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Abstract: In this paper, we investigated trajectory tracking control for differential-drive mobile
robots under unknown disturbances and limited communication resources. To address the singularity
problem and the trade-off between high-precision finite-time tracking and communication resource
conservation, we proposed a novel event-triggered sliding mode control scheme. The scheme achieved
three major results: First, a specially designed sliding surface eliminated the singularity problem and
ensured high convergence accuracy. Second, an adaptive disturbance observer accurately estimated
unknown disturbances without requiring prior information. Third, an event-triggered mechanism
significantly reduced communication demands while maintaining control performance. Importantly,
the proposed controller avoided the high-gain issues present in methods. Comparative MATLAB
simulations demonstrated faster convergence, smaller steady-state errors, and a favorable balance
between tracking precision and communication efficiency.
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1. Introduction

Differential-drive mobile robots (DDMRs) are widely used in industrial automation, service
robotics, and autonomous exploration due to their simple structure and high maneuverability [1–3].
However, achieving high-precision trajectory tracking for DDMRs remains a challenging task. This
difficulty stems from their inherent nonholonomic constraints and the presence of unknown
disturbances in practical operating environments. Currently, significant advancements have been
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made in control methodologies. For example, nonlinear state feedback [4, 5] is widely used for
underactuated system regulation. Model predictive control [6, 7] handles constraints via receding
horizon optimization. Disturbance observer-based robust control [8, 9] effectively compensates for
external disturbances and model uncertainties. However, none of the above methods fully resolve the
three-way trade-off among convergence speed, steady-state precision, and computational efficiency.

Sliding mode control (SMC) has emerged as an attractive approach for trajectory tracking of
DDMRs owing to its inherent robustness against matched uncertainties and ease of
implementation [10]. Within the SMC framework, terminal sliding mode control (TSMC) offers
finite-time convergence of system states via nonlinear sliding surfaces, making it particularly suitable
for high-precision tracking control of DDMRs [11–13]. However, The application of TSMC to
DDMRs faces two fundamental issues: the singularity problem and the convergence accuracy
problem.

The singularity problem arises from the negative fractional powers in the derivative of
conventional TSMC surfaces. Consider a typical TSMC surface s = ė + βep/q, where 0 < p/q < 1. Its
derivative contains the term ep/q−1, which tends to infinity as e → 0, causing divergence of the control
input. To mitigate this issue, researchers have developed non-singular terminal sliding mode control
(NTSMC). One common approach is to swap the positions of the error and its derivative in the surface
design [12, 13]. Another method involves introducing piecewise functions that switch to a linear
region near the origin [14, 15]. However, when applying these NTSMC designs to DDMR platforms,
a new issue emerges: The convergence time of the robot states depends on the instantaneous pose
error. For instance, the adaptive fast NTSMC proposed in [16] successfully eliminates singularity, yet
its convergence time upper bound explicitly depends on the instantaneous tracking error. This implies
that the upper bound of the convergence time cannot be determined a priori.

Parallel to the development of SMC, disturbance observer techniques have been widely integrated
into the control framework of DDMRs to enhance robustness by estimating and compensating
unknown disturbances in real time [17, 18]. Specifically, the researchers in [17] designed a
disturbance observer-based control scheme for manipulators with unknown actuator faults to improve
their robustness. For the problem of unmanned aerial vehicle formation control with unknown
actuator faults and input saturation, the researchers in [18] designed a sliding mode disturbance
observer to estimate unknown disturbances and actuator faults online. Subsequently, researchers
further proposed finite-time/fixed-time disturbance observers to address the convergence speed issue.
The researchers in [19] designed a fixed-time disturbance observer for quadrotor UAVs to mitigate the
impact of environmental disturbances. To mitigate the effect of tire slippage on mobile robots, the
researchers in [20] analyzed the kinematic model of mobile robots under tire slipping and proposed a
fixed-time control scheme based on a sliding mode observer. However, the sign function required to
achieve finite-time convergence induces chattering, which accelerates actuator wear of DDMRs and
reduces the service life of motors [21]. To suppress chattering, existing methods (e.g., [22, 23])
employ continuous saturation functions or sigmoid functions to replace the discontinuous sign
function when designing formation controllers for mobile robots. The resulting controllers and
observers are free from chattering. Nevertheless, this approximate smoothing inevitably impairs the
robot’s trajectory tracking accuracy. Thus, most methods cannot simultaneously achieve high
accuracy and smoothness. Furthermore, although finite-time controllers for DDMRs guarantee that
the system enters a residual set within finite time, the size of this residual set, namely, the steady-state
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error, is often overlooked in theoretical analyses [24–26]. For example, the sliding mode controller
in [26] can confine the trajectory tracking error of a mobile robot within an adjustable boundary, but it
does not provide an explicit bound for that boundary. In [27], the researchers designed a
super-twisting sliding mode controller that ensures finite-time convergence of the robot, with its
steady-state accuracy determined by unknown residual terms and controller gains. However, these
gains must be chosen conservatively to cope with worst-case disturbances. When the robot requires
high-precision trajectory tracking, these methods cannot meet the requirements through simple
parameter tuning. Therefore, the high-precision control problem for DDMRs remains challenging.

These challenges become even more severe in practical deployment. Event-triggered control
provides an elegant solution by updating control signals only when preset conditions are
violated [28,29]. For cooperative robot object manipulation, the researchers in [28] proposed a simple
yet effective event-triggered coordination strategy that significantly reduces communication and state
update frequencies. The researchers in [29] combined the high-order fully actuated system approach
with an event-triggered mechanism to develop a dynamic event-triggered controller based on a matrix
threshold strategy for single-link flexible joint robot systems. Event-triggered sliding mode
controllers have been proposed for robotic systems [30–32]. For DDMRs, the researchers in [31]
proposed an event-based sliding mode controller that guarantees a minimum inter-event time,
excludes Zeno behavior, and validates the effectiveness through physical experiments. Tran et al. [32]
designed an adaptive event-triggered sliding mode controller for DDMRs considering the case where
the input matrix is non-square. Nath et al. [33] investigated reference trajectory tracking control of
nonholonomic wheeled mobile robots using event-triggered sliding mode control, employing dynamic
feedback linearization for controller design. However, this method suffers from a critical structural
flaw: The determinant of the input matrix becomes zero under specific error conditions, leading to
singularity and consequently high-gain phenomena. This singularity-high-gain dilemma may result in
finite-time escape of the sliding variables, fundamentally limiting the practical applicability of the
method.

In summary, the major contributions of this paper are as follows:
(1) A novel scalar nonlinear function is proposed to construct a finite-time sliding surface. In

contrast to other studies [25–27], the proposed sliding surface not only eliminates singularity issues
but also guarantees that the tracking error converges to a predefined and adjustable region, thereby
significantly improving convergence accuracy.

(2) In contrast to the disturbance observers presented in [20–22], the proposed observer achieves
chattering-free estimation and exhibits higher estimation accuracy without requiring prior knowledge
of disturbance bounds.

(3) The event-triggered sliding mode control scheme proposed in this paper eliminates singular
control inputs, thereby avoiding the high-gain control issues and finite-time escape phenomena present
in [33].

The remainder of this paper is organized as follows. In Section 2, we present the problem
formulation and preliminaries, including the piecewise nonlinear function and its key properties. In
Section 3, we provide the major results; the co-design of the disturbance observer, finite-time
controller, and event-triggering mechanism. In Section 4, we validate the theoretical analysis through
comprehensive comparative simulations. In Section 5, we conclude the paper and discuss future
research directions.
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2. Problem formulation and preliminaries

The kinematic model of a differential-drive mobile robot is given by:

q̇ = S(θ)V =


cos θ 0
sin θ 0

0 1


[
v
ω

]
, (2.1)

where q = [x, y, θ]T ∈ R3 denotes the posture vector, with (x, y) representing the Cartesian coordinates
and θ the orientation angle. The control input V = [v, ω]T ∈ R2 comprises the linear and angular
velocities.

For a given reference trajectory qr(t) = [xr(t), yr(t), θr(t)]T ∈ R3, the posture tracking error expressed
in the robot’s body-fixed frame is defined as:

E = R(θ)(qr − q) =


cos θ sin θ 0
− sin θ cos θ 0

0 0 1



xr − x
yr − y
θr − θ

 , (2.2)

where R(θ) is the rotation matrix and E = (Ex, Ey, Eθ)T is the posture tracking error vector.
The corresponding error dynamics are:

Ė =


ωEy − v + vr cos Eθ
−ωEx + vr sin Eθ
ωr − ω

 , (2.3)

where vr(t) and ωr(t) denote the reference linear and angular velocities, respectively.
In practical applications, mobile robots are inevitably subject to external disturbances. The posture

tracking error dynamics under matched disturbances can be described as [33]:
Ėx = (ω + d2)Ey − (v + d1) + vr cos Eθ,

Ėy = −(ω + d2)Ex + vr sin Eθ,

Ėθ = ωr − (ω + d2),
(2.4)

where d1 and d2 represent external disturbances affecting the linear and angular velocity channels,
respectively.

