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Abstract: This paper introduces a unified analytical method for the identification of fractional
reduced-order models, specifically the fractional first-order plus dead time (FFOPDT) and fractional
dual-pole plus dead time (FDPPDT) structures, using only three points from the open-loop step
response. The method provides explicit parameter-estimation formulas that eliminate the need for
iterative optimization, reducing computational effort while preserving the simplicity of traditional
reaction-curve techniques. Numerical simulations demonstrate superior accuracy and robustness
compared to existing analytical and hybrid techniques, especially for overdamped and S-shaped
responses typical of thermal and chemical processes. The method is validated for fractional orders
within the range α ∈ [0.5, 1.0], covering the most relevant dynamics observed in practice. Laboratory
experiments on a thermal system confirm the model’s applicability under real-world conditions,
including measurement noise, limited sensor resolution, and hardware constraints. Because the
workflow aligns with standard industrial identification practices and does not require specialized
knowledge of fractional calculus, it provides a practical means to incorporate fractional-order modeling
into proportional-integral-derivative (PID)-based process control.
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1. Introduction

In industrial process control, the availability of simple yet reliable low-complexity mathematical
representations plays a significant role in the synthesis and adjustment of model-based control
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strategies, especially those relying on proportional-integral-derivative (PID)-based schemes [1].
Traditionally, this need has been met by integer-order approximations, with the first-order plus dead
time (FOPDT) and second-order plus dead time (SOPDT) families becoming the industry
standard [2]. These models have been widely adopted in industry and have effectively met this need
across a broad range of applications. Nevertheless, despite their practical success, integer-order
approximations often prove inadequate to accurately represent the dynamic behavior of real-world
processes that exhibit memory effects, long dead times, or anomalous diffusion, phenomena
frequently encountered in chemical, thermal, and electrical systems [3–5].

In recent decades, fractional calculus has emerged as a powerful mathematical framework for
describing such phenomena, because fractional derivatives naturally capture the long-term memory
and hereditary effects inherent in these systems. This capability has attracted increasing attention in
fields as diverse as diffusion processes, viscoelasticity, electrical networks, and control systems [6].
More recently, the scope of the field has expanded even further, with researchers developing advanced
computational approaches for noninteger differential equations and novel methodologies to tackle the
identification of increasingly complex fractional-order systems [7, 8]. Driven by this growing interest,
researchers have developed a variety of methodological approaches for system identification, tailoring
each to specific application requirements. Whereas traditional classification often distinguishes
between time-domain techniques and frequency-domain methods, modern strategies have
increasingly moved toward numerical approximations. In particular, operational matrices based on
Haar or Chebyshev polynomials, alongside data-driven metaheuristic algorithms and neural networks,
now provide robust pathways for parameter optimization even when the underlying system structure
is not fully known [9].

Motivated by these developments, fractional-order models have increasingly been adopted to
overcome some of the limitations of classical integer-order representations [10]. By introducing
non-integer-order derivatives, these models provide additional degrees of freedom and enable a more
flexible description of systems whose dynamics lie between classical integer orders [5, 11]. Within
this class of models, the fractional first-order plus dead time (FFOPDT) model has gained significant
attention due to its favorable trade-off between mathematical simplicity and modeling accuracy. In
this context, several analytical parameter identification methods based on the process reaction curve
have been proposed in the literature. Representative contributions include graphical and numerical
procedures [12], three-point analytical identification methods [13], and generalized frameworks that
enhance flexibility by adapting to different reaction curve shapes [14,15], including recent adaptations
of classical techniques, such as Sundaresan’s method, to identify fractional-order models [16].

Although the aforementioned analytical methods prioritize simplicity through the reaction curve,
other numerical approaches have been developed to handle the mathematical complexity of
fractional-order modeling. As previously noted, orthogonal-function-based techniques, specifically
Haar wavelets and block pulse function (BPF) expansions, have been widely employed for the
approximation of fractional differential equations and the identification of fractional-order systems.
These approaches represent system signals using orthogonal bases and transform fractional operators
into algebraic systems that can be efficiently solved numerically [17, 18]. For instance, Haar wavelet
operational matrices have been successfully employed to transform fractional differential equations
into algebraic systems for analysis, simulation, and parameter estimation purposes [19]. Similarly,
block pulse function expansions have been used to construct operational matrices for fractional
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integration and differentiation, enabling the numerical solution and parameter identification of
fractional-order systems [20,21]. Although these techniques can achieve high numerical accuracy and
are particularly suitable for solving fractional differential equations, they typically require
discretization of system dynamics and the manipulation of relatively large algebraic systems. This
often increases computational complexity and reduces transparency compared to control-oriented
analytical identification methods.

In contrast, reaction curve-based methods aim to preserve the simplicity of classical identification
procedures standard in industrial practice. Their primary advantage is ability to derive reduced-order
fractional models directly from experimental step-response data. By requiring minimal computational
effort, these techniques are particularly suited for control engineering applications where simple and
reproducible identification procedures are preferred.

Complementing these approaches, optimization-based techniques have also been explored for
FFOPDT model identification, as they often yield improved accuracy at the expense of increased
computational effort. For instance, [22] proposed a commande robuste d’ordre non
entier (CRONE)-based approach, where the optimal parameters are determined by minimizing the
absolute deviation between the predicted model output and the system step response. Similarly, [23]
developed a time-domain method employing numerical fractional calculus, supporting both
Mittag-Leffler and Grünwald-Letnikov definitions, combined with particle swarm optimization (PSO)
to minimize the mean squared error (MSE). This line of research has been recently extended to edge
computing applications to improve efficiency in resource-constrained environments [24].
Furthermore, although the integration of machine learning (ML) algorithms has gained traction, their
direct deployment on industrial hardware like programmable logic controllers (PLCs) remains
constrained by limited computational power and memory [25]. To address these limitations, a hybrid
identification strategy was proposed in [26], in which the fractional order α is obtained via
optimization, and K, T , and L are determined analytically, thereby achieving a balanced compromise
between accuracy and computational efficiency.

