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Abstract: Let H(D) be the class of all analytic functions on D and h = (hy, hy, ..., h,_y) with by €
H(D) fork =0,1,...,n— 1. In this paper, we study a complex integration operator

(TH@ = 'O f+B0f -+ h, f7)@), f € HD),

where [ is the classical integration operator
74
1N = [ sonds
0

and [" is the nth iteration of /. We characterize the bounded and compact operators T}El”) on F(p,q,s)
by using some characterizations of the space.
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1. Introduction

LetN ={1,2,3,...}, Ng =NU{0}, D ={z€ C: |z] < 1} be the open unit disk, T = {z€ C : |z] = 1}
be the boundary of D, H(D) be the class of all analytic functions on D, and dA(z) = %dxdy be the
normalized Lebesgue area measure on D.

For a € D, let

QDa(Z) = 1a—_z
—az

be the special Mobius map of D, which interchanges the points 0 and a. For 0 < p < 400, =2 < ¢ <
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+00,0 < § < 400, and g + s > —1, the space F(p, g, s) consists of all f € H(D) such that

1A r gy = SUP f L @I (1 = 12P)(1 = lpa(2)*) dA(z) < +eo.
aeDb JD
If we further assume that 1 < p < 400, then F(p, g, s) is a Banach space with the norm

”f”F(p,q,s) = |f(0)| + ”f”sF(p,q,s)-

We need to assume that g + s > —1 since otherwise F(p, g, s) becomes the space of constant functions.
The spaces F(p, g, s) were introduced by Zhao in [25]. Zhao obtained numerous results; for example,
F(p, g, s) is not separable, and F(p, g, s) is a subset of 8 %2 Besides, we see that for different parameter
values p, ¢, and s, they coincide with some classical function spaces. For instance, F(2, 1,0) is the
Hardy space H?, F(p, p,0) is the Bergman space A”, F(2,0, s) is the Q; space, and F(2,0, 1) is the
BMOA space, the space of analytic functions with bounded mean oscillation.

For a > 0, the weighted Bloch space B¢ consists of all f € H(D) such that

I1flls- = 1£(0)] + sup(1 — [21*)?|f"(2)| < +eo.
zeD
B is a Banach space with the norm || - ||g.. The little weighted Bloch space 8 consists of all f € B¢
such that

Iiliinl(l ~ 1z (@) = 0.

If @ = 1, then B and B; are called the Bloch space and the little Bloch space, respectively, denoted
by 8B and B,. There has been a great deal of research on these spaces. For some good references, see,
for example, [28]. See [6] for an overview of the Bloch spaces and their connection to other function
spaces.

For I C T, let S (1) denote the Carleson box based on the arc /, that is,

S(I)={Z€D:1—|I|§|z|<1and|z—|el},
<

where |I| denotes the arc length of the arc /. We can consider the introduction of the Carleson box to
be related to the bounded (compact) Carleson measures (see, for example, [8, 9]).

Next, we need to introduce some related operators. For & € H(D), the integration operator I, and its
companion operator J, on H(D) are defined by

(I f)(2) = fo JWH (w)dw and  (J,f)(z) = fo J'Wh(w)dw.

The operators I, and J, have been studied extensively on analytic function spaces (see, for example,
[1, 2,7, 8]). They contain some well-known operators such as the integral operator I, with h(z) = z and
the Cesaro operator 1, with h(z) = log(1/(1 — z)). The multiplication operator M;, on H(D) is defined
by

(Myf)(2) = h(2) f(2).

AIMS Mathematics Volume 11, Issue 6, 16129-16143



16131

The relationship between these three operators is that

(U )@) + (Unf)2) = (M f)(2) — f(0)h(0).

Letd = (ag,ay,...,a,-1) € C"and h € H(D). Chalmoukis in [4] introduced the following operator
on H(D):

Uanf)(@) = I'(ach™ f + aih" U f" + -+ + a, 1B f"7D)(2),
where / is the integration operator
Y4
() (z) = f Jfw)dw
0

and /" is the nth iteration of I, and he completely characterized the bounded and compact operators
Iz, - HP — H9for 0 < p < g < +co. In [5], Chalmoukis et al. continuously characterized these
properties for the case 0 < g < p < +o00.