To address the chattering and singularity issues inherent in traditional finite-time sliding mode
control, we introduce a nonlinear piecewise function Ψ(x): R→ R defined as:

Ψ(x) = sign(x) f (x), (2.5)

where the function f (x): R→ R+ is constructed in a piecewise manner:

f (x) =


f1(x), |x| < ξ,

f2(x), ξ ≤ |x| < 1,

f3(x), |x| ≥ 1,

(2.6)
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with the component functions defined as:

f1(x) = −
(
α2

ξ2 + α5

)
x2 +

(
α2

(
2
ξ
+ 1

)
+ α4α5

)
|x|, (2.7)

f2(x) = α2(|x| + 1) + α1 sin2(|x|), (2.8)
f3(x) = α3|x|γ. (2.9)

Here, 0 < ξ < 1 and 0 < γ < 1 are design parameters. In this work, we select γ = 2/3. The coefficients
α1–α5 are determined by enforcing continuity of Ψ(x) and its first derivative at the transition points
|x| = ξ and |x| = 1:  f1(ξ) = f2(ξ), f ′1(ξ) = f ′2(ξ),

f2(1) = f3(1), f ′2(1) = f ′3(1).
(2.10)

Solving these conditions yields:

α1 =
α3

6 sin 2 − 3 sin2 1
≈ 0.30α3,

α2 =
3 sin 2 − 2 sin2 1
6 sin 2 − 3 sin2 1

α3 ≈ 0.39α3,

α4 =
2 sin2 ξ − ξ sin(2ξ)
sin2 ξ − ξ sin(2ξ)

ξ,

α5 =
sin2 ξ − ξ sin(2ξ)

ξ2 α1,

(2.11)

where α3 > 0 is a free design parameter. From Eq (2.11), it follows directly that α3 > α2 > α1 > 0 and
α4α5 > 0.

The following property of f (x) is essential for the subsequent stability analysis.

Property 1. For the function f (x) defined in (2.6) with parameters given by (2.11), the following
inequality holds:

f (x) ≥ α1, ∀ x : ξ ≤ |x| < 1.

Proof. For ξ ≤ |x| < 1, we have f (x) = f2(x) = α2|x|+α1 sin2(|x|)+α2. Consider the auxiliary function
g(t) = sin2 t + t + 1 for t ∈ [0, 1). Its derivative is:

g′(t) = sin(2t) + 1 > 0, ∀t ∈ [0, 1),

since sin(2t) ≥ −1 for all real t. Hence, g(t) is strictly increasing on [0, 1), and consequently g(t) ≥
g(0) = 1.

Rewriting f2(x) in terms of g(|x|):

f2(x) = α1 sin2(|x|) + α2(|x| + 1)
≥ min(α1, α2)

(
sin2(|x|) + |x| + 1

)
= min(α1, α2) g(|x|) ≥ min(α1, α2).
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From (2.11), we have α1 ≈ 0.30α3 and α2 ≈ 0.39α3, which implies min(α1, α2) = α1. Therefore,

f (x) ≥ α1 ∀x : ξ ≤ |x| < 1,

completing the proof. □

Remark 1. Figures 1 and 2 illustrate the piecewise function Ψ(x) and its derivative, respectively, with
parameters ξ = 0.5 and α3 = 1. It is evident that the function and its derivative are continuous.

Figure 1. Graph of Ψ(x).

Figure 2. Graph of the derivative of Ψ(x).

AIMS Mathematics Volume 11, Issue 6, 16199–16234.



16205

For the region where |x| ≥ 1, the function is defined as f3(x) = α3|x|γ, with 0 < γ < 1, which ensures
finite-time convergence. In the region ξ ≤ |x| < 1, the function f2(x) satisfying Property 1 is introduced
to guarantee practical finite-time stability. Note that if ξ = 0, then at x = 0, we have f2(x) = α2, which
would cause a discontinuity of Ψ(x) at the origin. To remedy this, the function f1(x) is introduced to
ensure the continuity of Ψ(x) and its derivative. This property is beneficial for avoiding chattering
issues caused by the sign function in the subsequent sliding mode surface design. Furthermore, due to
the continuity of the derivative, the singularity problem is also avoided.

Having introduced the scalar function Ψ(x) and the disturbed error dynamics (2.4), we now present
essential definitions and assumptions that form the theoretical foundation for the controller design.

Definition 1. ([26]) The error system (2.4) is said to be finite-time stable if for every initial condition
E0 ∈ R

3, there exists a settling time T (E0) > 0, which depends on the initial state, such that
lim

t→T (E0)
E(t) = 0 and E(t) ≡ 0 for all t ≥ T (E0).

Definition 2. ([33]) The error system (2.4) is said to be in a practical sliding mode once its trajectory
enters and remains within the set Ω =

{
E ∈ R3 : ∥s(t)∥ < a

}
, where a is a positive constant and s(t)

denotes the sliding variable.

Lemma 1. ([26]) Consider the system ẋ = f (x, t). If there exists a C1 function V(x) ≥ 0 such that

V̇(x) ≤ −k1Vq(x) − k2V(x),

where k1 > 0, k2 > 0, and 0 < q < 1, then the closed-loop system is finite-time stable, and the settling
time T satisfies

T ≤
1

k2(1 − q)
ln

(
1 +

k2

k1
V1−q(x(0))

)
.

Assumption 1. The reference velocities vr and ωr are bounded and satisfy |vr| ≤ vm, g < |ωr| ≤ ωm,
and |ω̇r| ≤ ω̇m, where g > 0 is a known constant, vm and ωm denote the maximum allowable linear and
angular velocities, respectively, and ω̇m is the maximum allowable angular acceleration.

Assumption 2. The posture error E = [Ex, Ey, Eθ]T is confined within the prescribed region ΩE ⊂ R
3

defined as:
ΩE =

{
E ∈ R3 : |Ex| < xm, |Ey| < ym, |Eθ| ≤ π

}
,

where xm > 0 and ym > 0 denote the allowable position error bounds.

Assumption 3. The unknown disturbances d1, d2, and their first derivatives are bounded, i.e., there
exist unknown positive constants δ1i, δ2i > 0 such that

|di(t)| < δ1i, |ḋi(t)| < δ2i, i ∈ {1, 2}. (2.12)

3. Major results

In this section, we present a sliding mode control framework that incorporates the proposed
nonlinear function to achieve finite-time trajectory tracking for robotic systems. The controller
architecture is developed through three integral components: First, a finite-time disturbance observer
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is constructed to provide real-time estimates of unknown disturbances; second, a novel nonsingular
sliding mode control scheme is developed based on the observer to ensure finite-time convergence of
tracking errors while avoiding singularity issues; and third, the control framework is enhanced with
event-triggered mechanisms to establish an efficient event-triggered sliding mode control architecture.
The stability of the resulting closed-loop system is rigorously analyzed using Lyapunov stability
theory and Lipschitz continuity analysis.

3.1. Disturbance observer design

To ensure finite-time convergence of the tracking error, the sliding manifold is designed as follows:

s =
[
s1

s2

]
=

[
Ex − λωrΨ(Ey)

Eθ

]
, (3.1)

where λ > 0 represents a tunable control parameter.
Based on the error dynamics in (2.4), the time derivative of the sliding variable s is derived as:

ṡ =
[
Ėx − λω̇rΨ(Ey) − λωrΨ̇(Ey)Ėy

Ėθ

]
= J(E)H(E) + B(E)V + P(E) + ∆,

(3.2)

with the matrix components defined as:

J(E) =
[
1 a 0
0 0 1

]
, H(E) =


vr cos Eθ
vr sin Eθ
ωr

 , B(E) =
[
−1 b
0 −1

]
,

P(E) =
[
−λω̇rΨ(Ey)

0

]
, ∆ = B(E)d, d =

[
d1

d2

]
,

(3.3)

where the coefficients a and b are given by:

a = −λωrΠ(Ey), b = Ey + λωrExΠ(Ey), (3.4)

and the nonlinear function Π(Ey) is piecewise defined as:

Π(Ey) =


−2

(
α2

ξ2 + α5

)
|Ey| + α2

(
2
ξ
+ 1

)
+ α4α5, |Ey| < ξ,

α1 sin(2|Ey|) + α2, ξ ≤ |Ey| < 1,
2
3
α3|Ey|

−1/3, |Ey| ≥ 1.

