements (cases) for 7 and D:
Case (1):
1,2,3,T,,D,T,,...,D,_,T,.

The first block T'; has the form

32 2F1 3F3  2F2 L 3FImi x 2FIml,
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The second block D; has the form

2 2 D1 D1
32y ¢ 22¥Finy ) 32 XF\nyjer ¢ 227Xy 32Xy ¢ 920 X E

The third block T, has the form

Dy|-1 Dy|-1 Dy|-1 Dq|-1
32' il XF|T1|+1XF4 X22| il XFlTl|XF4,32I 1l XF‘T1|+1><F5 X22| il ><F|T1|><F5,..‘

3P X Xl s 2P Xy (XF i

If we follow this process, finally, we will obtain the block 7,:

- -1
(f;l|ni|)_(r_1> - [r.§1|f)l-|]—(r—]) vl
37" LT RS e XFir 4 LL Fires J<Fs
9
r=1 r=l
(‘§1|Di|)—(r—l) r=1 (_§1|D,-|]—(r—1) r=1
37" e\ I Finga s o 527 XFiry )| 1L Firijes J<Fs
r=1 r2l
2 i) A )
= X X . = X X .
3 e\ Finks | P Firigea)

r—1
where ) |D;| = d. Thus,
i=1

r

A=D1 B d-r-DseFr_ T F1
a<3 B L Rl T e s
Case (2):
1,2’ 37 T17D17T27 .. "Dr—17Tr’Dr'
This implies the same result as in Case (1). O

Remark 4.2. Note that setting r = 1 in Theorems 4.1 and 4.2 recovers Theorems 3.1 and 3.2,
respectively, exactly. This shows that the earlier bounds represent the maximal growth scenario, which
occurs when all non-squaring steps are contiguous.

5. Proofs of Theorems 1.1 and 1.2

5.1. Proof of Theorem 1.1

Using Corollary 3.1 and setting the number of small steps s = 1, we obtain the possible total number
of non-squaring steps p € {2, 3,4}. By studying all possible AM-chains with p non-squaring steps, we
derive the nineteen AM-chain forms. Table 2 shows the structural constraints for each case.
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Table 2. Classification of valid numerical pathways by p.

p Structural Constraints & Examples

2 For p = 2, the two non-squaring steps are entirely accounted for by the initial step and a small
step S. In this case, the small step may occur immediately after 1,2, hence S = 3, or it may
occur after a squaring block, consequently S € {22 + 1,2% + 2% ,22+?} where @ > B > 0,
resulting in Cases I through IV of Theorem 1.1.

Examples: 1,2,3,9,81; and 1,2,4,16,64.

3 For p = 3, exactly one big non-squaring step B must be introduced after the chain 1,2
and a small step S. We show that if § = 3, then either B € {4,5,6}, yielding Cases
V, VI, and VII, respectively; or B € {3%*2', 18} after a squaring block, yielding Cases
VIII and IX, respectively. Alternatively, if S follows an initial squaring block, then either
B e (2% 422 02 22 4 022 92"+ vielding Cases XII, XIII, XIV, XV, X VI, and X VII,
respectively; or B € {22"7#2" 22"} after an intermediate squaring block, yielding Cases X
and XI, respectively.
Examples: 1,2,3,5,25; 1,2,3,9,27,729; 1,2,4,16,17,256; and
1,2,4,16, 64,4096, 65536.

4 For p = 4, two big non-squaring steps (B; and B,) are required after the chain 1,2 and a small
step S. We show that we have two valid chains. The first one is when § = 3, B; = 6, and
B, = 18, resulting in Case XVIIL, and the other is when § = 22+ B, = 22""+2"' 4nd
B, = 2*", resulting in Case XIX.
Examples: 1,2,3,6,18; and 1,2,4,8,32,256.

We now prove the theorem.
Let p denote the number of non-squaring steps. By substituting s = 1 into Eq (3.4), we get p =
2,3, 4. Thus, we have three main cases based on p.

Case (1): p =2.
Since every small step is a non-squaring step, the two non-squaring steps are:

e the first step, occurring at i = 1, and

e the small step S, which occurs after a step with i > 1.

