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Abstract: In this study, we investigate the numerical solutions of the time-fractional Fisher equation
by employing the collocation finite element method (FEM). The fractional derivative is considered in
the Caputo sense, which provides a suitable framework for modeling memory-dependent diffusion-
reaction processes. The temporal discretization is carried out using the L1 algorithm, while the
spatial discretization is carried out using the unified hyperbolic polynomial B-spline basis within a
collocation finite element framework. Two test problems are presented to demonstrate the efficiency
of the proposed method, and the obtained numerical results are compared with available exact and
reference solutions. The results confirm that the collocation finite element approach is a reliable and
effective technique for solving fractional partial differential equations (FPDEs) arising in nonlinear
diffusion-reaction models.
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1. Introduction

Fractional partial differential equations (FPDEs) have become an essential research area due to
their ability to model a wide range of anomalous processes that cannot be adequately described by
classical integer-order models. In contrast to standard derivatives, fractional derivatives account for
memory and hereditary effects, making them well suited for describing diffusion, transport, and
reaction processes in heterogeneous or complex media [1,2]. Applications of FPDEs can be found in
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physics, biology, chemistry, finance, engineering, and materials science [3]. As a result, the study of
efficient analytical and numerical methods for fractional models has gained significant momentum
over the past two decades. Among these FPDEs, the time-fractional Fisher equation, which is given as
follows, is of particular importance:

DY (x,1) = Vit (x,0) = u(x,0) (1 =1 (x.0) = f (x, 1), (1.1)

where DY symbolizes the fractional derivative in the sense of Caputo, 5 is an integer, and v is a viscosity
parameter. Originally introduced by R. A. Fisher in 1937 in the context of population genetics, the
classical Fisher equation models the spread of an advantageous gene in a population [4]. The equation
has since been applied to model diffusion-reaction systems in a variety of fields, including ecology,
combustion theory, chemical kinetics, and epidemiology [5, 6]. The fractional extension of the Fisher
equation incorporates a time-fractional derivative, usually in the Caputo sense, which accounts for
nonlocal temporal effects such as memory and anomalous diffusion. This fractional form provides a
more accurate representation of biological and physical processes in which the current state depends
not only on local behavior but also on the entire history of the system [7-9].

Despite its theoretical and practical significance, finding closed-form analytical solutions of the
time-fractional Fisher equation is extremely challenging. The nonlocal nature of fractional derivatives
increases both the mathematical and computational complexity of the problem. As a consequence,
numerical methods play a crucial role in exploring approximate solutions. Over the years, several
numerical techniques have been proposed, including finite difference schemes [10] and spline-based
methods [11-13]. While these methods have shown varying degrees of success, challenges such as
stability, convergence, and high computational cost remain important considerations, particularly
when dealing with nonlinear equations like the fractional Fisher model. The FEM is a powerful and
versatile numerical tool widely used in solving partial differential equations due to its flexibility in
handling irregular domains, nonuniform meshes, and complex boundary conditions [14]. Extending
FEM to fractional problems has attracted growing interest, as it can efficiently capture the dynamics
of anomalous diffusion-reaction systems [15]. Furthermore, the incorporation of collocation
techniques within the FEM framework enhances the numerical accuracy by ensuring that the
governing equation is satisfied at selected collocation points, thereby combining the strengths of both
discretization and interpolation strategies [16, 17]. Among spline-based techniques, cubic B-spline
collocation methods [12, 13] and non-polynomial spline approaches [11] have been successfully used
for fractional Fisher-type equations. Recently, a range of advanced numerical methods has been
developed for the time-fractional Fisher equation and its generalizations, including Legendre wavelet
methods [18], non-polynomial spline schemes based on logarithmic derivatives for conformable
fractional models [19], and accurate finite-difference algorithms [20]. Other notable contributions
include fast parallel difference techniques [21], Gegenbauer spectral collocation methods [22], and
Vieta—Lucas collocation approaches combined with non-standard finite-difference formulations [23].
In addition, high-order methods for generalized versions of the equation [24] and investigations
concerning the long-time dynamics of solutions [25] have also been reported. Additionally,
Kwak [26] and co-authors studied a normalized formulation of the time-fractional Fisher equation,
which provides a cleaner asymptotic connection to the integer-order limit. In parallel with these
numerical developments, several semi-analytical approaches have been proposed for fractional
Fisher-type equations. In particular, the Temimi—Ansari method combined with the Caputo fractional
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operator was employed to obtain approximate series solutions of the time-fractional Fisher equation
without requiring assumptions on the nonlinear term [27,28]. An integrated numerical framework for
computing numerical approximations to the extended Fisher—Kolmogorov equation model was
investigated in [29]. The fractional order of a two-dimensional parabolic inverse diffusion equation
was also studied in [30]. These semi-analytical techniques complement numerical approaches by
providing efficient series-based approximations, particularly useful for short-time or perturbative
analysis. The present work focuses on the numerical treatment of the time-fractional Fisher equation
through the uniform hyperbolic polynomial (UHP) B-spline collocation approach, which provides full
discretization in both space and time and yields reliable approximate solutions across the entire
simulation domain. On the other hand, spectral methods based on global basis functions such as
Chebyshev or Legendre polynomials can achieve very high accuracy for smooth solutions, but they
often lead to dense algebraic systems with computational costs of order O(N?) or higher. In contrast,
the UHP B-spline basis used in this study extends the classical polynomial spline space by
incorporating hyperbolic functions, providing greater flexibility in the approximation while
preserving the local support property of spline methods. In addition, the resulting algebraic system is
tridiagonal and can be solved efficiently in O(N) operations. This gives the proposed approach a good
balance between accuracy and computational efficiency. Although many numerical techniques have
been proposed for the time-fractional Fisher equation, there is still a need for a collocation approach
that can effectively combine higher-order smoothness, compact local support, and computational
efficiency within a single unified framework. For this purpose, in the present study, we have applied a
collocation FEM for solving the time-fractional Fisher equation. The method employs the collocation
method based on the FEM for spatial discretization, with the aim that collocation points are used to
enforce the satisfaction of the governing equation. The fractional-order derivative with respect to time
is discretized via the L1 algorithm, and the nonlinear term, which yields u (x, ) u® (x, 1), is linearized
through the Rubin—Graves linearization technique. These processes yield a numerical scheme that
will be used to obtain numerical solutions of the considered equation. Two numerical examples are
presented to demonstrate the reliability of the method, and comparisons with available exact or
reference solutions are provided to validate its performance. The main contribution of this study is the
use of the UHP B-spline basis within a collocation framework. The UHP B-spline basis differs from
standard polynomial B-spline bases in that its basis functions are constructed from hyperbolic
polynomials, which are combinations of sinh, cosh, and polynomial functions, rather than purely
polynomial pieces. This enriched construction extends the classical polynomial approximation space,
providing greater flexibility in the representation of the solution. Combined with the L1 discretization
of the Caputo derivative and the Rubin—Graves linearization of the nonlinear reaction term, the
proposed scheme is unconditionally stable, near-second-order convergent in space, and
computationally efficient. To the best of our knowledge, UHP B-splines have not previously been
applied to this type of fractional diffusion-reaction model. The rest of the paper is organized as
follows. Section 2 describes the unified hyperbolic basis functions and the collocation framework
adopted for spatial discretization.  Section 3 presents the application of the method to the
time-fractional Fisher equation, including the mathematical framework of the collocation method and
the derivation of the fully discrete scheme. Section 4 establishes the unconditional stability of the
proposed scheme via the von Neumann criterion combined with mathematical induction. Section 5
provides the error analysis, deriving theoretical convergence estimates in both space and time.
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Section 6 reports numerical experiments through two benchmark examples to assess the accuracy and
efficiency of the proposed scheme. Finally, Section 7 concludes the paper with remarks on the
applicability of the method, its limitations, and possible future research directions.

