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Abstract: In the present study, we establish novel gradient bounds reminiscent of Li—Yau inequalities
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Ou(z, 1) = AguP(z, 1) + Cu’(z, 1), (z,1) € M x[0,T],

where the underlying space is a weighted Riemannian manifold (M", g(f), e"dv) evolving under a
geometric flow governed by g—f = 2h(t). As a direct consequence, we further establish associated
Harnack-type inequalities for such evolving settings using partial differential equations.
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1. Introduction

The present work aims to investigate space-time gradient bounds for positive solutions to weighted
porous medium-type equations (WPMEs) of the form

ou(z, t) = AguP(z,t) + Cul(z, 1), (z,0) € M x[0,T], (1.1)
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where the underlying space is a weighted Riemannian manifold (M", g, e"?dv) undergoing a geometric
evolution governed by the partial differential equations

6y =20, S 9= (12)
Here, h represents a general symmetric (0, 2)-tensor field on the manifold M that varies with time,
whereas C, p, and ¢ are fixed scalar parameters. The time interval [0, 7] corresponds to the maximal
existence interval for the flow. Several prominent geometric evolution equations fall under the broader
category of curvature-driven flows. Among them, the Ricci flow [1] stands out, formulated via the
deformation tensor &7 = —Ric, where Ric denotes the Ricci curvature tensor. Another example is the
Yamabe flow [2], described by the evolution law h = —%Rg, with R representing the scalar curvature.
The Ricci-Bourguignon flow [3] generalizes this by introducing a real parameter p into the equation
h = —Ric + pRg. Additionally, the extended Ricci flow [4] incorporates a dynamic scalar field ¢ and is
governed by & = —Ric + aV¢ ® V¢, where the coupling coefficient a(?) is a non-increasing function of
time.

Consider a complete Riemannian manifold (M", g), where Ric > —Kg for some non-negative
constant K. Our attention is directed toward analyzing positive solutions of the classical heat equation

on such a geometric background:

ou
—_— = Au. 1.3
o u (1.3)

Li and Yau [5] obtained a fundamental gradient estimate of the form

[Vul? U, na’K na?
—e— < ——— + —,
u? u_ 2a-1) 2t

(1.4)

valid for any constant @ > 1. Subsequent refinements and extensions have appeared in the literature:
Davies [6] improved the constant in (1.4), Li and Yau [5] derived more refined estimates involving
hyperbolic trigonometric functions, and Hamilton [7] produced related gradient inequalities with
exponential factors depending on K and . Chen and Xiong [8] further developed gradient estimates
tailored to doubly nonlinear diffusion equations of the form u, = A,u”.

Regarding porous medium and p-Laplace equations, numerous works (e.g., [9-14] ) have studied
gradient bounds for positive solutions, providing applications across geometric analysis and nonlinear
partial differential equations.

More generally, nonlinear reaction-diffusion equations

ou(z, 1) = A (z, 1) + cul(z, 1), (1.5)

on Riemannian manifolds were analyzed in [15], where ¢ and ¢ are constants, and the parameters
satisfy y > 0, p > 1. Equation (1.5) encapsulates a broad spectrum of significant diffusion models. For
instance, it reduces to the classical heat equation under the parameter choices p =2,y = 1, and ¢ = 0.
Setting p = 2,y > 1, and ¢ = 0 yields the porous medium equation, whereas the regime 0 < y < 1
with p = 2 and ¢ = 0 characterizes the fast diffusion equation. When y = 1 and ¢ = 0, the equation
simplifies to the well-known parabolic p-Laplace equation. Additionally, the formulation with ¢ = 0
covers the class of doubly nonlinear diffusion equations. Notably, the equation also specializes to the
p-Laplacian Lichnerowicz equation when y = 1. These nonlinear diffusions are intimately connected
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with geometric flows: For instance, when ¢ = 0, choosing p = 2 and y = % corresponds to the
Yamabe flow, p = 1, ¥y = 1 relates to the inverse mean curvature flow [12], and the limit y — 1 with
p = 2 connects to logarithmic fast diffusion relevant to the Ricci flow on surfaces.

In the following, we consider u to be a strictly smooth and positive solution of the WPME (1.1).
Denoting by d(y, z, t), the geodesic distance between points y, z € M with respect to the evolving metric
g(1), for a fixed base point zy € M and radius R > 0, we define the parabolic neighborhood

Oorr = {(z,1) € M" X [0,T]| 2R > d(z, o, D)}

Our primary objective is to establish new gradient estimates for solutions u# within this evolving
geometric and weighted setting, generalizing and extending previously known results.

