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1. Introduction

In 2009, motivated by the Goldbach conjecture and the twin prime conjecture, Li and Pan [8]
proposed the following conjecture.

Conjecture 1. Let a > 0 be an irrational number, and let B be a real number. Then, there exist infinitely
many primes p such that |ap + ] is also a prime.

Concerned with the above conjecture, Li and Pan [8] proved a weaker theorem (Theorem 1 in [8])
as follows.

Theorem 1.1. Let 8 be a real number. Then, for almost all irrational numbers a > 0 (in the sense of
Lebesgue measure),

7 (x)(log” x)
lim sup TP s

X—00

9

where
ﬂzﬁ(X) =|{p < x: both p and |ap + B] are primes}|.

On the other hand, the Piatetski-Shapiro sequence is a fundamental object in analytic number theory,
named after the Soviet mathematician Israel Moiseevich Piatetski-Shapiro. It refers to sequences of
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the form {|n°]}? ,, where ¢ > 1 is a real number. The theory of Piatetski-Shapiro primes plays an
important role in analytic number theory. In 1953, Piatetski-Shapiro [12] gave an asymptotic formula
for the counting function of Piatetski-Shapiro prime for ¢ € (1,12/11). It is worth emphasizing that the
range ¢ € (1,12/11) was improved subsequently by Kolesnik [6], Heath-Brown [4], Kolesnik [7], and
Liu and Rivat [9]. The best known result in this direction is due to Rivat and Sargos [13], which gave
an asymptotic formula for the counting function of Piatetski-Shapiro prime for ¢ € (1,2817/2426). We
remark that Rivat and Wu [14] gave the lower bound for the counting function for ¢ € (1,243/205).
This result is the best regarding the infinitude of the Piatetski-Shapiro primes. In [10], Li, Qi and
Zhang studied prime of the general form |an® + ], and they called it generalized Piatetski-Shapiro
prime. In [3], Guo studied prime numbers in the intersection of Piatetski-Shapiro sequences and Beatty

sequences. Motivated by these results, in this paper we prove the following result.

Theorem 1.2. For almost all irrational numbers a > 0 (in the sense of Lebesgue measure), let ¢ €
(1,150/119), let B, B, be real numbers, and let ay > 1 be an irrational number with finite type (for the
definition of the type of irrational numbers see Definition 2.1), and let P = {p = laym + ;] : m € N}.

Then, we have
ngfﬂ(x)(cal log x)

lim sup ) 2 1,
X—00 X

where

mos(X) =[{p < x: pisa prime,p € P,lap® + Bl is a prime}|.
2. Some notations

Let p always denote a prime. Let mes(A) denote the Lebesgue measure of A. We shall frequently
use € with a slight abuse of notation to mean a small positive number, possibly a different one each
time. Given a real number ¢, we write e(¢) = e, {a} for the fractional part of , and | @] for the largest
integer not exceeding . We recall that for functions F and real nonnegative G the notations F < G
and F = O(G) are equivalent to the statement that the inequality |F| < CG holds for some constant
C > 0. We also write F ~ G to indicate that F < G and G < F.

Next, we give the definition of the type of the irrational number.

Definition 2.1. For any irrational number a, we define its type T = 1(@) by the following formula:

7 := sup{r € R : liminf ' || an ||= 0}.
Remark 1. By Dirichlet’s approximation theorem, we have T > 1 for every irrational number a. By the
work of Khinchin [5], it is known that 7 = 1 for almost all real numbers, in the sense of the Lebesgue

measure. Moreover, if @ is an irrational number of type 7 < oo, then so are @' and na! for all integers
n>1.

3. Some lemmas
Before proving the main theorem, we state the proof strategy of the theorem.
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Remark 2. We remark that the method in this paper simplifies the proof of the main theorems in [8, 15]
due to the use of the so-called division trick. First, the division trick yields a characteristic function for
the condition d| ap‘ + B]. We then combine Fourier analysis with estimation of exponential sums to
establish Lemma 3.12. Finally, the theorem is proved by applying a standard sieve method.

For readers’ convenience, we list some lemmas before proving Theorem 1.2. First, we need the
following well-known approximation of Vaaler [16].