Building upon these developments, recent attention has shifted toward the fractional dual-pole plus
dead time (FDPPDT) model, which extends the classical dual-pole plus dead time (DPPDT) structure
and is particularly well-suited for describing overdamped or S-shaped step responses commonly
observed in industrial systems [27, 28]. When FFOPDT models fail to capture the underlying
fractional dynamics, especially in high-order or composite fractional systems, the FDPPDT
formulation enhances accuracy by representing the process dynamics through a dual-pole structure
with noninteger differentiation. Notably, to the best of the authors’ knowledge, the analytical
identification procedure proposed in [27] remains the only systematic method specifically developed
for FDPPDT models based on process reaction curves, effectively extending FFOPDT-based
identification concepts to more complex fractional system responses.

From a practical perspective, accurate fractional reduced-order models are particularly important
in control-oriented applications because the accuracy of the identified process model directly
influences the achievable performance and robustness of PID-type controllers [29, 30] as well as those
of more advanced control strategies [31,32]. In this context, it is well-documented that plant operators
and control engineers often face tight time constraints and therefore tend to rely on well-established,
standardized identification procedures rather than on techniques that require extensive numerical
optimization or specialized theoretical expertise [33]. Therefore, identification methodologies that
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preserve the conceptual structure of classical reduced-order models are particularly advantageous in
industrial practice.

Motivated by these practical considerations, the proposed fractional identification procedure follows
a framework fully consistent with that commonly used for integer-order models, enabling practitioners
to apply it without requiring specialized knowledge of fractional calculus. This compatibility with
conventional industrial practices facilitates its adoption and mitigates the traditional reluctance toward
the use of fractional-order models in industrial settings [33].

Despite these advances, several practical challenges remain. Many existing identification
approaches rely on iterative optimization, numerical discretization techniques, or specialized
fractional calculus tools, which often limit their adoption in industrial environments where simple and
reproducible identification procedures are preferred. Furthermore, most analytical identification
methods reported in the literature focus on a single fractional model structure, typically the FFOPDT
model; meanwhile, systematic procedures capable of identifying both FFOPDT and FDPPDT
structures within a unified framework remain largely unexplored. Consequently, there is a need for
identification methodologies that retain the simplicity of classical reaction-curve techniques while
extending their applicability to a broader range of fractional reduced-order models.

In this work, we propose a systematic analytical framework for the identification of fractional
reduced-order models (FFOPDT and FDPPDT) using open-loop step-test data. Our approach
integrates existing analytical relationships into a streamlined, implementation-oriented procedure that
prioritizes simplicity and reproducibility without the need for complex optimization.

The key contributions of this study are summarized as follows:

(1) Unified identification framework: A unified procedure is developed for the identification of both
FFOPDT and FDPPDT models, enabling a consistent treatment of reduced-order fractional
systems regardless of whether they exhibit first-order or dominant double-pole dynamics.

(2) Three-point data-driven identification: The proposed method relies exclusively on three arbitrarily
selected points from the process reaction curve, significantly reducing data requirements while
maintaining consistency with standard industrial identification practices.

(3) Closed-form parameter estimation: The model parameters are obtained through an explicit
analytical formulation, avoiding the need for iterative numerical optimization and simplifying
practical implementation.

(4) Low-complexity and implementation-oriented approach: The method is computationally
efficient and numerically robust, making it suitable for real-time applications and deployment on
embedded control platforms.

(5) Comprehensive validation: The effectiveness of the proposed framework is demonstrated
through both numerical benchmarking against representative identification methods and
experimental validation on a laboratory-scale thermal process under realistic operating
conditions.

The remainder of the paper is organized as follows. Section 2 provides the mathematical
foundations supporting the proposed approach. Section 3 describes a unified analytical identification
technique based on the reaction curve for fractional reduced-order models of both considered
structures. Section 4 evaluates numerical simulation results assessing the accuracy of the method and
its performance relative to benchmark approaches. Section 5 reports experimental validation using a
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laboratory-scale thermal process prototype. Section 6 discusses the main practical aspects, industrial
implications, and limitations of the proposed approach. Finally, Section 7 concludes the paper by
summarizing the main results and outlining possible avenues for future research.

2. Mathematical background

This section presents the fundamental mathematical concepts and tools of fractional calculus
necessary for the identification technique proposed in this work. It includes the Riemann-Liouville
operators and their main properties along with polynomial-type functions and the Mittag-Leffler
function, which are essential for fractional modeling. Furthermore, the solution of fractional
differential equations using the Laplace transform is presented, analyzing its numerical
implementation using the Grünwald-Letnikov approximation. Finally, the fractional-order models
considered are introduced, specifically the FFOPDT and FDPPDT structures.

2.1. Fundamentals of fractional calculus

This subsection summarizes the essential concepts of fractional calculus required for the
identification procedure, including the Riemann-Liouville fractional derivative and integral, their
main properties, and illustrative examples.

Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 is defined by (see [6,34,35]):

(
Iαa+h

)
(x) =

1
Γ(α)

∫ x

a

h(t)
(x − t)1−α dt, x > a. (2.1)

We denote by Iαa+(L1) the family of functions h representable as a fractional integral Iαa+φ with φ ∈
L1(a, b). Further details on the properties of this class can be found in [34, 35].

Definition 2.2. Let
(
Dαa+h

)
(x) be the Riemann-Liouville fractional derivative of order α ∈ R, 0 < α < 1

(see [6, 34, 35]): (
Dαa+h

)
(x) =

d
dx

1
Γ(1 − α)

∫ x

a

h(t)
(x − t)α

dt, (2.2)

where [α] denotes the integer part of α, and Γ is the gamma function. Consequently, (2.2) can be
written as

(
Dαt f

)
(t) = d/dt

(
I1−α
t f

)
(t).

Theorem 2.1. Consider a function where h ∈ Iαa+(L1), α > 0 if and only if I p−α
a+ h ∈ ACp([a, b]), p =

[α] + 1, and (I p−α
a+ h)(k)(a) = 0, k = 0, . . . , p − 1.