(3.5)

External disturbances introduce the uncertain term ∆ in (3.2). To eliminate their effects, a
disturbance observer is designed using the following structure:

˙̂s = J(E)H(E) + B(E)V + P(E) + ∆̂,

σ = e +
∫ t

0
κ1φ1(τ)dτ,

∆̂ = κ1φ1 + κ2φ2 + rφ3,

d̂ = B−1(E)∆̂,

(3.6)
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where e = s − ŝ denotes the estimation error, with ŝ being the estimated state, ∆̂ representing the
uncertain term estimate, and d̂ standing for the disturbance estimate. The sliding variable vector σ =
[σ1, σ2]⊤ incorporates nonlinear functions φ1 = [φ11, φ12]⊤ where φ1i = Ψ(ei), φ2 = [φ21, φ22]⊤ with
φ2i = sat(σi), and φ3 = [φ31, φ32]⊤ where φ3i = sat(σi). The gain matrices are diagonal with κ1 =

diag{κ11, κ12}, κ2 = diag{κ21, κ22}, and r = diag{r1, r2}, satisfying κ1i, κ2i > 0 and ri > ∆̄i. The function
sat(x) is expressed as

sat(x) =


sign(x), if |x| ≥ ι,

2

1 + exp
(
−kx

x2 − ι2

) , if |x| < ι,

and k, ι > 0 are design parameters.

Remark 2. ([23]) A saturation function sat(x) is introduced to replace the sign function sign(x),
thereby effectively mitigating system chattering. The proposed function is continuous at the boundary
points x = ι and x = −ι, satisfying

lim
x→ι−

sat(x) = 1

and
lim

x→−ι+
sat(x) = −1.

By choosing an appropriate gain k and a sufficiently small boundary parameter ι, the saturation
function sat(x) yields a smooth approximation of the discontinuous sign(x) function.

Remark 3. Under Assumptions 1–3 and condition (3.4), parameter b satisfies |b| ≤ b̄ for some known
constant b̄ > 0 (see Appendix). Moreover, the disturbance di is bounded by |di| ≤ d̄i in accordance with
Assumption 3. As a result, the uncertain term ∆ = Bd remains bounded, satisfying |∆i| ≤ ∆̄i. These
boundedness properties ensure the existence of a control gain r such that each component fulfills
ri > ∆̄i.

The time derivative of σ yields:

σ̇ = ė + κ1φ1 = ṡ − ˙̂s + κ1φ1 = ∆ − ∆̂ + κ1φ1 = ∆ − κ2φ2 − rφ3 (3.7)

where σ̇ = [σ̇1, σ̇2]⊤ and ė = ṡ − ˙̂s = ∆ − ∆̂ represent the derivative vector of sliding variable and the
estimation error dynamics, respectively.

Theorem 1. Consider the mobile robot error system (2.4) under Assumption 3. The proposed
disturbance observer (3.6) ensures that the estimation errors converge to the residual set
Ω = {d̃i | |d̃i| ≤ γi}, (i = 1, 2), within a settling time Tobs, where γ1 = Γ1 + b̄Γ2, γ2 = Γ2 and
Γi = κ1i

(
α2|ξ| + α1 sin2(|ξ|) + α2

)
for i = 1, 2

Tobs ≤ Tor + Tos, Tor ≤

√
2V1/2

0 (σ0)
λmin(κ2)

,

Tos = max{t31, t32}, t3i =
6V1/6

1i (ei(0))
(κ1iα3 − Qi)25/6 +

1
κ1iα1 − Qi

.

(3.8)

Here, Qi = ∆̄i + κ2i + ri, κ1i > max( Qi
α1
, Qi
α3

), κ2i > 0 and V0(σ0), V1i(ei(0)) represent the initial values of
the corresponding Lyapunov functions.

AIMS Mathematics Volume 11, Issue 6, 16199–16234.
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Proof. Define the Lyapunov function:

V0 =
1
2
σ⊤σ. (3.9)

When |σi| < ι, taking its time derivative and substituting (3.7) yields:

V̇0(t) = σ⊤σ̇ = σ⊤(∆ − κ2φ2 − rφ3) ≤
2∑

i=1

−κ2i|σi| − (ri − ∆̄i)|σi|

≤ −λmin(κ2) ∥σ∥ ≤ −
√

2λmin(κ2)V
1
2

0 .

(3.10)

The sliding variableσ is finite-time practically stable and will converge to |σi| < ι. The upper bound
of the reaching time is given by:

Tor ≤

√
2V

1
2

0 (σ0)
λmin(κ2)

. (3.11)

When the system state moves onto the sliding surface, we have ė = −κ1φ1+σ̇ and |σ̇i| ≤ ∆̄i+κ2i+ri ≜
Qi. Choose a new Lyapunov function as:

V1 =

2∑
i=1

V1i =
1
2

2∑
i=1

e2
i .

Taking the time derivative of V1i yields:

V̇1i = eiėi = −κ1i|ei| f (ei) + eiσ̇i. (3.12)

For |ei| ≥ 1, from (2.6), we obtain:

V̇1i ≤ −κ1i|ei| f (ei) + |σ̇i||ei| ≤ −(κ1iα3 − Qi)|ei|
5
3 ≤ −2

5
6 (κ1iα3 − Qi)V

5
6

1i. (3.13)

Similarly, we derive the following inequality:∫ t2i

0

dV1i

V
5
6

1i

≤ −2
5
6 (κ1iα3 − Qi)

∫ t2i

0
dτ. (3.14)

Solving this inequality gives:

t2i ≤
6V

1
6

1i(0)

(κ1iα3 − Qi)2
5
6

. (3.15)

For ξ ≤ |ei| < 1, according to Property 1, we have:

V̇1i ≤ −κ1i|ei| f (ei) + |σ̇i||ei| ≤ −(κ1iα1 − Qi)|ei| ≤ −
√

2(κ1iα1 − Qi)V
1
2

1i. (3.16)

Then we obtain the following inequality:∫ t3i

t2i

dV1i

V
1
2

1i

≤ −
√

2(κ1iα1 − Qi)
∫ t3i

t2i

dτ.
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Solving this equation gives:

t3i ≤ t2i +
1

κ1iα1 − Qi
. (3.17)

Finally, based on (3.11), (3.15) and (3.17), the total convergence time is:

Tobs ≤ Tor + Tos, Tos = max{t31, t32}, t3i =
6V

1
6

1i(ei(0))

(κ1iα3 − Qi)2
5
6

+
1

κ1iα1 − Qi
. (3.18)

The following analysis demonstrates that the disturbance estimation error d̃i converges to a residual
set. According to the properties of the nonlinear function (2.6), when t ≥ Tobs, the estimation error ei

converges to the region |ei| < ξ.
From (3.7) and (3.12), the derivative of the error variable satisfies:

ėi = ∆i − ∆̂i = −κ1iΨ(ei) + σ̇i. (3.19)

Combining this with (2.6) yields:

|ėi| ≤ κ1i| f (ei)| + |σ̇i| ≤ κ1i| f2(ξ)| + Qi = κ1i

(
α2|ξ| + α1 sin2(|ξ|) + α2

)
+ Qi ≜ Γi. (3.20)

Based on the relationship between the disturbance d and the uncertainty term ∆, the convergence
region of the disturbance estimation error d̃ can be derived as:

|d̃1| ≤ Γ1 + b̄Γ2 ≜ γ1,

|d̃2| ≤ Γ2 ≜ γ2.
(3.21)

This completes the proof. □

Remark 4. By employing a piecewise continuous function, the sliding mode disturbance observer
developed in this study eliminates the chattering phenomenon present in the methods of [22–24]. Once
the observer state error reaches the sliding surface, it converges to and remains within a predefined
region in finite time, thereby achieving practical finite-time stability. By adjusting parameters ξ and
α3 in Eq (2.6), the convergence region of the disturbance estimation error can be flexibly regulated.
Consequently, compared to existing approaches, the proposed disturbance observer achieves higher
estimation accuracy.