The structure of this document is outlined as follows: Section 2 introduces the necessary
preliminaries, including essential definitions, notations, and foundational lemmas that support the
subsequent analysis. In Section 3, we present the main results, providing new space-time gradient
estimates for positive solutions of the WPME evolving under geometric flows. Section 4 is dedicated
to the detailed proofs of these results, employing advanced methods from geometric analysis and
nonlinear partial differential equation theory. In conclusion, the paper recaps of the findings and
explores potential avenues for future research.

2. Preliminaries

We begin by recalling fundamental concepts and notations that underpin the analysis carried out in
this work.

Let (M",g) be a complete Riemannian manifold equipped with a smooth weight function
¢ € C*(M). The associated weighted manifold is then described by the triple (M", g, e~?dv), where dv
denotes the Riemannian volume element induced by the metric g. The weighted (or Witten or drift )
Laplace operator is determined by

Ay =A-V¢p-V,

where A is the Laplacian corresponding to g, and V denotes the Levi—Civita connection.

The weighted manifold is naturally associated with the Bakry—Emery Ricci tensor, which
generalizes the classical Ricci curvature by incorporating the Hessian of the weight function ¢:

Ricy := Ric + Hess(¢),

where Hess(¢) denotes the Hessian of the function ¢ taken relative to the metric g.
For a fixed integer m > n, one further defines the m-dimensional Bakry—Emery tensor as
Ricy ™ := Ric + Hess(¢) — M
m-—n
This tensor plays a crucial role in comparison geometry and functional inequalities on weighted
manifolds.
In the framework of this paper, the underlying metric and weight functions evolve in time according
to the coupled system in the term of partial differential equations
96y =2ms0, 2 9= @)
This general formulation encompasses important flows. For instance,
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The Ricci flow: & = —Ric;

The Yamabe flow: h = —1Rg;

The Ricci—-Bourguignon flow: & = —Ric + pRg for constant p;

The extended Ricci flow: & = —Ric + a(1)V¢ ® V¢ with a non-increasing function a(z).

Gradient estimates form a backbone in the analysis of nonlinear parabolic partial differential
equations on manifolds. The seminal work of Li and Yau [5] proved gradient bounds for positive
solutions of the heat equation on complete manifolds with Ricci curvature bounded from below.
These results have been refined and extended to cover nonlinear diffusion equations, weighted
manifolds, and evolving geometric backgrounds.

In particular, under appropriate curvature and flow conditions, one can derive differential Harnack
inequalities and gradient bounds that depend on curvature lower bounds, flow tensors, and parameters
of the nonlinear equation. These inequalities serve as crucial tools to study regularity, long-time
behavior, and uniqueness of solutions. Throughout this paper, we denote by d(y, z,) the geodesic
distance between points y,z € M with respect to the time-dependent metric g(#). For any fixed point
2o € M and radius R > 0, the parabolic neighborhood

OQorr = {(z,1) € M X [0,T] : 2R > d(z, 20, 1)}

is used as the domain for local gradient estimates. We also adopt the standard convention that constants
denoted by C, ¢y, ¢, ... may vary from line to line but depend only on fixed geometric quantities and
parameters of the equation.

3. Main results

In the following, we establish novel gradient estimates for positive solutions of the WPME under
an evolving geometric flow on weighted Riemannian manifolds. These estimates generalize classical
results by incorporating time-dependent metrics and weights, providing tools for analyzing the
behavior of solutions in dynamic geometric settings. As an important application, we derive a
Harnack-type inequality that relates solution values at different points and times, reflecting the
interplay between geometry and diffusion.

Theorem 3.1. Consider a complete weighted Riemannian manifold (M, g(0), e~ % dv) where the metric
g(t) and the weight function ¢(t) evolve according to the system (1.2) over the interval t € [0,T].
Suppose u is a positive solution to Eq (1.1) defined on the parabolic cylinder Qg1 of radius R > 0,
and suppose that u satisfies the upper constraint

(p - l)k > up—l
p

for some fixed real constant k. Assume constants 1,1, 15,1, > O exist such that the weighted Bakry—
Emery curvature tensor and the evolving tensor h satisfy

Ricg’_” >-(m-NDlg, -hLg<h<lkg and |Vhl <.
Then for any p > 1 and @ > 1, there are positive constants cy, cy, and ¢, ensuring that on Q,g 7 the
following gradient estimate holds:

VI W, m(p —1)a? 1 N m(p — 1)a?

—al -9 < - :
g 99 “Tramp-1 1+amp-1)

3.1
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4

where ¥ = p_lu”‘l, q=s—1,and

c 2 c c
N = 12c2+k(—E°(1 —m)(\/EJr z_e)+ R—]z)+2(p— l)kIle

m(p — 1)a? ¢, N {1 +am(p — 1)}1/2
m(p — 1)a?