In this context, ACp([a, b]) refers to the class of functions h that are p − 1 times continuously
differentiable, with their (p − 1)-th derivative satisfying absolute continuity over the interval [a, b].
When this requirement is relaxed, this class can be extended to encompass functions admitting a
summable fractional derivative. Moreover, as pointed out in [6, Section 2.3.6], the lack of the
semigroup property in fractional derivatives motivates the following result:

Lemma 2.1. Let h ∈ ACp−1([a, b]), and assume that h(p) ∈ L1(a, b). Under these conditions, the
fractional differentiation operators satisfy the semigroup property Dαa+

(
Dγa+h

)
= Dα+γa+ h provided that

the initial conditions h( j)(a+) = 0, j = 0, 1, . . . , p − 1, are fulfilled, with p = [γ] + 1. See [34, 35].
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Remark 2.1. For the sake of analytical tractability and practical implementation, attention is
restricted to the case α ∈ (0, 1). Nevertheless, this line of reasoning can be readily generalized to
arbitrary ranges of α. In addition, the fractional parameter α0 ∈ (0, 1) can likewise be incorporated
into the Riemann-Liouville fractional derivative operator in Eq (2.2), as Dα+ = D(1+α0)/2

x0 .

2.2. Necessary family of functions

It is worth noting that the Riemann-Liouville derivative of a constant is generally nonzero;
nevertheless, it correctly reflects the behavior expected in the corresponding limiting case:

lim
α→1

(
Dαa+1

)
(x) = lim

α→1

(x − a)−α

Γ(1 − α)
= 0. (2.3)

The relationship between the Riemann-Liouville and Caputo derivatives is well-known and is not
discussed here, as this work is restricted to the Riemann-Liouville formulation; see [6, 34, 35] for
details. This subsection introduces a class of functions that extend the behavior of classical
exponential and polynomial models and are essential for describing fractional-order systems. We
present their one- and two-parameter formulations, outline their main analytical properties, and
discuss how they arise naturally in fractional differentiation and integration. In addition, we examine
the derivatives and integrals of functions exhibiting polynomial-like behavior, highlighting their
relevance within this broader functional framework.

2.2.1. Polynomial function

Let µ, α ∈ (0,1), a > 0, k ∈ N and β > −1. Then:

Integral of a polynomial centered at a

Iαa
[
(t − a)β

]
=
Γ(β + 1)
Γ(β + α + 1)

(t − a)β+α.

Derivative of a polynomial centered at a

Dµa
[
(t − a)β

]
=

0, β = µ − 1,
Γ(β+1)
Γ(β−µ+1) (t − a)β−µ , otherwise.

2.2.2. Mittag-Leffler function

The two-parameter Mittag-Leffler function, as presented in [35–37], is given for all z ∈ C by:

Eα,β(z) =
∞∑

r=0

zr

Γ(αr + β)
, α > 0, β ∈ C. (2.4)

The one-parameter formulation is recovered by setting β = 1 and Eα,1(z) = Eα(z), and the choice
α = β = 1 yields the classical exponential function E1,1(z) = ez. In this sense, the Mittag-Leffler
function constitutes a natural extension of the exponential function [36, 37]. Several properties that
are relevant for the present study are related to the fractional differentiation and integration of the
Mittag-Leffler function. In particular, for α, µ > 0, β ≥ 0, a = 0, and γ ∈ C,
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Derivative of a polynomial:

Dα0+
[
tµ−1Eβ,µ(γtβ)

]
= tµ−α−1Eβ,α+µ(γtβ). (2.5)

Integral of a polynomial:
Iα0+

[
tµ−1Eβ,µ(γtβ)

]
(x) = tµ+α−1Eβ,µ−α(γtβ). (2.6)

Representative studies addressing the role of the Mittag-Leffler function in asymptotic stability and
control theory are reported in [38, 39].

Remark 2.2. It is important to emphasize that in classical fractional calculus, the usual differentiation
rules such as the Leibniz rule or the chain rule do not hold in their standard form. Therefore, great
care must be taken when computing the derivatives of complicated functions; see [40, 41].

2.3. Fractional differential equations and the Laplace transform

This subsection presents the analytical framework for solving Riemann-Liouville fractional
differential equations using the Laplace transform, providing explicit solution expressions suitable for
the identification procedure proposed in this work.

Let Dα+ denote the Riemann-Liouville fractional derivative of order α > 0, and assume that f (t) is
locally integrable on (0,∞) and of exponential order so that its Laplace transform exists.
The Laplace transform of the Riemann-Liouville derivative is given by

L{Dα+ f (t)} = sαF(s) −
n−1∑
k=0

sk
[
Dα−k−1 f (t)

]
t=0+
, (2.7)

where n − 1 ≤ α < n and F(s) = L{ f (t)}(s). The additional terms
[
Dα−k−1 f (t)

]
t=0+

represent the
fractional initial conditions associated with the Riemann-Liouville operator [6, 42].

In many identification and control applications, the system is assumed to start from rest. Under this
assumption, the fractional initial terms vanish:[

Dα−k−1
+ f (t)

]
t=0+
= 0, k = 0, . . . , n − 1,

and the Laplace transform simplifies to

L{Dα+ f (t)} = sαL{ f (t)},

allowing the fractional derivative in the Laplace domain to be treated analogously to the classical
integer-order case, where differentiation corresponds to multiplication by s.

To illustrate this framework, consider the fractional differential equation:

D2α
+ yα(t) + Dα+yα(t) + yα(t) = tα−1K u(t − L), (2.8)

where u(·) denotes the Heaviside step function, and K is a constant gain.
Taking Laplace transforms and assuming zero initial conditions yields

(s2α + sα + 1)Y(s) = KL{tα−1u(t − L)}.
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The solution in the time domain can be expressed using the Mittag-Leffler function:

Eα(z) =
∞∑

k=0

zk

Γ(αk + 1)
,

which generalizes the exponential function and plays a similar role in fractional-order differential
equations. Consequently, the solution can be written as

yα(t) = C tα−1K u(t − L) + f (t)Eα(tα), (2.9)

where C is a constant determined by initial conditions, and f (t) is a sufficiently regular function
determined by the forcing term.