In Eq (3.10), the robust term rφ3 is employed to compensate for the unknown disturbances ∆, where
the gain matrix r = diag{r1, r2} must satisfy condition ri > ∆̄i according to Assumption 3. However,
in practical applications, these disturbance upper bounds ∆̄i are generally unknown. To overcome this
limitation, we design an adaptive mechanism based on the equivalent control principle from sliding
mode theory to estimate the upper bounds of the disturbance. When the ideal sliding mode condition
σ̇i = 0 is satisfied, the equivalent control ueqi must fully counteract the disturbance ∆i to maintain the
sliding motion, and its theoretical value is determined by the term −κ2φ2 − rφ3 in Eq (3.7). It should
be noted that the equivalent control, as a theoretical concept, is unknown in practice and requires
estimation via a first-order filter.

For practical implementation, we design a nonlinear first-order filter to estimate this equivalent
control:

˙̄ueqi = µ1iΨ(−κ2iφ2i − riφ3i − ūeqi), i = 1, 2 (3.22)
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where ūeqi is the estimation of ueqi, ūeq = [ūeq1, ūeq2]⊤, µ1 = [µ11, µ12] with µ1i > 0 for i = 1, 2.
Then an adaptive law is given as: 

ri(t) = r0i + ρi(t),
ρ̇i(t) = −µ2iΨ(ζi),

ζi = ri(t) −
|ūeqi|

µ3i
− εi,

(3.23)

where r(t) = diag{r1(t), r2(t)}, r0 = [r01, r02]⊤, ζ(t) = [ζ1(t), ζ2(t)]⊤, with r01, r02, µ21, µ22 being positive
constants, 0 < µ3i < 1, and εi being a small positive constant.

Theorem 2. Consider the disturbance observer introduced in Eq (3.6). If the low-pass filter is chosen
as (3.22) and the adaptive mechanism is designed as (3.23), then ri(t) > |∆i| can be guaranteed.

Proof. Differentiating ζi(t) with respect to time yields:

ζ̇i(t) = −µ2iΨ(ζi(t)) −
φi(t)
µ3i

(3.24)

where φi(t) = ˙̄ueqi, satisfying |φi(t)| < kϕδ2i with kϕ > 1 as a designed safety margin.
Consider the Lyapunov function candidate:

Vr =
1
2
ζ2

i .

Taking its time derivative and substituting (3.24) gives:

V̇r = −ζi

(
µ2iΨ(ζi(t)) +

φi(t)
µ3i

)
≤ −µ2i|ζi| f (ζi) +

kϕδ2i

µ3i
|ζi|

≤ −|ζi|

(
µ2i f (ζi) −

kϕδ2i

µ3i

)
.

(3.25)

When |ζi(t)| > χi, where

f (χi) =
kϕδ2i

µ2iµ3i
,

such that f (ζi) − f (χi) > 0 holds, Eq (3.25) satisfies V̇r < 0. Therefore, ζi converges to and remains
within a neighborhood of zero ϖi = {ζi(t) : |ζi| ≤ χi}.

This implies the existence of a positive constant εi satisfying |ζi| <
εi

2
, from which it follows that:

|ζi| =

∣∣∣∣∣∣ri(t) −
|ueqi|

µ3i
− εi

∣∣∣∣∣∣ < εi

2
. (3.26)

Furthermore, from (3.26) and the condition 0 < µ3i < 1, it follows that:

|ri(t)| >
|ūeqi|

µ3i
+
εi

2
> |∆i| +

εi

2
> |∆i|. (3.27)
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From (3.23), it is straightforward to show:

|ri(t)| < |ζi| +
|ūeqi|

µ3i
+ |εi| < |ζi| +

δ1i

µ3i
+ |εi|. (3.28)

Therefore, ri(t) remains bounded. Furthermore, from (3.23) and (3.26), it follows directly that ρi(t)
and ζi are bounded. This completes the proof. □

Remark 5. The designed adaptive scheme is motivated by [34]. The adaptive mechanism (3.23)
utilizes the low-pass filter (3.22) to estimate ueqi, thereby enabling real-time estimation of the
disturbance bounds and enhancing the robustness of the disturbance observer. According to (3.23),
the estimated value of ri(t) will gradually increase until the system reaches the sliding mode, after
which it decreases and converges to a safe bound. Parameter r0i > 0 is used to ensure that the initial
value of ri(t) is positive. The coefficients εi and µ3i serve as a safety factor and a scaling factor,
respectively, adjusting the magnitude of the upper-bound estimation function ri(t). Increasing εi or
decreasing µ3i will enlarge ri(t), thereby yielding a more reliable estimate of the upper bound. By
adjusting the parameters r0i, εi, and µ3i, different safety margins can be achieved to meet practical
engineering requirements.

3.2. Finite-time sliding mode controller design

In this section, we present a disturbance-observer-based sliding mode control scheme that ensures
finite-time convergence of the robot’s trajectory tracking error.

The proposed controller is designed as:

Vc = −B−1(E)
(
J(E)H(E) + βsign(s) + ks + P(E) +

k2
ss

ks∥s∥ + exp(−λst)

)
− d̂, (3.29)

where β = diag{β1, β2} (βi > Γi, i = 1, 2) is the controller gain matrix, Γi, i = 1, 2 are bounds on
estimation errors of the disturbance observer. k, ks > 0 are design parameters, and d̂ denotes the
estimated unknown disturbances.

Theorem 3. Consider the posture tracking error system (2.4) under the disturbance observer (3.6),
adaptive mechanism (3.23), sliding surface (3.1), and controller (3.29). The mobile robot’s attitude
tracking error E = [Ex, Ey, Eθ]T converges to a neighborhood of zero within a finite time Tc bounded
by:

Tc ≤ Tobs + Trc + Trs,

Trc =
2

K2
ln

(
1 +

K2

K1
V1/2

3 (s0)
)
,Trs =

1
λg2

6V1/6
4 (Ey(0))

25/6 +
1
α1

 , (3.30)

where K1 =
√

2 min(β1−γ1, β2−γ2), K2 = 2k, and Tobs denotes the convergence time of the disturbance
observer.

Proof. Consider the Lyapunov function candidate:

V3 =
1
2

sTs.
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Taking its time derivative along the sliding variable s yields:

V̇3 = sTṡ = sT(J(E)H(E) + B(E)V + P(E) + ∆). (3.31)

Substituting the control law (3.29) and using the Cauchy-Schwarz inequality gives:

V̇3 = sT

(
−

k2
ss

ks∥s∥ + exp(−λst)
− βsign(s) − ks + B(E)(d − d̂)

)
= −β1|s1| − β2|s2| − k∥s∥2 −

k2
s∥s∥2

ks∥s∥ + exp(−λst)
+ sT∆̃

≤ −(β1 − |∆̃1|)|s1| − (β2 − |∆̃2|)|s2| − k∥s∥2 −
k2

s∥s∥2

ks∥s∥ + exp(−λst)
≤ −(β1 − γ1)|s1| − (β2 − γ2)|s2| − k∥s∥2

≤ −
√

2 min(β1 − γ1, β2 − γ2)V1/2
3 − 2kV3

≤ −K1V1/2
3 − K2V3,

(3.32)

where K1 =
√

2 min(β1 − γ1, β2 − γ2), K2 = 2k.
According to Lemma 1, the sliding variable s is finite-time stable, and its convergence time satisfies

the following bound:

Trc =
2

K2
ln

(
1 +

K2

K1
V

1
2

3 (s0)
)
. (3.33)

When s = 0, it follows from (3.1) and (2.4) that:
Eθ = θr − θ = 0,
Ex = λωrΨ(Ey),
ω + d2 = ωr.

(3.34)

Combining the controller (3.29) with the attitude error dynamics (2.4), derivative Ėy is given by:

Ėy = −λω
2
rΨ(Ey). (3.35)

Consider the scalar Lyapunov function:

V4 =
1
2

E2
y .

Taking its time derivative and substituting (3.35) yields:

V̇4 = −λω
2
r |Ey| f (Ey). (3.36)

Case 1. (|Ey| ≥ 1): Combining (2.6) and (3.36) gives:

V̇4 = −λω
2
r |Ey|

5/3 = −25/6λω2
r V5/6

4 , (3.37)

which can be rewritten as: ∫ t1

0

dV4

V5/6
4

= −25/6λω2
r

∫ t1

0
dτ.
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Based on Assumption 1, we obtain:

t1 =
6
(
V1/6

4 (Ey(t1)) − V1/6
4 (Ey(0))

)
−25/6λω2

r
≤

6V1/6
4 (Ey(0))
25/6λg2 . (3.38)

Case 2. (ξ ≤ |Ey| < 1): According to Property 1, we have:

V̇4 ≤ −λα1ω
2
r |Ey| ≤ −

√
2λα1ω

2
r V1/2

4 . (3.39)

Thus, we obtain: ∫ t2

t1

dV4

V1/2
4

= −
√

2λα1ω
2
r

∫ t2

t1
dτ.