Motivated by the operator /;;, Arroussi et al. introduced the operator

I F)@) = I'hof + i f + -+ byt f*V)) (1.

in [3], where h o= (ho, hy, ..., hy—y) with by € H(C) for k = 0,1,...,n — 1, and they characterized
the boundedness and compactness of the operator between Fock spaces. As a simplified version of
operator 11(*”)’ Qian and Zhu in [15] studied the operator

(T )2) = I"(K" P f0)(z)

from Hardy spaces H” into tent spaces. Zhu and Qiu in [26] studied the operator TZ’k from Besov
spaces into general function spaces.
Using the operators T,’f’k , a complex integration operator considered in this paper is defined by

(T 1@ = PGS+ 10 44 )@,

which is essentially operator Ilﬁ") in (1.1). It is easy to see that T}fl,") is a sum of the operators T;:k’k, that
. 'l
is,

n—1

T(n) — Z Tn,k
R e

k=0
Because of this relationship, we have reason to believe that it is meaningful to study the operators
T}({‘) between function spaces. To this end, we characterize the bounded and compact operators T;l,”) on
F(p,q, s) in this paper. Actually, we prove that T;") is bounded on F(p, g, s) if and only if each TZ,Zk
is bounded on F(p, g, s) if and only if each /; belongs to 8. We also prove that T/%") is compact on

F(p, q, s) if and only if each TZ];" is compact on F(p, g, s) if and only if each h; belongs to B

As usual, we use the uppercase letter C to denote positive numbers, and they may vary in different
situations. The notation a < b (resp. a 2 b) means that there is a positive number C such that a < Ch
(resp. a > Cb). If a < b and b > a, then we write a < b.
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2. Auxiliary lemmas

First, we need the following result (see Lemma 4.2.2 in [28]).

Lemma 2.1. Letze€ D, t > —1, and ¢ > 0. Then it holds that

(1 = wP) 1
—_——dA(W) x —m.
f]D |1 — Zw|r+2+e o) (1-zP)

For a fixed w € D and j € Ny, set

1= 2y\j+1
kw,j(Z) = %, Z € D (21)
—wz)

We will prove that the functions k,, ; belong to F(p, g, s). Through a review of the literature, we find
that Zhao in [24] provided a class of functions in F(p, g, s) but not the functions k,, ;.

Lemma 2.2. Let 0 < p < +00, -2 < g < 400,00 < s <400, g+s5>—-1, we D, and j € Ny. Then the
functions k., ; belong to F(p,q, s).
Moreover,

sup ”kw,j”sF(p,q,s) < I. (22)

weD

Proof. By the definition, we have

(1 - wP)y*'w
, Z€D,
p )(1 _WZ)J‘+1+‘%2

q+2

K, )=+
from which together with Lemma 2.1, it follows that
5 gy = SUP f K, @171 = 12P)(1 — gu(2)P) dA()
ae. D

< [, ora - kyaac
D

L2
< - |W|2)p(j+l)f (I =z dA(2)
D

|1 — wzlp(j+l)+q+2

< 1. (2.3)

It follows from (2.3) that the functions k,, ; belong to F(p, g, s) and (2.2) holds. O

Not only that, but we also see that k,, ; — 0 uniformly on any compact subset of D as [w| — 1. Next,
we will use the functions k,, ; to obtain some new functions by the methods and techniques described
in [21] and used frequently, for example, in [10, 11, 19, 20].
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Lemma 2.3. Let0 < p < 400, -2 < g < 400,00 < 5 < 400, g+ s > —1, and w € D. Then for each fixed
ke {0,1,...,n— 1}, there exist constants cy, Cy1, - - -, Ckn—1 SUch that the function

n—1
Foid@) = ) e ) (2.4)
Jj=0
satisfies
—k
FO0w) = v and  fOw)=0 2.5)

(1= )5

for j€{0,1,...,n— I\{k}.

Moreover,

SUP [ foal i .0 % 1 (2.6)

Proof. Leta = %2. If f,,x in (2.4) satisfies the conditions in (2.5), then by a calculation, we have

Cro+ Cii + oot Crpm1 =0,
acko+ @+ ey +---+(@+n—1)cgp =0,

k=2 k=2 k=2
(a+ j)cro + (a+1+ e+ + (a+n-=1+ j)cgp-1 =0,
j=0 Jj=0 j=0
k=1 k=1 k=1
(Cl + _].)Ck’() + (Cl +1+ j)ck,l + -+ (a +n—-1+ j)ck,n—l = 1, (27)
j=0 j=0 j=0
k k. k-
(a+ jero + (a+1+ e+ + (a+n—=1+ j)cgp-1 =0,
j=0 j=0 j=0

n—1 n—1 n—1
[ [+ pewo+ [ J@+ 1+ jews+---+] J@+n=1+ pegur =0.

j=0 j=0 Jj=0

By [21], the determinant of the system (2.7) is different from zero. From this and (2.2), the lemma, and

asymptotic inequality (2.6) hold. O

The following result is Theorem 3.2 in [16] and is also Theorem 3.13 in [24].