9 1
X [a*(p — Dnmax{l3, 5} + gn(p — Da’l, + 5lza(p — Dk&?

] 1 m(p — 1)a’
—a(p — Dkb; — ki + ~
+ 4&(1) kO, — ky + 4(@-12+ala—Dm(p-1)

12
X [2(L + al3) + Lk + 21k + 2ha + a)(p — 1)]2 - 2k3] .
For two points (yy, s1) and (y,, s2) in M X (0, T'] with s; < 5, define the action functional
52
T 1, S1,¥2, 82) = if}ff |§/(f)|§(z) dt,

51

where the infimum is calculated across all smooth paths {: [s1, s,] — M that connect y; to y;.

As a direct and significant result of Theorem 3.1, we derive the following Harnack inequality:

Corollary 3.1. Under the assumptions stated above, for any (y1, s1), V2, 82) € M X (0, T] with s, < s3,
it holds that

m(p—1)a

Ky I+am(p-1) %
(1, 51) < (2, 52) (S—Z) X exp {Ej(yl, $1,¥2, 82) + (82 — 81)
1

m(p — Da Nz},
1+am(p-1)

where ]} = infMX(O,T] .
4. Proof of the main results

In the following, we present the detailed proof of Theorem 3.1 along with the derivation of the
corresponding Harnack inequality. Starting with the WPME (1.1), and setting J = p%]up_l, we
reformulate (1.1) as

9 = (p — DIAL + [VI* + BY, 4.1)

where the constants B and s are defined by

p=2+q

p—1

—2+
B:pc(_)  sobz2re
P

p—1
We begin by aiming to derive a localized space-time gradient bound of Li—Yau type for the coupled

systems (1.1) and (1.2), under the assumption that Ricf;'_” admits a uniform lower bound.
To facilitate the proof, we recall essential lemmas, beginning with the following result from [16]:

AIMS Mathematics Volume 11, Issue 6, 16008—16026.



16013

Lemma 4.1. Assume that the metric changes as described in (1.2). For any differentiable function w,

the subsequent identities in the term of partial differential equations are valid:
0
a_tlv“"2 = 2(Vw, Vw,) = 2h(Vw, Vw)
and
(Apw); = Ayw, — 2(h, Hessw) — 2(—1V(tr,h) + divh, Vw)
+ 2h(Vp,Vw) — (Vw, Vé,)
= Ayw; — 2¢h, Hessw) — 2(—%V(trgh) + divh, Vo)
—(Vw, VA®) + 2h(Vp, Vw),
where, div denotes the divergence operator.

Letw := |[VI* > 0 and
L=8,-(p- oA,

We now present the following lemma:

4.2)

Lemma 4.2. Suppose (M", g,e%dv) is a weighted Riemannian manifold with the metric g(t) evolving
as in Eq (1.2). Suppose there exist positive constants |,—ls such that on Qg1 the following bounds

hold:
Ricg’_” >—-(m-1)lg, -hLg<h<lg |Vh <l,
and define
01 := sup |V¢|, 6, := sup [VAQ|.
Oarr Oor1
Set )
3, o |V
H=-a—-CO "+ —.
“9 9

Then the following statements hold:
(i) Provided that p > 1, the following inequality holds

1

m(1l - p)
2
—2(1 = pvep -2

ﬁ,)z 9,
-

L(H) <2p(VI,VH) — [1 - 5 5

(—(1—p>A¢ﬂ)2—<a—1>(

(L, + alz) — a*(1 — p)nmax{L, I}

= 3a(l — p) Vnls| V| = 2a(1 — p)lL,{(V¥, V) — a(1 — p)(VAp, V)
+ (1= p)AH (BY'[(2s = 1)+ 20(1 = p)]) = C(1 = p)(s — 1)(s — 02|V,
(ii) If p < 1, then

01)2_ 9,

L(H) =2p(VH,VI) — [1 - ;] ((1 - p)A¢19)2 —(a-1) (5 5

m(l - p)

2
—2(1 = p)L|VI* =215 + alg)lvgl
= 3a(1 = p) Vnly| VI - 2a(1 = p)l(VS, V) — (1 — p VAP, V)

+(1 = p)AsY (Bﬂ“"l[(Zs — 1) =29 - p)]) —C(1 = p)(s = (s — )9 ?|VIP.