2. Collocation method with unified hyperbolic basis

The collocation method is a widely used numerical approach for solving differential equations by
approximating the unknown solution using a finite series expansion and enforcing the governing
equation at selected collocation points. To enhance accuracy and stability, we adopt the UHP
functions as the trial space for spatial discretization.

2.1. Unified hyperbolic basis functions

The UHP B-spline is constructed as a piecewise function while preserving the key characteristics of
standard B-splines. It is employed both in the numerical approximation of partial differential equations
and in computer-aided geometric design, where it is valued for its ability to generate smooth and
continuous curves and surfaces [31]. Let the computational domain be Q = [a, b] with N partitions of
equal length A such that a = xy < x; < ... < xy_1 < xy = b, where the knot interval is h = x,,,,1 — X,
The unified hyperbolic basis functions are defined as follows:

sinh(x — X,-2) = (X = Xp-2), X2 £ X < Xpot,

—2sinh(x — x,,,_;) — sinh(x — x,,)
+2(cosh(h) + 1)(x — x,,,) + 2hcosh(h), X,-1 < x < X,

1
HB,,(x) = —< sinh(x — x,,,) + 2 sinh(x — X,,1.1) 2.1
p —2(cosh(h) + 1)(x — x,,,) + 2hcosh(h), X, < x < X1,

—sinh(x — Xp12) + (X = Xpn42), X1 S X < Xpg2,

0, otherwise,

where p = 2h(cosh(h)—1). The UHP B-spline basis proposed by Lu et al. [32] extends the conventional
B-splines through the inclusion of hyperbolic functions. This extension improves both smoothness and
adaptability, making it particularly suitable for problems exhibiting hyperbolic characteristics. The
set {HB_s,HB_,,...,HBy_», HBy_;} forms a basis over [a, b]. Due to the shifted index convention
adopted in (2.2), only the three non-zero basis functions HB,,_3, HB,,_», and HB,,_; contribute at the
grid point (x,,, #,). Thus, the approximate solution u,,, (x,, ?) at the n-th time level is given by

m+1

Uapp (Xm, t) = (uapp)m = Z (5j (t) HBj—Z (xm) > (22)

j=m—1

where 6;(7) are time-dependent unknowns. The approximate solutions given in (2.2) and their
derivatives are expressed as follows:
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Uapp (xm’ t) ~ nlém—l (t) + 7726m (t) + n16m+1 (t) s
(tapp Goms 1)) = €161 (1) + E26011 (0), 2.3)
(uapp (-xm’ t)) XY 6m—1 (l) + g26m (t) + g16m+1 (t) >

XX
where the coefficients iy, 172, €1, &, 1, and ¢, are constants depending only on the mesh size 4, defined
as follows:

__ sinh(h)—h __ —2(sinh(h)—h cosh(h))
- lp ’ - 1 P ,
&1 = =5 & =5 (2.4)
__ sinh(h) — —2 sinh(h)
=" P

Furthermore, the values of the approximate solution at boundary knots can be written as follows:

Uapp ((,l, t) ~ 7715—1 (t) + 77260 (t) + 77161 (t) = Uy,

2.5
tappy (b 1) = 1Sx1 (1) + 120y () + st (0) = s 2:5)

and
uc(a, ) = &0-1 (1) + &0, (1) = ue,

(2.6)
uy (b, 1) = E6y-1 (1) + E:0N41 (1) = ug.

3. Application to the time-fractional Fisher equation

In this section, we develop a numerical scheme for the time-fractional Fisher equation using the
collocation method with the unified hyperbolic basis. We begin by establishing the functional
framework of the method, and then proceed to the full discretization.

3.1. Mathematical framework for the collocation method

The collocation FEM differs fundamentally from the standard Galerkin FEM: Rather than
multiplying the governing equation by a test function and integrating over the domain, the collocation
approach enforces the governing equation pointwise at a selected set of collocation points.

3.1.1. Regularity requirements and function spaces

Let Q = [a,b] € R and J = (0,T]. Because the collocation method requires pointwise evaluation
of the solution and its second-order spatial derivative, the approximate solution must belong to a space
of sufficiently smooth functions. We recall the standard Sobolev spaces

k 2 d'v 2 -
HY Q) = {ve LX(Q) ‘ — eLX(Q), j=0,1,....k}, k20,
dx/
equipped with the norm

k
Wil = (O lld/v/dxII2,)"2,
Jj=0

In one spatial dimension, the Sobolev embedding theorem gives

HYQ) — C*[a,b], k>1, (3.1)
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meaning that functions in H*(Q) are (k—1)-times continuously differentiable. Since the Fisher equation
given in (1.1) involves the term u,,, the collocation method requires that the approximate solution be
at least in C?[a, b]. Accordingly, we assume the exact solution satisfies

u(-,1) € H(Q) — C?[a,b], for almost every ¢ € J, (3.2)

which is sufficient for the pointwise collocation condition to be well-defined.

3.1.2. Pointwise collocation statement

The collocation principle replaces integration against test functions by direct pointwise enforcement
of the governing equation. Let {x,,}"_, be the set of collocation points coinciding with the mesh nodes.
The collocation method seeks an approximation u,,,(-, ) € V; such that the residual of equation (1.1)
vanishes at every collocation point:

| DS tapp = v app)ss = app(1 = 15,,) = f| =0, m=0,1,....N, tel, (3.3)
which is the strong-form of the equation. This form does not involve integration or test functions.

