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Abstract: In this article, we focused on a class of mean-field stochastic differential equations driven
by time-changed Lévy noise. We first discussed the existence and uniqueness of solutions under the
non-Lipschitz case with the Lipschitz condition as the special case by adopting the Carathéodory
approximation. To prove our results, we established a new time-changed retarded integral inequality,
which is easy to apply in practice and can be considered as a more general tool in some situations. Then,
the classical Itd6 formula was extended to that for mean-field stochastic differential equations driven by
time-changed Lévy noise. As an application of Itd’s formula, we showed that the trivial solution
is p-th moment asymptotically stable, stable in probability, asymptotically stable in probability, and
globally asymptotically stable in probability based on the Lyapunov function. Finally, an example was
presented to validate the produced results.
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1. Introduction

In light of the innovative research of Kac [13], Mckean [26] considered the nonlinear Fokker-Plank
equations using mean-field stochastic differential equations (MFSDEs), also named Mckean-Vlasov or
distribution dependent SDE:s in the literature, in which the drift and diffusion coefficients depend not
only on the state of the unknown process but also on its probability law (distribution). These equations
arise as the limiting behavior of a representative particle from a mean-field interacting particle system
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as the number of particles tends to infinity. For instance, we utilize the N-particles model described by
SDEs

Y™ (1) = f(, Y (0, LYY @))dr + g1, Y (0, LYY (0)dW], (1.1)

where L¥N(YNM (1)) := % Z?’:l Oyt refers to the empirical measure of the system at time 7. The mean-
field limit of (1.1) can be expected as

dY(t) = f(t,Y(®), Z(Y(0)dt + g(1, Y (1), L (Y (1)))dW,

as N tends to infinity and £LV(Y™)(¢)) converges weakly to .Z(Y(f)) with probability 1. Hence, the
coeflicients depend not only on the solution pointwisely but also on its time marginal law. This was
named “propagation of chaos” by Kac [13].

Due to the investigation of complex networked systems [14], mean-field games [1,2,47], stochastic
control [4], and statistical physics [15], there are many papers devoted to the study of mean-field
systems and the relevant theories have been well-developed (see, for example, [34-36]). So far,
researchers have shown an increased interest to the study of solvability and stability of MFSDE:s.
For example, Bahlali et al. [4] studied the existence and uniqueness for solutions of MFSDEs driven
by Brownian motion under an Osgood-type condition. Also, they studied the stability with respect
to initial data, coefficients, and driving processes. Qiao and Gong [37] established the existence,
uniqueness, mean-square asymptotic stability, and almost surely asymptotic stability for solutions
of non-Lipschitz multivalued MFSDEs. Hammersley et al. [9] established the existence of weak
solutions to mean-field SDEs under Lyapunov-type conditions. Huang [11] introduced the nonlinear
Fokker-Planck equations for probability measures on path space and path-distribution dependent SDEs.
Mezerdi [29] proposed the stability of mean-field SDEs under a non-Lipschitz condition. Mishura and
Veretennikov [30] proved new weak and strong existence and uniqueness results for multi-dimensional
mean-field SDEs driven by Brownian motion under relaxed regularity conditions. Ren and Wang [38]
studied the path independence of Girsanov transformations of mean-field SDEs driven by Brownian
motion. Shen et al. [41] studied the stochastic averaging principle and stability for multi-valued
Mckean-Vlasov SDEs with jumps.

In recent years, the theory of time-changed semimartingales has received increased attention
and became a major area of interest within the field of stochastic analysis due to its wide range
of applications in modeling anomalous diffusions appearing in physics, finance, cell biology, and
hydrology [22,42]. It arises as the scaling limit of continuous time random walks [27,28]. Since
2011, the stochastic integrals with respect to time-changed semimartingales, the time-changed It
formula, and the duality theorem between non-time-changed stochastic differential equations (SDEs),
and the associated time-changed SDEs have been investigated by Kobayashi [16]. Since then, time-
changed SDEs have been used to model some real-world phenomena such as Black-Scholes models.
Particularly, the stocks that are not actively traded, where their prices stay constant for some period
of time can be described by time-changed Brownian motion but not by the standard Brownian
motion [33]. Through the past decade, considerable research has grown up around the theory of time-
changed SDEs, and we would like to mention a few here. Wu [44] studied the exponential sample-path
stability, p-th moment asymptotic stability, and p-th moment exponential stability for SDEs driven
by time-changed Brownian motion. Nane and Ni [31] established the stabilities in both probability
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and moment sense for SDEs driven by time-changed Lévy noise. For more work on SDEs driven by
time-changed Brownian motion or time-changed Lévy noise, we refer the reader to [20,32,45,46,49].

Although extensive research has been carried out on the classical MFSDE:g, little is known on time-
changed MFSDEs. For example, Shen et al. [40] established the existence and uniqueness of strong
solutions for MFSDEs driven by the time-changed Brownian motion under the one-sided Lipschitz
condition. They also gave sufficient conditions for the solution to be stochastically stable, stochastically
asymptotically stable, and globally stochastically asymptotically stable using the Lyapunov function.
Li et al. [21] considered the existence and stability with respect to the initial data and coefficients for
impulsive and non-impulsive MFSDEs driven by time-changed Brownian motion under the Lipschitz
condition by means of the fixed point theorem. Wen et al. [43] provided the strong convergence on the
Euler-Maruyama method for non-autonomous MFSDEs driven by time-changed Brownian motion.
Finally, Li and Ren [19] considered the practical stability with respect to part of the variables for
MFSDEs driven by time-changed Brownian motion.

On the other hand, in view of rapid changes in perturbation theory, the continuous sample paths
of time-changed Brownian motion make it difficult to describe stochastic influences with possible
jumps in financial economics, mathematical finance, stochastic filtering, and stochastic control, etc.
Consequently, many real systems are very complex and may have discontinuous sample paths, which
means that MFSDEs perturbed with time-changed Brownian motion fail to describe them. It is
noted that MFSDEs perturbed with the time-changed Lévy noise are quite convenient to cope with
such discontinuous systems [8]. Further, Lipschitz or one-sided Lipschitz assumptions are always
considered as the assumptions to investigate the existence, uniqueness, and stability for solutions of
MFSDE:s driven by time-changed Brownian motion (see [19,21,40]). However, these assumptions are
no longer suitable to deal with various situations in the real world and many practical models of SDEs
need some weaker conditions. For instance, the one-dimensional semi-linear SDEs with Markovian
switching,

dY(®) = f(r)Y®)dt + gr(O)a(Y ()))dW,,

where W, represents Brownian motion, r(¢) is a continuous-time Markov chain, and Ai:RY — R*,is
defined in the following manner:

A = vy=In(), O<v<el,
V7 log ) + G-V =S + L —e),  vs el

Such models arise in various branches of science, engineering, industry, and finance [7, 10, 18]. Then,
it is necessary to consider some weaker and more generalized conditions, such as the so-called non-
Lipschitz condition [25,29, 37].

Based on the above discussion, we will make the first attempt to consider the following class of
non-Lipschitz MFSDEs driven by time-changed Lévy noise:

ay(®) = f(t,E,Y(t-), L(Y(-))dE, + g(t, E,, Y(i-), L (Y (1-))dWE,
+f Wt E;, Y(t-), L (Y(t-)),2)N(E, dz), t€J=10,T], (1.2)
lzl<e

on a complete probability space (2, J,{TJ,}50,P) with a right continuous and increasing filtration
{3:}=0, where J, contains all P-null sets. The coefficients f : J X R* X R" X .#Z(R") — R",
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g JXR"XR'X . #AR") +— R™, and fi : J X R* X R" x .Z(R") x (R"\{0}) — R" are Borel
measurable functions, .Z(Y(¢)) stands for the probability law of the random variable Y(¢), and .Z (R")
denotes the space of all probability measures on the Borel measurable space R” equiped with the weak
topology. The initial value Y(0) = Y, € R" is an J,-measurable random variable satisfying E|Y,|* < co.
The time-change E, is the inverse of a §-stable subordinator and the composition (W, )., is called a
time-changed Brownian motion, which is understood as a subdiffusion (see [27,42]). N(dE,,dz) is
the compensated Poisson random measure. The rigorous mathematical definitions are postponed to
Section 2.
The main innovative points of this article are listed below:

e Our model MFSDEs (1.2) driven by time-changed Lévy noise are new to the Literature. Further,
we introduce a new time-changed retarded integral inequality, which is easy to apply in practice
and can be considered as a new contribution to the literature.

e The existence results in [21,40] are obtained under Lipschitz and one-sided Lipschitz conditions.
However, our existence and uniqueness results for Eq (1.2) are considered under a non-Lipschitz
condition by using Carathéodory approximations with more complex computations, generalizing
those of [21,40].

e We extend the generalized It6 formula from classical SDEs to non-Lipschitz MFSDEs driven by
time-changed Lévy noise, generalizing and containing that of [40] as a special case.

e Since the stability analysis is of great interest in SDE theory, we present sufficient conditions
for the solution of Eq (1.2) to be p-th moment asymptotically stable, stable in probability,
asymptotically stable in probability, and globally asymptotically stable in probability.

e Moreover, letting 2 = 0 in Eq (1.2), the p-th moment asymptotic stability result in Theorem 5.1
is still new for MFSDEs driven by time-changed Brownian motion and considered by [21,40].

e Finally, an example is given to justify our Conditions 3.1-3.3 and stability results.