There are two subcases:
Case (1.1):
1,2,8,....

The only choice for § is 3; hence, we get the AM-chain
1,2,3,...,3%, a>0. (5.1)

Eq (5.1) corresponds to the Case (I) in Theorem 1.1.
Case (1.2):
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The only choices for S are
2% +1, 2 +2%, and 2°"*?, where @ > 8 > 0.

Therefore, we have the following chains for Case (1.2) (with one small step):
@ @ @ 2T
L2, 2% 2+, (2 +1) Lax1,720,

[e3 [e3 @ 2T
L2, 20, 2" +27 (27 +27) L a>p20,720,
and
1,2,...,2%, 22 22T 058>0, 7>0.

Eqgs (5.2, 5.3, 5.4) correspond to the Cases (II, III, IV) in Theorem 1.1.

Case (2): p =3.
Since every small step is a non-squaring step, the three non-squaring steps are:

e the first step, occurring at i = 1,
e the small step S, and

e the remaining non-squaring step B, which must be big.

Figure 1 shows all possible AM-chains when p = 3.

g B,D Case (2.1)

1.2 D,B,D Case (2.2)

D,B,D Case (2.3)

D,S B,D  Case (2.4)

Figure 1. All four possible cases for AM-chains containing (after 1, 2) exactly one small step
S and exactly one big non-squaring step B. The symbol D represents a block of consecutive

squaring steps.

Case (2.1):
1, 2, S, B, D.

(5.2)

(5.3)

(5.4)

(5.5

In this case, S = 3. Hence, the only possible values of B are 4, 5, and 6. Therefore, we get the

following three chains:
Case (2.1.1):

1,2, 3, 4,..., 4%,
Eq (5.6) corresponds to Case (V) in Theorem 1.1.
Case (2.1.2):

T

1,2, 3,5,..., 5%,

(5.6)

(5.7)
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Eq (5.7) corresponds to Case (V1) in Theorem 1.1.

Case (2.1.3):
1,2, 3,6,..., 6>, where T > 0. (5.8)

Eq (5.8) corresponds to Case (VII) in Theorem 1.1.

Case (2.2):
1,2, S, D, B, D. (5.9

The only possible value for S is 3. Then, we have

1,2,3,....,3 . B,...,a>1.

We note that A4, (320) = a+1. Therefore, in order to have a big step for B, we have A4y(B) = a+2.

If @ = 1, the only possible values for B are
B=3"x3,

and
B=3*>x2.

If @ > 2, the only possible value for B is
B — 320 x 32n71 — 3201_'_2071

a—1 .
where, A4y, (32“? ) = @ + 2, since

27 216" > (3x31) =3 X3 = (3x3Y) >4 =22

Otherwise, we get
a a—. -, 2(1 @ (03
B<3 x3" =(3x37) < (3957 <4 =27,

and hence A4y (32”2&72) = a + 1, which is a contradiction.

Therefore, we get two subcases:
Case (2.2.1):

1,2, 3,..., 3%, 3227 32l _ oS 1L 1> 0. (5.10)

Eq (5.10) corresponds to Case (VIII) in Theorem 1.1.
Case (2.2.2):

1,2,3,9,18,..., 187, 7> 0. (5.11)
Eq (5.11) corresponds to Case (IX) in Theorem 1.1.

Case (2.3):
1,2, D, S, D, B, D. (5.12)
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Similar to Case (1.2), the only choices for § are
2% +1, 22 +2%, and 2*"*Y, where @ > 5 > 0.

Therefore, Case (2.3) has the following three subcases:

@ @ 13 2T
Case (23.1): 1,2,...,2%, 2"+ 1, ... .27 +1) . B, ..., e, 721,
[e3 @ @ 2T
Case (2.32): 1,2,...,2%, 2" +2%, ., (27 +2") , By ...,
a>p>0,7>1,
Case (2.3.3): 1,2,...,2%, 027 22 g a>p>0,1>1.