Lemma 3.1. Let x be a real number, and let Y(x) = x — [x] — 1/2. Then, for any H > 1, there are
numbers ay, b;, such that

Y(x) = Z ane(xh)

O<|hl<H

< Z bpe(xh),

\hl<H

where

< ! b, < !

a —, —.

PSS g

Lemma 3.2. Let « and B be real numbers. An integer m can be written in the form |an + ] where
n e Nifand only if Fog(m) == |—-a'(m=B)| - |- '(m-B+1)] = 1.

Proof. The proof of this lemma is easy, so we leave it to the reader. O

We need the following lemma to detect the condition d||ap® + B], which we refer to as the division
trick.

Lemma 3.3. Let d be a natural number, let a be an irrational number, and let t > 0 and B be real

numbers. Then, d||at + B] if and only if E, g 4(t) := {M%BJ - [“HTﬁ_IJ =1L

Proof. First, we suppose that d||at + ]. Then, we have |at + 8] = dk for some integer k, and then

at+B—-1<dk < at +p,

:at+ﬂ—1<kéa/t+,8’
d d
= —at+’8_1 <ks{—m+ﬁJ.
d d
Because
OS{Q/H-'BJ— at+p5 -1 <1,
d d
if d||at + B], we have
{at+,BJ at+B-1 4
d d -
Next, we suppose [%J—l%le.Letting lat+B]=dk+1,0<1<d-1, wehave
{at+,8J at+p5 -1
d d
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[+ {at + 5} B [+{at+p6} -1
d d '

If [ > 1, we have

d d

so [ = 0. This completes the proof of this lemma. m|

{at+,8J_ at+,8—1|:0’

Lemma 3.4. Let a be an irrational number. Suppose that

where a and g are two integers with (a,q) = 1 and 1 < a < q. Then, there holds

Z e(ap) < x“(xq™'* + x*7 + x'2¢').

p<x
Proof. See Chapter 25 of [1]. O

Lemma 3.5. Suppose that a is a fixed irrational number of finite type T < co. Let h > 1 and M be
positive integers. Then, we have

Z A(m)e(ahm) < h'?M'=3000+e o ppais+e,

m<M
Proof. Since a is of type 7, when n is sufficiently large, say n > ¢, we have

llan|| > n~"°.
When n < ¢, we have only finite integers n, so there exists a constant ¢ such that
llan|| > ¢’'n™""%.
So, we have

llan|| > n~""°. 3.1

By Dirichlet’s approximation theorem, there exist natural numbers d < M3/> and b < d with (b,d) = 1,
such that

ah—g‘sﬁs%, (3.2)
which combined with (3.1) yields
M™P > |ahd - b| > ||lahd|| > (hd)"™*.
So, we have
d> ' M5, (3.3)
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Combining d < M?/5 and (3.3) with Lemma 3.4, by partial summation, we have

D" Alm)e(ahm) = " log pe(ahp) + O(M"/***)

m<M p<M
<M*(Md™'? + MY + M'2d'?)
<<h1/2M1—3/(10‘r)+g + M4/5+8.

The next lemma is the famous Vaughan decomposition for the arithmetic function A(n).

Lemma 3.6. Let3 < U <V < W < X be reals with
1
(W} = > X > 64W2U, W >4U? V? >32X.

We further assume that F(n) is a complex-valued function such that |F(n)| = 1. Then, the sum

Z A(n)F(n)

X<n<2X

may be decomposed into O(log'® X) sums, each of which is either of type I:

Z a(m) Z F(mn)

M<m<2M N<n<2N

with N > W, where a(m) < m¢, X < MN < X, or of type II:

a(m) Z b(n)F (mn)
M<m<2M N<n<2N

with U < M <« V, where a(m) < m*, b(n) < nf, X < MN < X.

Proof. This is Lemma 3 in [4].

O

Lemma 3.7. Let M and M’ be two integers, and let f be a real function with three continuous

derivatives on (M, M"). Suppose that M < M’ < 2M. If|f"’| ~ A, then

e(f(n)) < MAYS + MP* + MY A714,
M<n<M’

Proof. This is Theorem 2.6 in [2].

Lemma 3.8. Let z(n) be any complex numbers. Then, for 1 < Q < N, there holds

2

N -

< — 1- @)ER Z z(n)z(n + q).
N<n<CN-q

z(n) (
Q 0<lgl<Q Q

N<n<CN

Proof. The proof of this lemma can be found in [2].