The rest of this article is organized as follows. In Section 2, we recall some necessary notations and
preliminaries for this article. In Section 3, we devote ourselves to proving the existence and uniqueness
theorem of solutions for our model (1.2) based on a new integral inequality given in Lemma 3.1 and
Conditions 3.1-3.3. In Section 4, we state and prove the generalized 1t6 formula for non-Lipschitz
MFSDE:s driven by time-changed Lévy noise. We present the stability results followed by an example
to show the utility of the acquired theoretical results in Section 5.

2. Preliminaries

In this section, we briefly give some preliminaries that will be used in the following sections. Let
(Q, J,{3,}0, P) be a complete probability space with a filtration {J,},»( satisfying the usual conditions
(i.e., it is increasing and right continuous, while J, contains all P-null sets). Assume W = (W,)s
represents an m-dimensional {J,},-o-Brownian motion and {D(), r > 0} is a right continuous with a left-
limit-increasing {J,},»o-Lévy process with a Lévy symbol 1 < 8 < 2, called a -stable subordinator,
starting from 9(0) = 0 with the Laplace transform E(e™?®) = ¢ W 1 > 0, where the Laplace
exponent ¢(A) = fooo(l — e a(dy) is associated with a given o-finite measure @ on (0, co) such that
fooo(l A y)a(dy) < oo. Suppose that « is infinite, i.e., @(0,o0) = oo. The stochastic time-change
E, = inf{r > 0 : D(1) > t} is independent of W and can be defined as the inverse subordinator of D(z).
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Moreover, E; is continuous and non-decreasing, however, it is not Markovian and can be considered as
the first hitting time process. Suppose that W, is independent of D(¢). Without loss of generality, we
clarify that the filtration {J,},»¢ is determined by

3[:m{0'1[Ws:0$s§T]\/0'2[ES:sZO]},

™t

where the notation oy V o, refers to the o-algebra generated by the union of the two o-algebras o
and 0.

The composition W o E = (Wg, )50, called a time-changed Brownian motion [23], is a square
integrable martingale with respect to the natural filtration {G,},»o, where G, := 3, t > 0, for the
process {E;}. Let N be the J,-adapted Poisson random measure associated with a Lévy measure v
defined on R"\{0} and satisfying fn\{o}(|)’|2/\ Dv(dy) < o (see, e.g., [3]). N(dt,dy) = N(dt, dy)—v(dy)dt
is the compensated {J,},»o-martingale measure, where both N and N are independent of the Brownian
motion W. In Eq (1.2), dE, describes the drift of the time-changed stochastic process and N(dE,, dz)
is the compensated Poisson random measure that captures the jumps in addition to the time-changed
Brownian motion. We define the product probability space by (Q, J,P) := (Qy X Qp, IV x I?2, Py x
Py). Let E denotes the expectation under the probability measure P, E4 denotes the expectation under
the probability measure Py, and Ey, refers to the expectation under the probability measure Py,. It is
shown that E(.) = EpEw(.) = EwEp(.). Assume that f(z, E;, 0, dy) = g(t, E;, 0, 0¢) = h(t, E;, 0,06¢,2) =0
forall 0 < 1t, E, < oo, where §y is the Dirac measure at 0.

The following lemma is borrowed from [16].

Lemma 2.1. Suppose a(t) and A(t) are integrable and G,-measurable. Then, with probability one,

! ! E; E;
f a(t)dE; + f A)dW, = f a(D(t-))dr + f AD(T=-)dW,, t>0,
0 0 0 0
where the G,-measurable time-change E, is the general inverse of B-stable subordinator D(t).

For any p > 2, consider the following subspace of .Z (R"):

MpyR") :={a e AR") (") := | DlPaldy) < oo},
Rl‘l
which is a polish space under the L”-Wasserstein distance
pplai,ay) ;== inf (f y1 —)’2|p7T(dy1,dy2))p, @y, @, € MyR"),
Rl‘lan

neL(ay,a2)

where L(a1, a») is the set of probability measures on R whose marginals are, respectively, a, ;.
In the case of ) = Z(Y), ay = Z(Z), the corresponding distribution of random variables Y and Z,
respectively, is

pplar, ) <E|Y - Z|P.

Throughout the article, the letter C > 0 will refer to a constant whose value differs from one place
to another. The dependence of a constant on the parameters will be assigned if it is necessary. Let
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C(J;R") be the collection of all R"-valued continuous functions on J carrying the supremum norm
and SP(Q; C(J;R")) be the totality of C(J; R")-valued random variables Y with E(sup,_,.; |Y(?)|") < co.
Hence, S”(Q; C(J;R")) is a Banach space under the norm
1
I¥lls» := (ECsup [Y(D)]"))7.

0<t<T

The rest of this section is devoted to recalling the concept of the L-derivative for functions on
AM>(R™). For any a € .#,(R"), set

LR, a;RY) = {cp : R" — R"; ¢ is measurable with a(|¢*) := f lo(y)a(dy) < oo}.
Rn

Let |.| and ||.|| refer to the vector and matrix norms on R”, respectively. Let Z be the identity map on
R". For @ € .#,(R") and ¢ € L*R",a;R"), a(p) := fRn o(y)a(dy) and @ o (I + ¢)~' € MHRY). Let
CM12(JxR* xR™) refer to the set of all functions F(t,,1,,y) : JXR*xR" — R, which are continuously
once differentiable in #; and #, as well as continuously twice differentiable in y.

The following definitions are taken from [38,40].

Definition 2.1. (1) The function F : .#,(R") — R is called L-differentiable at @ € #>(R"), if the
Junctional

LXR", ;R3¢ — Flao (T +¢) ™)
is Fréchet differentiable at 0 € LXR", a;R"); i.e., there exists a unique { € L2(R", a;R™) such that
o Fao@+e)7) — Fl@) - o) _
a(lg>)—0 1/a(|<p|2)

where (., .) is the inner product on R" and a(p) := f So(a(dy). Let 0,F(a) := { be the L-derivative
of F at a.

0,

(2) A function F : #>,(R") — R is said to be L-differentiable on .#>(R") if the L-derivative
0.F (@) exists for all a € #,(R").

Definition 2.2. A function F : #(R") > R is said to be in the space C*(#»(R"), if F is
L-differentiable on .#>(R"), and its derivative 0,F(x) : #>(R") X R" — R" is continuous at every
(@, x) for x € supp(@). 0,F(x) is differentiable in x and 0,0, F : A>(R") X R" — R™" is continuous
at all (a, x) satisfying x € supp(a). In addition, BiF s MR X R" X R" — R™" exists and is
continuous.

Definition 2.3. Assume that F : J X R* X R" X #>(R") — R. If F(.,.,.,a) is in C'2(J x R* X R")
forany a, and F(t,E,Y,.) € CZ(R”)for every (t,E,Y), and all the partial derivatives

8[1 F(t9 E’ Y9 a)’ al‘zF(ta E9 Y9 a)’ ayF(t9 E’ K a,)’ aiF(L E9 Y, Q’),
0. F(1,E, Y, a)(x), 8,0,F(t,E,Y,a)(x), 0,F(t,E,Y,a)(x,%)
are continuous with respect to (t, E, Y, ), (t, E, Y,a, x), or (t, E, Y, @, x, X), and F is said to be in the set
CLL2@(J x R* X R* X 5(RM)).
Definition 2.4. A function F : JXR* XR" X #>(R") + R is said to be in p,(J XR* XR" X .#,(R")), if

F € CH2O (IR XR" "X .- (R™)) and all its derivatives are uniformly bounded on JxXR* XR"X .#>(R").
In addition, if F € 9,(J XR* XR" X A,(R")) and F > 0, we say that F € @;, ,(J X R* X R" X 4,(R")).
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3. Existence and uniqueness

This section is concerned with establishing the existence and uniqueness of strong solutions for
Eq (1.2). In order to derive the results of this section, assume that the coefficients f(#,1,y, @),
g(t1, t,y, @), and fi(t1, 1, y, @, 7) satisfy the following conditions.

Condition 3.1. There exists a positive constant L > 0 such that for any #;, € J, £, € R* and
yi,y2 €R", @y, s € LR,
|f(t1, 1, y1, 1) = f(t1, 12, y2, 0/2)|2 + |lg(t1, t2, y1, 1) — g(t1, 12, 2, afz)||2
+f |h(tl’t29 y1’ aq, Z) - h(tb tZa )’2, >y, Z)|2V(dZ) < Lr(b’l - )’2|2 +,02(a’1, aZ)Z)a
lzl<c

where I'(.) : R* — R™ is continuous, non-decreasing, and concave function such that I'(0) = 0,
I'(y) > 0 for every y > 0 and f0+ rL(y)a'y = 400,

Condition 3.2. There exists a positive constant L; > 0 such that for any #; € J, r, € R*, y € R”, and
a € AMH(R"),

|f(tl9 tZa Y, a)lz + ”g(tl’ t29y’ a’)”2
+ f (11, 12,3, @, DP(dz) < Li(1 + P + pa(@, 60)°).
lzl<e

Condition 3.3 (Technical condition). For any right-continuous G,-adapted stochastic process Y ()
with left limits, we have

S ELY(0), Z(Y (1)), 8(t, Ev, Y(0), L (Y1), h(t, E,, Y (1), Z(Y(1)), 2) € (G,

where L(G;) denotes the totality of caglad (i.e., sample paths that are left continuous with right limits)
and G,-adapted processes.

Remark 3.1. To demonstrate our results generality, we give some concrete examples of the function
['().LetL>0andlet0<e< 1be sufficiently small. Define

N =Ly, y=0,

L0 = ylogy™h. 0<y<e
? elog(e ) +Th(e-)y—€), y>6
ylog(y™") log(log(y™)), 0<y<e,

)= { elog(e D logllog(e™) +Ts(e)y— e, > e
where I, and I's denote the derivatives of functions I, and I3, respectively. They are all concave and
non-decreasing functions satisfying f0+ %(y)dy =+00,i=1,2,3.