Remark 2.3. Throughout this work, zero initial conditions are assumed, corresponding to a system
starting from rest. In practice, this assumption is naturally satisfied when dynamics are expressed in
terms of deviation variables with respect to a steady-state operating point. Under this assumption, the
Laplace transform of the Riemann-Liouville derivative reduces to L{Dα f (t)} = sαF(s), and the choice
of initial conditions does not affect the parameter estimation framework.

2.4. Numerical version

Based on the operator defined in (2.2), the Grünwald-Letnikov derivative is adopted as a discrete
approximation of the Riemann-Liouville derivative for numerical implementation. In the limit, as
the step size tends to zero, the Grünwald-Letnikov derivative converges to the continuous fractional
derivative [6, 35]. In this work, the Grünwald-Letnikov derivative is preferred because its inherently
discrete formulation makes it well-suited for numerical computation.

Definition 2.3. Let α > 0, f ∈ Ck[a, b], k = ⌈α⌉, and a < x ≤ b. Then,

Dαa f (x) = lim
N→∞

∆αhN
f (x)

hαN
=

= lim
h→0

1
hα

∞∑
k=0

(−1)k

(
α

k

)
f (x − kh),=

lim
h→0

1
hα

∞∑
k=0

(−1)k

(
α

k

)
f (x − kh)

Γ(n − α)(x − kh − a)n−α (2.10)

with h = (x − a)/N, N = 1, 2, . . . , and n − 1 < α < n.

2.5. Fractional-order process models

This subsection presents the fractional-order process models used throughout this study, namely
the FFOPDT and FDPPDT formulations. These models generalize their integer-order counterparts
by incorporating fractional derivatives, which allows a more faithful representation of processes with
distributed dynamics or nonstandard transient behavior.

Both structures are particularly appropriate for describing overdamped processes with S-shaped
responses. The FFOPDT model offers a compact representation of fractional first-order dynamics,
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whereas the FDPPDT formulation introduces additional degrees of freedom, making it more suitable
for systems whose transients display stronger curvature or effective higher-order effects.

The mathematical description of each model is given by

T Dα+yα(t) + yα(t) = Ku(t − L), (2.11)

which characterizes first-order fractional dynamics. In contrast, the FDPPDT model is expressed as:

T 2D2α
+ yα(t) + 2T Dα+yα(t) + yα(t) = Ku(t − L) (2.12)

and is capable of capturing higher-order dynamics associated with more complex process responses.
Here, Dα+ denotes the fractional derivative of order α, expressed using the Riemann-Liouville definition.
In both models, u(t) is the input signal, yα(t) is the process output, K the gain, T the characteristic time
constant, L the dead time, and α the fractional order, with T > 0 and L ≥ 0.

Assuming zero initial conditions or using deviation variables, the transfer functions can be obtained
as follows using the Laplace transform:

P(s) =
Yα(s)
U(s)

=
L{yα(t)}
L{u(t)}

=
Ke−Ls

1 + T sα
, (2.13)

P(s) =
Yα(s)
U(s)

=
L{yα(t)}
L{u(t)}

=
Ke−Ls

(1 + T sα)2 . (2.14)

Remark 2.4. A detailed treatment of commensurability, along with its representation through
polynomial-type rational functions, is presented in [26, 43].

3. General analytical identification procedure

3.1. Unified approach for FFOPDT and FDPPDT models

A unified analytical identification method is introduced in this section for both FFOPDT and
FDPPDT models based on open-loop step response data. The methodology builds on the approaches
presented in [14] for FFOPDT models and [27] for FDPPDT models, and it provides a common
identification framework applicable to both structures.

This work focuses on processes characterized by overdamped, S-shaped step responses. The
proposed procedure effectively captures this behavior and enables the selection of either an FFOPDT
or an FDPPDT model, depending on the desired trade-off between modeling accuracy and model
complexity. Figure 1 illustrates a representative open-loop step response, providing the data required
for model parameter identification.
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Figure 1. Open-loop step excitation and the corresponding process reaction curve yα(t).
The displayed response exhibits an overdamped fractional-order behavior, which can be
accurately represented using FFOPDT or FDPPDT models. The figure also indicates the
characteristic points of the response employed for parameter identification.

The time-domain responses to a step input of amplitude ∆u for the FFOPDT model (2.13) and the
FDPPDT model (2.14) are given by

yα(t) = K∆u
{

1 − Eα

[
−

1
T

(t − L)α
]}
, (3.1)

yα(t) = K∆u
{

1 −
(
1 +

(t − L)α

T

)
Eα

[
−

1
T

(t − L)α
]}
, (3.2)

where K, T , L, and α are the model parameters common to both FFOPDT and FDPPDT structures;
∆y = K · ∆u represents the steady-state variation of the output; and Eα denotes the one-parameter
Mittag-Leffler function [6].

With α = 1, Eq (3.1) simplifies to the conventional FOPDT model, and Eq (3.2) reduces to the
classical DPPDT formulation.

By scaling the output with respect to ∆y and defining the normalized time variable τ = (t − L)α/T ,
the following expressions are obtained:

ỹα(τ) =
yα(τ)
∆y
= 1 − Eα(−τ), (3.3)

ỹα(τ) =
yα(τ)
∆y
= 1 −

(
1 + τ

)
Eα(−τ), (3.4)

with ỹα(τ) indicating the normalized step response for each model.
The identification technique relies on three characteristic points extracted from the reaction curve.

Let txi , with i = 1, 2, 3, denote the time instants at which the system output reaches xi% of the total
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change, where xi ∈ [0, 100]. Similarly, let τxi denote the corresponding values in the normalized
time domain at which the normalized model output ỹα(τx) reaches the same levels. Thus, {tx1 , tx2 , tx3}

and {τx1 , τx2 , τx3} correspond to identical fractional output levels. The values τxi are obtained from the
normalized model response, whereas txi are directly measured from the process step response.

The model parameters are estimated as follows [14, 27]:


K =

∆y
∆u
,

α = f1(∆),
T = f2(α) · (tx3 − tx1)

α,

L = max
[
tx3 − f3(α) · T 1/α, 0

]
.