Since . .
Aani ((22” +1) ) = Aan ((22“ +2%) ) — (2T =z a1,

we have
Aam (B1) = Aam (Bz) = ay (B3) = @ + 7+ 2.
If @ > 2 in either Cases (2.3.1) and (2.3.2), we get

a 27+2T71 a+T 4 ya+1-1 4 7 71 a+7+1 .
B; < (22 +1) — 927T+2 +274+271 a2 i i=1,2,
and hence A (B;)) < a+7+2, i =1, 2, which is a contradiction.

For @ = 1, Cases (2.3.1) and (2.3.2) are reduced to the following chains:
1,2,4,5 ...,5, B, ... (t=1),

1,2,4,6,...,6°, By, ... (t=>1).

which is impossible since for i = 1,2 and 7 > 1, we have
B; < (6 V6)* < 16%,

which implies that A4,(B;) < 7 + 3, which is a contradiction.
Then, Cases (2.3.1) and (2.3.2) are impossible.
If B < @ —2in Case (2.3.3), we get

2ar+'r+2ar+rfl+201+772+2ar+r73 2a+'r+l

B; <2 <2 ,

which is a contradiction. Then, 8 > @ — 2, hence, the only possible value for fis f = a — 1.

If T > 2, the only possible value of Bj is

B3 _ 22(1/+T+2(Y+T—1 x 22cy+-r—l+2(r+r—2 _ 22(1+-r+1+2a+r—2

2

since otherwise we get

Zn+772+2a+'r73 2a+r+l

a+7 4 ya+r-1
By <277 x2 <2

AIMS Mathematics Volume 11, Issue 6, 16235-16263.



16252

If 7 = 1, the only possible values of Bj; are

B3 _ 220+l+2u > 22a+211—1 — 22(Y+2+2(Y—1

b

and
a+1 @ @ a+2
By =221 x 2% =27,

Otherwise, we get
a+1 @ a—1 a+2
By <22 x 2% <22,

which is a contradiction.

Therefore, we get two subcases:
Case (2.3.3.1):

X 2(1/+2071 2(1+‘r+2(1+‘rfl 2{1+‘r+1+2(z+1'72 2(1+T+5+1+2(1+T+5*2
1,2,...,27,2 ey 2 , 2 cey 2

, (5.13)

P

wherea, 7> 1,0 > 0.
Eq (5.13) corresponds to Case (X) in Theorem 1.1.
Case (2.3.3.2):

@ a ya-1 a+l_ Ha a+2 a+7+2
1, 2,..., 2%, 22" 2 2 27T a1, 720, (5.14)

Eq (5.14) corresponds to Case (XI) in Theorem 1.1.

Case (2.4):
1, 2, D, S, B, D. (5.15)

Similar to Case (1.2), the only choices for S are
2% +1, 22 +2%, and 2**7, where @ > 5 > 0.
Therefore, Case (2.4) has the following three subcases:
Case 2.4.1): 1,2,...,2", 2" + 1, By,... , a > 1,

Case (2.42): 1,2,...,2% 2% +2% Bs,...,a>B>0,
Case (2.4.3): 1,2,...,2%, 2% Be ..., a>B>0.

We note that
Aam (ZZQ) = Aam (221] + 1) = Ay (220 + 22/3) = sy (22a+2ﬁ) =a+1.

Therefore, we have
Aam (Bs) = Ay (Bs) = Aup (Bg) = a + 2.
This result will be used to reject some possible values for By, Bs, and Bg.

We now consider Case (2.4.1). We prove that the only possible values for By are

v

B, = (22” n 1) x 22 = 02" 4 0%, (5.16)
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and
B, =2 x2¥ =2, (5.17)
since the other possible values make B, a small step.

Suppose that B, is an additive step. Then, we get

@ @ a+1
By < 2% 42 <222 <02

Hence, B, cannot reach 22" as an additive step, and must therefore be a multiplicative step.

If B4 is a multiplicative star step not of the form given in Eq (5.16), then
B4 < (220 + 1) x 22(1—1 — 22(1+21r—1 + 22(!—1 < 22(1+2<x—1+1 < 221r+1

Therefore, A4y (Bs) < a + 2.
On the other hand, if B, is not a multiplicative star step and is not equal to the value in Eq (5.17),
then
B4 S 220 X 22(171 < 22(1+1’
and again we have A4y(By) < a + 2.