Now, we introduce the following time-changed retarded integral inequality, which is essential in
this work.
Lemma 3.1. Assume 9(¢) is a S-stable subordinator corresponding to the inverse stable subordinator

E,. LetT >0andI : R* — R* be concave continuous and nondecreasing functions such that I'(¢) > 0
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for all # > 0. The functions a,d : Q X R* — R* are assumed to be G,-measurable and integrable with
respect to E;. Let r(f) > 0 be a monotone and nondecreasing function. If

a(t) < r(1) + fo AT a(s)dE,, 130, 3.1)
then
a(t) < G_I(G(r(t)) " fo t d(s)dEs)
holds for all 7 > 0 such that
G(r(t)) + fo t d(s)dE, € Dom(G™),

where

" ds
G(L):fom ,0>0,

and G7! is the inverse function of G. In particular, if, moreover, a(0) = 0 and f0+ % = oo, then
a(t) =0, forallt € J.
Proof. Let
f
e(t) ==r() + f d(s)I'(a(s))dE,, t>0. (3.2)
0

Since a(s) and d(s) are positive and r(f) is non-decreasing, the function e(#) is non-decreasing.
Moreover, from Eqgs (3.1) and (3.2),

a(t) <e(®) or TI'(a(r) <T(e(t)), t=0,
which implies that
e(t) <r(t) + f dsI'(e(s))dE,, t=>0.
0

Applying Lemma 2.1, we have

e(t) < r(t) + j(:Et d(D(s-)I'(e(D(s—))ds, t=>0. (3.3)
Actually, for 0 <t < E,, D(t-) is defined as
D(t—-)=inf{s : s € [0, T,E; >t} A T,
which means
Epe-y=t and D(E-)<t. (3.4)
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Let T € [0, 00), and it holds from (3.3) and (3.4) that

A

Ep(r-)
e(D(-)) < r(D(-)) + fo d(D(s—)(e(D(s-)))ds

r(D(t-)) + f d(D(s—)I'(e(D(s—)))ds.
0
We apply a generalization of Bihari’s inequality [5] and Lemma 3.6 in [25] path by path to yield
aDE-) < D) <G (G- + f ) d(D(s-))ds).
0

For any ¢ > 0, we can see that there is 7 € R* such that D(7—) = ¢ provided that E is strictly increasing
in some neighborhood of 7. As r(¢) is non-decreasing, employing (3.4) and Lemma 2.1, we gain

E;
alt) < e(t)SG_l(G(r(t))+ f d(z)(s—))ds)
0

G‘I(G(r(t)) ; fo t a’(s)dEs).

If E is a constant 7 in some neighborhood U(t; €) of ¢, then t — € = D(7—). Employing (3.4) and since
r(t) is non-decreasing, we have

at-€) < elt-e€) < G-I(G(r(r —e)+ fo - d(D(s-))ds).
Then, for any ¢ > 0, we gain by Lemma 2.1
at) < el < G‘l(G(r(t)) ¥ j; t d($)dE, )
Hence, the proof is complete. m|

Now, we construct the Carathéodory approximation as follows. For any integer k > 1, define
YX(#) = Yy forall -1 <t < 0 and

Y = Yo+ ff(s E, Y s - )Z(Y"(s——)))dE
f 8(s, Ey, Y(s — —) L(Y(s - —)))dWE
+ f fu 3 hi(s, E, Y*(s — %),X(Yk(s— %)),z)N(dEs,dz), Vi>0. (3.5)
Note that for 0 < 7 < 1, Y¥(#) can be computed by

Yk(t) = YO + f f(S, ES’ YO’ X(YO))dES
0
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!
+ f g(s’ Es’ YO’ g(YO))dWEY
0
!
+ f f h(s’ ES’ YO, g(YO), Z)N(dEb, dZ)
lzl<c
Then for <t < 2
k k 1 ' k 1 k 1
') = Y (%) + | SO, En Y (s— %),f(Y (s— %)))dEs
' k 1 k 1
+ g(S7 Es’ Y (S - %), og(y (S - %)))dWEg
k

+f f h(S, ES’ Yk(s - %)’ g(yk(s - %))’ Z)N(dES’ dZ)
4 |zl<c

and so on. In other words, Y*(#) can be computed step by step on the intervals [0, 11, [+, £], ....

Next, we will show that the sequence of stochastic processes {Y*()}i=; given in (3.5) is uniformly

bounded.

Lemma 3.2. Assume Conditions 3.2 and 3.3 hold. Then, for allk > 1 and t € J, {Y*(t)}is1 is uniformly

bounded with the property

E( sup [YX(s)P) < co.

0<s<T
Proof. 1t follows from Eq (3.5) that
Eyw(sup [Y*(s)*)
0<s<t
< 4By YoP + 4By sup | 0, By, Yo = —) LY - —)))dE F)
0<s<t 0

S

+4EW( sup | [ g0, E,, Y - —),,s,ﬂ(Yk(v - —)))dWEV|2)

0<s<t 0

+4EW sup | f f h(v. E,, V(v — —) LV - —)) z)N(dEt,dz)lz)
|zl<c

0<s<t

= 4EwlYol + L+ L+ 1.

For I;, by Holder’s inequality and Condition 3.2, we gain

I

4EW( sup | [ fo. Ev,Yk(v——> LY - )))dE|)

0<s<t 0

IA

4ETEWf (s, Eg, Yi(s - %), LY (s - %))deEx
0

IA

AEEy f L1+ 174G - %)F oL (Vs — %)),50)2)61}55
0

(3.6)
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IA

f 1
AE, L, f (1 + 2B | YA (s — —)|2)dEs
0

IA

4E7L, (1 + 2Ew(sup [Y*(v—)*)dE,. (3.7
0<v<s
For I,, by the Burkholder—DaVis—Gundy inequality [12] and Condition 3.2, we obtain

S

4EW( sup| [ v, E,, Yi(v - %), LY - %)))dWE‘,F)

0<s<t 0

I

< by [ s, E YA (s = 1), 20 - DR,

< 4bEy fo t Ll(l YA — %)F + oo (L (Vs — %)),50)2)&

< 4b)L, j; t (1 + 2By |Y (s - %)F)dES

< 4byL, fo t (1 + 2By sup |Yk(v—)|2))dEs, (3.8)

where b, > 0 comes from [12]. For I3, by Doob’s martingale inequality, 1td’s isometry (comes
from [39]), and Condition 3.2, we gain

L

4Ew sup If f (v, E,, Y(v - —) LM - —)) z)N(dEv,dz)lz)
lzl<c

0<s<t

IA

16Ey| f f h(s, E;, Y"(s—%),X(Y"(s—%)),Z)N(dEs,dz)lz
|zl<c

IA

16wa f (s, E,, Y(s - %),K(Y"(s - %))7Z)|2V(dz)dEs
|zl<c

IA

16Ey f Ll(l +|Y¥(s - 1)|2 + P2 (L (YH(s - 1)),6o>2)dEs
0 k k

’ 1
< 16L, f (1+2EW|Yk(s—%)|2)dES
0
!
< 16L, f (1+2Ew(sup |Yk(v—)|2))dEs. 3.9)
0 0<v<s

Then, from Egs (3.6)—(3.9), we gain
1+ 2Ew(sup |[Y5(s)) < 1+ SEw|Yol* + SL{(Er + by +4)

0<s<t

x f (1+2EW( sup |Yk(v—)|2))dEs
0

0<v<s

A
< 1+8EyYof +Cp, f (1 + 2By (sup |Y"(v—)|2))dE
0

0<v<s

which, with the help of the time-changed Gronwall inequality [12], gives
Ew(sup [YS(9)) < (1 + 8Ey|Yo[)e ™. (3.10)

0<s<t
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Taking Ey for both sides of (3.10) and since @(0, o) = oo guarantees that the inverse E of D has a
finite exponential moment, we have

E(sup [YA(s)") < (1 +8E|Yol)E(e“ ") < oo,

0<s<T

where CET = 8L1(ET + b2 + 4) O
Lemma 3.3. Assume Conditions 3.2 and 3.3 hold. Then

EwlY*(#) = Y*(5)I* < Cpp i, (E, — Ey),  t2>5,

where Cy, g, is a positive constant depending on b, and Er.
Proof. By the Eq (3.5), we have

EwlY*(r) — Y*(s)?
!
< 3Ew|f fO,E, Yiv - %),X(Y"(v - %)))dEvl2
S ,
+3Ey| f g, E, Y- %),X(Yk(v— %)))dWE\,F
!
+3Ew|f f h(v,E,, Y*(v - %),X(Yk(v - %)),Z)ZV(CI/’EV,dz)l2
s |zl<c
=Y1+Y2 7k (3.11)

By Holder’s inequality and Condition 3.2, we get

!
vi < 3(E - Es)wa lfv, E,, Y(v - %),X(Yk(v - %)))lszv

' k 1 2 k 1 2

< 3(E, - E)Ey Ll(l YA = DF + oLV = 2).60) )dEv
' k 1 2

< 3L(E;-E,) (1 + 28w = ) )dEv
!