— a*(1 - pynmax{f3, 5}
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Proof. A straightforward calculation using the linearized operator L applied to functions o,y € C*(M)
yields

1
£(Z) = _%L(y) +—=L(o)-2(1 - p)d <V logy,V (Z)> : 4.7)
Y Y Y Y
By the definition of £, we compute

L) = 8,3, + (1 = pYIALD,)
= |BO" + VO = (1 = p)IAGD| + (1 = p)9A,)
= Bs9*™'9, + 2(VI,, V) — 2h(V, V) — (1 — p)(Ay9),
— (1 = p)OAGY + (1 = pYIAD,). (4.8)

Using the time derivative of the weighted Laplacian and the evolving metric properties, the right-hand
side expands further as

L) = 2(1 - p)d (divh — 1V(trgh), V) + 2(1 = p)i(h, Hess #) — (1 = p)Agd
+ (1 = pYKVAG, VI) — 2(1 — p)Oh(Ve, VI — 2h(V, V)
+ Bs9* 719, + 2(V9, VI,).

Let us recall the Bochner identity adapted to the weighted setting, valid for any smooth scalar
function o:

1
5A¢|Va|2 = Ricy(Vo, Vo) + (Vo, VA40) + [Hess o (4.9)
Applying this to ¢}, we find

L(VIP) = 2V, V) — 2h(V9, V)
+2(1 - p)? (Ricy(V8, V) + (V, VA,H) + [Hess 9.

Substituting Eq (4.1) into the above, we obtain

L(VIP) = —2(h -(1- p)ﬂRic¢) (VH, V) = 2(1 = p)AsS VI (4.10)
+2(1 — p)9|Hess 91> + 2Bs9* ' |VI|* + 2(V|VI]*, V).

Combining Egs (4.8) and (4.10) into (4.7), we derive

9\ i\ 1
L(E) = -2(1 - p)¥ <V log ¥,V (5» — ﬁz(ﬂ) + 1—912(19,)

v,

2
- S (mr s B

)

2 2
3 ) + Bs9 29, + 1_9<Vﬂ’ V,) - Eh(Vﬂ’ V)

+ (1 = pUVAG, V) — 2(1 — p)h(VI, V) + 2(1 - p) <Vﬂ, divh - %V(trgh)>

)
+2(1 - p)Hess &, hy — (1 — p)#A,ﬁﬂ.

AIMS Mathematics Volume 11, Issue 6, 16008—16026.
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Similarly, substituting (4.7) and (4.10) into (4.7) for the term 'WI , we have

L('Vg'z) - (1 —p)ﬂ<v10gﬁ,V('Vg'2)> VL Lo+ £ £qvop)
= |V1;Z|ZB19Y |Vﬁﬂ|4 + 2Bs¥*” 2|Vﬁ| +2(1 —p)|HeSSﬁ| + <V|Vﬁ| Vi)
_ o1 - p)lVﬁ|2A¢ﬂ 2(1 (- p)RlC¢) (V9, V)
~2(1 - p)19<V10g19,V(| g'z».

Therefore, combining these results, we conclude that

I VP
LH)==CLO ) - aﬁ QL( ) L( ﬂ)

VoI

2 \%
:5(V|V0|2, V) +2(p — DAY 5

-2 ((p — DRic, + %h) V9, V)

VoI

2
5 )> +2(1 — p)Hess 9

+ 2Bs9* VI + 2(p — 1) <v log 9, V(

|Vz9|4 (VO
9?2 By =5~ 92
—a(l = pVAp, V) + 2a(1 — p)XVE, h(Ve,-))

9
+2a(p — 1)(Hess 9, h) — a(p — 1)5’A¢ﬁ —

1 2 2
-2a(1 - p) <Vz9, divh - —V(trgh)> - af—(Vz?,, V) + agh(Vﬂ, V)

ﬁ‘z)> 8 VO’

2a(1 = p)¥(Vlogd,V
+ 2a( p)<0g (ﬁ S
Oy
9

—C(1 = p)(s = (s = 2) VI + C(p — 1)(s — DI A0 4.11)

+ @B 729, — aBs9* 29, — C(s — DP9, —

It is straightforward to derive the identity

2
—2a(p - DY <V log 9, V(%)> —2(1 - py <V log 8,V (IV;?l )>
= 2(1 = p)C(s = DY |VOP = 2(1 - p)(VF, V).

and also,

2 2 )
a5 (VO V) + o (Vﬁ,V|Vﬁ| )
VI

VoI

\%s
+2C(s — D! ——

Vo)

Vo
9
Vo)
R

= 2F -

+ 2VI,VF) +2C9* " .