The Eq (3.3) is well defined because u,,, € V), C C?[a, b], so both Uapp and (Ugpp)xr can be evaluated
pointwise at each x,,.

3.1.3. The UHP B-spline approximation space

The approximate solution is expressed as

app(, 1) = ) 6,(0) HB(x),
j

where the approximation space is
V), = span{HB_3, HB_,, ..., HBy_1, HBy}.

The UHP B-spline basis functions HB,, defined in (2.1) satisfy HB,, € C*[a, b] for all m (see [32]) so
that

V, ¢ C*a,b] c H*(Q) c H'(Q).

Thus, every function in V), and all its derivatives up to order two can be evaluated pointwise, which
is the essential requirement for the collocation condition given in (3.3). By the standard B-spline
approximation theory, the space V), also satisfies the following optimal approximation property: For
any u € H*(Q),

inf [ — v | C 1 |l o), (3.4)

| <
vheVy H'(©)

where C > 0 is a constant independent of the mesh size h [14,32]. The O(h?) spatial rate predicted
by (3.4) is consistent with the near-second-order convergence rates observed in the numerical
experiments reported in Section 6. Using the UHP B-spline basis and its local support property, we
derive the algebraic system in the next subsection.
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3.2. Derivation of the fully discrete scheme

Consider the one-dimensional time-fractional Fisher equation:
“Dfu (. 0) = vitg (6 ) = u (e, 1) (1= (1)) = f (), (3.5)
subject to boundary and initial conditions

M(Cl, t) = Ug, l/l(b, t) = Up,
ug(a,t) =ue, uy(b,t) =ugt>0, (3.6)
u(x,0=gx), asx<b.

Here, ©D” denotes the Caputo fractional derivative of order 0 < @ < 1, and v is a viscosity parameter.
Now, as a first step, in order to capture a time-based composition, the L1 algorithm [33] will be applied
to the Caputo time-fractional derivative “D%u (x, f), and the Crank—Nicolson approach will be applied
to the remaining terms one by one as follows:

Cna,, _ (At)_a C (o3 -k n—1-k
Dt u = m P (I/t —Uu ),

Lo 0 L L et o7
Mxx=§(u +u ),:E(u +u),uu:§((uuﬁ) +(uuﬁ)),

XX XX

where I'(-) is the Euler gamma function and b{ = (k + 1)'=® —k'=*, When we substitute (3.7) into (3.5),
we obtain

(AD)™" be (un—k _ un—l—k) _ vl (un+1 o ) 1 (un+1 " un)

F(T—a) e m1 2V 2 (3.8)
+§((Wﬁ)"”+(uuﬁ)"):E(f(x,tn+1)+f(x,tn>)-

The equation given in (3.8) is nonlinear. To linearize the equation, a generalized expression of the
Rubin—-Graves linearization technique [34] is used. This technique is preferred because it linearizes
the nonlinear term in a single explicit step without requiring iterative solvers, thereby preserving the
computational efficiency of the scheme:

(uﬁu)nH ~ (uﬁ)n "+ (uﬁ_l)n Wu - B (uﬁ)n u". (3.9)

The Rubin—Graves linearization [34] introduces a local truncation error of order O(At) in the
nonlinear term. However, this does not affect the overall convergence rate of the proposed method
since the temporal error of the L1 approximation is O((Af)*>~%), where 2 — a@ > 1 for a € (0, 1) [35].
Therefore, the error arising from the linearization remains consistent with the accuracy of the time
discretization. Moreover, in regions where the solution exhibits steep gradients or rapid changes, the
numerical accuracy can still be improved by taking smaller time steps Af and using a finer spatial
mesh size h. Combining the Rubin—Graves linearization of the nonlinear term with the L1
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approximation of the fractional derivative and the Crank—Nicolson discretization yields

b (s — ) v () = S (1

i S
+ ; ((uﬁ)” e +ﬁ(uﬂ_1)" ! —ﬁ(uﬁ)n n (Wﬁ)n) (3.10)
= % (f (x, ti1) + f (X, 1)),

where s = (A1) T' (2 — @) and At is the temporal step size, defined as Ar = T/M, where T is the final
time and M is the number of partitions of the time domain. After some rearrangements, we have

S S S S
(1= ) = (gt = (1 S+ (v3)
n—1
N a (. n+l-k n—k
+ 5 (Wte) + f (1)) - ; by (™ = ),

where

k=1 —(uﬂ) —ﬁ(uﬁ_l) uw', k=1 +,8(u’6) u' — (uuﬁ) )
To obtain a fully discretized scheme, we substitute the approximate solution given in (2.2) into (3.10).
Thus, we have

s s s
ol (7]1 -3 (ki1 + VS‘l)) + ot (772 ~3 (kim2 + VS‘z)) +omth (771 ~3 (ki + VS‘l)) (3.11)

R) S S
=0 (m +5 (kamy + vgl)) + 0, (nz +5 (ka1 + VS‘z)) + 041 (m t5 (komy + vcl))
n—1

S - n—
+ 5 (f (X, tn+1) + f(x’ tn)) - Z bg ((nldm—l + 7725m + n15m+l)n+1 - (7715m—1 + 7725111 + 7715m+1) k) .
k=1

The equation given in (3.11) is a system of linear algebraic equations for the varying values of m,
from O to N. The system given below consists of (N + 1) equations and (N + 3) unknowns. To obtain a
solvable system, we remove the two unknowns 6_; and dy; from the system using the discretization of
the boundary condition given in (2.5) as 6_; = (u, — 1200 —17101)/1m1 and Sy = (up —1n1On—1 —1120N) /1.
After the elimination of the unknowns, we obtain a solvable linear algebraic equation system in the
form (N + 1) X (N + 1). Moreover, the system can be solved sequentially in time using an initial vector.
To obtain the initial vector, we use the discretization of the initial condition and boundary conditions
given in (2.6) as follows:

u(x,0) =n16p-1 + 1720, +M16p11 = g(x), m=0,1,..,N,
O_1 = U /& — E01/&1, Onv1 = Ug/ér — E10n-1/&.

The system in (3.12) is in the form (N + 1) X (N +5), and using the last two equations obtained
from (2.6) yields a system in the form (N + 1) X (N + 1). When we solve the square matrix, we obtain
the initial vector {9y (0), ; (0), ..,0y-1 (0), 0y (0)} for # = 0. Thus, beginning with the initial vector, the
unknowns §"*! can be obtained iteratively using the known values of 6", until the desired time level is
reached.