< 3L(E;r —E;) | (1+2Ey(sup [Y*(v-)*)dE,. (3.12)

K 0<v v

For vy,, by the Burkholder-Davis-Gundy inequality [12] and Condition 3.2, we have

! 1 1
Y2 < 3szwf g, E,, Yi(v - %),X(Y"(V— %)))szEv

IA

[
3b,Ey f Ll(l IV - %)F T+ (LY - b),ao)Z)dEv

IA

’ |
3byL, f (1 + 2By | YA — z)lz)dEv

IA

3L, f (1+2EW( sup |Y"(v1—)|2))dEv. (3.13)

0<vi<v
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For 3, by Doob’s martingale inequality, [t0 isometry (from [39]), and Condition 3.2, we gain

f 1 I
Y3 < 12waf |h(V,Ev,Yk(V—%),«Z(Yk(v—z)),Z)FV(dZ)dEv
lzl<c
f I !
< 12Ey f L1 +1V50 = 2P + pa( L = 2,607 JE,
' k 1 2
< 121, (1+2EW|Y - )dEV
Xt
< 121, f (1+2]EW( sup |Y"(v1—)|2))dEV. (3.14)
s 0<vi<v

Thus, by Egs (3.11)—(3.14) and Lemma 3.2, we gain
EwlY'(0) = Y()F < 3Li(Er = E;+by+4)
!
X f (1 + 2Ew( sup |Y"(v1—)|2))dE

0<vi<v

< G (E - Ey),

where Cy, g, = 3L{(Er — Eg + by + 4)(1 + 2Ey(sup,.,, , [Y*(vi—)I*)). o
Theorem 3.1. Assume Conditions 3.1-3.3 hold. Then, for any initial value Y, satisfying E|Yy|> < oo,
the Eq (1.2) has a unique solution Y(t), t € J.
Proof. We will split the proof into the following two parts.
First, we show the existence.
In fact, for k > [ > 1, it is routine to obtain

Ew(sup [Y(s) = Y'(s)I*)

0<s<t

< 3EW( sup | [ (Fv, Evy Yiew = —) LY - —)))

0<s<t 0

—F,E,, V(v — —>, LY - —))))dEvF)

+3EW( sup | [ (etv. E,. Yoy - ) LY - —)))

0<s<t 0
-8, E,, YI(V - —), L' v - _))))dWE,lz)
+3EW sup | (h(v, E,, Y*(v — —) LY - —)) 2)
0<s<t lzl<c
—h(v, E,, YI(V - 7),$(YI(V - 7)),Z))N(dEv,dZ)| )
=i+ + Jé.

By Holder’s inequality, Condition 3.1, Jensen’s inequality and Lemma 3.3, we gain
t By 1 B} 1
Ji < 3ErEw | |f(s, Es, Y (s — %),Z(Y (s — z)))
0
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IA

IA

IA

IA

—f(s,Es, Y'(s - %), L(Y(s - %)))PdEs
6E By f (s, Esy V(s = 5y, LYo = 1)
. k k
—f(s, Ey, Y'(s - %x L(Y(s - i)))ﬁdEs
+6ErEy f |f(s, Es, Y'(s - l),g(yz(s_ l)))
0 k k
—f(s,E, Y'(s — %), LY(s - %)))FdEs
' k _ 1 _ [ _ l 2
6ETL]EWfO r(|Y (5= ) = Y5 = )l
1 1
+pa(L (s = D, L (s - E»)Z)dES
! 1 1
+6E,LEy fo r(|Y’(s - D= Y- DF
1 1
ALY (5 = D), L5 - 7))>2)dEs
' k 1 [ 1 2
6ETLf0 F(ZEwlY (5= )= Y(s= )l )dES
! 1 1
+6E, L fo r(zEWWl(s - =Y - 7)|2)dES
GE Lft F(ZE Vo(s — 1) = Yi(s - l)|2)dE
T 0 w k k s

!
L6ErL f r(zcbz,ET(Es_; —ES_%))dES.
0

For J,, by Burkholder-Davis-Gundy inequality [12], Condition 3.1, Jensen inequality and Lemma 3.3,

we obtain

AIMS Mathematics

J>

IA

IA

IA

' | |
3192wa llg(s, Eg, Y*(s — %),X(Yk(s - %)))
0
—g(s, E, Y'(s — %),X(YI(S - %)))szEs
' | |
6b2EWf llg(s, Eg, YE(s — §),$(Yk(s - ;)))
0
| |
—g(s, E;, Y'(s — 2 LY(s - ;)))nZdEs
+6b2EWf lg(s, Ey, Y'(s — 1),.ﬁf(Yl(S - 1)))
) p X
—g(s, E,, Yi(s - %),g(yl(s - %)))szEs
' | |
6byLEy fo F(lYk(s - =Y = P
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k _1 ) _1 2
AL s = DLV (5= D) )dEs

’ 1 |
+6byLEy f r(|Y1(s ) Yis— o)
. k ]

1 1
ALY (5 = ) LY (s - 7))>2)dEs

IA

f | |
6byL f F(ZEwlYk(s - D= Y(s- %)lz)dES
0

' | |
+6b,L f F(2EW|Y’(S - D=V - 7)|2)dES
0

IA

f ! I
6bs L f M{2Bul(s = )= Y(s = PP JE,
! k K

13
+6b,L f r(zcbz,ET(Es_; —E‘Y_%))dEs.
0

For J3, by Doob’s martingale inequality, It6’s isometry (from [39]), Condition 3.1, Jensen’s inequality

and Lemma 3.3, we have

AIMS Mathematics

J3

IA

IA

IA

IA

12Ew f f (s, E,, Yk(s—l),f(Yk(s—l)),z)
0 |zl<c k k

—hi(s, Ey, Y'(s = %), L(Y'(s - %)),Z)IZV(dZ)dEs

24E f f (s, E,, Yk(s—l),.i”(Yk(s—l)),z)
0 |zl<e k k

—Ti(s, Es, Y'(s — %), L(Y'(s - %)),Z)IZV(dZ)dEs

+24Ey, f f (s, E,, Y'(s — 1),$(Yl(s - l)),z)
0 lzl<c k k
—hi(s, E,, Y!(s — %), L(Y!(s - %)), 2)I*v(dz)dE,
' k 1 ) 1 2
24LEWf0 r(|Y (5= )= V(s =)
1 1
P L5 = D), LV (s = ) WE,
' [ 1 [ 1 2
+24L]wao F(lY (s =) = Ys= )l
| 1
AL V(s = 2, L (Vs = )P JAE,
' k 1 ) 1 2
24Lf0 F(ZEwlY (5= )= V(s = )dES

f | |
4L f F(ZEwlYl(s =Yl 7)|2)dES
0
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’ | 1
< 24L f F(ZEWIY"(s - D= Y- %)|2)dEs
0

k

!
1241 f r(zc,,LET(ES_l - ES_}))dES.
0
Hence, we gain

Eyw(sup [Y(s) = Y'(s)]*)

0<s<t
! 1 1
< 6L(E +by +4) f F(ZEwlYk(s - D= Y(s- %)lz)dEs
0
Y6L(Ey + by + 4)ETF(2C;,2,ET(ES_£ - ES_;)).
By the definition of E;, and from [48] and Theorem 2 of [22], we have

E E_i|<k b1 3.15
|Ey 1 —E 1| < 1|7—%|- (3.15)

Noticing (3.15), taking the limit as k, [ — oo and using the fact that I'(0) = 0, we gain, for every € > 0,

Q1)

IA

6L(Er + b, + 4)f I'CO(s))dE;
0

IA

t
e+ 6L(Er +by + 4)f I'2O(s))dE;,
0
where Q(7) = limg;—,e Ew(sup,.,, [Y*(s) = Y'(s)I*). Hence, Lemma 3.1 yields
1
00 < zG—I(G(z,s) T+ 12L(Ep + by + 4)ET),

where G(2¢) + 12L(Er + b, + 4)Er € Dom(G™"), G™! is the inverse function of G(.), and

T ds
G(1) :5‘]: f?gs, T>0.

By Condition 3.1, one sees that lim, ;o G(g) = —co and Dom(G™") = (—o0, G(0)). Taking Ey and letting
e — 0 gives Q(t) = 0, i.e.,

E(sup |Y*(s) = Y!(s))) — 0, ask,| —> oo. (3.16)

0<s<t

Consequently, {Y*(f)};s1 is a Cauchy sequence in S*(Q; C(J; R")), and then the limit is denoted by Y (¢).
Therefore, allowing [ — oo in (3.16), we conclude

Jim E( sup [Y5(s) = Y(s)]*) = 0. (3.17)

i
% 0<s<T

Now, we will show that Y(¢) is a solution to Eq (1.2). For all # € J, we gain

-

EIY() - Y2 - %)F < 2E|Y() - YO + 2EIYH (1) — Y¥(t - %)p
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and using Lemma 3.3 and (3.17), we obtain limy_, E|Y(r) — Y*(r — })]* = 0. Hence, as k — oo
in (3.5), we obtain

Y() = Yo+ f f(s, E, Y (5), L(Y(s))dE;
0
+ f g(S, ES’ Y(S)7 g(Y(S)))dWEA
0

' f f H(s, By, Y(5), L(Y(5), ONW@E, dz), 0<t<T,
0 |zl<c

which proves that Y(7) is a solution for Eq (1.2). Therefore, the existence proof is finished.

Next, we show the uniqueness.

Let X(¢) and Y(¢) be two solutions for Eq (1.2) with X(0) = Y(0). Then, using the same steps as
above, we have

Ew(sup |X(s) = Y(s)[*) < 3L(E; +by+4)

0<s<t

xf F(ZEW( sup |X(v—) — Y(v—)lz))dEs,
0

0<v<s

for all + € J. Then Lemma 3.1 gives E(sup,_,., |X(s) — Y(s)*) = 0, which implies that X(¢) = Y(¢),
0 <t < T P-as. Thus, the proof of Theorem 3.1 is complete. O

Remark 3.1. Putting 72 = 0 in Eq (1.2), it reduces to the MFSDEs driven by time-changed Brownian
motion studied by [21,40]. Hence, Theorem 3.1 is still new for MFSDEs driven by time-changed
Brownian motion. Then, our results generalize and improve those obtained in [21,40].