Hence, Case (2.4.1) can be divided into the following two subcases:
Case (2.4.1.1):

@ @ a+1 @ a+1 021
1,2,...,2% 22 41, 22 +22,...,(22 +22) ca>1,1t>0. (5.18)

Eq (5.18) corresponds to Case (XII) in Theorem 1.1.

Case (2.4.1.2):
1,2, 2% 22 e, 22 .. 22 a1, t>0. (5.19)

Eq (5.19) corresponds to Case (XIII) in Theorem 1.1.

We now consider Case (2.4.2). Similar to Case (2.4.1), the only possible values for Bs in
Case (2.4.2) are
Bs = (2 +2%)x 2% =227 4 227

and
20+1

Bs =2% x2% =27,
Hence, Case (2.4.2) can be divided into the following two subcases:
Case (2.4.2.1):

@ @ a+1 @ a+1 @ 27
L2, 2 2 2% 22 e 2 (2 22 ) e > 20, 720. (5.20)

Eq (5.20) corresponds to Case (XIV) in Theorem 1.1.
Case (2.4.2.2):

1, 2,...,20, 22 422 22 22 45820, r>0. (5.21)
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Eq (5.21) corresponds to Case (XV) in Theorem 1.1.

We now consider Case (2.4.3). Bg can be a multiplicative or additive step. If Bg is a multiplicative
star step, then the possible values of Bg are

@ nf a a+l~p
B6:22+2 X22 :22 +2,

or
ana-1 a—1 a+1
Be =27 x 27 =27,

Note that B cannot be

2(Y+2(t—1 2(1/—2 2a+1 .
Bg <2 xX2° <27

since A4p(Bg) < a + 2, which is a contradiction.

Similar to Case (2.4.1), if Bs is not a multiplicative star step, the only possible value for it is
Bs =2 x2¥ =22

Note that B cannot be
B6 S 22a X 22071 < 220+1.

If B is an additive step, we have
By < 22”+2ﬂ+1 < 22”“

It follows that there are two different values of Bg. Thus, Case (2.4.3) has the following two
subcases:

Case (2.4.3.1):
1, 2,..., 2%, 2%+ ¥ o2y S 8> 0, 7> 0. (5.22)

Eq (5.22) corresponds to Case (XVI) in Theorem 1.1.
Case (2.4.3.2):

1,2,..., 2%, 222 22 22 4 >B>0,7>0. (5.23)

Eq (5.23) corresponds to Case (XVII) in Theorem 1.1.

Case (3): p=4.

Since every small step is a non-squaring step, the four non-squaring steps consist of the following:

e the first step (occurring ati = 1),
e the small step S, and

e two non-squaring steps B, and B,, which must both be big steps.
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Figure 2 shows all possible AM-chains when p = 4.

B,D Case (3.1)

B

D,B,D Case (3.2)
B,D Case (3.3)
D,B,D Case (3.4)
B,D Case (3.5)
D,B,D Case (3.6)

B,D Case (3.7)

D,B,D Case (3.8)

Figure 2. All eight possible cases for AM-chains containing (after 1, 2) exactly one small
step S and exactly two big non-squaring steps B. The symbol D represents a block of
consecutive squaring steps.

Case (3.1):
1,2, S, B, B, D.

Using Case (2.1), the only possible AM-chain is
1,236, 18,..., 18, 7> 0. (5.24)

Eq (5.24) corresponds to Case (XVIII) in Theorem 1.1.

Case (3.2):
1,2, 8, B, D, B, D.

Using Case (2.1), the only possible subchains are
Case 3.2.1): 1,2,3,4,...,4°, By,..., 721,

Case (3.2.2): 1,2,3,5,..., 5, Bg,..., t>1
Case (3.2.3): 1,2,3,6,..., 6%, By,..., 7> 1.
We note that A4y, (4?) = Aum (527) = Ay (627) = 7+ 2. Therefore, Ay y(B) =7+3, i=7,8,9.

Next, we show that all of these subchains are impossible, since all possible values for B;, i =
7,8,9, are small.