(3.5)

In this formulation, the quantities {∆y,∆u, tx1 , tx2 , tx3} are extracted directly from the measured step
response. Functions f1, f2, and f3 are empirical approximations (e.g., rational, polynomial, or
exponential functions) obtained from curve fitting applied to data sets constructed from {∆, α},
{α, aα}, and {α, τ1/α

x3 }, respectively, with α ∈ [0.5, 1.0]. Here, a = 1/
(
τ1/α

x3 − τ
1/α
x1

)
, and

∆ =
(
τ1/α

x3 − τ
1/α
x1

)
/
(
τ1/α

x2 − τ
1/α
x1

)
, which can also be expressed in terms of measured times as

∆ =
(
tx3 − tx1

)
/
(
tx2 − tx1

)
.

Figure 2. Stage A (offline) of the unified analytical identification methodology. This
stage is devoted to constructing the auxiliary fitted functions f1(∆), f2(α), and f3(α) from
the normalized step responses of the FFOPDT and FDPPDT models over the range 0.5 ≤
α ≤ 1.0.
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Figure 3. Stage B (online) of the unified analytical identification methodology. In this
stage, the fitted auxiliary functions obtained in Stage A are combined with the measured
data {∆y,∆u, tx1 , tx2 , tx3}, and a classical open-loop identification approach well-established in
control engineering practice is applied to compute the parameters of the selected FFOPDT
or FDPPDT fractional model using Eq (3.5).

Figures 2 and 3 illustrate a unified analytical identification methodology to estimate the parameters
of fractional reduced-order models based on three selected points (x1, x2, x3) extracted from the step
response. The proposed methodology is structured into two complementary stages: Stage A (offline),
where the auxiliary functions required by the identification process are constructed, and
Stage B (online), where a classical open-loop identification approach, well-known to control
engineers and plant technicians, is applied to compute the parameters of the selected fractional model.

Figure 2 summarizes the offline stage, during which the auxiliary functions f1, f2, and f3 are derived.
Their construction depends on several design choices:

(1) The selected model structure (FFOPDT or FDPPDT).
(2) The chosen set of points (x1, x2, x3) on the reaction curve.
(3) The values of τx1 , τx2 , and τx3 over the range 0.5 ≤ α ≤ 1.0.
(4) The amount and quality of data, as well as the fitting strategy and the type and degree of the fitted

functions.
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These auxiliary functions are constructed from the normalized times {τx1 , τx2 , τx3}, obtained from
the normalized step responses (3.3) and (3.4) for 0.50 ≤ α ≤ 1.00. Because this stage is carried out
offline, the resulting fitted functions can be directly employed during the identification process through
Eq (3.5).

Figure 3 illustrates the online stage of the proposed procedure, where the actual model
identification is performed. In this stage, the auxiliary functions obtained offline are combined with
the data set {∆y,∆u, tx1 , tx2 , tx3}. Using this information, the parameters of the selected fractional
model (FFOPDT or FDPPDT) are computed following a classical open-loop identification approach
that is well-established in industrial practice.

3.2. Choice of key points

The unified identification methodology applies to different selections of points (x1-x2-x3%).
Nevertheless, in the present study, the particular selection x1 = 10%, x2 = 65%, and x3 = 90% is
adopted. The proposed identification framework is not restricted to this particular configuration, and
nearby values of the central point are expected to yield comparable performance.

An asymmetrical selection of characteristic points has been previously employed in this context; for
instance, in [14] for the FFOPDT model and in [27] for the FDPPDT model. Specifically, this selection
combines two previously reported findings: first, maintaining a wide separation between x1 and x3 [44],
and second, moving the central point x2 beyond 50% [45], both of which improve the accuracy of the
identified model. Furthermore, this particular selection is supported by empirical observations and the
authors’ prior experience in applying various identification techniques for fractional models based on
the reaction curve (see, e.g., [13, 14, 27, 39]).

Using these points, the data sets {∆, f1(∆)}, {α, f2(α)}, and {α, f3(α)} are generated from the
normalized times {τ10, τ65, τ90}, with 0.50 ≤ α ≤ 1.00. The auxiliary functions f1, f2, and f3 used to fit
the experimental data are defined as follows:

fk(x) =

nk∑
i=0

pk,ixi

mk∑
j=0

qk, jx j

, (3.6)

where k = 1, 2, 3, and nk and mk are the orders of the numerator and denominator polynomials,
respectively. The variable x represents ∆ for k = 1 and α for k = 2, 3. The fitted coefficients {pk,i, qk, j}

for each function fk were determined using Levenberg-Marquardt least-squares optimization based on
the data described above. The resulting values for the FFOPDT and FDPPDT models are listed in
Tables 1 and 2. The root mean square error (RMSE) reported for each fit confirms that the rational
approximations faithfully reproduce the original data over the range 0.5 ≤ α ≤ 1.0, ensuring that the
use of auxiliary functions adds no significant error to the identification process.
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Table 1. Coefficients for the auxiliary functions fk (k = 1, 2, 3) are used in the unified
identification procedure for FFOPDT models, corresponding to the set (10–65–90%) selected
on the step response.

f1(∆) f2(α) f3(α)
p1,1 = 0.3351 p2,1 = −0.0673 p3,1 = 4.066
p1,2 = 4.698 p2,2 = 0.1578 p3,2 = −7.705
p1,3 = −4.393 p3,3 = 5.055
q1,1 = 3.486 q2,1 = −2.501 q3,1 = −0.4136
q1,2 = −5.172 q2,2 = 1.699 q3,2 = 0.02868
RMSE = 9.2 · 10−4 RMSE = 1.8 · 10−3 RMSE = 2.6 · 10−3

Table 2. Coefficients for the auxiliary functions fk (k = 1, 2, 3) used in the unified
identification procedure for FDPPDT models, corresponding to the set (10–65–90%) selected
on the step response.

f1(∆) f2(α) f3(α)
p1,1 = 0.3232 p2,1 = −0.0487 p3,1 = 6.79 · 104

p1,2 = 3.8946 p2,2 = 0.0613 p3,2 = −1.40 · 105

p1,3 = −5.7699 p3,3 = 8.70 · 104

q1,1 = 2.0272 q2,1 = −2.2501 q3,1 = 8.93 · 103

q1,2 = −4.7341 q2,2 = 1.2926 q3,2 = −6.01 · 103

q3,3 = 1.05 · 103

RMSE = 2.2 · 10−4 RMSE = 6.5 · 10−4 RMSE = 3.4 · 10−2

Remark 3.1. Although the unified methodology is designed for fractional-order models, it also
encompasses the integer-order case when α = 1. In this limit, the FFOPDT and FDPPDT structures
reduce to the classical FOPDT and DPPDT models, respectively.