Considering that V4(t) <
1
2

for t > t1, we derive:

t2 ≤ t1 +
2
(
V1/2

4 (Ey(t2)) − V1/2
4 (Ey(t1))

)
−
√

2λα1ω2
r

≤ t1 +
1
λα1g2 . (3.40)

Combining (3.33), (3.38), and (3.40), the convergence time of the attitude error satisfies:

Tc ≤ Tobs + Trc + Trs, (3.41)

where

Trc =
2

K2
ln

(
1 +

K2

K1
V

1
2

3 (s0)
)
,

Trs =
1
λg2

6V1/6
4 (Ey(0))

25/6 +
1
α1

 ,
and Tobs represents the stabilization time of the disturbance observer.

When the system is stable, it holds that |Ey| < ξ and the sliding variable s is bounded. According
to (3.4), (3.5), and Assumptions 1 and 2, both a and b are bounded. Then, from (3.29) and (3.3), the
boundedness of Vc follows directly. This completes the proof. □

Remark 6. Through the use of piecewise functions, the sliding surface proposed in this paper avoids
the singularity problem in traditional finite-time sliding mode control. For |Ey| ≥ 1, we have s1 =

α3|Ey|
2/3, which ensures finite-time stability of the sliding variable. For ξ ≤ |Ey| < 1, we have s1 =

α2|Ey| + α1 sin2(|Ey|) + α2, which guarantees practical finite-time stability. For |Ey| < ξ, the quadratic
function ensures continuity of s1 and its derivative at the origin, thereby mitigating chattering.

Remark 7. Reference [26] developed a finite-time sliding mode control scheme for mobile robot
trajectory tracking, where the convergence time is bounded by:

t ≤

√
2V1/2(0)
η4

, η4 =
vr|ye|√
1 + y2

e

,

which explicitly depends on the attitude tracking error ye. By contrast, the settling time Tc of the
proposed controller is determined by the initial posture error and the lower bound g of the reference
angular velocity ωr, which highlights a distinct characteristic compared to existing control schemes.
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Remark 8. Under the proposed control law, the tracking error Ey enters the neighborhood {Ey : |Ey| <

ξ} within finite time Tc and subsequently converges asymptotically to zero, as ensured by the negative
definiteness of V̇4. According to Eq (3.34), the attitude error Ex converges to the region

|Ex| < λωm

(
α2|ξ| + α1 sin2

|ξ| + α2

)
within the same settling time Tc, and asymptotically approaches zero as Ey converges. As a result,
high-precision trajectory tracking can be achieved by adjusting the controller parameters, thereby
highlighting another merit of the proposed control scheme compared to prior works.

3.3. Event-triggered controller design

Building upon the disturbance-observer-based finite-time sliding mode control framework
established in Section 3.2, an event-triggered mechanism is introduced to alleviate communication
and computational demands while preserving closed-loop stability.

As illustrated in Figure 3, the controller communicates with the plant through a wireless network.
The transmitted state vector is denoted by Ě = [Ěx, Ěy, Ěθ]T.

Figure 3. Closed-loop control system architecture with event-triggering strategy.

Triggering instants tk ∈ R
+ (k ∈ N) are determined by violations of the triggering condition, with

control signals maintained constant between consecutive events via a zero-order hold. The event-
triggered controller is formulated as:

Vc = −B−1(Ě)
(
J(Ě)H(Ě) + β̄sign(š) + ϑ̌ + kš + P(Ě)

)
−

ˇ̂d, (3.42)

where š represents the sampled sliding variable,

ϑ̌ =
k2

s š
ks∥š∥ + exp(−λstk)

.
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β̄ = diag{β̄1(Ěx), β̄2} is the gain matrix to be designed, and k > 0 is a design parameter.
The measurement error is defined as:

η(t) ≜ |Ex − Ěx| +
2λωmα3

ξ2 |Ey − Ěy| + |Eθ − Ěθ| + |d̂1 −
ˇ̂d1| + |d̂2 −

ˇ̂d2|, (3.43)

where λ, α3 and ξ are defined in (2.6).

Theorem 4. Consider the error system (2.4) with sliding variable (3.1) under the event-triggered
control law (3.42), the trigger condition

η(t) ≤ δ, (3.44)

where δ > 0 is a positive constant to be selected. and control gains as follows:

β̄1(Ěx) ≥
{

vm

1 + 2

√
1 + (

2λωmα3

ξ2 )2

 + (ωm + ks + β̄2)
(
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
)

+
ξω̇m

ωm
+ γ1 + ym +

2λωmα3xm

ξ

}
δ + β̄3,

β̄2 ≥ 2ks + δ + γ2,

β̄3 ≥ 2ks + γ1 +

(
ym +

2λωmα3xm

ξ

)
γ2,

(3.45)

where γ1, γ2 > 0 are bounds on disturbance estimation errors, ks > 0, and vm, ωm,ω̇m, xm, ym are
defined in Assumptions 1 and 2. Then:

(1) The sliding variable will reach a practical sliding mode;
(2) The posture error will converge to the region χ = {E ∈ ΩE : ∥s∥ ≤ δ}.

Proof. Consider the Lyapunov function

L =
1
2

sTs.

Its derivative along sliding variable s is:

L̇ = sT
[
F − B̄F̌ + P(E) − B̄P(Ě) − B̄ϑ̌ + B(d − ˇ̂d)

]
− sTB̄β̄sign(š) − ksTB̄š

≤ |s1|
{
|vr|| cos Eθ − cos Ěθ| + |vr||a(Ey) sin Eθ − a(Ěy) sin Ěθ| + |ωr||b(Ě) − b(E)|

+ λ|ω̇r||Ψ(Ěy) − Ψ(Ey)|
}
− sTB̄ϑ̌ + sTB(d − ˇ̂d) − sTB̄β̄sign(š) − ksTB̄š,

where

F = J(E)H(E) =
(
vr cos Eθ + a(Ey) sin Eθ

ωr

)
,

F̌ = J(Ě)H(Ě),

B̄ = B(E)B−1(Ě) =
(
1 b(Ě) − b(E)
0 1

)
,
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P(E) − B̄P(Ě) =
(
λω̇r[Ψ(Ěy) − Ψ(Ey)]

0

)
.

With the help of the bounds of |vr|, |wr|, |ẇr|, |Ey|, |Eθ| (see Assumptions 1 and 2), together with the
bounds of |b(Ě) − b(E)|, | cos Eθ − cos Ěθ|, |a(Ey) sin Eθ − a(Ěy) sin Ěθ|, |Ψ(Ěy) − Ψ(Ey)|, sTB̄ϑ̌, and
sTB(d − ˇ̂d) (for the detailed derivation, see Appendix A), we can obtain:

L̇ ≤ |s1|

{
vm

1 + 2

√
1 + (

2λωmα3

ξ2 )2

 + (ωm + ks)
(
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
)

+
ξω̇m

ωm
+ γ1 + ym +

2λωmα3xm

ξ

}
δ + |s1|

[
γ1 +

(
ym +

2λωmα3xm

ξ

)
γ2

]
+ |s2|(γ2 + δ) + ks||s|| − sTβ̄sign(š) − ksTB̄š.

(3.46)

Case 1: No sliding variables have reached the sliding surface.
Before the sliding variable s reaches the sliding surface, the equalities sign(s) = sign(š) and b(Ě) =

b(E) hold. Substituting the controller gains specified in (3.45) into (3.46), we derive the following
inequality:

L̇ ≤ −2ks|s1| − 2ks|s2| + ks∥s∥ − k∥s∥2

≤ −ks∥s∥ − k∥s∥2 ≤ K1L1/2 − K2L,

where K1 =
√

2ks and K2 = 2k. This inequality ensures the finite-time convergence of the sliding
variable s to the sliding region.

Case 2: All sliding variables lie on the sliding surface.
When all sliding variables satisfy ∥s∥ ≤ δ, the equality sign(s) = sign(š) may not hold during

triggering intervals t ∈ [ti, ti+1]. The bound on the sliding variables is derived as follows:

∥s − š∥ =
∥∥∥∥∥∥
[
Ex − λωrΨ(Ey) − Ěx + λωrΨ(Ěy)

Eθ − Ěθ

]∥∥∥∥∥∥
≤ |Ex − Ěx| + λωm|Ψ(Ey) − Ψ(Ěy)| + |Eθ − Ěθ|.