(3.12)
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Algorithm 1 Collocation FEM via UHP B-Spline for the Time-Fractional Fisher Equation
IHPUt: [a’ b], T’ Na M’ a,v, ﬂa g(-x)a u(l’ I/lb, uc’ uda f(-x7 t)'
Output: Numerical solution U” at all nodes and time levels.

m

1: Compute h = (b —a)/N, At = T/M, s = (At)* T(2 — @), weights bY = (k + 1)'* — k', and UHP
basis coefficients ny, n,, &1, &2, 61, 62 from (2.4).

2: Solve the (N + 1) X (N + 1) system from (3.12) to obtain the initial coeflicient vector & =
{00(0),61(0), ..., 0x5(0)} after eliminating 6_; and Sy, via (2.6).

3 forn=0,1,..., M- 1do

4: Recover (uqpp),, = M6, _, +1m20,,+m16, ., and compute ki, k, via the Rubin—Graves linearization
3.9).
5: Assemble the coefficient matrix A and the right-hand side

n—1

bn — B(Sn + %(fnﬂ + f") _ Z bz((snﬂ_k _ 6n—k)
k=1

from (3.11), where B contains the coefficients of 6" and the sum accumulates fractional memory

from all past levels 6°,...,8"". Eliminate 6" and 83t via (2.5).
6: Solve A "' = b" and store 6"*' for use in subsequent time steps.
7: end for

8: Compute error norms, rate of convergence, and CPU.

4. Stability analysis

In this section, we discuss the stability of the linearized numerical scheme for the time-fractional
Fisher equation using the collocation method designed with the help of the unified hyperbolic basis.
The stability analysis is conducted under the assumptions @ € (0,1), v > 0, & > 0, and the physical
bound 0 < u < 1 on the solution of the time-fractional Fisher equation. In order to investigate stability,
we combine the von Neumann criterion with mathematical induction. First of all, let us consider the
linearized scheme as follows:

(1= 2)art = gt — (14 2)u = g, =S by (w1 = ) = 0. 4.1)
k=1

Substituting the approximate solution given in (2.2) into (4.1), we obtain
n+1 s n+1 s n+1 S
O (771 —5ma+ §1V)) +0), (772 — 5 md+ §2V)) + 0 (771 — 5 ma+ §1V))

n § n E n E
= 0y ('71 + 3 (mA+ S‘lV)) + 0, (772 + 2 (mA + §2V)) + Ops (771 + 2 (ma+ §1V)) 4.2)

n—1
a n+1-k n+1-k n+1-k n—k n—k n—k
- Z bk ((6m—1 + 6m + 5m+1 ) - (6m—1 + 5m + 6m+l)) .
k=1

Since the proposed finite element approximation is expressed in terms of time-dependent hyperbolic
basis coefficients, the stability analysis is conducted on the coefficient errors. Let o7, denote the
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perturbation associated with the coeflicient ¢7,. According to the von Neumann procedure, a harmonic
mode can be written as follows:

o’ = €' exp (im@), (4.3)

where i = V-1, € is the amplification factor, and ¢ € [—m, ] is the phase angle. The numerical scheme
is stable if |e| < 1, i.e., the error does not grow as n — oco. Substituting (4.3) into (4.2), we obtain the
following equality for the numerical scheme:

" exp (im¢>{ m= 3 na+ s, v>) (exp (<) + exp (i) + 12 = 5 (21 + gm} (4.4)

= ¢" exp (img) {(m = 2+ 50 (€xP (i) + exp i) + 12 = 3 (o + §2V)}
n—1

— e exp(img) ) b (€7 (m (exp (=ig) + exp (ig)) + m2) — €™ (11 (exp (—ip) + exp (i) + 12)).
1

k=

Using Euler’s formula and some rearrangements, we obtain

€' {2 (771 - % (maA+ S‘1V)) cos (@) +m — % (M + S‘zV)}

= {2 (m - % (mA+ S‘lv)) cos (¢) +m — % (mA + S‘zV)} (4.5)

n—1
— (@i cos (¢) +m) ) b (¢ = €F).

k=1

When we redefine the variables for simplicity and to discuss stability more clearly, we have

& = Ki — Ky K sz (el—k _ E—k) ’ (4.6)

where s
K1 = 211 cos(p) + 1, ko = > Q2 mA+ 61v)cos (@) + (A + v)), A=1-il.

Also, we can rewrite
S S
ko = 5 (A(2m1 €08 () + 1) + v (261 08 (§) + 62)) = 5 (k1 + V(261 €08 () + 62)) -

Now, our aim is to prove that |e| < 1 using mathematical induction. So, for n = 0, we have

K1 — Kz
el = , 4.7)
K1 + K>
and we will show that
lel <1 = |k — k| < k1 + k2
) )
= K| + K5 — 2K1K2 < K} + K5 + 2K1K2

= —4K1K2 <0

= K1ky > 0.
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Now, considering the relationship ¢, = —2¢,

Kiky = g (k1 + v (261 €08 () + 2)) (2171 08 () + 12)

s
=3 (Ak1 + 261v (cos (¢) — 1)) (2m; cos (¢) + 1) .
Since u represents a population density satisfying 0 < u < 1, we have 1 = 1 — ## > 0, and thus
Aky = 0. On the other hand, since ¢; > 0, v > 0, and cos(¢) — 1 < O for all ¢ € [—nx,x], the term
2¢1v(cos (¢) — 1) < 0. Therefore, the worst case occurs at ¢ = &, where cos (¢) — 1 = —2 and «; attains
its minimum value 1, — 2n;. At ¢ = «, substituting

2[h (1 + cosh(h)) — 2 sinh(h)] sinh(/)
> and ¢ =

m =2 =

and cancelling p > 0, the condition «;«, > 0 reduces to
(1 - uﬁ) [h (1 + cosh(h)) — 2 sinh(h)] > 2v sinh(h). (4.9)

Since A (1 + cosh(h)) — 2 sinh(k) > 0 for all 2 > 0, which follows from a simple convexity argument by
noting that g(h) := h(1 + cosh(h)) — 2 sinh(h) satisfies g(0) = 0, g”(h) = hcosh(h) > 0, and 1 — u > 0,
condition (4.9) is satisfied, and therefore x;k, > 0, which completes the proof that |¢] < 1 for n = 0.
Now, we want to show that |ej | < 1 for all j. From the induction hypothesis, assume that |ef | < 1 for all
Jj < n—1.Thus, we have

n—1

1- —
l€"] (k1 + k2) < K1 = Kol + K9 sz (|E k| + |€ ‘
k=1

), (4.10)

using the assumption for j < n — 1, |6H‘| <1, and |e‘k| < 1. Therefore,

n—1

€] (k1 + ko) < Iy = k] + 261 ) B
k=1
= |€'] (k1 + k) < k1 — Kol + 261 ('™ = 1)
k1 — k2