O
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Lemma 3 9. Let a h, and1 < c < ﬁg be reals. Then, for sufficiently large reals x and any d <

mln(x Ty x476 &), N > x| + 1/2, and MN ~ x, we have

l—s

Sy:= Z Z a(m)e (amn + h(mn)°) <

n~N m~M

where a(im) < mf and 1/d < h < dx*.

Proof. We have

S = Z a(m) Z e (amn + h(mn)°)
n~N

m~M

<<Z

m~M

Z e (amn + h(mn)°)| .

n~N

Applying Lemma 3.7 to the innermost sum, we get

d1/6x94/119+c/6+8 +x213/238+8 +d1/4xl—c/4+£ X

S, < <

This completes the proof of this lemma. O

Lemma 3 10. Let a hand1 < c < }fg be reals. Then, for sufficiently large reals x and any d <

150-119¢
min(x "5, x76°), x18/119 « M < x*""% and MN ~ x, we have

1-&

Syi= Z Z a(m)b(n)e (amn + h(mn)) < x—,

n~N m~M d
where a(m) < m?, b(n) < n® and 1/d < h < dx°.
Proof. Applying Lemma 3.8 with Q = x®d?, we get

Sh<G* 22

q<Q n~N

=22,

q<Q n~N

Z e(agm + h((n + q)° — n“)m°)|.

m~M

Let
Z e(agm + h((n + q)° — n“)m°)|.

m~M

By Lemma 3.7, we have
§7 < 529 Tlwc[6ve | g2 209/238+e | g1/4,5/4-9/238~c/d+e
So, we have
1-¢
T
This completes the proof of this lemma. O

Sy <
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150

Lemma 3.11. Let a, h, and 1 < ¢ < in

be real numbers, and let d be a positive integer such that
. 150-119¢ 9

d < min(x~ 83, x76¢), Then, we have

l1-¢

< ,
d

Z A(n)e(an + hn°)

n~x

(3.4)

where 1/d < h < dx®.

Proof. Let W = |[xX°"] +1/2, V = x*/1"9 and U = x'8/'"% then by Lemma 3.6, we have that the
above sum can be decomposed into O(log'® X) sums, each of which either of type I,

Z Z a(m)e (amn + h(mn)°)
n~N m~M
with N > W, where a(m) < m¢, x < MN < x, or of type II,
Z Z a(m)b(n)e (amn + h(mn)°)

n~N m~M

with U < M <« V, where a(m) < m¢, b(n) < n¢, and x < MN < x.
By Lemma 3.9, the type I sums are

X
< .
d
By Lemma 3.10, the type II sums are
l1-¢
<X
d
So we have
1-¢
> Ametan + hn)| < -
This completes the proof of this lemma. O

Lemma 3.12. Suppose that b, > b; >0, 1 <c¢ < %, B, and B, are arbitrary real numbers. Suppose

a1 > 1 is an irrational number with finite type 1. Let P denote the set {p : p = laym + B11}. Then, for
. 150-119c 9 _ 1
any square-free d < min(x~ s, x%6 ¢, x5 %) and any a € (b, b,), we have

1-¢&
{1 <p<x,peP:dlap’+Bl}= @+0(x )

(Zld d
Proof. Let
S = Z 1.
peP
d|lapc+p]

By Lemmas 3.2 and 3.3, we have

Fop(P) = a7 +y(=a;' (p = B1 + 1) = (=7 (p = B1)), (3.5)

1 ap‘+p -1 ap’ +
Eapap) = 5+ p(LL2) g (TEE) (3.6)
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So, by (3.5) and (3.6), we obtain

S = Furp (P)Eapa(p?)

psx
= > @ a7 (p =B+ 1)~ y(=a7' (p - B)
p<x
_ 1 C
e e )
—Sl+Sz+S3+S4, (37)
where
1
S, = ; vt (3.8)
_ apt+p-1 ap’+pB
52=;a1‘<w< ) (), (3.9)
1
S3= ) 2 Wi (p =B+ D) = u(=ai' (p = B))). (3.10)
p<x
Sa= ) W=a7'(p =P+ 1) = w(=a7'(p = 1))
p<x
x (L) g (IR, (3.11)
For S, we have
_ ()
$1= 70 (3.12)
For §; (i = 2,3,4), it is sufficient to show that
xl—a .
S, < p 2<i<9d