(3.47)

Using the Lipschitz continuity of Ψ(Ey) and the event-triggering condition, the following inequality
is established:

∥s∥ ≤ ∥s − š∥ ≤ |Ex − Ěx| + λωm|Ψ(Ey) − Ψ(Ěy)| + |Eθ − Ěθ|

≤ |Ex − Ěx| +
2λωmα3

ξ
|Ey − Ěy| + |Eθ − Ěθ| < δ.

(3.48)

This implies that the sliding variables, once they have reached the sliding surface, will remain within
it.

Case 3: Partial sliding variables reach the sliding surface.
Only one sliding variable reaches the sliding surface. Suppose that s1 attains the sliding surface

first, under which condition ∥s∥ > δ. If the controller is not in the triggered state, then from Eq (3.47)
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together with the triggering condition (3.44), it follows that η(t) ≥ ∥s − š∥ ≥ ∥s∥ > δ, which contradicts
the triggering condition. Therefore, the controller is in the triggered state, and according to the result
of Case 1, the system state will converge to the sliding surface within finite time. Integrating this
result with the conclusion of Case 2 confirms that both sliding variables maintain their sliding motions
without escape behavior, thereby completing the proof. □

Remark 9. Theorem 4 ensures the boundedness of the sliding variable s. According to Eqs (3.1)
and (3.43), we obtain |Eθ| ≤ δ. Furthermore, Theorem 3 implies that when the mobile robot’s posture
errors enter the sliding mode region, they will be attracted to the sliding surface. The posture errors
will then move along the sliding surface toward the vicinity of the origin, which guarantees that,
under the combined action of controller (3.42) and the event-triggering mechanism, the posture error
system (2.4) will achieve practical stability.

Remark 10. In the event-triggered control scheme proposed in [31], the input matrix B1(e) satisfies

|B1(e)| = λ +
vr xe

1 + y2
e
,

which becomes zero when

xe = −
λ(1 + ye)2

vr
,

leading to unavoidable singularity problems. To circumvent this issue, authors in [31] requires an
appropriately enlarged triggering threshold β(t) ≤ α + γ†(xe, ye, vr) when the posture errors approach
the region near the singularity point. However, increasing the triggering threshold inevitably degrades
the steady-state tracking accuracy. Consequently, Nath’s controller cannot achieve high-precision
trajectory tracking.

In contrast, the sliding surface s designed in (3.1) ensures that the input matrix B(E) inherently
avoids singularity issues, as |B(E)| = 1 remains constant and independent of the robot’s posture
tracking errors. This characteristic fundamentally distinguishes our method from that in [31] and
eliminates the need for an artificially enlarged triggering threshold to prevent singularity. As a result,
our approach achieves a favorable balance between communication resource savings and
steady-state error control.

The event-triggered sliding mode control scheme has been successfully designed, ensuring stability
of the mobile robot’s posture tracking error system. We now proceed to demonstrate the exclusion of
Zeno behavior in the resulting closed-loop system.

Theorem 5. For the posture tracking error system (2.4) with event-triggering condition η ≤ δ, under
Assumptions 1-2, the lower bound of triggering intervals ∆T = tk+1 − tk satisfies:

∆T ≥
δ

Γ
(3.49)

Proof. Considering the event condition η ≤ δ and the fact that η(t+k ) = 0, the lower bound of triggering
intervals can be derived as:

η(tk+1) − η(t+k ) ≤
∫ tk+1

tk
sup

(
|Ėx| +

2λα3

ξ2 |Ėy| + |Ėθ| + | ˙̂d1| + |
˙̂d2|

)
dτ,

δ ≤ sup
(
|Ėx| +

2λα3

ξ2 |Ėy| + |Ėθ| + | ˙̂d1| + |
˙̂d2|

)
∆T.

(3.50)
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Based on Assumption 2 and the convergence properties of the disturbance estimation, it can be
concluded that

Γ ≥ sup
(
|Ėx| +

2λα3

ξ2 |Ėy| + |Ėθ| + | ˙̂d1| + |
˙̂d2|

)
(3.51)

is a bounded positive constant. Substituting this into above equation, the inter-event time satisfies
∆T ≥ δ

Γ
, which proves the absence of Zeno behavior. □

Remark 11. In the proposed controller, multiple parameters are involved. Here, the parameter tuning
procedure is illustrated. The parameters k, β1, β2, λ, and α3 affect the convergence rate of the system
states. Increasing these values shortens the time required to reach the equilibrium point, but
simultaneously amplifies the control input. Therefore, these parameters should be chosen judiciously
to avoid actuator saturation. Parameter ξ affects the convergence accuracy of sliding mode control
and the effective range of the transition function f1(x); reducing ξ decreases the steady-state error of
the robot, but an extremely small ξ may cause oscillation issues. The magnitude of the triggering
threshold δ affects the number of actuator triggering events and the actual steady-state tracking error
of the robot. A larger δ reduces the communication frequency, but at the cost of increasing the
steady-state tracking error. Consequently, parameter selection should strike a balance between
communication resource conservation and steady-state error reduction.

4. Simulation results

To validate the effectiveness of the proposed control scheme, comparative simulations are conducted
in the MATLAB/Simulink environment. First, the proposed disturbance observer based sliding mode
control scheme is compared with existing control methods, including the finite time sliding mode
control (FSMC) approach from [26] combined with the finite time disturbance observer from [22],
and the robust siding mode controller from [33] integrated with the fixed-time disturbance observer
from [20]. Second, in Experiment 2, the proposed event-triggered control scheme is compared with
that in [31] to demonstrate the superiority of the proposed event-triggered sliding mode control scheme.

Simulations are performed in the MATLAB/Simulink environment with a fixed step size of 0.01 s
and a total duration of 60 s. The reference trajectory is defined as a circular path characterized by the
following equations:

ẋr = vr cos(θr),
ẏr = vr sin(θr),
θ̇r = ωr,

where vr = 0.7 m/s represents the reference linear velocity and ωr = 0.6 rad/s denotes the reference
angular velocity. The initial reference posture is set as qr(0) = [0, 0, 0]T.

4.1. Experiment 1

Experiment 1 compares the proposed control scheme with two existing control approaches: a
FSMC [26] combined with a disturbance observer (Do1) [23], and a finite-time control (FC)
scheme [35] integrated with a fixed-time disturbance observer (Do2) [19].
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(1) FSMC [26]:

S = ξ1 + k1

∫
sign(ξ1)dτ, (4.1)

where

ξ1 =

[
Ex

Eθ +
ρ

|Ex |+ρ
tan−1 Ey

]
, (4.2)

Vc = (HG)−1(−k2sign(s) − Φ) − δ̂, (4.3)

where

HG =
[

−1 0
ρsign(Ex))
(|Ex |+ρ)2 tan−1(Ey) −1

]
, H =

 1 0 0
−
ρsign(Ex))
(|Ex |+ρ)2 tan−1(Ey)

ρ

(|Ex |+ρ)(1+E2
y ) 1

 ,
F =


ωye + vr cos(ϕe)
−ωxe + vr sin(ϕe)

ωr

 , Φ = HF + k1sign(ξ1),

(4.4)

with controller gains k1 = k2 = 1.
(2) FC [35]:

Vc = Φ
+
1 (R(−ksig(e)γ − Φ3e) − Φ2) − δ̂, (4.5)

where

Φ+1 =

[
−1 0 0
0 0 −1

]
, R =


cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 ,
Φ2 =


ωye + vr cos(ϕe)
−ωxe + vr sin(ϕe)

ωr

 , Φ3 =


0 −ω 0
ω 0 0
0 0 0

 ,
(4.6)

with controller gains k = 1, γ = 0.5.
(3) Proposed controller: The control law is given by (3.29), with the disturbance observer (3.6) and

adaptive mechanism (3.23). The controller and adaptive disturbance observer parameters are listed in
Table 1.

Table 1. Controller Parameters of proposed controller.

Method Parameters

sliding surface k1 = 0.5, ξ = 0.5, λ = 1, α3 = 1

Controller β =

3 0

0 3

, k = 1, ks = 2, λs = 0.05

Disturbance observer κ1 =

2 0

0 2

, κ2 =
2 0

0 2


Adaptive mechanism µ1i = 10, r0i = 0.1, µ2i = 10, µ3i = 0.1, εi = 0.1
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Experiment 1 consists of two cases with different initial conditions and disturbances. In Case 1, the
initial posture of the robot is p(0) = (−1,−1, 0)T, and the unknown disturbance is given by

d(t) =
[

0.2 sin(0.5t)
0.2 sin(t) + 0.3 cos(0.5t)

]
. (4.7)

In Case 2, the initial posture of the robot is p(0) = (−1.5,−2, π/4)T, and the unknown disturbance is
given by

d(t) =
[

0.5
0.4 sin(0.3t) + 0.2

]
. (4.8)

Remark 12. The cumulative control energy consumption is defined as

Eu(t) =
∫ t

0
∥Vc(τ)∥dτ, (4.9)

where Vc denotes the control input vector.