Since -
B, <65+ = (6 \/8) <14.7F <16 =277, i=1.8,9,
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we get that Aay(B) <7+3,i=7,8,9.

Case (3.3):
1,2,8,D, B, B, D.

Using Case (2.2), the only possible subchain is
1,2,3,..,3, 3 B..,ax1

As we know, A, (32‘”2071) =a+2, and

B S 32(1+l+2a/7| _ (3 % 3%) atl < 42(z+l _ 22(1/+2.
Therefore, A4)(B) < a + 3. Thus, B cannot be a big step. Hence, this case is impossible.
Case (3.4):
1,2,8,D, B, D, B, D.

Using Case (2.2), the only possible subchains are

Case (3.4.1): 1,2,3,..., 3% 3¥2" 32l p o axl, t>1,
Case (3.4.2): 1,2,3,9,18,..., 18%, Byy,..., v > 1.

As we can see, A4y (SZMT*ZMH) =a+7+2,and A4y (182T) =71+3.
Since

Qa+t

a+7t+1 L Ha+7-2 1 a+T a+T+2
B <3 = (32 x35) <1277 <227, and

By <187 = (18 \/ﬁ)2 <22

we get Ay (Bio) < @+ 71+ 3, and Aay(By1) < 7+4. Thus, By and By; cannot be big. Hence, these
subcases are impossible.

Case (3.5):
1,2, D, S, D, B, B, D.

Using Case (2.3), the only possible subchains are

X 2a+2(171 2(1+‘r+2a+771 20+‘r+l +2a+772
1,2,...,27,2 ey 2 , 2 , Biosooo y a1, 72>1,

and
@ 2(1+20—1 2¢v+1 40 2a+2
1, 2,...,27,2 , 2 ,2° . Big,...,a>1.
Since
B12 < 22(Y+‘r+|+2(x+r+2a+‘r—l+za+‘r—2 < 22(y+‘r+2
= )
and

a+l a a+2 a+3
Bl3£22++2 X22+<22+,

both By, and B;3 cannot be big steps. Hence, this case is impossible.
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Case (3.6):
1,2, D, S, D, B, D, B, D.

Similar to Case (3.5), this case is impossible.

Case (3.7):
1,2, D, S, B, B, D.

Using Case (2.4), the only possible subchains are

Case 3.7.1): 1,2,...,2%, 2% +1, 2" 2% Bu,..., a2 1,

Case (3.7.2): 1,2,...,2%, 2% +1,2""  Bys,..., a > 1,

Case (3.7.3): 1,2,...,2%, 2% +2%, 2" 4+ 2 Bi....,a>B2>0,
Case (3.74): 1,2,...,2%, 2% +2% 2" Bys,...,a>B2>0,

Case (3.7.5): 1, 2,...,2%, 22 22 'Bi....,a>B>0,

Case (3.7.6): 1, 2,..., 2%, 2%*% 22"+¥ B .., a>pB>0.

‘We note that
AAM (22a+l " 22&) _ /lAM (220+1) _ /IAM (22n+1 + 22d+2ﬁ) — /lAM (220+1+2ﬁ) —a+ 2’
and
B, < 2¥HE <02 fori=14,...,17.

Therefore,
au(B) <a+3, fori=14,...,17.

Hence, all B;, fori = 14,...,17, cannot be big steps. Therefore, all subcases from Case (3.7.1)
to Case (3.7.4) are impossible.

In Case (3.7.5), we have
BlS S 22(r+1+2(t+2ar—1 < 22{14—2'

Therefore,
/lAM(Blg) <a+3.

Thus, B;g cannot be a big step, and that makes Case (3.7.5) impossible.
In Case (3.7.6), if B < @ — 2, we get

+1 -2 -2 +1 -1 +2
B19 < 22’1 +2¢ X22“+2"‘ — 22"‘ +2%42% < 22“ )

Therefore, § > @ — 2. Since a > 3, the possible value of Sis @ — 1.