The values of the auxiliary functions f2 and f3 are obtained by evaluating their fitted expressions
at α = 1, providing the parameters required for identifying integer-order models within the unified
framework. The evaluation of f1 is not required in this case, as it is used exclusively in the fractional
formulation.

4. Simulation results

The following subsections present numerical case studies to assess the performance and versatility
of the proposed unified three-point identification procedure. Section 4.1 examines a family of
benchmark high-order fractional processes for evaluating the consistency of the method across a
broad range of dynamic behaviors. Section 4.2 then focuses on a representative process from this
family, comparing the FFOPDT and FDPPDT models obtained with the proposed approach against
several existing fractional identification techniques. Finally, Section 4.3 evaluates the robustness of
the proposed identification procedure by analyzing the sensitivity of the identified parameters to small
variations in the characteristic points of the reaction curve.
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4.1. Example 1

The following family of transfer functions is examined in this example:

P1,n(s) =
K1

(1 + T1sλ1)n (4.1)

with K1 = 2, T1 = 1 s, λ1 = 0.85, and n = 3, . . . , 8. This class of models represents high-order
fractional processes dominated by repeated fractional poles and is inspired by the particular case n = 5
originally introduced in [12].

This example assesses the ability of the proposed unified identification procedure to accurately
estimate both fractional reduced-order models across the family of benchmark processes.

Figure 4 illustrates the open-loop step responses corresponding to all processes defined in (4.1). The
corresponding reaction curve data used for the identification of the considered fractional reduced-order
models are summarized in Table 3. The parameters identified using the unified approach are reported
for both fractional models in Tables 4 and 5, respectively, with n = 3, . . . , 8.

Figure 4. Step responses of the family of high-order fractional processes P1,n for n ∈
[3, . . . , 8] considered in the study. These responses illustrate the increasing system order
and provide the benchmark processes used to evaluate the proposed identification method.

AIMS Mathematics Volume 11, Issue 6, 15851–15886.



15866

Table 3. Open-loop step response data for the family of processes P1,n (n = 3, . . . , 8), used
to identify FFOPDT and FDPPDT models through the proposed unified methodology.

n ∆u ∆y t10 t65 t90

3 1.00 2.00 0.97 s 4.34 s 11.08 s
4 1.00 2.00 1.62 s 6.05 s 15.06 s
5 1.00 2.00 2.35 s 7.81 s 19.20 s
6 1.00 2.00 3.13 s 9.62 s 23.42 s
7 1.00 2.00 3.97 s 11.43 s 25.55 s
8 1.00 2.00 4.84 s 13.38 s 33.10 s

Table 4. Parameters of the FFOPDT models identified from the family of processes P1,n

(n = 3, . . . , 8) using the proposed unified approach.

n K T L α

3 2.00 2.89 s 0.74 s 0.8902
4 2.00 3.66 s 1.33 s 0.8861
5 2.00 4.34 s 2.00 s 0.8800
6 2.00 5.00 s 2.73 s 0.8754
7 2.00 6.09 s 3.42 s 0.9037
8 2.00 6.02 s 4.36 s 0.8561

Table 5. Parameters of the FDPPDT models identified from the family of processes P1,n

(n = 3, . . . , 8) using the proposed unified approach.

n K T L α

3 2.00 1.41 s 0.32 s 0.8526
4 2.00 1.77 s 0.78 s 0.8494
5 2.00 2.09 s 1.33 s 0.8444
6 2.00 2.39 s 1.93 s 0.8407
7 2.00 2.88 s 2.47 s 0.8634
8 2.00 2.85 s 3.35 s 0.8246

The results reported in Tables 6 and 7 demonstrate the effectiveness of the proposed unified
identification approach when applied to both considered model structures. Across the entire family of
benchmark processes P1,n, the FDPPDT structure consistently achieves lower MSE values than the
FFOPDT, indicating its superior accuracy in capturing the dynamics of higher-order fractional
processes dominated by repeated fractional poles. Nevertheless, FFOPDT models provide satisfactory
approximations and are particularly advantageous when a reduced-order structure is required for
control system design.
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Table 6. MSE values S (θ1,n) for the FFOPDT models identified from the family P1,n (n =
3, . . . , 8) using the proposed unified approach.

n S (θ1,n)
3 1.16 · 10−4

4 1.76 · 10−4

5 2.25 · 10−4

6 2.82 · 10−4

7 6.23 · 10−4

8 3.42 · 10−4

NS = 3 001

Table 7. MSE values S (θ1,n) for the FDPPDT models identified from the family P1,n (n =
3, . . . , 8) using the proposed unified approach.

n S (θ1,n)
3 1.13 · 10−5

4 1.97 · 10−5

5 3.03 · 10−5

6 4.49 · 10−5

7 1.92 · 10−4

8 8.26 · 10−5

NS = 3 001

Overall, these results validate the unified approach as a reliable and consistent tool for estimating
reduced-order fractional models and highlight its capability to guide the selection of the most
appropriate model structure based on process characteristics and desired modeling accuracy.

Remark 4.1. Because the identified models are obtained in explicit transfer-function form, their
dynamic characteristics can also be analyzed in the frequency domain using standard tools such as
Bode or Nyquist plots when required for controller design or robustness analysis. However, the
proposed identification procedure is fundamentally based on time-domain reaction-curve data, which
is consistent with standard industrial step-test identification practices.