The simulation results are presented in Figures 4–13. Figures 4–7 illustrate the trajectory tracking
curves and the corresponding tracking errors of the robot. From Tables 2 and 3, it can be observed
that the proposed control scheme achieves convergence times of 7.94 s and 8.13 s in the Ex direction,
respectively, which are faster than those of FSMC and FC. In terms of Ex and Ey, the proposed method
yields the smallest maximum steady-state error (MAX) and integral of absolute error (IAE), although
it does not exhibit an advantage in Eθ.The responses of the sliding variables and the control inputs are
shown in Figures 8–11. As can be seen from the zoomed-in views, the FSMC scheme suffers from
chattering, whereas the proposed controller exhibits significantly reduced oscillations. Moreover, in
terms of energy consumption, the proposed scheme achieves the lowest values of 29.79 and 33.32,
respectively. Figures 12 and 13 present the disturbance estimation error curves of the observers. It
is evident that the proposed controller achieves higher estimation accuracy, while Do1 suffers from
chattering issues.

Figure 4. Robot position in Case 1.
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Figure 5. Robot position in Case 2.

Figure 6. Posture tracking error in Case 1.

Figure 7. Posture tracking error in Case 2.
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Table 2. Tracking performance of different controllers in Case 1.

Tracking errors Controller IAE MAX Setting time Energy

Ex

Proposed controller 1.665 m 1.1 × 10−4m 7.94 s 29.79
FSMC+Do1 1.675 m 3.4 × 10−3 m 8.42 s 57.51
FC+Do2 1.719 m 2.1 × 10−3 m 9.61 s 57.62

Ey

Proposed controller 1.339 m 1.2 × 10−4 m 7.78 s
FSMC+Do1 2.603 m 4.6 × 10−3 m 10.18 s
FC+Do2 1.972 m 5.2 × 10−3m 10.87 s

Eθ

Proposed controller 0.142 rad 2.5 × 10−3rad 4.67 s
FSMC+Do1 0.004 rad 2.4 × 10−4rad 1.24 s
FC+Do2 0.002 rad 5.2 × 10−3rad 1.56 s

Table 3. Tracking performance of different controllers in Case 2.

Tracking errors Controller IAE MAX Setting time Energy

Ex

Proposed controller 1.647 m 1.2 × 10−4m 8.13 s 33.32
FSMC+Do1 2.913 m 6.5 × 10−3 m 9.32 s 59.68
FC+Do2 2.198 m 4.5 × 10−3 m 10.24 s 59.82

Ey

Proposed controller 1.306 m 1.1 × 10−4 m 7.86 s
FSMC+Do1 3.238 m 2.4 × 10−3 m 10.18 s
FC+Do2 3.426 m 3.2 × 10−3m 12.04 s

Eθ

Proposed controller 0.217 rad 3.1 × 10−4rad 1.93 s
FSMC+Do1 0.229 rad 2.4 × 10−4rad 2.23 s
FC+Do2 0.198 rad 2.1 × 10−3rad 3.51 s

Figure 8. Sliding variable in Case 1.
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Figure 9. Sliding variable in Case 2.

Figure 10. Control input in Case 1.

Figure 11. Control input in Case 2.
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Figure 12. Disturbance estimation error in Case 1.

Figure 13. Disturbance estimation error in Case 2.

Based on the above results, it can be concluded that the proposed control scheme is more robust and
faster in terms of disturbance rejection capability and settling-time convergence.

4.2. Experiment 2

In experiment 2, we conduct numerical simulations to validate the proposed event-triggered sliding
mode control scheme. The reference trajectory and external disturbance conditions remain identical
to those in Case 1, with the maximum reference linear velocity vmax = 0.7 and maximum reference
angular velocity ωmax = 0.6. The finite-time sliding surface parameters are configured as ξ = 0.5,
λ = 1, and k1 = 0.5. The event-triggering threshold is selected as δ = 0.02, while the parameters
for the disturbance observer, adaptive mechanism, and saturation function maintain the same settings
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as Case 1 in Experiment 1. The controller gains must satisfy the conditions specified in Eq (3.45),
yielding the following values based on the relevant parameters:

β̄1 = |Ex(t)| + β̄3, β̄2 = 2, and β̄3 = 3.

The controller parameters in [33] are selected as follows:

λ = 1, ρ = 0.05, ϖ = 0.5, c1 = c2 = c3 = 1, dm = 1, vm = wm = 1.

All simulations employ a fixed step size of 0.002 seconds.

Figures 14–19 illustrate the experimental results. From Figures 14 and 15, it is evident that due to
the large triggering threshold required by the controller in [33] to avoid the singularity problem, its
steady-state tracking accuracy is degraded. The maximum absolute errors of that controller for Ex, Ey,
and Eθ are 0.031, 0.072, and 0.081, respectively, and all higher than those of the proposed
controller (0.005, 0.017, and 0.008). Figures 16 and 17 present the sliding variable trajectories and
control inputs, respectively. The maximum control inputs of the proposed controller are 4 m/s
and 0.15 rad/s, both smaller than those of Nath’s controller. Figures 18 and 19 show the inter-event
intervals and the number of triggering events. The proposed controller achieves a maximum
inter-event interval of 0.57 s, whereas Nath’s controller attains 1.62 s. Over a simulation horizon
of 60 s, the two schemes are triggered 362 and 124 times, respectively. These results indicate that
although Nath’s controller offers a lower triggering frequency, the proposed controller provides higher
tracking accuracy, achieving a favorable balance between triggering efficiency and tracking
performance. Moreover, Case 1 in Experiment 1 corresponds to the scenario without an
event-triggering mechanism, where the communication count reaches 35,000. Consequently, while
the proposed event-triggered control scheme reduces communication resource consumption compared
with the continuous control method, it inevitably leads to an increased steady-state error.

Figure 14. Robot position.
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Figure 15. Robot posture tracking error.

Figure 16. Sliding variable.

Figure 17. Control input.
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Figure 18. Time between two triggering executions.

Figure 19. Triggered times.

5. Conclusions

In this paper, we propose an event-triggered sliding mode control scheme for trajectory tracking of
differential-drive mobile robots under unknown disturbances and limited communication resources. A
novel piecewise sliding surface is constructed to eliminate the singularity problem and guarantee
predefined steady-state tracking accuracy. An adaptive disturbance observer is designed to achieve
chattering-free estimation without requiring prior knowledge of disturbance bounds. Furthermore, an
event-triggered mechanism integrated with the sliding mode controller avoids the high-gain issue and
reduces communication resource consumption. The practical stability of the closed-loop error
dynamics has been rigorously established via Lyapunov methods, and comparative MATLAB
simulations have demonstrated faster convergence, smaller steady-state errors, and a favorable
balance between tracking precision and communication efficiency.

Nevertheless, two limitations of the proposed scheme should be acknowledged. The controller
involves a relatively large number of parameters, which may complicate practical tuning. Moreover,
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actuator faults are not considered in the current design, limiting its applicability in fault-prone
scenarios. These limitations naturally define future research directions: reducing the number of
controller parameters and extending the proposed framework to handle actuator faults, thereby further
enhancing its practicality and robustness.
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Appendix

Boundedness of b: According to Eq (3.4) together with Assumptions 1 and 2, we have

|b| ≤ |Ey| + λ|ωr||Ex||Π(Ey)| ≤ ym + λωmxm|Π(ym)|. (A.1)

This implies that b is bounded.
Bounds and Lipschitz constant of Π(y): Consider the piecewise function given by

Π(y) =


−2

(
α2
ξ2
+ α5

)
|y| + α2

(
2
ξ
+ 1

)
+ α4α5, |y| < ξ,

α1 sin(2|y|) + α2, ξ ≤ |y| < 1,
2
3α3|y|−

1
3 , |y| ≥ 1,

(A.2)

where α3 > 0, 0 < ξ < 1, and

α1 =
α3

6 sin 2 − 3 sin2 1
≈ 0.30α3, α2 =

3 sin 2 − 2 sin2 1
6 sin 2 − 3 sin2 1

α3 ≈ 0.39α3,

α4 =
2 sin2 ξ − ξ sin(2ξ)
sin2 ξ − ξ sin(2ξ)

ξ, α5 =
sin2 ξ − ξ sin(2ξ)

ξ2 α1.