= 2(VI,VF) + 2F -

+ [2C(s — D2+ 2&9“] :
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Utilizing identity (1.1), we deduce the relation:

[V VI 9 3 |VI)?
=201 = P A — - +a(l —p)#A¢ﬁ+a5’- 5
9, VP vor (9,
=QRa+2)— ——-3- -a|l—=] . 4.12
Qa+2)- o —5 FrRiad (4.12)
Consequently, combining all the above expressions yields:
9 VI? 2
- 2a(1 - p)d <V log ¢,V (#» +2(1 = p)o <V10g 3,V (l ﬂl )> -—a- 5<Vﬂ,, V)
2 [Vt VI P, 9 |VIP
+ —(V|VI]*, V) — -2(1- Agd + a(l — p)=A + a— -
0<||>192 (p)ﬂqﬁa( P)y gl +ag - —g
NN 9\’
=2 Vi) — ) —(@=-DI=
Pp(H, V) ( R (@=Di3
—2(p —2)C(s — NP *|VIP. (4.13)
By substituting this result into Eq (4.11), we eventually arrive at the inequality
A N AY
<—(a-D|=| —a = +2p(V), VH) — - —
LH) <—(« )(ﬂ) @+ 2 H) (19 3
1 ) .
-2 (5h -(1-p R1c¢) (VH, Vi) — 2a(1 — p){divh — %V(trg h), Vi)
2
+2(1 — p)|Hess 9> — 2a(1 — p)(h, Hess &) + gh(Vﬁ, V)
—a(l = pXVI,VA¢) + 2a(1 — p)i(Ve, VD)
VoP? 9
—C(s— D1 = p)2 — )P VI + B2s — 1) (% —~ 5’)
— BC(s - 9>, (4.14)
From the conditions imposed in the aforementioned Lemma, we arrive at the inequality
|h]* < nmax{B3, ).
Applying Young’s inequality subsequently yields
1 2, X0
(h,Hess ) < —|Hess ¥|” + —|A|
2a 2
1 na
< 5-IHess I + 5 max{53, 3}. (4.15)
In addition, the following estimate holds:
. 1 y 1 3 3
divh — EV(trgh) =|g"Vihj — Eg”Vlh,-j < Elgl |Vh| < 3 Vnly. (4.16)

AIMS Mathematics Volume 11, Issue 6, 16008—16026.
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Now, for any m > n, consider the following expression:

(‘/ (V¢ V) + w/—(m n)Az?]
1

= _(l _ —)(Aﬁ) —(Vﬂ Vo)A — (
m

m

) (VS Vg)?
n

< 1 [<V¢, VY — 2AKVp, V) + (Aﬂ)z] + |Hess 9> + ! (Vo, V)
m m-—-—n

1 1
= —— (AP + (Vo, V) + [Hess 9.
m m-n

Consequently, the following lower bound is obtained:

1 (A 9)?
—(V(/) V#)* — ——— + |Hess 9#* > 0. (4.17)
m— m

Substituting Eqs (4.15), (4.17), and (4.18) into (4.14), we derive the following differential inequality
for the case p > 1:

2
LIH)y<-a - % —(a—1) (%) — (1 = p)*(Ay* + 2p(VH, V) + (1 — p)[Hess 9

21
+ F2|v19|2 +2(1 = p)Ricy(VE, Vi) — 3a(l — p) Vnly| VI — &*(1 — p)n max{L5, 5}
—a(l = pVA@, VD) = 2a(1 — p)V$, V) + (1 — p) - Ay - B 2v(p - 1)
2
+(2s-1)+ %wmz —C(1 = p)(s = (s — 49 ?|VIP,
which can alternatively be rearranged into the more compact form:

2(l + alz)

2
LH)<—(a-1) (%) - [1 - m(%p)] (1 = p2(AsH? + 2p(VH, V) + |V

9
—2(1 = p)LIVI? - - 5’ - 3a(1 - p) Vnly|VI| — o*(1 — p)n max{}3, 55}

— a(1 = p)(VA¢, V) — 2alr(1 — p)(Vp, V) — C(1 — p)(s — 1)(s — ) |V’
+(1 = p)Ag®- B 2u(p— 1) + (25 — 1)).

For the opposite case where p < 1, a corresponding lower bound is established as:

2
LH)>-(@-1) (%) —~ [1 —~ m(l;_p)] (1 = p)*(As9)* + 2p(VH, V) + (ZIL;MZ)IWF

9
-2(1 = p)LIVI* = o - 5’ —3a(1 — p) Vnly|VI| — &*(1 — p)n max{is, 55}

— a(1 = pXVAP, V) — 2aly(1 — p)(Vp, V) + (1 — p)AsI - BI* ' Qv(p — 1) + (25 — 1))
—C(1 = p)(s — (s — 4 2VIL. (4.18)

This concludes the proof of the lemma. O
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Now we proceed to derive a local space-time Li—Yau-type gradient bound for the solution of
Eqs (1.1) and (1.2), assuming a lower bound on the (m, n)-Bakry—Emery Ricci curvature.