4.2. Example 2

In this second example, we focus on the process P1,5(s), which corresponds to the case n = 5
within the family introduced in Section 4.1. The remaining parameters are set to K1 = 2, T1 = 1 s,
and λ1 = 0.85. This model represents a high-order fractional process with repeated fractional poles,
yielding a slow, monotonic step response and pronounced long-memory effects typical of fractional-
order dynamics [6].

This example is intended to compare the accuracy of the FFOPDT and FDPPDT models estimated
using the proposed unified method with that achieved by several existing techniques for identifying
fractional-order reduced models. This allows us to assess the effectiveness of the unified three-point
procedure for a representative process exhibiting dominant fractional dynamics.
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From Table 3, the data associated with the case n = 5 are used to identify the proposed models for
the process P1,5. The corresponding identified parameters are reported in Tables 4 and 5.

Furthermore, the process P1,5 was identified using several existing fractional reduced-order
modeling techniques. Analytical methods based on symmetrical points were first considered, namely
the FDPPDT approach of [27] and the FFOPDT method of [14], both applied to the (10–50–90%) set.
Reaction-curve-based procedures employing asymmetrical points were also evaluated, including the
method proposed by Nie in [13] for (20–60–95%). Additionally, the analysis considered the
Mittag-Leffler-based FFOPDT method in [39] and the hybrid approach in [26], in which the fractional
order α is obtained through single-variable optimization. The analytical procedures introduced in [12]
were also included.

Figures 5 and 6 show the step responses of the FDPPDT and FFOPDT models identified using the
unified procedure with the asymmetrical set (10–65–90%). For comparison, Figures 7 and 8 present
the responses of the same models identified with the symmetrical set (10–50–90%). Additionally,
Figures 9–12 depict the step responses of the models identified using the alternative identification
approaches summarized in Table 8. Table 9 reports the MSE values obtained for all reduced-order
models identified for the process P1,5. The results clearly show that the proposed FDPPDT model
provides the most accurate approximation of the reaction curve, achieving an MSE approximately one
order of magnitude lower than that of the corresponding FFOPDT model identified using the same
unified procedure. Overall, these results confirm the robustness and effectiveness of the unified
identification framework, which enables systematic estimation and comparison of FFOPDT and
FDPPDT models without prior knowledge of the most appropriate structure and preserving industrial
applicability.

Figure 5. Step response of process P1,5 and the FDPPDT model identified using the proposed
unified three-point identification procedure with the set (10–65–90%). The figure shows the
close agreement between the process and the reduced-order fractional model.
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Figure 6. Step response of process P1,5 and the FFOPDT model obtained using the proposed
unified identification procedure with the set (10–65–90%). Compared with the FDPPDT
model, larger deviations appear in the transient region.

Figure 7. Comparison of the step response of process P1,5 and the FDPPDT model identified
using the symmetrical three-point identification approach in [27] for the set (10–50–90%),
showing the agreement between the process dynamics and the reduced-order fractional
model.
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Figure 8. Comparison of the step response of process P1,5 and the FFOPDT model identified
using the symmetrical three-point identification approach in [14] for the set (10–50–90%),
which provides accurate fitting at the selected identification points, although slight deviations
may appear beyond the 90% region.

Figure 9. Comparison of the step response of process P1,5 and the FFOPDT model identified
using the asymmetrical three-point identification approach in [13] for the set (20–60–95%),
illustrating the model approximation obtained with the asymmetrical fitting strategy.
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Figure 10. Comparison of the step response of process P1,5 and the FFOPDT model
identified using the method presented in [39], which exploits the asymptotic properties of the
Mittag-Leffler function to estimate the fractional-order parameter α, using the set (10–90%).

Figure 11. Step response of process P1,5 and the FFOPDT model identified using the hybrid
approach in [26] with the set (10–90%), which includes the optimization of the fractional-
order parameter α. The resulting approximation still exhibits small deviations in the transient
response.
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Figure 12. Step response of process P1,5 and several FFOPDT models obtained using the
identification methods reported in [12]. The figure provides a visual comparison of the
different approximations and highlights the differences in transient-response accuracy.

Table 8. Fractional reduced-order model parameters for P1,5 obtained using the various
identification techniques ( j = 1, . . . , 10).

j Method Model K T L α

1 Proposed FDPPDT 2.00 2.09 s 1.33 s 0.844
2 Proposed FFOPDT 2.00 4.34 s 2.00 s 0.880
3 Symmetrical [27] FDPPDT 2.00 2.20 s 1.39 s 0.855
4 Symmetrical [14] FFOPDT 2.00 5.07 s 1.89 s 0.912
5 Nie asymmetrical [13] FFOPDT 2.00 3.83 s 2.44 s 0.842
6 Gude Mittag-Leffler [39] FFOPDT 2.00 4.44 s 2.00 s 0.884
7 Gude α-optimal [26] FFOPDT 2.00 4.29 s 2.01 s 0.877
8 Tavakoli-Kakhki 1 [12] FFOPDT 2.00 5.00 s 1.50 s 0.850
9 Tavakoli-Kakhki 2 [12] FFOPDT 2.00 5.00 s 0.69 s 0.850
10 Tavakoli-Kakhki 3 [12] FFOPDT 2.00 4.48 s 1.50 s 0.850

AIMS Mathematics Volume 11, Issue 6, 15851–15886.



15873

Table 9. Computed mean squared error values S (θ1, j) for the reduced-order models identified
for P1,5 with the various identification techniques ( j = 1, . . . , 10).

j Method Model S (θ1, j)
1 Proposed FDPPDT 2.98 · 10−5

2 Proposed FFOPDT 2.45 · 10−4

3 Symmetrical [27] FDPPDT 5.30 · 10−5

4 Symmetrical [14] FFOPDT 3.81 · 10−4

5 Nie asymmetrical [13] FFOPDT 2.10 · 10−4

6 Gude Mittag-Leffler [39] FFOPDT 2.34 · 10−4

7 Gude α-optimal [26] FFOPDT 2.18 · 10−4

8 Tavakoli-Kakhki 1 [12] FFOPDT 9.30 · 10−4

9 Tavakoli-Kakhki 2 [12] FFOPDT 1.50 · 10−3

10 Tavakoli-Kakhki 3 [12] FFOPDT 4.65 · 10−4

NS = 3 001

Remark 4.2. It should be noted that the comparison presented in Tables 8 and 9 primarily focuses on
analytical identification methods based on reaction-curve information. Although several identification
procedures have been proposed in the literature for FFOPDT models, the FDPPDT structure has
received comparatively little attention so far. Consequently, most of the available analytical methods
correspond to the FFOPDT model structure. The hybrid approach in [26], which combines analytical
parameter estimation with numerical optimization of the fractional-order parameter α, is included
mainly to provide an additional reference point beyond purely analytical procedures.