4. The generalized It6 formula

Nane and Ni [31] established an Itd6 formula for SDEs driven by time-changed Lévy noise. In this
section, the Itd’s formula will be extended from SDEs to MFSDE:s driven by time-changed Lévy noise
under Conditions 3.1-3.3.

Lemma 4.1. Assume Conditions 3.1-3.3 hold, and the function F : R* X R” X .#,(R") — R belongs
to @p(R* X R" X .#>(R")). Then, for any J,-measurable random variable y, satisfying E|y,|* < oo, the
following It6 formula holds:

F(Eh Y(t)7 a’t) - F(Oa Yo, (Yo)
- f Ly onF(Es Y(s=), @)dE,
0
+ f Fy(E,, Y(s—), @0)g(s, Es, Y(s-), Z(Y(5-))dWg,
0
+ f [F(E,, Y(s—) + A(s, Ey, Y(s—), Z(Y(s-)),2), ap)
0 |zl<c
—F(E,,Y(s-), ®)IN(dz, dE,), 4.1)
with

LienF(t2,y,@) = 0,F(t2,y,a0) + Fy(ta,y,@0) f(t, 12, y, @)
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1
+§tr[Fyy(t2’ ¥, @0)(gg" )1, 12, y, @)]
+0,F(E:, Y(E;,), )0 f(1, 02, y, @)

+%zr[avaaF(E,l, Y(E), )()(gg" )t 12, y, )]
+ f| ) fo 1 (0 &, ¥E . ) + 01,127, 2,0
_8,F(E,,Y(E,), a)(y))h(t, by, . z)]dgv(dz)
- f| B [Pty + 10t 123, 0,2),00) = Fit2, 3,0
~F (12,3, Q0(t 2,0, )|,
where @, := Z(Y(?)),t; =t,and t, = E,.
Proof: Part I. Let f,g,7 be bounded and define u(o) = F(E,Y,a) for fixed (E,Y) € R* X R".

Then, we prove the Itd formula for u(.Z(Y(1))).
For any integer N > 1, define the empirical projection of u onto R" as:

1 N
5 E S (0, Y0 > a5 Y i) = @, (4.2)
=1

where 7, denotes the unit mass at the point y € R". Then, Proposition 3.1 in [6] concludes that u" is
C? on R™N and

1 1 & 1 .
oy (Y, YY) = —aau(— nyl)(Yl):—a(,u(@ﬁv)(Y’), 4.3)
N N; N

1 I v . 1 1< o
Bt (Vs ¥y = a5 D) [ (0085 + 502u( 2 D ) )
=1 =1

1 . 1 o
- Navaau(éf)(w)a,ﬁﬁaiu(@y)(w, Y, (4.4)

where i,j=1,2,..,Nand 6;; = 1,i = j,6;; = 0,i # j. Moreover, let {Y"(t)}te[o,ﬂ refer to a sequence
of independent and identically distributed (i.i.d) copies of {Y(#)}e0.7), 1.€., for any € > 1,

dY'(t) = f(t.E,Y'(t-), Z(Y (t-)dE, + g(t, E, Y (1-), LY (1-)))dWE,
+ f h(t’ Eta Yg(t_)a X(Yf(t—)), Z)Nf(dEta dZ)a
lzl<c

where W¢, N¢, ¢ = 1,2, ..., N are mutually independent and have the same distributions to that of W, N,
respectively. Applying It6’s formula [31] and taking the expectation, we have

Eu(Y'(0), ..., YN(0))
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= EuV (Y0, ..., YV (0))

N t
Y f By (Y'(5), Y2(5), ... YN () f (s, E, Y (s=), L (Y (s-)))dE,
=1

+= Z f Etr (88" (s, E, Yi(s=), LY (5—)) eyt (Y (5), Yz(s),...,YN(s))]dE

+ f f Elu™(Y'(s) + h(s, Es, Y'(s-), LY (s-)), 2), Y2(5), ..., YV (%))
lzl<c

iV (Y(s), ..., YN($) = O™ (YU(s), ..., YN (s)A(s, E,, Y(s—), L(Y(s-)), z)]v(dz)dES

+

+ f f E[MN(Yl(s),YZ(s),...,YN(s)+h(s,Es,YN(s—),g(YN(s—)),z))
lzl<c

—iN(Y(s), ..., YN(5)) = Oywid (Y1 (s), ..., YN (s)(s, E,, YN (5-), LYV (5-)), z)]v(dy)dEs
= EuV (Y (0), ..., YV (0))
+N f Edyu (Y1 (s), Y2(5), ..., YN () (s, Ey, Yi(s—), L (Y (5-))dE;

0

+% fo Etr[(ggT)(s, E.Y'(s-), LY (5= it (Y (5), Y2(5), ..., YN(s))]dE

t 1
+N f f f E[(ayuuN(Yl(s)+§h(s,ES,Yl(s—),.Z(Yl(s—)),z),Yz(s),...,YN(s))
lzl<c JO

~Opu™(Y'(s), ..., YN(S)))h(s, E., Y'(s=), Z(Y'(s-)),2) |dév(d2)dE,,

where we have used the fact that the processes {(Y g(l))te[()’T]}fe{]
Using Eqs (4.2)—(4.4), we obtain for any ¢ € J

ny are 1.1.d. in the second equality.

.....

Eu(Y' (), ..., Y ()
= EuV(Y'(0), ..., YV(0))

+E[ f Dot @)(Y () (s, Es, Y'(5-), f(Yl(s—)))dEs]
0
+%E[ f 10,0, ()88 s, Exy ¥ (57, £V (=)
0
+58] f 3@ Y (9, Y () a8 (5 Exy V57, 2V (s-)IE]
0

f f f (9 u ﬂY1<v)+fh(vE JYl(s-), 2 (s-), T _Zﬂyl(s))
|zl<c

o(Y'(s) + &N(s, Ey, Y'(s=), Z(Y' (s-)),2))
—%u(@iv)(Yl(S)))h(s, E,Y'(s-), Z(Y'(s-)), Z)]d§V(dZ)dEs.
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Taking N — oo and forany 7 € J,
P| lim pr@Y, @) =0[=1.

Then, due to the continuity and boundedness of u, d,u, 0,0,u and the boundedness of Biu, f, g, the
dominated convergence theorem reads

u(Z (Y (1))
= u(Z(Y(0)))

+8| fo LY ()F(s.E., Y1 (5-), L (s-))dE |
+38] fo 10,0, L V)Y (e, Ex, V(5 L (DI
+ fo I f| ) fo | (0,2 VN (5) + 805, B, ¥ (50, L0 (50, 2)
0, L FENY 6D its, By, Y (57), LY 5-)), )| den(ddE, 4.5)
Part II. Assuming that Conditions 3.1-3.3 hold, the It6 formula for u(.Z(Y(¢))) will be derived.
For every n € N, we take a smooth function ¢, : R" —s R" satisfying:

)=y,  Dl<n,
va(y) =0, |yl >2n,

such that

I < G, 10Ol < Gy, (4.6)

where the constant C; > 0 is independent of n. Set

f(n)(th t29y, CL’) = f(tls b, wn(y)’ a’)’ g(n)(tla t29y, a’) = g(tla b, Wn()’), a,)a

Wt b, y, @, 2) 1= Iy, b, (), @, 2).

Allowing n — oo,

f(n)(tl’tZay9 a) — f(tl9t2’y, a)a g(n)(tl’IZ’y9 a) — g(tl9t2’y, a)a

h(n)(tl’ t2’ y, &, Z) — h(tla l2’ y, @, Z)

Furthermore, by Condition 3.2, we notice that £, g™, and 2™ are bounded, and all ™, g™, ™ obey
Conditions 3.1 and 3.3. Hence, the following equation

Ay = fO E,Y"(t-), LY (t-)dE,
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+g"(t, E,, Y (t=), LY " (t-))dWE,
+ f h(n)(t’ Et’ Y(n)(t_)’ g(Y(n)(t_))a Z)N(dEta dZ)
lzl<e

has a unique solution Y"(¢) with Y™(0) = Y(0). Then, for any ¢ € J and according to Part I, we
conclude that

WL (Y™ (1))
= u(ZL (" (0))

+E[ f Dott(L Y (MY () f (s, Ey, Y (57), $<Y<"><s—)>>dEs]

0

%E[ f tr{8,8,u(L Y (NI ("™ (s, E,, Y<"><s—),Z(Y@)(s—)))]dEs]
0

t 1
" f f f E[(aauw(w")(s»)(Y<">(s)+§h<"><s,Es, YO (s2), LY (s-)),2))
0 lzl<c JO
—aauw(Y(")(s)))(Y“”(s)))h(")(s, E,, Y"(s-), . 2(Y"(s-)), 2)|dev(dz)dE,. @.7)

Taking the expectation, using Holder’s inequality, the Burkholder-Davis-Gundy inequality [12],
Doob’s martingale inequality, and It&’s isometry (from [39]), we have

EwlY"(1) — Y(0)I*
< 3E;Ey f 17, Eg, YO (5=), LY (5-)) = f(5, Es, Y(s=), L(Y(s-))IdE;
0

+3b,Ey f 8™ (s, Ey, Y (s5-), LY (5-))) — 8(s, Ey, Y(5-), L (Y (s-))IIPdE;
0

!
+ 12IEW f f |h(l’l)(s, Esa Y(n)(s_)9 g(Y(n)(s_))a Z)
0 lzl<c
_h(sa Esa Y(S_)9 g(Y(S_))’ Z)|2V(dZ)dEs.
By Condition 3.1 and the Jensen inequality, we have
!
EwlY®(t) - Y®OF < 3[Er + by +4]Ey f Lr(wn(Y(")(s—)) - Y(s—)P
0

+p2($(Y<"><s—>),z(Y(s—)))z)dEs

IA

3LIE; + by + 4] f (Bl (750 = V(s
0

FEy [V (5—) — Y(s—)lz)dEs.