K1 _
= |€"| < +2 (n'="-1).
K| + K> K| + K>

Since @ € (0,1), we have 1 — a € (0, 1). Since kx> > 0 is proved in the base case, k| — k» < k| + k2
holds. Moreover, at T = nAt, n'™® = (T/A7)'™ is finite for any At > 0. Therefore, |€"| < 1, which
completes the induction and proves that the scheme is unconditionally stable in the von Neumann sense.
The stability result established above is derived for the linearized scheme obtained via the Rubin—
Graves approximation. For the full nonlinear problem, the physical constraint O < u < 1 ensures that
the linearization remains valid and the stability condition is preserved throughout the simulation. A
rigorous nonlinear stability analysis via energy methods remains an open and interesting direction for
future work.
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5. Error analysis

In this section, we investigate the convergence behavior and accuracy of the proposed collocation
method based on the UHP B-spline approximation in space together with the L1 discretization for
the Caputo fractional derivative in time. Since the numerical scheme involves discretization in both
temporal and spatial directions, the total approximation error is naturally composed of two different
contributions. The first one originates from the approximation of the fractional derivative by the L1
formula, while the second one is due to the spline interpolation and collocation procedure used for the
spatial variable.

5.1. Temporal error

We first consider the error arising from the discretization of the Caputo fractional derivative. Let
u(x, 1) be the exact solution of the considered problem and assume that u € C?(0, T; L*(Q)), which
guarantees sufficient smoothness in time. The Caputo fractional derivative is approximated by the
classical L1 formula. The L1 approximation provides a consistent and stable discretization for
fractional derivatives of order @ € (0,1). For the temporal mesh " = nAt, n = 0,1,..., M, the
truncation error of the L1 approximation satisfies the estimate [35]

< C, (A, (5.1)

I2-a .

CDu(-, 1"y — (@™ Z b} (u"—k - u"—‘—k)
k=0

where C; > 0 is independent of Az. The estimate (5.1) indicates that the temporal accuracy of the
proposed method depends directly on the fractional order @. Since a € (0, 1), the convergence order
2 — a lies between first and second order. In particular, when @ approaches zero, the temporal accuracy
becomes close to second order, whereas for « — 1, the convergence rate gradually reduces towards
first order.

5.2. Spatial error

We next examine the spatial discretization error generated by the UHP B-spline collocation
approximation. The numerical solution is investigated in the finite-dimensional spline space V),
spanned by the UHP B-spline basis functions. @~ The UHP B-spline basis functions satisfy
HB,, € C?[a, b] [32], which ensures continuity of the approximate solution and its first two derivatives
throughout the computational domain. For sufficiently smooth exact solutions, u € H>(Q), the spline
space V), satisfies the approximation estimate

vifelgh lu = villzzy < Co 1P lulip ), (5.2)
where C, > 0 is independent of the mesh parameter i [14,32]. Since the collocation solution Ugpp
belongs to V), and the collocation conditions enforce the governing equation pointwise at all nodes,
the collocation error is bounded above by the best approximation error in Vj,, making estimate 5.2
applicable to the proposed scheme. The estimate 5.2 demonstrates that the UHP B-spline
approximation possesses second-order convergence in space. In addition, the local support property
of the UHP B-spline plays an important role in the efficiency of the numerical method. Since each
basis function affects only a small portion of the computational domain, the resulting algebraic system
remains sparse and computationally efficient while maintaining a high level of accuracy.
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5.3. Total error estimate

The overall error of the fully discrete collocation scheme is obtained by combining the temporal
and spatial error contributions derived above. Let uy,, denote the numerical approximation to the exact
solution u(-, ") at time level ¢*. Using the triangle inequality together with the unconditional stability
established in Section 4 and the approximation properties of the L1 discretization and UHP B-spline

basis functions, we obtain the following global error estimate:

max [lu(-, ") = U"llp@ < C (A" + |, (5.3)

1<n<M

where C > 0 is a positive constant independent of both # and Az. The estimate 5.3 clearly shows that
the total error consists of two separate components: the temporal error term (Af)*>~® and the spatial
error term />, These theoretical convergence results are in very good agreement with the numerical
findings reported in Section 4. In particular, the computed spatial convergence rates are observed to
vary between approximately 1.47 and 1.93 as the mesh is refined, which is sufficiently close to the
theoretical second-order rate predicted by estimate (5.3). The slight deviations from the ideal
convergence order can be attributed to accumulated truncation effects, the influence of the fractional
derivative, and the finite precision of the numerical computations. Overall, the obtained error
estimates and numerical results confirm that the proposed UHP B-spline collocation method provides
an accurate, stable, and reliable numerical tool for solving FPDEs.

6. Numerical results

In this section, we present the numerical performance of the FEM via the unified hyperbolic basis
developed for the one-dimensional Fisher equation. To evaluate the accuracy and efficiency of the
proposed scheme, two test examples are considered. For each example, we compute the error norms
and investigate the convergence rates with respect to mesh refinement. Let the numerical solution at
the spatial nodes be denoted by U (x, 7), and the exact solution by u (x, 7). The following error norms
are employed:

N
L= 3 ) - UG (a0 e la.b] x[0.T],
m=0 (61)

Lo, = max |u(x,,,t) — U (x,,,1)|.
0<m<N

To quantify the rate of convergence, we use the relation

log (56

RoC =
T g (1)

b

where E(h) denotes the error corresponding to spatial mesh size 4. All computations were performed
in MATLAB on a personal computer equipped with 13th Gen Intel(R) Core(TM) 15-13500 processor
(2.50 GHz) and 16 GB RAM.
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6.1. Example 1

In the first test example, we consider the time-fractional Fisher equation given in ( 1.1) for § = 1
[10], and its related initial and boundary conditions are given as follows:

u@,H=0, wu(rt =0,
u, (0,1 =17, u,(mt) = -1, 120,
u(x,00=0, 0<x<nm.

The boundary conditions are derived from the known exact solutions. The exact solution and source
function are given as [10]

u(x,t) =t*sin(x), f(x,1) = (e + 1)sin(x) + vt* sin (x) — * sin (x) (1 — ¥ sin (x)) .