Lemma 2.4. Let f € HD), 0 < p < 400, -2 < g < +00, and 0 < s < +o0o. Letn e Nand g + s > —1,
orn=0andq+ s— p>—1. Then the following statements are equivalent.

(a)
1A pgns) = sup f 1 @I =127 = lpa(2)P) dA(z) < +oo.
ae D
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(b)
11l Fepagns) = sup f |F2@) (1 = 1277 (1 - | (2)*) dA(z) < +oo.
ac D
(c)
1 )
wmwmzwwjfLM@mhmwwwwmx+m
et HIF Jso

Moreover, when f(0) = f/(0) = --- = f®D(0) = 0,

”f”fF(p,q,s) = ||f||s1F(p,q,s) = ”f”st(p,q,s)-
The proof of the next result is similar to that of Lemma 2.4 in [15]. So, we omit the proof here.

Lemma 2.5. Letn e N, 0 < p < 400, =2 < g < +00, 0 < s < +oo, and g+ s > —1. If f € F(p,q, ),
then

”f”sF(p,q,s)

AL
(1 = [y !

1) <

The next lemma comes from Proposition 7 and Proposition 8 in [27].

Lemma 2.6. Let a > 0, n € N, and g € H(D). Then the following statements hold.
(a) g € B if and only if

sup(1 — [z g™ (2)| < +o0,
zeD

and the following asymptotic relation holds:

n—1
llgllg- =< Z 820 + sup(1 — 121" "*"1g" (2)!.
1=0 D

(b) g € By if and only if
fim(1 = )"l )] = 0
Z|—
Lemma 2.7. Leth € HD), 0 < p < +00, -2 < g < 400, 0 < s < +00, g+ s—p > —1,n €N, and

0 <k <n—1. Then the operator TZ’k is bounded on F(p, q, s) if and only if h € B.
Moreover, if h(0) = H'(0) = --- = h"*D(0) = 0, then

K -
”TZ ||F(17,q,S)—>F(p,q,S) = |lAllg. (2.8)
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Proof. Let the operator TZ"‘ be bounded on F(p, q, s). For w € D, let &, be the function defined in
(2.1) for j = 0. From the boundedness of T;’”‘ and Lemma 2.5, it follows that

Iwlf

2
(1 = W) -

&
”T;,l kw,O”sF(p,q,s)

"R (w),
(1= w7 !

2 (77 K 0)™ )] 2

which shows

2\n—k -k & &
sup (1 - |W| )n |h(n )(W)| < ”TZ kw,O”sF(p,q,s) < ”T;,l ||F(p,q,s)—>F(p,q,S) < +00. (29)
[wi>1/2

Set fi(z) = Z*/k!, z € D. Then f, € F(p,q,s). From this fact and the boundedness of T;" on
F(p,q, s), we have that T,'f’kfk € F(p,q, s). By Lemma 2.5, we obtain

K K
”TZ fk”sF(p,q,s) < ”TZ ||F(p,q,s)—>F(p,q,s)

@A @] = |1 @) <

+2 ~ +2
R N I < K
for each z € D, from which it follows that

n.k
T, lFp.q.-Fpa.s <

sup (1 — [z [P (2)| < sup T (prgs)— Fpans)- (2.10)
lkl<1/2 d<1/2 (1 = g% 7 -
From (2.9) and (2.10), we obtain
sug(l — PR P @] < T N pamoFpas < +00. (2.11)
ZE

Hence, it follows from Lemma 2.6 that & € B.
Conversely, assume that h € B. Let f € F(p,q,s). Since (T} f)?(0) = 0 for j = 0,1,...,n - 1,
from Lemma 2.4 and Lemma 2.6, we have

”TZ’kf”];"(p,q,s) < Slellg j];) |(TZ’kf)(")(Z)|p(1 — |2y rra(l - |<,0a(Z)|2)SdA(Z)