(A.3)

Its derivative with respect to y is

Π̇(y) = sign(y)


−2

(
α2
ξ2
+ α5

)
, |y| < ξ,

2α1 cos(2|y|), ξ ≤ |y| < 1,
−2

9α3|y|−
4
3 , |y| ≥ 1.

(A.4)

Then the bounds of Π(y) and Π̇(y) are: For |y| < ξ, and note that the function Π(y) is continuous, so
we can obtain:

|Π(y)| ≤ α1| sin(2|ξ|)| + α2 ≤ α1 + α2 ≤
2α3

ξ
,

|Π̇(y)| = 2
∣∣∣∣∣α2

ξ2 + α5

∣∣∣∣∣ ≤ 2(
α2

ξ2 +
α1

ξ2 ) ≤
2α3

ξ2 .

For ξ ≤ |y| < 1:
|Π(y)| ≤ α1 + α2 < α3, |Π̇(y)| < 2α1 < α3.

For |y| ≥ 1:

|Π(y)| ≤
2
3
α3, |Π̇(y)| ≤ α3.

Thus, we conclude:

sup |Π(y)| =
2α3

ξ
, LΠ = sup |Π̇(y)| =

2α3

ξ2 . (A.5)
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The bound of |Ψ(Ey) − Ψ(Ěy)|:
According to the Lipschitz condition and trigger condition, we can directly obtain

|Ψ(Ey) − Ψ(Ěy)| ≤
2α3

ξ
|Ey − Ěy| ≤

ξδ

λωm
. (A.6)

The bound of |a(Ey) − a(Ěy)|:
Based on (3.4), define the function:

fa(Ey) = −λωrΠ(Ey). (A.7)

Taking the partial derivative of fa(Ey) with respect to Ey, we obtain:∣∣∣∣∣∣ ∂ fa

∂Ey

∣∣∣∣∣∣ = λ|ωr|
∣∣∣Π̇(Ey)

∣∣∣ ≤ 2λωmα3

ξ2 . (A.8)

Hence, the Lipschitz constant of fz(Ey) can be expressed as:

La
∆
= sup

∣∣∣∣∣∣ ∂ fa

∂Ey

∣∣∣∣∣∣ = 2λωmα3

ξ2 . (A.9)

Then, based on the trigger condition and the Lipschitz constant of fz(Ey), it can be readily derived that:

|a(Ey) − a(Ěy)| ≤ La|Ey − Ěy| ≤ δ. (A.10)

Bound of |b(E) − b(Ě)|:
From (3.4), (3.43) and trigger condition, the following bound can be derived:

|b(E) − b(Ě)| ≤ |Ey − Ěy| + λωm

∣∣∣ExΠ(Ey) − ĚxΠ(Ěy)
∣∣∣

≤ |Ey − Ěy| + λωm

(
|Π(Ey)||Ex − Ěx| + |Ěx||Π(Ey) − Π(Ěy)|

)
≤ |Ey − Ěy| + λωm

(
|Π(Ey)| + |Ěx|LΠ

)
|Ex − Ěx|

≤

[
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
]
δ.

(A.11)

Bound of | cos Eθ − cos Ěθ|:
| cos Eθ − cos Ěθ| ≤ |Eθ − Ěθ| ≤ δ. (A.12)

Bound of |a(Ey) sin Eθ − a(Ěy) sin Ěθ|: Define the bivariate function

f (Ey, Eθ) ≜ −λωrΠ(Ey) sin(Eθ).

The partial derivatives satisfy:

∂ f
∂Ey
= −λωrΠ̇(Ey) sin(Eθ),

∂ f
∂Eθ
= −λωrΠ(Ey) cos(Eθ).
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The gradient norm of f (Ey, Eθ) is bounded by:

∥∇ f ∥ =

√(
∂ f
∂Ey

)2

+

(
∂ f
∂Eθ

)2

≤ λωm

√
Π̇(Ey)2 + Π(Ey)2

≤ λωm

√
(
2α3

ξ2 )2(1 + ξ2) ≤
4λωmα3

ξ2 .

Thus, we obtain the bound:

|a(Ey) sin Eθ − a(Ěy) sin Ěθ| ≤ sup ∥∇ f ∥
√

(Ey − Ěy)2 + (Eθ − Ěθ)2

≤
4λωmα3δ

ξ2

√
1 + (

ξ2

2λωmα3
)2

≤ 2δ

√
1 + (

2λωmα3

ξ2 )2.

(A.13)

The bound of sTB̄ϑ̌: The term sTB̄ϑ̌ can be rewritten as

sTB̄ϑ̌ = sT(I + B1)ϑ̌ = sTϑ̌ + sTB1ϑ̌,

where I is the identity matrix,

B1 =

(
0 b(Ě) − b(E)
0 0

)
.

For sTϑ̌, based on Cauchy–Schwarz inequality, we can derive:

sTϑ̌ =
k2

ssTš
ks∥š∥ + exp(−λstk)

≤
k2

s∥s∥∥š∥
ks∥š∥

≤ ks∥s∥. (A.14)

For sTB1ϑ̌, we obtain:

sTB1ϑ̌ =
k2

s s1 š2(b(Ě) − b(E))
ks∥š∥ + exp(−λstk)

≤
k2

s |s1|∥š∥|b(Ě) − b(E)|
ks∥š∥

≤ ks|s1|

[
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
]
δ.

(A.15)

Therefore, the boundary value is:

sTB̄ϑ̌ ≤ ks∥s∥ + ks|s1|

[
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
]
δ. (A.16)

The bound of sTB(d − ˇ̂d): The term sTB(d − ˇ̂d) can be rewritten as:

sTB(d − ˇ̂d) = sT(−I + B2)(d − ˇ̂d ± d̂)

= −sT(d̃ + d̂ − ˇ̂d) + sTB2(d̃ + d̂ − ˇ̂d),
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where I is the identity matrix,

B2(E) =
[
0 b(E)
0 0

]
.

For the term −sT(d̃ + d̂ − ˇ̂d), we derive:

−sT(d̃ + d̂ − ˇ̂d) ≤ |s1|(|d̃1| + |d̂1 −
ˇ̂d1|) + |s2|(|d̃2| + |d̂2 −

ˇ̂d2|) ≤ |s1|(γ1 + δ) + |s2|(γ2 + δ),

where γi > |d̃i|, i = 1, 2.
For the term sTB2(d̃ + d̂ − ˇ̂d), we obtain:

sTB2(d̃ + d̂ − ˇ̂d) ≤ |s1||b|(|d̃2| + |d̂2 −
ˇ̂d2|) ≤ |s1||b|(γ2 + δ). (A.17)

According to (3.4) and Assumption 1, b is bounded:

|b| ≤ |Ey| + λωm|Ex||Π(Ey)| ≤ ym +
2λωmα3xm

ξ
. (A.18)

Combining (A.17) and (A.18):

sTB2(d̃ + d̂ − ˇ̂d) ≤ |s1|

(
ym +

2λωmα3xm

ξ

)
(γ2 + δ). (A.19)

Finally, the boundary value is:

sTB(d − ˇ̂d) ≤ |s1|(γ1 + δ) + |s2|(γ2 + δ) + |s1|

(
ym +

2λωmα3xm

ξ

)
(γ2 + δ)

≤ |s1|

[(
ym +

2λωmα3xm

ξ

)
+ 1

]
δ

+ |s1|

(
γ1 +

(
ym +

2λωmα3xm

ξ

)
γ2

)
+ |s2|(γ2 + δ).

(A.20)

Based on the above results, we can obtain:

|s1|

{
|vr|

[
| cos Eθ − cos Ěθ| + |a(Ey) sin Eθ − a(Ěy) sin Ěθ|

]
+ |ωr||b(E) − b(Ě)| + λ|ω̇r||Ψ(Ey) − Ψ(Ěy)|

}
− sTB̄ϑ̌ + sTB(E)(d − ˇ̂d)

≤ |s1|

{
vm

1 + 2

√
1 + (

2λωmα3

ξ2 )2

 + (ωm + ks)
(
ξ2

2λωmα3
+

2λωmα3

ξ
(1 +

|Ěx|

ξ
)
)

+
ξω̇m

ωm
+ γ1 + ym +

2λωmα3xm

ξ

}
δ + |s1|

[
γ1 +

(
ym +

2λωmα3xm

ξ

)
γ2

]
+ |s2|(γ2 + δ) + ks||s||.

(A.21)

All proofs have been completed here.
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