If B = a — 1, the only possible value of Bjg is
Blg — 22a+l+2n71 > 22(v+20{71 — 22a+2.
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otherwise, we get
pa+2

Blg<2

9

which is a contradiction. Hence, we get the AM-chain:
1, 2,..., 2%, ¥+l Q2ha2l o2 a2 > 1, 720, (5.25)

Eq (5.25) corresponds to Case (XIX) in Theorem 1.1.

Case (3.8):
1,2, D, S, B, D, B, D.

If the number of squaring steps after 2 is @, we get the AM-chain:

1,2,....2", S, By,..., Boy,....

Therefore, A4y(S) = @ + 1, and Aup(By) = @ + 2. The maximum value for S is § = 22"+2"",

Therefore, the maximum value for Bsg is By = 22"+ If we have 7 squaring steps after By,
then we get

@ @ Ha—-1 a+l Ha-1 a+7+1 L yat+r-1
1, 2,..., 2%, 2% 2 prT e

, Boy, ...
where @ > 1, 7 > 1. We note that 2,,,(2%"""*2") = @ + 7 + 1. Also, we have

a+7+1 | ya+T  ya+T-1 | Ha+T-2 a+7+2
le < 22 +2977 42 +2 < 22 .

Hence,
/lAM(BZI) <a+T1T+ 3,

which makes B;; a small step. Hence, this case is impossible.

This completes the proof of the theorem. O

5.2. Proof of Theorem 1.2

To prove Theorem 1.2, we must establish that an integer n has a shortest AM-chain with exactly
one small step (i.e. L4y (n) = Aap(n) + 1) if and only if n belongs to one of six primary families.

Proof. Assume that an integer n has a shortest AM-chain with exactly one small step. By Theorem 1.1,
the chain must be one of the 19 exhaustive cases. We know that the only AM-chain that contains zero
small steps has the form 1,2, 22, 22 ... 22" forsome A > 0. Consequently, if the integer n # 22", then
Cap(n) > Aap(n), ice., €4 (n) > Aapy(n)+ 1. Since we assume that the integer n has a shortest AM-chain
with exactly one small step, n cannot be one of the integers generated by Cases (V), (XI), (XIII), (XV),
(XVII), and (XIX). All of these cases terminate at an integer of the form n = 22, Consequently, n must
correspond to one of the remaining 13 cases.

The remaining 13 cases of Theorem 1.1 either terminate in, or can be consolidated into, the
following six primary families of integers:

(1) 3%, @ >0,

@ (22 +1)  a=1, 720,
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3 (2 + 22’5)” ,a>B>0,7>0,

4) 227 o> B3>0,

(5) 27%, @ > 0,

© (22" +22?) a5 820,720

It is clear that families (1) through (6) cover cases (I)—(III), (IV), (VIII), and (XIV), respectively. We
now demonstrate that the remaining seven cases are also encompassed by these six families. Since
5= (221 + 1), the second family (2) explicitly covers the integers generated by Case (VI). Similarly,

since 6 = (22' + 220) and 18 = (222 + 220), the third family (3) encompasses the integers generated by
Cases (VII), (IX), and (XVIII). Furthermore, the third family (3) also covers the integers generated by

a+ @ 2T
Case (XII). We note that the expression for Case (XII), (22 Ly 22 ) , where « > 0, 7 > 0, can be

strictly rewritten in the general form of the third family (3), (22X + 22”)2 ,where x >y >0, 7 > 0,
by substituting x = @ + 1 and y = @. Additionally, the fourth family (4) covers the integers generated
by Cases (X) and (XVI). For example, the expression for Case (X), 222" where @ > 1, 7 >
1, 6 > 0), can be expressed in the general form of the fourth family (4), 2>'*?, where x > y > 0, by
substituting x = +7+d+ land y = @ + 7+ 6 — 2. Similarly, family (4) encompasses Case (XVI).
Thus, n must belong to one of these six families.

Conversely, assume that an integer n belongs to one of the six primary families listed above. Because
each of these families corresponds directly to one or more of the cases established in Theorem 1.1, there
exists an AM-chain for n that contains exactly one small step. Therefore, £4y(n) < Aap(n) + 1. We
must ensure that this is the shortest possible chain (i.e., £4y(n) > Aap(n)). As established, the only
integers n that admit a chain of length A4y,(n), i.e., no small steps, are strictly those of the form 22",
Furthermore, none of the integers generated by the six primary families can be expressed in the form
22" This completes the proof. O

6. Shortest AM-chains

Finding ¢4(n) and generating a shortest or short addition chain have attracted the interest of many
researchers [7,14-22]. Similarly, for AM-chain [12, 13].