= sup f P @) fRRIP = 122771 = pa(2)?) dA(2)
D

aeD
e Supf FOIPA = 12271 = o)) dAR)
acD JD
= WAIZIAL pepas

S IIRIZIAIE,

‘YF(P,‘I"Y)
< ||h||%||f||§(p,q,s)’

which shows that the operator TZ’k is bounded on F(p, g, 5), and

k
”TZ ||F(p,q,s)—>F(p,q,s) < ”h”‘B (212)

If (0) = h'(0) = - - - = h*=1(0), then from (2.11) and (2.12), we get (2.8). o
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To study the compactness of the operators, some applicable characterizations have been already
obtained (see [12, 13, 17, 18, 22, 23]). The lemma below gives a characterization of the compactness
of T}f{") on F(p,q,s).

Lemma2.8. Let) < p < +00, -2 < g < 400,00 < s < +00, g+5—p>—-1,neN, h= (ho, hyy ... hyy)
with hy € HD) for k = 0,1,...,n — 1 and the operator T]%") be bounded on F(p,q,s). Then T}Sl") is

compact on F(p,q, s) if and only if ||T]§”)fj||F(p,q,s) — 0as j — +oo whenever (f;)jen is bounded in
F(p,q, s) and f; — 0 uniformly on any compact subset of D as j — +oo.

Proof. Assume that for any bounded sequence (fj)jen C F(p, g, s) that converges to zero uniformly
on compact subsets of D, it follows that “T;n) fille(p.gy — 0 as j — +oo. By Corollary 2.8 in [25],

+2 +2
F(p,q,s) C BQT, ie., ||f||3ﬂ < fllFep.q.5)- From this inequality and the estimations in B (see [14)),
RBP

+2
it follows that there exists a positive constant C independent of f € 8% and z € D such that

|f(Z)| < CHf”F(p,q,s)‘

Let sup ey IfillFp.g.0 = M. Then, we get that [f;(z)] < CM on {z : |z] < r} for each j € N. Since
every compact subset K of D is contained in {z : |z| < r} for some r > 0, (f;) ey is uniformly bounded
on every compact subset of D. Hence, it follows from Montel’s theorem that there is a subsequence
(fi)ken of (f})jen, which converges uniformly on every compact subset of D to an analytic function f.
Since fjfk(z) — f’(z) uniformly on compacts of D as k — 400, we have that | ffk(z)| — |f"(z)| on each
z€ D as k — +co. By Fatou’s lemma, we get that

Supflf'(Z)I"(l — 12171 = lpu(2)P)’dA(2) < liminf || f 17, . < M7,
aeD JD k—+00 P
from which together with Lemma 2.4, we get that f € F(p,q,s). Then (fj, — f)ien is a bounded
sequence in F(p,q, s) and f; — f — 0 uniformly on any compact subset of D as k — +oo. It follows
from the assumption that IIT%”)( fi = Pllepg.s) = 0 as k — +oo, which shows that the operator T}El") is
compact on F(p, g, s).

Conversely, assume that the operator T}({’) is compact on F(p, g, s). Let B be the closed unit ball in

F(p,q,s). Then, the compactness of T;;”) shows that the set T}(?")(B) is a relatively compact subset of
F(p,q,s). Let (fj)jen C B be a sequence converging to zero uniformly on compacts of D as j — +oo.
By the Cauchy’s estimate, we have that f;k) — 0 uniformly on compacts of D as j — +oo for each

k € Ny. We need to prove that ||T;l,") fillF(pq.s) — 0as j — +oo. To this end, it is enough to prove that

the zero function is a unique limit point of the sequence (T}Sl”) fi)jen. By the compactness of T}%") on
F(p,q, s), there exists a function f € F(p, g, s) such that

J'l—i»r+noo ”T}Eln)fj - f”F(p,q,S) = 0. (2'13)

From this and Lemma 2.5, it follows that

@ f@) + @ f@ + -+ B @f @) - f7@)| - 0 (2.14)
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as j — +oo for each z € D. By using the uniform convergence on compacts of the sequence ( f;k)) jeN
in (2.14), we get that f™(z) = 0 for all z € D.
Furthermore, from the definition of T}%"), we have that (Té”) f)®) =0foreachk =0,1,...,n—1.