Proof of Theorem 3.1. Since the Ricci curvature is bounded and the Riemannian metric evolves
smoothly over time, it follows from [2, Corollary 6.11] that the metric g(¢) remains uniformly
comparable to the initial metric g(0), namely

e g(0) < g(1) < 17 g(0).

It follows that the Riemannian manifold (M, g(¢)) remains complete throughout the entire time interval
tel0,T].
Let A: [0, +00) — R be a twice continuously differentiable cut-off function defined by

1, forO0<s<l1,
A(s) =
0, fors>2,

with the following properties:

A" 2
0<A(s) <1, —cy<A'(5)<0, A"(s)=—cy, A7) <cy,
A(s)
where ¢( and c; are constants. For any R > 1, define the spatial cut-off function as
r(z,1)
’t = A ’
Y(z, 1) ( R )

where r(z,t) = d(x, xo,t) denotes the distance with respect to the metric g(¢). The function A(s) is
Lipschitz continuous, and following the arguments in [5, 17], we may apply the maximum principle
and use Calabi’s trick, ensuring the regularity of . By invoking the generalized Laplacian comparison
theorem [18-20] under the curvature assumption Ricg’_" > —(m—1)l,, we obtain the following estimate:

Agr(x) < (m — 1) /I coth( /I r(x)).

As a consequence, we estimate the weighted Laplacian of ¢ by

IA r Illvrlz
Aol =N + &'
> —22m = 1) VI coth(VIir(x) = 75
Co 2 C1
Z—E(m—l)(ﬁ+§)—ﬁ. (4.19)

Additionally, we estimate
VU _ APV _ e
v  RA TR
Define the auxiliary function W = n/F and fix an arbitrary 7, € (0,7]. Suppose that
max pemxor;] W > 0, and let (zo,%)) € Qrr, be the point where W attains its maximum. At this
maximum point, we have:

(4.20)

VW =0, LW >0.

AIMS Mathematics Volume 11, Issue 6, 16008—16026.
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This yields
H
VH = _va (4.21)
and
0 < LW =yH + tyHLY + top LH — 2t5(p — YKV, VH). (4.22)

Using the approach from [21, Theorem 1], one can find a constant ¢, such that
—Flﬁ; > —Czle.

Inserting the estimates from (4.19)—(4.21) into (4.22), we obtain:

0< tK + toH + toy LH = 2t(p — YKV, VH).  (4.23)

0

c 2 c
eoly + k(EO(m — (VI + )+ R—;)

Now, substituting the expression of £(H) from Lemma 4.2 into the above inequality and evaluating
at (zo, tp), we find:

w c 2 c
0 SE + czlz+k(Eo(m— 1)(\/E+ I_€)+ 1712) toH

—2to(p — DKV, VH) + 2ptoy(VI, VH)

2 oy 2
((p - DAW) — (- 1)@#(3)

VoI
k]
— &*(1 = pyntgy max{3, 5} = 3a(1 — p) Vnlytoy| VY|
— 2ba(1 - p)tey(V, Vo) — a(1 — p)igy(V, VA)
+ toy(1 = p)AH (B [-2v(1 - p) + (25 = D)])
— tofyC(1 = p)(s — 1)(s — 4)9* 2|VI. (4.24)

1
. —
-m(1 - p)

—fol/’[

+2(p — Dol [VOP + (2L + 2als)tols

By applying Eq (4.1) along with the definition of the quantity F, the following identity is derived:

1 1- Vor  (C ,
(p— DA =~ + 122 VI _ (— i B) 95 4.25)
a a J a
From this, squaring both sides yields:
2 C\ B C
[(p - DAW] = (B ; E) 92572 1 29! (& ; @)7’{
VI? 1 C
+219Hu(a+ )(B+—)
9 a a
(@—1?|VI*  2(a-1)|VIP I,
+ " FE + " 3 H + ;7{ . (4.26)
On the other hand, a straightforward calculation yields:
9\ 1 v cr ., 2 Vo> 2C . .., 2C |V .
—| ==H*+—=- + =95 ZH - + o HYyT - s 4.27
(19) o? > 9 a? ) 2 2 v (*427)
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Utilizing the Cauchy—Schwarz inequality, the following estimates hold:

%
(Y9, VH) = ~H(VS, Vi) < V;Wk”zﬂ '191/2',
2 |Vﬁ| V92 )
<Vﬂ, V(b) < 01]( ﬂl/Z < T + Zkgl,
12 IV |V9? 5
(V9,VA¢) < 0,k - 51 < 3 + Zkez.
Moreover, Young’s inequality gives:
VI: 9
3a Vnly|VI| < 214k - Vo gnazl4.
Additionally, from Eq (4.20), one obtains:
IVtﬂl2
—<Vlﬂ, V?’() = > ﬁﬂ

Substituting the estimates (4.25)—(4.32) into (4.24), the inequality becomes:

w Co 2 1
OSE + Czlz+k(E(m— 1)(E+ \/E) R2) 2(1 p)k ﬁ] l‘o?’{
Vel 12,1)2 |V 1 H?
+ 2pty - Rlﬁ k'“H - W—l‘olﬂ m-Fa’?
2 (@ — 1) 1 |vof a—1 V92
_ g — 7 | . 2 - :
oy [“ R p)] 2 @ T a e T

VY IVY?
+ 2(12 + Cl’l3)folﬂ .