By Lemma 3.1 with H, = H, = dx®, we have
w(—ay (p— B+ 1) —y(-a;'(p - B)
= > ayletha;'(p-p+ 1) - e(ai'(p-B))

0<|hi|<H;
+0( D by(ethai' (p-B+ 1) = elhay' (p = P),
|h1|<H\
¢ -1
R (i)
ap +,3 ap’ + 8
= an(en L1y o )
0<|hZZISH2 h 2 d 2 d
00N biletn P20y o, 1B, (3.13)
lh2|<H>
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For S5, we have

1
3=, D an(@nay'(p=pi+ 1)~ eluay'(p = B)
p<x 0<|h|<H,;
1 _ -
+= 00 D buletnai' (p =i+ 1) +elnai' (p = B).
PEx |hi|<H;
By partial summation, we obtain
1 _ _
Sy<5 Y Il D Ame((aimn)|.
0<|h|<H n<x
Then by Lemma 3.5, we conclude that
xl—s
NERS T
For S 4, we write
xl—a

S4=084 +Sp+Sp3+Su)+ 0( d )

where

Su= S anletnar'(p-pi+ D) - e(mar' (p - B)

Pp<x 0<|hy|<H,
xS anlern L) o, LBy
0<|ha|<H> d d
S=) > ayleluai'(p—pi+ 1) -e(hai'(p-p)
p<x 0<|hi|<H,
X Z bh2(€(h2w) + e(h, ar +ﬁ))v
0<|ha|<H> d
S5=3 S bulethnar' (p=pi + 1) +e(mar' (p = 1)
p<x 0<|h|<H;
X Z ahz(e(hzw) - 6’(]’12 apc +ﬁ))’
0<|ha|<H> d d
Su=3" buetnar (p—pi + 1) +e(hai' (p - 1)
p<x 0<|h(|<H,
% Z bhz(e(h2apt+ﬁ_l) + e(hza’pt +ﬁ))
0<|h2|<H>

For S 4;, we find that

Sa< DL Il DT il D Amear'n + had )|

0<|h|<H; 0<|hy|<H> n<x

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

AIMS Mathematics Volume 11, Issue 6, 15912-15925.



15921

By Lemma 3.11, we conclude that

1-¢

S4 < i (321)
S 42, S 43, and S 44 can be estimated similarly, so we have
1-¢
Si < I (3.22)
For § ,, similarly we have
1-¢
S, <« I (3.23)
By (3.7), (3.12), (3.16), (3.22), and (3.23), we derive
n(x) x'-e
S=—2+0 . 3.24
Ck]d ( d ) ( )
This completes the proof of this lemma. O

Lemma 3.13. Suppose that b, > b; >0, 1 <c¢ < ﬁg, B, and B, are arbitrary real numbers. Suppose

a1 > 1 is an irrational number with finite type. Let P denote the set {p : p = laym + B11}. Then, for all
sufficiently large real numbers x and any irrational a € (b, b,), we have

m(x)

Hl1<p<x,peP:|lap’+p]isaprime} <« .
a;log x

Proof. Put

150-119¢ 9 1
Z=min(x 166 , x9%27° xTor %)

P = || »

p<z,p prime

SA,2)={a€A:(a,P(2)=1).
LetA ={lap‘+B]: p<x, peP}. Wefind
{lap® +Bl:aVz =B+ DV < p<x,pePlap® +B]is prime}

a subset of S(A,z2). Then, by Lemma 3.12, we know that for any square-free d <
min(x 5, x76 ¢, x5 ¢) and any irrational @ € (b, by),

7r(x) x'-e
A O ,
|Aal = wd + ( p )

where A; = {a € A : d|a}. We define a completely multiplicative function such that g(p) = Ilj for each
prime p. And, let G(z) = X,<. mp) &(m). By Selberg’s sieve method, we have

IS4, 2)| < m n O[Z 30ld) 1= g/d} (3.25)
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where w(d) denotes the number of distinct prime divisors of d. So, we have 3 < d°. So, we have

Z 30dyl-2 14 « x!=¢ Z A < x7E,

d<z? d<z?