By Eq (4.6), we have

Ewlyrn (Y™ (5)) = Y () 2Ew (Y™ (5)) = Y (Y (DI + 2Bwlipn(Y(s)) = Y(s)

2C EwlY™(s) = Y(5)I* + 2Ewlpa(Y(5)) = Y(s)P,

IAN A
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and furthermore,

EwlY™(#) = Y|P < 3L[Er + by +4] f r(<2€1 + DEw|Y™(s-) = Y(s—-)P
0
F2B (Y (5-) = Y(5-)F JE,

Therefore,

(2C1 + DEy|[Y™(@t) = YOF + 2Ewly, (Y (1)) — Y(2)I
< 2Byl (Y(©) = YO + 3L[Er + by + 4]2C; + 1)

x f r((2a + DEglY?(5-) = Y(s=) + 2Eultrn(¥(5=)) - Y(s—)|2)dEs.
0

Putting G(7) = fot %, it is concluded from Lemma 3.1 that

QC, + DEw|Y™ (1) — Y(O)* + 2Byl (Y(D) — Y ()]
< G‘l[G(zEWWn(Y(t)) - Y(t)lz) +3L[Ey + by + 4]12C; + I)ET].

Using the fact that lim,_,., ¢,(y) = y for all y € R”, then lim,_,, Ew|y,,(Y(£)) — Y(£)|* = 0. Referring

to the hypothesis |, iy = oo, it yields that

G(ZEwlgl/,,(Y(t)) _ Y(t)|2) +3[Ep + by + 4]L2C, + 1)Ey —> —00, 0 —> oo,

On the other side, since G is a strictly increasing function, it is obtained that G has an inverse function
that is strictly increasing, and G l(—0) =0,ie.,

G‘l[G(ZEWh//n(Y(t)) - Y(t)lz) + 3L[Ey + by + 412C, + DEr| — 0, n —> oo,
We concluded that
Tim E|Y®™(1) - Y(£)]* = 0.
Moreover, we can get
lim Elgn (Y™ (1) = YOI = 0
and
nmopz(f(Y(”)(t)),f(Y(t)))z < lim ElY"(0) - Y(0)I* = 0.

By taking the limit on both sides of Eq (4.7), the dominated convergence theorem concludes (4.5).
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Part III. We prove 1t6’s formula (4.1). By Itd’s formula ([31, Lemma 3.1]) and Eq (4.5), it
can be concluded that

F(Eh Y(t)a a’t) - F(O’ Yo, aO)
= F(E., Y (1), ;) — F(E,, Y(1), &) + F(E,, Y(1), &) — F(0, yo, @)

! !
= f O, F(Ey, Y(s—), a0)dE; + f F\(E, Y(s=), ) f(s, Ey, Y(s—), L (Y(s-)))dE;
0 0
1 !
+§ ‘fo‘ tr[Fyy(ES’ Y(S_)’ a’O)(ggT)(S, ES7 Y(S_)a X(Y(S—)))]dES
!
+ f f [F(Es’ Y(S_) + h(S, Es’ Y(S_)’ g(Y(S—)), Z)’ a’()) - F(ES’ Y(S_)’ a’O)
0 Jlz<e
=Py (B Y(52), @G5, Exy Y(5), Z(Y(5-),2) [WdE,
!
t [ |FEren) b B Yo 206 00
0 Jid<c
~F(E, Y(5-), a0)|N(dz, dE,)
!
+ f Fy(ES’ Y(S_), QO)g(S7 Es’ Y(S_)7 g(Y(s_)))dWE;
0
!
+| f 0uF(E,, Y1), a)(Y(5) (s, Exs Y(s), LV (s-))dE, |
0
1 t
+3E| f (110,00 F (Es, Y(t=), 0 ) (V)85 Es, Y(s=), Z (Y (s-)IE|
0
’ 1
+ f f f E[(aaF(Et’ Y(t_)7 CL’S)(Y(S) + éjh(s’ Esa Y(S—), f(Y(s—)), Z))
0 |zl<c JO
_a(lF(Eta Y(t_), a’?)(Y(S)))h(S5 ES’ Y(S_)’ g(Y(S_))’ Z) dfv(dZ)dEY
This completes the proof. m|
Remark 4.1. Let F be independent of the measure @. Then F € @,(R* X R" X .#Z,(R")) is
simplified to C'*(R* x R") and the relevant It6 formula reduces to the standard Itd formula introduced
by ([31, Lemma 3.1]).
5. Stability results
In this section, we study the stability of the solutions of Eq (1.2) based on the Lyapunov method.
We establish some sufficient criteria to derive the p-th moment asymptotic stability, stability in
probability, asymptotic stability in probability, and globally asymptotic stability in probability for the
trivial solution, generalizing some results obtained in [31,40]. For this purpose, let the initial value
Y(0) = yo € R" be deterministic constant. Furthermore, let 77 be the set of all non-decreasing functions
¢ : Rt — R such that ¢(s) > 0, s > 0. Besides, for any 4 > 0, define <7, := {y € R" : |y| < h} and

), ={yeR": |yl < h}.
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Definition 5.1. ([31,45]) The trivial solution of Eq (1.2) is called p-th moment asymptotically stable
if for all ¢ > 0, there exist a function v(¢) : R* — R* decaying to 0 as 1 — oo and C > 0 such that

E[IY(®)I"] < Clyol"v(2),

where p > 0 and y, € R" is the initial value.
Theorem 5.1. Let p, ay, a,, a; be positive constants. If F(t,,y, @) € 9, . (R* X R" X .#,(R")) satisfies

(1) F(22,0,60) = 0,
(2) al|y|2p < F(tz,y, a’) < a2|y|2p,
3) Lf,g,hF(lz, Y, @) + a3 F (1, y, ap) <0,

for all (f,y,a) € R* x R" X .#,(R"), then the trivial solution of Eq (1.2) is p-th moment
asymptotically stable.
Proof. Fix any y, # 0 in R". For each m > |y, define

T, =1nf{t > 0 : [Y ()| > m},

U=k ninf{r>0:] f (B Y(5),00)8(5, B Y9, L0 G-)dWe | 2 k), (S.)
0

W, = k/\inf{t >0 f " f [F(E,. Y(s) + (s, E.. Y(s), L(Y(5=)). 2). o)
0 |zl<c
_ F(E,. Y(5).a0)|N(dz. dE,)| > k}, (5.2)

for k = 1,2, .... It is obvious that U — oo and W, — oo as k — oo. Applying Lemma 4.1 for the
function e F(t,,y, a), we obtain

i E .
eI U Wi F(EZATm/\Wk/\’ka YAANT, AU A Wk), atATmAﬂkAWk)

AT AU AW
= F(()’y()’ a’O) + f eCl}E; [a3F(ES’ Y(S)’ aO) + atzF(Es, Y(S)’ aO)]dES
0

(AT AU AWy
+ f e Fy(Ey, Y(5), @) f (s, Es, Y(s), £L(Y(s-))dE,
0

1 AT AU AW
+§ f ea3EStr[Fyy(ES7 Y(S)9 a/())(ggT)(s’ ES9 Y(S)a f(Y(s—)))]dEs
0

(AT AU AW
+ f f eBEs [F(E, Y(s) + h(s, Ey, Y(5), L (Y(5-)), 2), @)
0 lzl<c
—F(E,,Y(s),a0) — Fy(E, Y(s), ®)h(s, E;, Y (), L (Y(s-)), 2)|v(dz)dE;

INT i AU AW
+E[ f (O F Enneytta YA T A Ui AW, 2 )Y (5))
0
1
xf(sa Es’ Y(S)’ Z(Y(S))) + Etr[avaafF(Et/\Tm/\‘uk/\Wk’ Y(t ATy A 7/{/( A Wk), CYS)(Y(S))
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X(88")(5, Exs Y(s), Z (Y1) [E,
(AT AU AW 1
+E[f f f eazEx(aaF(EmeAkaWk’ Y(t A1 AU AWy, a,)(Y(s)
0 lzl<c JO
+EN(s, E,, Y (5), L(Y(5)),2)) = 0o F (Eipr,ntinw,> YA T AU AN W)), Ols)(Y(S)))
XI(s, By Y(5), £ (Y(5)), DAEN)|dE,
AT AU AW,

+ f ea3ESFy(ES, Y(S), aO)g(s’ ES9 Y(S)’ f(Y(s—)))dWES

OtATm/\'ZIk/\(Wk
+ f f e“E[F(E,, Y(s) + hi(s, E,, Y(s), L (Y(s-)), 2), @)

0 lzl<c

—F(E,, Y(s), a9)IN(dz, dE,)

AT AU AWy
= F(0, y, ap) + f eMEs az;F(Eg, Y(s),a0) + Ly nF(E, Y(5), ay) |dE;
0
(AT AU AW,
+ f eHSESFy(ESa Y(S), aO)g(Sa Es’ Y(S)9 g(Y(S—)))dWEA
0

(AT AU AW
al [ et r o s B9 25 .00
0 lzl<c
~F(E,, Y(s), a0)IN(dz, dE,). (53)
We have by Kuo [17] and Magdziarz [23] that
AT AU AWy
f e F(E,, ¥(5), a0)g(s, Es, Y(5), £ (Y (=)W,
0
and
(AT AU AW,
f f €a3ES[F(ES, Y(S) + h(s’ Esa Y(S)9 X(Y(S—)), Z)a a/())
0 lzl<c

_F(ES9 Y(S)’ aO)]N(dZ’ dES)

are martingales with mean 0. Taking the expectation on both sides of Eq (5.3) and using assumption (3),
we have that

B e Byt s YA T A U AW, it nw,)) < PO, 30,0,
Allowing k,m — oo, we get
BB F(E, Y0, @) < F(O,30,a0).
Then assumption (2) implies

alE(e“3E’|Y(t)|2”) < E(e“SEfF(Et, Y o). a,)) < F(0, yo, a9) < aslyol?,
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which gives
a3 E, @
E(e“HY()") < a—|yo|2p~
1

Using the reverse Holder inequality E|XY| > (EIX|»)P(BJY|7T)~") when p =2, X =|Y(©®P, and
Y = e we have

EIY ()P (e E)) " < Z—flyofp.