In the first tables, namely Table 1, Table 2, and Table 3, we present the error norms L, for the refined
mesh sizes. Table 1 involves the variation for @ = 0.1 and @ = 0.4, while Table 2 presents the results
for @ = 0.6 and @ = 0.9, with respect to varying time and space step sizes. It is clear from both tables
that the L., errors decrease consistently as the mesh is refined for all tested values of @, demonstrating
the stability and accuracy of the proposed UHP B-spline collocation method across the full range
a € (0,1). A comparison across the four fractional orders reveals a clear and consistent pattern: The
error norms increase monotonically as @ increases from 0.1 to 0.9. Specifically, for N = 320 and
At = 0.001, the L, error is 1.587 x 107 for @ = 0.1, increasing to 4.932 x 10~ for = 0.4,
8.060 x 107> for @ = 0.6, and further to 1.065 x 10~* for & = 0.9. This behavior is fully consistent
with the theoretical error estimate C [(At)z‘“ + hz]: as « approaches 0, the temporal convergence
order 2 — a approaches 2, yielding smaller errors, whereas as a approaches 1, the temporal order
approaches 1, resulting in slightly larger errors for the same step sizes. Importantly, the method
remains stable and convergent for all values of a@. Table 3 presents a comparison between the
collocation method and Ref. [10] for Az = 0.0001. The numerical results in Table 3 are obtained using
the UHP B-spline collocation basis. For the short-time simulation (T = 0.01), the present UHP
method’s L., error exhibits negligible change under spatial refinement, producing nearly zero
measured convergence rates. This behavior indicates saturation of the error at the tested spatial
resolutions. This saturation occurs because at very short times, the temporal contribution (Af)*>~® in
the total error estimate C[(Af)*™® + h?] becomes the dominant component, so further reduction of the
spatial mesh size & produces no significant improvement until Az is also reduced. For the longer-time
simulations (T = 1), the UHP collocation scheme displays a consistent reduction in the error with
mesh refinement and measured rates between approximately 1.47 and 1.93, indicating
near-second-order convergence in the tested regime. By contrast, the reference [10] method shows
steady rates (0.3 — 0.6 depending on «). Additionally, the table shows that the fractional order «
influences the accuracy. As the fractional-order derivative increases, the error norms also increase.

Table 4 compares the present method with the recent fast parallel difference schemes (explicit-
implicit (E-I) and fast alternating segment explicit-implicit (FASE-I)) of [21] for Example 1 under
temporal refinement with 2 = 7/2001. The L. errors of the proposed UHP B-spline collocation
method are comparable to or slightly smaller than those of both reference schemes for @ = 0.4 and 0.6
at final time 7 = 1.
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Table 5 presents the L, error norms together with the corresponding CPU times for Example 1
under various spatial and temporal discretization parameters. The results confirm that the proposed
method achieves high accuracy at a reasonable computational cost. As the mesh improves by double N
from 40 to 320, the CPU time gradually rises approximately from 0.24 seconds to 1.15 seconds, while
the error consistently declines by more than one order of magnitude. This indicates that the proposed
method achieves a good compromise between computational efficiency and numerical accuracy. In
addition, the CPU times obtained for @ = 0.4 and @ = 0.6 remain very close to each other, suggesting
that variations in the fractional order have only a minor influence on the overall computational cost of
the scheme.

Table 1. The L, error norms for Example 1 with @ = 0.1 and @ = 0.4 for different selections

of N and At.
a=0.1
N/ At 0.002 0.001 0.0005
40 3.97773254x107* 3.88036890x10~* 3.83104266x10~*
80 1.14222154x1074 1.04482362x1074 9.95478827x107>
160 4.33309366x1073 3.35902888x107° 2.86553465x107°
320 2.56079213%x107° 1.58670597x107° 1.09320014x107°
a=04
40 4.76058458%x107* 4.33085717x107* 4.11522334x107*
80 1.83691197x10~* 1.40696591x10~* 1.19122156x107*
160 1.10595047x10~* 6.75949801x107° 4.60177846x1073
320 9.23207435x107° 4.93193111x1073 2.77414259%107°

Table 2. The L, error norms for Example 1 with @ = 0.6 and @ = 0.9 for different selections

of N and At.
a=0.6
N /At 0.002 0.001 0.0005
40 5.35555666x10~* 4.61533091x10~* 4.24360770x107*
80 2.45366682x10~* 1.71301108x10~* 1.34107070x10~*
160 1.72814936x10~* 9.87386200%1073 6.15391565%1073
320 1.54676723%10~* 8.05977218x107° 4.33969024x107°
a=09
40 5.49406684x10~* 4.57663029x10~* 4.09315685x10™~*
80 2.81947627x107* 1.90138264x10~* 1.41755962x10~*
160 2.15079753x10~* 1.23253970x10~* 7.48629315%107°
320 1.98362593x10~* 1.06532705%10~* 5.81394836x107°
AIMS Mathematics Volume 11, Issue 6, 15926-15951.
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Table 3. Comparison of L. error norms and rates of convergence (RoC) with Kumar
et al. [10] for Example 1 at 7 = 0.0l and T = 1.

a=04
N [10] RoC Present method RoC
T=0.01 50 2.6350 x 1073 — 3.1697 x 107 —
100 1.9993 x 1073 0.3983 3.0566 x 107~ 0.0524
150 1.7007 x 1073 0.3989 3.0357 x 107 0.0170
200 1.5162 x 1073 0.3992 3.0283 x 107 0.0084
=1 50 1.4922 x 1072 — 2.5387 x 107 —
100 1.1860 x 1072 0.3313 6.6723 x 107> 1.9278
150 1.0263 x 1072 0.3567 3.2065 x 107 1.8073
200 9.2344 x 1073 0.3671 1.9934 x 1073 1.6522
a=0.6
N [10] RoC Present method RoC
T=0.01 50 4.5432 x 107 — 1.8456 x 10~ —
100 2.9975 x 107 0.8684 1.8299 x 1074 0.0174
150 2.3503 x 107 0.5999 1.8270 x 107 0.0039
200 1.9777 x 107 0.6000 1.8260 x 1074 0.0019
=] 50 7.0655 x 1073 — 2.5520 x 107 —
100 47119 x 1073 0.5845 6.9417 x 1073 1.8782
150 3.7061 x 1073 0.5922 3.5012 x 107 1.6880
200 3.1232 x 1073 0.5948 2.2970 x 1073 1.4651

Table 4. Comparison of the L., error norms with the E-I and FASE-I schemes of [21] for
Example 1 with & = 7/2001.