Hence, from (2.13) and Lemma 2.5, it follows that f®(0) = 0 for each k = 0, 1,...,n — 1. From this
and the Taylor formula for the function f, it follows that f = 0. This shows that the zero function is a
unique limit of (73" ;) jex. O

Lemma 2.9. Leth € HD), 0 < p < +00, -2 < g < +00,0 < s < +00, g+ s—p > -1, n €N, and
0 < k <n— 1. Then the operator T;l”k is compact on F(p, q, s) if and only if h € B,

Proof. Let the operator TZ"‘ be compact on F(p, g, s). Then, it is bounded. Let (k,,0) jen, Where w; € D
satisfies that [w;| — 1 as j — +oo, be the sequence defined by
1- |Wj|2
kw‘,-,O(Z) = a2 zeD.
(1-w;z)7r

By Lemma 2.2, the sequence (k) en i8 bounded on F(p, g, s) and converges to zero uniformly on
compact subsets of D as j — +co. Then, by Lemma 2.8, we have

Jim T K, 0llFpgus) = O. (2.15)

By the boundedness of TZ"‘ and (2.9), we have
(1 = w, Y MR P w)l < 1T K 0llF(pg.s)
for |w;| > 1/2. From this and (2.15), it follows that
lim (1 = Jw;)" A" P w)l =0
Jj—o+oo
for the sequence (w;) e C D satisfying the condition [w;| — 1 as j — +oo. By the arbitrariness of the
sequence (w;) jen C D, we get
tim(1 = PP ) =0, (2.16)
Z|—
which is equivalent to & € B, (see Lemma 2.6).

Now, we assume that & € B, and then (2.16) holds. Hence, for every € > 0, there is an r € (0, 1)
such that

(1 =12 " Pl < e (2.17)

forr < |zl < 1.

Let (fj)jen C F(p,q, s) be a bounded sequence converging to zero uniformly on compacts of D as
Jj — +oo. Then, the sequence ( f;k)) jen also converges to zero uniformly on compacts of D as j — oo.
So, for every € > 0, there is a ky € N such that

@I <€ (2.18)
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for j > ko and every |z| < r, where r is chosen in (2.17). By the continuousness of [A"" ) (z)|(1—|z|?)"P=P+4
on rD, we get that

M = max [h" PP (1 = o) < +oo.
zerD

Since (77" £)?(0) = 0 for [ = 0, 1,...,n — 1, by Lemma 2.4, we have

T3 Sl = S0P fD (T )PP = 12271 = lpu(@)P) dAG). (2.19)

Then, from (2.17), (2.18), (2.19), and Lemma 2.4, it follows that

1T fill g S 59 IS @IA = Y7701 = lgu()P) dAR)

D

+ sup f D@ PRI = 271 = u(2)) dA()
D\rD

aeD
f K@ = 12" P A" + flf g€
< (M+ sup| I 0 )E- (2.20)
From (2.20) and since ¢ is an arbitrary positive number, we get that
Jim 175l = O,

from which together with Lemma 2.8, it follows that T,’:’k is compact on F(p, g, s). O

3. Boundedness and compactness

First, we characterize the boundedness of the operator T]S”) on F(p,q,s).
n

Theorem 3.1. Let 0 < p < 400, -2 < g < 400, 0 < 5§ < 400, g+s5s—p > -1, n € N, and
h = (ho, hy, ..., h,_1) with hy € HD) for k = 0,1,...,n — 1. Then, the operator T%”) is bounded on
F(p,q, s) if and only if the operators T;’k’k, k=0,1,...,n—1 are bounded on F(p, q, s).

If the operator TI_(Z,") is bounded on F(p, q, s), then

n—1
TN .0 Fpas = D sup(l = 2P0 ). 3.1
=0 D
Moreover; if hi(0) = B, (0) = --- = K" ""(0) = 0 for each k = 0, 1,...,n — 1, then
n—1
TN g Fpan = D Waills. (32)
k=0
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Proof. Assume that the operator Té") is bounded on F(p,q, s). Forw e Dand k € {0, 1,...,n— 1}, let
fwix be the function defined in Lemma 2.3. Then, it follows from Lemma 2.5 that

”Tén)fw,k”sF(p,q,s)

2
(1 = w2y !

-1 —k k -1 (n)
2| g+ BV fl e BTG 1 )™ (w)

w,

= A" P (w)l,

which shows

2\n—k —k
sup (1 = WP B 0] S IT Ml gs-ripgs < . (3.3)
[w|>1/2

Set fy(z) = 1. Then, by Lemma 2.5,

T:;n) | |F (p.4,9)—>F(p,q.5)

2
(1 — [z !