= 2(1 = p)oylik

VoI

—a’n(1 = p)toy - max{B, B} = 2Lak(1 = p)toys -

9
- gn(l - poya’ly

)
|V P 1 VI
= 2ba(l = pyoy - = = Sha(l = p)togkty = el = pitogr - —
5 |V19|2
- é_la(l — P)tok0; — torky — 2tokoH — 2torks - 3
Here, the constants ki, k,, and k3 are explicitly defined by:
[ 1 C\’ C? C
ki =||————+1 (B+—) +(@—1)— — B[-2k(1 = p) + (25 — 1)](B+—)
[\ -m(1 - p) a a? a
[ 1 B C C B
ky =||———— 1(— —) - 1)— — —[-2k(1 - 25 — D]k,
2= (G F )@ D - gk - p e s )]]
[ 1 -1 C C
k= || ——— 4 1] (22 (B+—)—(a—1)— =
[\ -m(1 - p) a a a?

- [(O‘T_l) B[-2k(1 = p) + 25 — )] + C(p — 1)(s = 1)(s — 4)

KL

252
k=7,

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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Consequently, we derive the inequality,

O<‘:—/+to7-([czlz+k( O (m = 1) + > =)+ )+2(p—1)k

0

\/— |V19| ( 1 )7{2
+2 — ta|—
9 -m(1 - p) a?
— 1) v 20a -1 VI
_W(( ) 2_a)| F__2e-1 VO
-m(1 — p) a*9?* —m(l — p)a? 9
VO
+ l‘ol//[(p — D@Lk + 214k + 2ha + @) + 2(L, + als) — 2k3] 5
9
+ az(p — Dntoy max{lg, l%} + gn(p - l)toz//ozzl4
1 1
+ 5lza(p — Ditoyk&? + Za(p — Ditgyk®s — toyk, — 2k, W. (4.33)

Applying the classical inequality —Ax*> + Bx < B ~ (valid for any real number B and positive constant
A), we obtain

(1-a)? 2)|V19|4
— t‘ -
Ol’[/( -m(1 - p) * a?9?
VI
; tow[z(zz + aly) — 2k + 2k + 2La + a)(1 — p) — 2k3] -
< l()lﬁcl, (434)

where the upper bound constant C; is explicitly given by

2

— Da?
mip =~ Da 2l + als) + 2Lk + 204k + 2ha + a)(p — 1) = 2k

4a—-D((@—-1)+am(p-1))

C]Z

Using a similar argument, we can estimate the combined gradient terms as

‘m?;a-_&zwlvg 2 £‘”vk ng?zl < m(g(; i)cf)zpz W @)
Substituting the inequalities (4.34) and (4.35) into (4.33), we obtain the bound
0 <f—: + toﬂ[czlz + k( (m = 1) + 2 D)+ o )+ 2p 1)k1%]
2.2 2
et L w(ﬁ s
+a*(p — Dntoy max{l5, 5} + gn(p — Dtgya®ly
+ %lza(p — Ditoykd? + ia(p — Dtoykés
+ to(Cy — ky) — 2k, W. (4.36)
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Multiplying the entire inequality (4.36) by #yn, we reach the final form:

0%~ (o= P o et K Sm = DT+ 30+ 2

~2(1 - p)kl%] ; m(g(;—i)‘f)zpz - I%tok - 2t0wk2}W
+a*(p — Dntgy* max{3, B} + %n(p - Dtgy*a’ly
+ %lga(p - Digy*ké; + %a/(p — Digu*kés + 150 (Cy = ky). (4.37)
Assume @ > 0, b € R, and ¢ > 0. Then, the inequality ¢ + bx — ax* > 0.holds only if
x < i (m + 13).

Utilizing this result, we get:

1 —m(l - p)a? 1 —am(l - p)
W< TP oL 2y apyec, S P
S5 Tam—p) | TS AT e

—m(1 - p)a? 1 —am(l -
< % (Cz + toyr \/03 : #(p);?). (4.38)

Here, the constants C, and C; are given by:

Cy =y +19

c 2 c c
el + k(EO(m ~1) ( Vi + E) + R_lz) +2(p - 1)k17‘2]
m(p — Da’p* ¢

a1 ﬁfok = 21k,

9 1
C; =a*(p — Dnmax{, 5} + gn(p — Da’l, + 5lza(p — Dk&?
1
+ Za/(p — 1)ké5 + C, — k.