So, the error term in (3.25) is negligible.
By the prime number theorem and Theorem 7.14 of [11], we have

-1
G(z) > l—[ (1 - 119) > logz.

p<z

This completes the proof of this lemma. O
4. Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to the proof of Theorem 1 in [8]. The only difference is the
formula (4) in [8]. For completeness, we give the full proof of Theorem 1.2.
Suppose that b, > by > 0. Let

F ={a € (b1, by) : limsup g s(x)ca; log x/n(x) < 1},

and
Fn ={a € (b1, by) : limsup 7y s(x)ca; log x/n(x) < 1 — 1/n}.

Obviously F = ,.; F. So, it suffices to show mes(F,) = 0 for every n > 1. Assume on the contrary
that there exists n > 1 such that mes(F,) > 0. Letting I := (c;,c;) be an arbitrary sub-interval of
(b1, by), we have

f ” Tap(X)da = f ” Z Z 1|da

‘l | p<x apc+p-l<g<ap+p
peEP q is a prime

> > D, mesg-BIp g+ 1-BIpHNle e
Pp<x c1pC+B—-1<g<crp’+B
pEP q is a prime
1
> 22 I
P=x 1 p+p—-1<q<crpc+p
peP q is a prime
= (cp-c )Z ! 1+0 !
- Vdclogp log(c1p)
PpEP
1
> (er—e)—"9_(110(L1)). (4.1)
caylog x log x

Suppose that C’ > 1 is the implied constant in Lemma 3.13. Let C = C’c, and let £; = F, N [ and
L15(x) ={a €1 : my5(x)ca; log x/m(x) < 1 -6}

AIMS Mathematics Volume 11, Issue 6, 15912-15925.
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For any two primes p, g,
Jpg i ={a el ap’ +B] =g}

is an interval or empty set. Let

k
H (1) = Tosa |
k>(1-8)r(x)/(cay log x) j=1
P1. pr<x are distinct and p;EP
g1, gk are primes
So, we have that
LL@(X) =1 \ g{l,é(x)
is measurable.
By Lemma 3.13,
(1 - () Cr(x)

+(c2 — c1 — mes(Ly5(x)))

f ’ Mo p(X)da < mes(L;5(x))

‘ ca; log x caplogx’

Combining the above result with (4.1), we have

C —
< ——mes(]).
mes(L15(x)) < -1 5meS( )

We claim that

L= ﬂ U m L11/n-1/m(X).

m>n y>1 x>y
veZ xeZ

In fact, for any m > n, if

lim sup 7t (x)cay log x/n(x) < 1=1/n+ 1/m,

X—00

then there exists y, such that for any x > yj,
Tap(X) < (1= 1/n+ 1/m)r(x)/(ca, log x).
On the other hand, if @ € Uy N>y £71/n-1/m(X), clearly we have

lim sup 7 (x)cay log x/n(x) < 1= 1/n+ 1/m.

X—00

By (4.2) and (4.3), we get

-1
mes(LI) < III;'I_}SOI;IP mes(LLmn(x)) < mmes(l).

4.2)

4.3)

4.4)

AIMS Mathematics Volume 11, Issue 6, 15912-15925.



15924

Since mes(J,) > 0, there exist open intervals I, I, - - - C (b, b,) such that

s:,ngk

and

Z mes(I) < 1 i 1/mees(ff",,). 4.5)
But, by (4.4) and (4.5),

N C-1 <« C-1+1/4n
F,) < L)€ ——— 1)< ——— T es(7,).
mestn) ;mes( W C—1+1/3nkz_;mes( Sy e S

This leads to a contradiction.
5. Discussion and conclusions

Let P = {p = laym + B1] : m € N}. In this paper, we proved for that almost all irrational numbers
a > 0 (in the sense of Lebesgue measure) and every real g,

nf‘jﬁ(x)(cal log x)
lim sup —

x—00 (x) o

where

Tap(X) =l{p < x: pisa prime,p € P,lap® +B] is a prime}|.

Clearly, studies concerning the distribution of primes play an important role in number theory.

We give an open problem related to this article. Letc; (i = 1,2, - - - , k) be non-integers, then whether
for almost all irrational numbers @; > O (in the sense of Lebesgue measure) and every irrational S there
exist infinitely many primes p € P such that |@; p®' + @y p® + - - - + ap™ + 5] is also a prime. According
to the method we used in the current paper, we should estimate the exponential sum with a non-integer
polynomial, which is the difficulty of this problem.
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