In this section, we prove some new results about £4,,(n).

Theorem 1.2 shows that

b (227%) = 4 (2277) +1=A+2, where A> B> 0.
Now, we find €4 s (22A+2B+2C) ,where A> B> C > 0.

Theorem 6.1. £, (22A+2B+2C) =A+3, whereA>B>C > 0.

Proof. Using Eq (2.1), we have
Can (227777%) 2 log, (log, (2272 )) + 1> A+ 1.
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If €40 (22A+28+26) = A + 2, then a shortest AM-chain must contain one small step. Therefore, 22" +2°+2°

. . A B C .
must be one of the cases in Theorem 1.2. Since 2% *>"*2" is an even number, we exclude all odd cases.
Therefore, the possible cases are

(2 +27)  a>B=0, 720,

(2> + 22"+2ﬁ)f ,a>B>0,7>0.

Now, we prove that (2* + 2”)* # 2/, where x > y > 0.
If (2% + 2)° = 2, then 2* + 2* = 2¢, which is impossible. Therefore, £4y (22'***2) % A + 2. Since
the length of the chain

1.2, . 22/‘ 22A+2B 22A+2B+2C
is A+ 3, we get £y (22A+23+2C) =A+3. o
Theorem 6.2. {4y, (32A+23) =A+3,where A>B>0.

Proof. If B=A — 1, then
_ 24
42 <3 = (343) <167

Therefore, A4 (32A+2A71) = A + 2. Since 32"*2"”" is not a power of 2, then €, (32A+2A71) > A + 2. Since

3242 {5 one of the cases of Theorem 1.2, we get that

Cam (32“2"”) = A+3.

If B<A -2, since

A
22 <3 2 (3x37) <4 =22,

we get that Ay (32A+2B) = A+ 1, where 0 < B < A — 2. Since 32"*?’ is not a power of 2, where 0 <

B < A -2, a shortest AM-chain for 32"+2" must contain at least one small step. If there exists a shortest
AM-chain for 32*+?| with exactly one small step, then it must be one of the cases of Theorem 1.2.
Since 32'+2” is an odd number, we have three possible cases:

3%, >0,
a+1—1
2777 a1, t> 1,

o o
(22+1) ,a>1, 7>0.
A B A B @ 2T
The first two cases are not equal to 3% *>°, where 0 < B < A — 2. If 3*'+2" = (22 + 1) , we get
B @ 27
A+ 1= (37 :/IAM((ZZ 1) ):a’+‘[‘+ 1.
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Therefore,
2A -

32A+2B — (22" + 1)

Thus,
32(l/+28—7' _ 220 — 1

which is impossible for « > 1. Hence, a shortest AM-chain for 32A+23, where 0 < B < A -2,

must contain at least 2 small steps. The following chain shows that there is an AM-chain for 3242,
where 0 < B < A — 2, with two small steps:

1,2, 3,..., 3% 3242

Thus, €4 (32A+23) = A + 3, where 0 < B < A — 2. In general, we get that

L (32’*”“) =A+3, where0<B<A-—1.

O
Theorem 6.3. £, (5'%") = A+ 4, where A > B> 0.
Proof. The proof is similar to the proof of Theorem 6.2. m|
7. Conclusions and future work
Let ay,ay,...,a be an AM-chain with d squaring steps. We have found upper bounds for a; and

the number of non-squaring steps. We have also found all AM-chains with one small step. Finally, we
have computed £4,,(n) for some integers n.
There are still some interesting open problems related to this study, such as:

e Extend Theorem 1.1 to two small steps.

e Can the upper bounds given in Theorem 3.2 and Corollary 3.1 accelerate the generation of a
shortest AM-chain [13]?

e (Calculating the difference between the upper bounds of two consecutive elements in an AM-chain.
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