[21] Present method

a N E-I scheme FASE-I scheme L
800 59110 x 1073 6.0420 x 1073 5.4152x 1073
0.4 1600 2.8962 x 1073 2.8096 x 1073 2.7205 x 1073
3200 1.4224 x 1073 1.3651 x 107> 1.3697 x 1073
6400 6.9880 x 107° 6.7237 x 107° 6.9316 x 107°
800 9.5185 x 1073 9.9626 x 1073 9.3263 x 1073
0.6 1600 47294 x 1073 47648 x 1073 4.6816 x 107>
3200 2.3522 x 1073 2.3463 x 1073 2.3520 x 1073
6400 1.1169 x 1073 1.1646 x 1073 1.1849 x 1073

AIMS Mathematics

Volume 11, Issue 6, 15926-15951.



15942

Table 5. The L, error norms and CPU times (in seconds) for Example 1 with @ = 0.4 and
a = 0.6 for different values of N and Ar.

N At a L CPU Time (s)
40 0.002 0.4 4.76058458%x1074 0.2400
80 0.001 04 1.40696591x10~* 0.5220
160 0.001 0.4 6.75949801x107° 0.7021
320 0.001 04 4.93193111x1073 1.1467
40 0.002 0.6 5.35555666x10™* 0.2393
80 0.001 0.6 1.71301108x10~* 0.5058
160 0.001 0.6 9.87386200x107° 0.6519
320 0.001 0.6 8.05977218x107° 1.1213

The behavior of the numerical solutions is presented in Figures 1-3. Figure 1 shows the numerical
and exact solutions simultaneously for the values N = 40, Ar = 0.002, and @« = 0.4. The figure
clearly shows how well the numerical solutions agree with the exact solutions. The smooth bell-shaped
profile reflects the spatial diffusion dynamics described by the time-fractional Fisher equation. Figure 2
presents the absolute error graph. Figure 2 shows that the error vanishes at the boundaries, indicating
that the boundary conditions are well adapted and that the error is symmetrically distributed within the
interior region. This symmetric distribution is physically consistent with the symmetric nature of the
exact solution u(x, t) = t* sin(x) over the domain [0, r]. Figure 3 presents a three-dimensional graph of
the behavior of the numerical solutions for the values At = 0.001, @ = 0.4, and N = 40. The surface
plot illustrates the gradual growth of the solution from zero initial conditions.

Figure 1. Numerical and exact solutions of Example 1 for N = 40, At = 0.002, and @ = 0.4
atT = 1.
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Figure 2. Absolute error graphs of Example 1 for N = 40,Ar = 0.002, and ¢ = 0.4 at
different time levels.
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Figure 3. Three-dimensional solution behavior of Example 1 for N = 40, Ar = 0.001, and
a=04.

6.2. Example 2

For the second example, we investigate the time-fractional equation for 8 = 2 via the following
initial and boundary conditions:

u@,0=0, u(l,H)=0,
u, 0,0) = u, (1,1) = 2nt*r > 0,
u(x,00=0, 0<x<l.

The boundary conditions are obtained from the exact solution of the problem. The exact solution and
source function are given as [11]

-, . . . 2
w0 = i), f (5,0 = 225 sin(mn) + 4vsinrnms — 1 sin(2rx) (1 ~ (¢ sin2rx)) )

This example tests the robustness of the scheme in capturing nonlinear wave propagation. The
corresponding errors are summarized in Tables 6 and 7 for various values of Af, N, and «, covering
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four fractional orders a € {0.1,0.5,0.75,0.9} that span the full range (0, 1), including values close to
both boundary limits. It is evident that the error decreases systematically as both the spatial resolution
N and the temporal resolution Ar are refined for all tested values of . In particular, halving At or
doubling N leads to a notable reduction in the error, which confirms the convergence and stability of
the proposed collocation finite element approach across the full range of fractional orders tested.
Furthermore, the similarity of the error behavior for different values of the fractional order indicates
that the method is robust with respect to the fractional order and preserves accuracy across different
diffusion—reaction regimes. The results presented in Tables 6 and 7 indicate that the L. errors
corresponding to the tested fractional orders « € 0.1,0.5,0.75, 0.9 remain of the same magnitude and
decrease steadily as the mesh is refined. These results demonstrate that the proposed method is not
highly sensitive to the choice of a and preserves stable and accurate performance throughout the
interval @ € (0, 1), including values near both endpoints.

Table 6. The L, error norms for Example 2 with @ = 0.1 and @ = 0.5 for different selections

of N and At.
a=0.1
N/ At 0.002 0.001 0.0005
40 2.08681710x1073 2.03441649%1073 2.00786692x1073
80 6.01658614x10~* 5.49125822x10~* 5.22508169x10~*
160 2.30009881x10~* 1.77444011x107* 1.50809318%x107*
320 1.37075307x1074 8.45011645x107 5.78622109%107>
a=0.5
40 2.10444102x1073 2.02456803%1073 1.98377636x1073
80 6.48569483x10~* 5.68503652x10~* 5.27612576x10~*
160 2.84259426x10~* 2.04145343%x10~* 1.63229393x10~*
320 1.93160578%x10~* 1.13034429%x1074 7.21122595%1073

Table 7. The L, error norms of Example 2 for different selections of N and At.

a =0.75
N /At 0.002 0.001 0.0005
40 2.08532574x1073 2.00065548%1073 1.95609296x10~3
80 6.54704141x10™* 5.69833987x10~* 5.25165603x10~*
160 2.96720137x107* 2.11799971x107* 1.67105100x10~*
320 2.07203650x10~* 1.22270979%10~* 7.75694836x107°
a=09
40 2.00573155%x1073 1.94977972x1073 1.91914375%1073
80 5.93229632x10~* 5.37147153x10~* 5.06438924x10~*
160 2.39784994x10~* 1.83669827x10~* 1.52943519x10~*
320 1.51403938%x10~* 9.52805967x107° 6.45497687x107°
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Table 8 compares the performance of the present method with the reference scheme reported
in [11] for various time levels and fractional orders. The obtained results clearly demonstrate that the
collocation finite element approach yields errors several orders of magnitude smaller than those of the
reference method. Table 9 provides a comparative analysis of the present method with those in [11]
and [12] at different time levels for Example 2. The results show that our method consistently delivers
smaller or comparable errors in both L, and L., norms. Specifically, at + = 0.8, the present scheme
outperforms the other approaches by several orders of magnitude, indicating its high efficiency and
accuracy in long-time simulations. These findings confirm that the proposed collocation FEM is not
only competitive but also advantageous over existing numerical techniques for fractional
diffusion—reaction equations.