Additionally, the inverse S-stable subordinator E, takes the Laplace transform E(e %£1) = Eﬁ(—aﬂﬁ),
where the function Ey(1) = 350 mr is the Mittag-Leffler function. Then

a
ElY() < | /a—2|)’0|p Es(—astP),
1

with EB(—agtﬁ) — 0 as t — oo [24]. Therefore, the trivial solution of Eq (1.2) is p-th moment
asymptotically stable and the proof is complete. O

Remark 5.1. Putting 7 = 0 in Eq (1.2), our results in Theorem 5.1 are new for MFSDEs
driven by time-changed Brownian motion studied by [21,40].

Definition 5.2. ([31,45]) If for every pair of ¢ > 0 and 0 < & < 1, there exists 0 < § = (¢, ¢) such that
when |y < 0,

P{Y(t,yo)l < forVYt=0}>1-¢,

then the trivial solution of Eq (1.2) is called stable in probability.
Theorem 5.2. Suppose for all (f,,y,a) € R" X o, X .#,(R"), there exists a function
F(ty,y, ) € 9, (R X 9, X A,(R")) with h > 2¢ and ¢ € 77 such that

(1) F(t29 07 60) = 09

() ¢(yh) < F(tp,y, @),
(3) Lf,g,hF(lZ’ Ys (Y) < O’
then the trivial solution of Eq (1.2) is stable in probability.

Proof. Select € € (0,1) and ¢ € (0, h) arbitrarily. Since F(t,,y, @) is continuous on R* X o7, X .#,(R")
and F(2,,0,60) =0,da® = O(¢g,¢) > 0 such that

1
— sup F(0, yo, @o) < ¢(s). (5.4)
€ yoedto

Then by assumption (2) and (5.4), we have ® < ¢. Define the following stopping times:

7o :=1inf{r > 0 : |Y (2, y0)| = s}, (5.5)

U, = k Ainf {t >0 f T BB, Y(5), an)g(s, Es, Y(s), L (¥ (s=))dWe | > k}, (5.6)
0

AIMS Mathematics Volume 11, Issue 6, 15952-15989.



15978

and
W, = kAinf {t >0:] ng f [F(Es, Y(s) + h(s, E,, Y(s), Z(Y(s-)), 2), @p)
0 lzl<c
- F(E, Y(5),00) [Nz, dE) > K, (5.7)

for all k = 1,2, ..., where the initial value y, € o7 is fixed. It is clear that U, — oo and ‘W) —> oo as
k — oo. Applying Lemma 4.1 to Eq (1.2), we have

F(ET¢/\‘U1</\W1<’ Y(te AU N W), a’r;/\ﬂk/\(wk)

T;/\rl/[k/\"Wk
= F(O9 Yo, a,O) + f Lf,g,hF(ES’ Y(S)’ as)dES
0
Tg/\(uk/\(Wk
+f Fy(Ey, Y(5), a0)g(s, Es, Y(5), L (Y (5-)))dWE,
0

T AUNW
+ f [F(E,, Y(s) + h(s, E,, Y(5), L(Y(s-)), 2), %)
0 lzl<c
— F(E,, Y(s),2)IN(dz, dE,). (5.8)

Owing to Kuo [17] and Magdziarz [23], the following:
T;AﬂkAWk
f F\(Es, Y(5), a0)8(s, Eg, Y(5), Z(Y(5-))dWE,
0
and
Tg/\(I/{k/\(Wk
f [F(ES’ Y(S) + h(s’ Es, Y(S)7 O‘Z(Y(S_))’ Z)a QO)
0 lzl<c

—F(E,, Y(5), a0)IN(dz, dE;)

are square integrable martingales with respect to G, = Jg, having mean 0. Using assumption (3) and
taking the expectation on all sides of (5.8), we get

EF(Er avnw;s Y7o A U AW, arpunw,) < F(O, yo, o).
Then by letting k — oo,
EBF(E., Y(1y), ar.) < F(0,y0, ap).
As F(ty,y,a) > 0,
B{F(E., Y(7¢), @r )iz <o)} S BF(E., Y(74), ar) < F(0,y0, a). (5.9
Assumption (2) reads
E{¢(Y (to)D1iro<o0} < BAF(Er, Y(To), @r ) lir <o} }- (5.10)

AIMS Mathematics Volume 11, Issue 6, 15952-15989.



15979

Using Eqgs (5.5), and (5.10) and as the function ¢ is non-decreasing, we obtain
YTl 2 ¢
and
P(SP{re < oo} < B{F(Er, Y (7o), @r ) (ri<eo}- (5.11)
Combining (5.4), (5.9), and (5.11), we get P{r; < oo} < &, which indicates P{7, = o0} > 1 — &, 1.,
P{lY(t,y0)| < forallt>0}>1-e¢.

Hence Y(#,yy) is stable in probability and the proof is finished. O
Definition 5.3. ([31,45]) If for every € € (0, 1), there exists 0 < ¢y = dp(&) such that when [yy| < o,

P{lim Y(t,y9) =0} > 1 — ¢,
t—00
then the trivial solution of (1.2) is called asymptotically stable in probability provided that it is stable
in probability.

Theorem 5.3. Suppose for all (f,y,a) € R* X o, X #,(R") there exists a function
F(ty,y, @) € 9p + (R X @), X M>(R")) with h > 2¢ and ¢ € 7 such that

(1) F(2,,0,60) = 0,
) ¢ < F(12,y, ), )
(3) forany u € (0,h), y € @), — %, LygnF(t2,y, @) < —y(u) as.,

where y(u) > 0 and y(u) # O when u # 0. Then the trivial solution of (1.2) is asymptotically
stable in probability.

Proof. Depending on Theorem 5.2 and for any 0 < & < 1, there exists a positive @ = O(g)
such that

PUY(t,yo)l < h for¥ 120} > 1— ;f (5.12)

where yy € 9. Let 0 < u < @ < |yo| be arbitrary and define

T = inf{t > 0: |[Y(2,y0)| = h}, 7, :=inf{r > 0 : [Y(z, yo)| < u},

U, = k/\inf{t >0 | f T EE,, Y(s), a0)g(s, Es, Y(s), L(Y(s=))dWp,| > k},
0
W, = k A inf{t >0: | f T R, Y(s) + s, By Y(s), LY (5-)), 2, a0)
0 zl<c
- F(E, Y(5), )Wz dE) 2 K, (5.13)
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fork = 1,2, ..., where y, € 9% is fixed. Clearly, Uy, W) — oo as k — co. Applying Lemma 4.1 and
assumption (3) to (1.2), we have

0

IA

EF(EZ‘/\T/,/\T#/\(LI/{/\(W/N Y(t A Th A Ty A q/lk A (Wk)9 a,t/\T/,/\T#/\(L{k/\(Wk)
—= F(09 y0$ a’O) - Y(ﬂ)EEIAThATuAWkA(Wk'

A

Putting 1, k — oo, we get
YWEE A, < F(0,y0, ).
Because E;, — oo as t — oo and y(u) # 0,
P{ty AT, < oo} =1. (5.14)
From (5.12) and (5.13), it follows that P(7), < o0) < £. Therefore,

1ZP{Th/\TM<OO}SP{Th<OO}+P{T#<OO}SP{T#<OO}+§.

Hence, P{r,, < co} > 1 — £. Also, there exists a positive constant ® = ©(u) such that

~ 2
P{rﬂ<®}21—§.
Additionally,
P{r, <) A e} > P({r, < O} N {1, = oo})
= P(r, < 0) - P({r, < O} N {1, < 00})
- 2 3
> P(r,<®) —P(r<o0)>1-—=-Z=1-2% (5.15)
5 5 5
We define the stopping times )
) Tw if 7.<71 NGO,
Q= { 00, otherwise, (5.16)

To i= il’lf{t >0 |Y(t’y0)| > w}’
T Al

M, = inf {t >0: Fy(E, Y(5), 20)8(s, Es, Y(5), Z(Y(5-))dWg, | > f},

|
1%
R, :=inf {t >0:| f ’ f [F(E, Y(s) + h(s, E, Y(s), Z(Y(s-)), 2), ap)
0 lzl<c
_ F(E,. Y(s).a0)IN(dz. dE.)| > f}, (5.17)

for{ =1,2,..., where My, R, — o0 as { — oo. Again, using Lemma 4.1 and assumption (3), we have

EF(Ez/\-rh/\-rﬁ,/\Mf/\Rg’ YEANTRL AT AN My ARy), a/t/\‘rh/\‘rm/\M[/\R[)
< EF(EI/\T;,/\Q9 Y(t ATy AO), a't/\rh/\g)

AIMS Mathematics Volume 11, Issue 6, 15952-15989.