Suppose x lies within a suitable neighborhood in M such that y/(z, 7)) = 1 for all d(z,z9, T1) < 2R.

Since the maximum of W over the domain Qg 1 occurs at (zo, fy), then for any 7 € (0, T'] satisfying
d(z,z0,T1) < R, it follows that

W(z,T)) < W(zo, )

T) =
7'{(2, 1) T T

Yz e M.

Substituting the bound from (4.38) yields

_m(l _ p)QZ 1- am(l - P)
W(Z, Tl) < m (Cé\. + \/C3 . m]9
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where
1 Co 2\ ¢ a] m(p-Da?p* ¢
Ci=—+|clhb +k|=(m—-1 h+=|+=|+2(p-Dk=|+ —————— - —=k — 2k,.
4 T, [C22 (R(m )(\/_1 R) R2) (p—-1 Rz] 2a—1) R 2
This concludes the argument, since 7, was taken arbitrarily. O

Remark 4.1. Given that the metric g(t) remains uniformly equivalent to the initial configuration g(0),
the manifold (M, g(t)) preserves its completeness and noncompactness for all times t € [0, T]. Taking
the limit as R — +oo in inequality (3.1) leads to the estimate

P, N [V - -m(1 - p)a? (1 ),

) 9 1—am(l -p)

—+N1

; (4.39)

where the constant N, is explicitly given by

1 —am(l - p)

9
Ny =l + [— a*(1 — pynmax{3, 3} - gn(l — p)aly

-m(1 — p)a?

1 1
— 3ha(l - PkO? — 70 - kO3

m(p — 1)a? [
(=12 +al@—Dm(p-1)

2(12 + 0,’13)
i

-
+ Lk + 2Lk + 2ha + @)(p — 1) - 2k ]

1
+_
4

It is important to remark that the quantities ®, and ©, are defined as the uniform suprema over the
spacetime domain:

®,:= sup |[V¢l, ©,:= sup |[VAg. (4.40)
Mx[0,T] Mx[0,T]

Proof of Corollary 3.1. Consider the geodesic path {(#) parametrized such that it connects points y;
and y, with {(s;) = y; and {(s;) = y,. For any point in spacetime ({(7),t) € M x (0,T], invoking
Theorem 3.1 alongside the preceding remark, we deduce the differential inequality

m(p — Da l N m(p — Da
l+am(p—-1)t 1+am(p-1)

1
~(n®), < ——IHVIndI* + N,. (4.41)
o

Integrating along the geodesic £, we express

dos) (P d
In 90, 52) = j; 7 In (L (¢), 1) dt

- _ f N |08, + (Z(0). VIn )| dt

S1

52 ) m(p — 1)05 1 —m(l _ p)a ‘
< —VinoF P N, =(V1In®,{(®)|dt.
_fsl[al n|+1—am(l—p)t+1+am(p_1) 2= (VInd, L)

Utilizing the inequality —ax> — bx < % for positive a, the integrand is bounded above by

-m(l — p)a l_ m(l — p)a
l—am(l-p)t 1-am(l-p) =

@
P +
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Consequently,
(1, 51) a sz PN -m(1 - p)a m(l - p)a $2
In—— < — HIdt + (s, — s Ny — In —.
Bomsy) = 4k J,, SO s M T T am—p) s,

Exponentiating both sides, we obtain the Harnack-type inequality

m(p—1a
Ky I+am(p-1) % 52 . —-m 1 _ @
By, 1) < ﬂ(yz,sz)(i) eXp{—~ | wpdrs .- sl)#m}.

This concludes the proof. O
5. Conclusions

In this paper, we established new Li—Yau-type gradient estimates for positive solutions of weighted
nonlinear diffusion equations with a potential term on weighted Riemannian manifolds evolving under
geometric flows. Under suitable assumptions on the weighted Bakry—Emery curvature and the evolving
tensor field, we derived localized space-time gradient bounds and obtained a corresponding Harnack-
type inequality.

Our results extend several existing gradient estimates by incorporating weighted geometry,
nonlinear diffusion, and evolving metrics within a unified framework. Since the setting includes
important geometric flows such as the Ricci, Yamabe, Ricci—-Bourguignon, and extended Ricci flows,
the obtained estimates may prove useful in the study of qualitative properties of nonlinear diffusion
equations. Future work may focus on more general nonlinear operators and weaker geometric
assumptions.
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