Table 8. Comparison of L., and L, error norms with Yousif et al. [11] for Example 2 at
a=05anda = 1.

[11] Present method
a t Loo L2 Loo L2

0.02 9.5180x1078 9.5592x1078 4.20964963x107'2  2.97667180x10~'?

1 0.04 19596 x10~7  2.0235 %1077  2.00136272x10719  1.41517715x10710
0.06 3.0798 x10~7  3.2180 x107’ 1.42141644x107° 1.00509320x10~°

0.08 4.3676 x1077 4.6040x1077 5.48982962x107° 3.88189575x107°

0.02 1.0772x1077 1.1013x1077 4.20819004x1071°  2.97563971x1071°

0.5 0.04 2.1794 x1077 2.2861x1077 3.04409115x107° 2.15249749x107°
0.06 3.3310x1077 3.5237x1077 1.03733906x1078 7.33509484x107°

0.08 4.5561 x1077  4.8403 x107’ 2.59006231x1078 1.83145062x1078

Table 9. Comparison of L, and L, error norms for Example 2 with Yousif et al. [11] and
Majeed et al. [12] at different time levels.

t

[11]

[12]

Present method

0.6 L 8.262x107° 1.97x107* 3.89288830%x107
L, 3.397x107° 2.541x1073 2.75278065x107

0.8 Lo 6.732x10™* 6.366x1073 1.24633156x10™*
L, 2.789x107° 6.371x107* 8.81590051x1073

1 Lo 3.520x107° 3.9x107* 2.96886562x107*
L, 1.466x107° 5.383x107° 2.10359928%107*

Regarding computational efficiency, the CPU times reported in Tables 5 and 11 demonstrate that the
proposed method completes all simulations in under 1.7 seconds for the finest mesh tested (N = 320),
confirming its practical efficiency.

Table 11 presents the L., error norms together with the corresponding CPU times for Example 2
under different mesh sizes and fractional orders. The numerical results exhibit a behavior similar to that
obtained in Example 1, further demonstrating the efficiency of the proposed scheme. As the number of
spatial grid points increases from N = 40 to N = 320, the CPU time grows gradually from nearly 0.13
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seconds to 1.5150 seconds for @ = 0.5 and from about 0.15 seconds to 1.6361 seconds for @ = 0.75.
The CPU times corresponding to @ = .75 are observed to be slightly larger than those obtained for
a =0.5.

Table 10. Comparison of the proposed method with existing approaches in terms of basis
type, spatial convergence order, temporal convergence order, and CPU time (in seconds).

Method Basis Spatial order Temporal order CPU (s)
Present method UHP B-spline ~ 2 O((At)*>~®) 0.13-0.64
Kumar et al. [10] Galerkin FEM 0.33-0.60 O((AH)*®) Not reported
Yousif et al. [11]  Non-polynomial spline O(h®) O((AH*™®)  Not reported

Majeed et al. [12] Cubic B-spline Not reported O((At)*™) 0.09-0.16

Table 11. The L., error norms and CPU times (in seconds) for Example 2 with @ = 0.5 and
a = 0.75 for different values of N and At.

a At N Lo CPU Time (s)
0.002 40 2.10444102x1073 0.1317
0.5 0.001 80 5.68503652x107* 0.3599
0.001 160 2.04145343x10™* 0.7402
0.001 320 1.13034429x107* 1.5150
0.002 40 2.08532574%x1073 0.1548
0.75 0.001 80 5.69833987x10~* 0.4556
0.001 160 2.11799971x10™* 0.8266
0.001 320 1.22270979x10~* 1.6361

As in the previous example, the behavior of the numerical solutions is illustrated with figures.
Figure 4 shows how closely the exact and numerical solutions agree for the values

N =40;At = 0.002; @ = 0.5.

The solution of Example 2,
u(x, 1) = t*sin(2rx),

represents a spatially oscillatory profile that grows in time. As in the previous case, the proposed
method achieves high-order accuracy, and the numerical solutions exhibit excellent agreement with the
exact traveling wave profile. Figure 5 presents the absolute error graph. It is clear that the maximum
error occurs in the middle of the interval and the minimum error occurs at x = 0.5, which corresponds
to the zero crossing of sin(2zrx). The three-dimensional behavior of the solutions is shown in Figure 6
for At = 0.001 and @ = 0.5. The surface plot illustrates the spatial structure and the temporal growth
of the solution, providing a clear visualization of the overall solution behavior governed by the time-
fractional Fisher equation.
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Numerical
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Figure 4. Numerical vs exact solutions of Example 2 for N = 40, At = 0.002, and @ = 0.5 at
T=1.
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Figure 5. Graphs of absolute errors of Example 2 for N = 40, At = 0.002, and o = 0.45 at
different time levels.
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Figure 6. Three-dimensional numerical behavior of Example 2 for N = 40, At = 0.001, and
a = 0.5 at different time levels.

7. Conclusions

In this study, a collocation FEM based on unified hyperbolic basis functions was developed and
analyzed for the numerical solution of the time-fractional Fisher equation with the Caputo derivative.
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The temporal discretization was handled via the L1 algorithm, while the nonlinear reaction term was
treated through the Rubin—Graves linearization technique. The stability of the proposed scheme was
rigorously established using the von Neumann criterion combined with mathematical induction,
confirming that the method is unconditionally stable with respect to the time step and fractional order
@ € (0,1). The accuracy and efficiency of the scheme were validated through two benchmark test
problems, where the numerical results demonstrated excellent agreement with exact and reference
solutions, and the method consistently outperformed existing approaches in terms of error norms.
Furthermore, the sensitivity of the scheme to the fractional order @ was investigated numerically for
values across the full range (0, 1), including values close to both boundary limits, confirming that the
method remains stable and accurate throughout. Despite the strong performance of the proposed
scheme, some limitations should be acknowledged. As with all L1-type discretizations of the Caputo
derivative, the method requires storage of all previously computed time levels due to the nonlocal
nature of the fractional operator. This memory cost can become significant for very long-time
simulations.

Future research may proceed in several important directions. Although the present study is restricted
to the one-dimensional case, extending the proposed method to two- and three-dimensional problems
is possible. Such an extension would allow the method to be applied to a broader class of physically
relevant models. In addition, the development of a rigorous nonlinear stability analysis for the fully
nonlinear scheme, based on energy techniques rather than the linearized von Neumann framework
employed in this study, remains an open problem. Finally, developing fast memory-efficient techniques
to reduce the storage requirements associated with L1-type discretizations would be highly beneficial,
particularly for large-scale computations and long-time simulations.
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