[
h" @ = (T f0) ()|
which implies

2+ 21
(= =Y " @ S T kg -

and then
1— Znh(ﬂ) < |IT™ 3.4
sup (1 = 2|16 @ < 1T .- Fipanor (3.4)
lzI<1/2
From (3.4), it follows that
— n 4 n n n
sup (1 = |2l @)1 < 3 sup (1 = 1)1 @ S NT lF .0 g9 (3.5)
lzI<1/2 lz|<1/2

Consider fi(z) = z. By Lemma 2.5, we have

()
Tﬁ ||F(p,q,S)—>F(Paq’S)

I
hy @z + b @] = (T /)" @) s

2
(1 = [z 5!

From this and (3.5), we get

sup (1 —Jz[*)""!
kl<1/2

(n-1) ()
hln (Z)| < ||Tfln ||F(p,q,5)—>F(P,q’S)'

Now, assume that we have proved

o
sup (1 = 2218 @1 S 1T .- ras (3.6)
lz|<1/2

for j=0,1,...,k— 1, where k is some number 2 < k <n — 1. Set

k

Z
fi@) = o z€D.
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Then, we have

(n)
hém(z)i_'; . hgnﬂ)(z)% +o 4 W = T e < ”T('i E:j)wpf) (3.7)
for z € D. From (3.7) and the assumption (3.6), we obtain
sup (1 - 121 @f S I k.- (3.8)
This shows that (3.6) holds for k = 0,1,...,n — 1. From (3.3) and (3.8), it follows that
sup(1 = 22" A0 @] < 1T lras-ripas- (3.9)

zeD

By Lemma 2.7, the operator T}’l’;k is bounded on F(p, g, ).
Conversely, assume that each operator T,’Zk’k is bounded on F(p, g, s). Then, it is clear that the oper-
ator T}Sl”) is bounded on F(p, g, s). It is easy to see that

K 2\n—k| 7, (n—k
1T lF g Fpa.s) S sup(l — I )i @). (3.10)
ZE
Since
n—1
T(’l) _ Z Tn,k
P hi >
k=0
we get

n—1

( -
||Tﬁ”)||F(p,q,s)—>F(p,q,s) < Z Sup(l — i )n
k=0 zeD

From (3.9) and (3.11), the relation (3.1) follows, and then from (3.1) and Lemma 2.6, the relation (3.2)
also follows. O

W0 @)- (3.11)

Now, we characterize the compactness of the operator T;’") on F(p,q,s).

Theorem 3.2. Let 0 < p < 400, =2 < g < 400, 0 < 5§ < 400, g+s5s—p > -1, n € N, and
= (ho,hys...,hy 1) with ly € HD) fork = 0,1,....n — 1. Let ix(0) = h,(0) = --- = " *7(0) = 0
foreachk =0,1,...,n—1. Then, the operator T;l") is compact on F(p, q, s) if and only if the operators

12 fork=0,1,.....n~ 1 are compact on F(p.q.s).

Proof. Let the operator T/%") be compact on F(p, g, s). Then, it is bounded. Let (w;);en C D be such
that [w;| — 1 as j — 400, and k € {0,1,...,n — 1}. Then, the sequence (f,,s),av defined in Lemma
2.2 is bounded in F(p, g, s) and converges uniformly to zero on compacts of D as j — +co. By the
compactness of T}Sl"), Lemma 2.5, and Lemma 2.8, we have

. 2\n—k|7,(n—k) : (n) _
jEI_Pw(l - |W_]| ) |hk (W])l < ,I_ILHOOHTE fw/-,k”sF(p,q,s) = 0,
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from which and by the arbitrariness of (w;) jay, it follows that

tim(1 = 2Py @) = 0.

This and Lemma 2.6 show that 4, € B,. Then, it follows from Lemma 2.9 that the operator TZ];" 18
compact on F(p,q, s).
Conversely, assume that each operator T}’Z’k’k is compact on F(p, g, s). Since

n—1
T(n) — Z Tn,k
i e

k=0

we get that T}El”) is compact on F(p, g, s). O

4. Conclusions

In the paper, we investigate the operator T]E") on the space F(p, g, s). By using the characterizations
1
of the space, we establish the boundedness and compactness of this operator. We hope this research
will further stimulate scholarly interest.
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