15981

forall £ =1,2,...and r € R". Letting £ — oo followed by t — oo,
BF(Er ne,, Y (T A Th), @rgnr,) < EF(Egpr,, Y(0 A Th), @ong,)-
Combining Egs (5.16), (5.17), and (5.18),
E{F(Er nr,, Y(To A Th), @rpne) e <o} < B{F (Egpr,, Y(0 A Th), @ons,) Lig<oo}}s
which implies, from (5.15), that
B{F(E.,,Y(Ta), @r,)lirynccoininy=c0)} < B{F(EL,, Y(7y), arﬂ)l{mqh/\@}}-
Furthermore, we define
A, = sup{F(t2,y,@) : (t,y,@) € R* X o, X MR},

with lim,_,o A, = 0 according to assumption (1). So, there exists a small u such that

A

LY
¢(@w) 5
From (5.20)—(5.22),
A
P{{‘rw <oofN{r, = oo}} < ¢(;) < g
Similar to (5.15), it is easy to derive
P{{Tw <oo)N{r, = oo}} > Pty < 0o} = P{1), < 00} > P{ry < 00} — g

From (5.23) and (5.24), we obtain

2
Pir,, < oo} < gg

Combining (5.15) and (5.25), we obtain
Plo < coand 15 = 00} > P{lo < 00} =Plry < o0} > 1-¢,
which indicates

P{w : lim sup |Y(t,y))| < w} > 1 —e&.

[—>00

Lastly, since @ is arbitrary, we put @ — 0 to arrive at
Plw: lim [Y(¢,y0)| =0} > 1 —&.
—00

The proof is then complete. O

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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Definition 5.4. ([31,45]) Assume for all y, € R" the trivial solution of (1.2) is stable in probability
such that

P{lim [¥(2,y0)l = 0} = L.

Then it is called globally asymptotically stable in probability or stochastically asymptotically stable in
large.

Theorem 5.4. Suppose for all (r,y,a) € R* x R" x .#,(R"), there exists a function
F(t,y,@) € 9p +(R* X R" X #,(R")) with h > 2¢ and ¢ € 7 such that

(1) F(£2,0,60) = 0,

(2) p(Iyh) < F(ta,y, @),

3) hmlyl—wo inflzZO,ae///z(R") F(t),y,a) = oo,
(4) LygnF(t2,y,a) < —y(y) as.,

where y(y) > 0 and y(y) # 0 when y # 0. Then the trivial solution of (1.2) is globally asymptotically
stable in probability.
Proof. The proof uses a similar idea as Theorem 4 in [40], so we omit it here. O

We close this section by giving an example to enhance the theoretical results.

Example 5.1. Consider the following one-dimensional mean-field stochastic differential equation
driven by time-changed Lévy noise:

AW,

AY(t) = —b(t.E,) sin( f xa,(dx))dEt+0'(t, E) ‘ f xa(dx)
R R

+ f oi(t, E;, 2)Y(ON(dE,, dz), (5.26)
lzl<c
where

F(t. 12, y,@) = —b(t1, 1) sin( f xa(dx)),

R

f xa(dx)
R

it by, @, z) = oi(t1, 1, 2)y,

gt h,y, @) =o(t), 1)

)

with initial value Y(0) = y,, where b(t,,t,), o(t1,t;), and o (t;, 1, 7) are real-valued and G,-measurable
functions satisfying

0< bz(tl’ t2)a O-z(tl’ t2)’ O-%(tl’ I, Z) < K,

for all t,1, € R* X R* and K > 0. So, one can justify that for (71, %, y,a) € R* X R X R X .#,(R) and
using the fact that sin(/) < /, we have

|f(t1 s t2’ y7 a)lz + ”g(tl’ t27 y’ a)llz + f |h(t17 t2’ ya a, Z)|2V(dZ)

lzl<c
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xa(dx))

+|y|}

2
‘ f xa(dx)
xa(dx))| + + |y|

f xa(dx)
R
2 f xa(dx)}

R

xa(dx) 2}

Moreover, for (yi, 1), (y2, @) € R X #>(R),

|f(t1, ta, y1, 1) = f(t1, 1, Y2, @2)* + |Ig(t1, ta, y1, 1) — g(t1, 12, v, )|
+ f |h(t1,t2,)71, a’l9Z) - h(tl’t29y2’ @, Z)|2V(dZ)
|zl<c

2
< kb —y2|2+]\/‘ fR xaty ()| - \/‘ fR xaea(ddx)

2
+ sin(fxal(dx))—sin(fxa/g(dx)) }
R R

2
<K |y1—y2|2+]\/‘ f xal(dX)— s

j;%xal(dx) fxaz(dx) }

2
SK{|y1—y2|2+]\/‘ f yon () - f xaa(d)
R R
2
+‘fxa1(dx)—fxa2(dx) }
R R

< K - yaP + f v (d) — f xaa(d)
R R

+K2( fxa/l(dx)—fxaz(dx) )},
R R

where we have used the fact that k() = Vu € [0, o), which is increasing with x(0) = 0 and satisfying

1 : ~ _ 2,1 .
fo+ K(u)d” = oo. Now, taking k(1) = u + k“(u?), we obtain

+ 4| sin

2

|f(tla t2»y17a/1) - f(tla t23y2’ a’2)|2 + ”g(tla t2ayl9a/l) - g(tla t23y27 a’2)”2
+ f (11, 2, y1, @1, 2) = ity 1, y2, @2, 2P V(d2)
lzl<c

2
fxal(dx)—fxaz(dx)
R R
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o

< K{Iy1 —nff +&

2\
d d

fR xary(dx) - f xax(@n)| ) )}

f xa(dx) — f ozz(dx)
R

< K{ly1 — yal* + &(p5 (@1, a2))},

where k(u) is a non-decreasing function on R* and k(0) = 0. Moreover, we can obtain

1 u
—— ds= f — 2 du
£+ k(s) j(; KX(s2) + s o+ K2(u) + u?

Thus, the coefficients f, g,/ satisfy Conditions 3.1-3.3, which yields that Eq (5.26) has a strong
solution.
For some 0 < 8 < 1, we define

F(t,y,a) = (1 + cos (an(dx)))lylﬂ,

and it is easily seen that
0, F(ty,@) =0,  Fy(t,y,a) = ,8(1 +cos( f xa(dx)))|y|ﬁ-1,
R
Foy(ta yo) = BB - 1)(1 ¥ cos( f xa(dx)))|y|ﬁ-2,
R
B, F (tn, y, a)(v) = — sin( f xa(dx))lylﬁ, 0,0, F (1, v, @)(v) =
R

Hence, it holds that

LienF(t2,y, @)

=- sin(fxa(dx))(l + cos(fxao(dx)))b(tl, t2)|y|r3—1
R R

+ PB - 1)(1 + cos(foao(dx)))(Tz(ﬁ,lz) an(dx)

2
+ sinz(V[Rxa(dx))b(tl,tz)(‘[Rxa(dx))b’f
+ fu i fo 1 (- sin fR xa(d) |y + €001, 12, 2))
+ sin(foa(dx))b’Iﬁ(an(dx)))Ul(f1,fz,Z))’]dfv(dZ)
+ j|;|<c [(1+cos(ano(dX)))ly+<71(f1,f2,2)y|ﬁ
- (1 +cos(£xao(dx)))|y|ﬁ—ﬁ(l +COS(ano(dX)))

v(dz).

2

X O-l(tb t2a Z)lylﬁ
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Therefore, if

b, 1) [, o) sin? ([, va(dn)+ (1+ cos  f, xan(dn))
X flz‘“ﬂ1 +0i(t, 1,2 = 1 = ori(th, 12, 2)IW(dz) <0,

feesin( f xa@n)( f; xat@0)or@, 12z <0,

5.27
[N sin( [ m(dx))(l t £ (0, 1y D)0 (0, 1, 2)dEV(d2) > 0, 62D

B(ar, ) sin  f, xa(dn))(1+ cos  f, xau(dn)) > 0,

-1
@0'2(11,&)

j@ xa(dx)

(1 + cos ( foao(dx))) <0

hold a.s. for all (¢1,1,) € (J,R"), then from Theorem 5.2, it is known that the trivial solution of
Eq (5.26) is stable in probability. If inequalities (5.27) hold strictly, Theorem 5.4 guarantees that the
trivial solution of Eq (5.26) is globally asymptotically stable in probability.

6. Conclusions

In this work, we have investigated a new class of MFSDEs perturbed by time-changed Lévy
noise. To show the existence and uniqueness of solutions, we have derived a new time-changed
retarded integral inequality and used the Carathéodory approximations and non-Lipschitz condition,
generalizing some existing results. Second, the classical Ité formula is extended from SDEs to
MFSDEs perturbed by time-changed Lévy noise. Then, to show the applicability of 1td6 formula,
we have studied the p-th moment asymptotic stability, stability in probability, asymptotic stability
in probability, and globally asymptotic stability in probability for the trivial solution depending on the
Lyapunov function. Finally, the theoretical results are validated through an example. For the future
investigations, we may study the practical stability with respect to part of the variables of MFSDEs
perturbed by time-changed Lévy noise.
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