4.3. Sensitivity analysis

The robustness of the proposed identification procedure was evaluated by analyzing the sensitivity
of the identified parameters to small perturbations in the characteristic points of the reaction curve,
which may arise due to measurement noise.

Monte Carlo simulations were performed to assess this effect. In these experiments, random
variations were introduced in the characteristic times txi to emulate the effect of measurement noise
according to

t(k)
xi
= txi (1 + ε(k)

i ), (4.2)

where ε(k)
i is a zero-mean Gaussian random variable with a standard deviation corresponding to a

predefined noise level. A similar perturbation was applied to the process gain K.
For each Monte Carlo realization, the identification procedure was applied using the perturbed

values, and the resulting estimates of the parameters K, T , L, and α were recorded. This methodology
quantitatively evaluates the robustness of the proposed unified method to small perturbations in the
three characteristic points of the reaction curve caused by measurement noise.

A total of N = 200 simulations were performed for both the FFOPDT and FDPPDT models of
process P1,5. The distributions of the identified parameters were summarized in terms of mean values,
standard deviations (Std. dev.), coefficients of variation (CV), and percentage deviations from the
nominal values, as reported in Tables 10 and 11.
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Table 10. Statistical results of the Monte Carlo sensitivity analysis for the FFOPDT model
of process P1,5, including nominal values, mean estimates, standard deviation, coefficient
of variation, and percentage error for the identified parameters under perturbations of the
characteristic points due to measurement noise.

Parameter Nominal Mean Std. dev. CV (%) Error (%)
K 2.0000 1.9990 0.0394 1.9721% −0.0504%
T 4.3400 4.4647 0.2503 5.6055% 2.8743%
L 2.0000 1.8840 0.0647 3.4322% −5.8005%
α 0.8800 0.8845 0.0137 1.5456% 0.5167%

Noise level: 2%

Table 11. Statistical results of the Monte Carlo sensitivity analysis for the FDPPDT model
of process P1,5, including nominal values, mean estimates, standard deviation, coefficient
of variation, and percentage error for the identified parameters under perturbations of the
characteristic points due to measurement noise.

Parameter Nominal Mean Std. dev. CV (%) Error (%)
K 2.0000 1.9990 0.0394 1.9721% −0.0504%
T 2.0900 2.1291 0.1142 5.3615% 1.8690%
L 1.3300 1.3213 0.0900 6.8152% −0.6570%
α 0.8440 0.8480 0.0111 1.3070% 0.4729%

Noise level: 2%

The results in Tables 10 and 11 show that the estimated parameters of the FFOPDT and FDPPDT
models remain close to their nominal values, with low percentage errors, indicating that the method
is inherently robust to small variations in the characteristic times. The coefficients of variation remain
below 5% for most parameters, confirming a high level of robustness of the proposed method. Slightly
higher variability is observed for the time constant T in the FFOPDT model (5.6%) and for T and
L in the FDPPDT model (5.3% and 6.8%, respectively), suggesting a moderate sensitivity of these
parameters to noise affecting the characteristic points of the reaction curve.

5. Experimental study

This section evaluates the practical application and implementation of the proposed unified
identification procedure by deploying it on industrial hardware. To validate its performance,
experiments have been conducted using a laboratory-scale thermal prototype.
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5.1. Experimental setup

The experimental setup considered in this work consists of a laboratory-scale thermal prototype,
the NI myRIO hardware platform, and a PC. The prototype, shown in Figure 13, is based on a
longitudinal metallic element with a heat sink at one end. Three heating elements and four negative
temperature coefficient (NTC) temperature sensors are evenly distributed along its length, allowing
both the actuation and measurement of the temperature evolution in space and time. As illustrated in
the figure, the thermal process depends on heat conduction through the metallic element, natural
convection to the surrounding air and the heat sink, and forced convection induced by a fan. The
metallic element is enclosed within a methacrylate duct, open at one end and fitted with a
variable-speed fan at the other.

Figure 13. Experimental prototype including the area where the thermal process and its
thermodynamic phenomena take place.

According to the block diagram shown in Figure 14, the thermal process has four input variables,
namely the three command signals applied to the heating elements (uH1, uH2, and uH3) and the fan
signal (uF). The outputs correspond to the temperatures measured by the four NTC sensors (Tm1, Tm2,
Tm3, and Tm4).

Figure 14. Block diagram of the thermal process with its components and variables.

AIMS Mathematics Volume 11, Issue 6, 15851–15886.



15876

5.2. Results and analysis

A step-test experiment is carried out following the steps below:

(1) A step change is applied to Heater 1, increasing its input from 30% to 50%.
(2) Heaters 2 and 3 are kept at 0%.
(3) The fan speed is set to 10%.
(4) The measured temperature Tm2 is recorded, increasing from 39.75 to 52.77◦C, corresponding to a

temperature variation of ∆Tm2 = 13.02◦C.

To reduce measurement noise, a low-pass digital filter is applied to the raw temperature signal prior
to analysis. Such preprocessing strategies are commonly recommended in system identification and
control applications (see, e.g., [46]). Specifically, a first-order low-pass filter was applied with a time
constant τ f = 1 s, which is well below the characteristic time scales of the process dynamics. This
ensures effective attenuation of high-frequency measurement noise while preserving the shape of the
reaction curve and avoiding distortion of the characteristic points used for identification.

The resulting reaction curve is then used to estimate the model parameters by applying the unified
identification procedure with the suggested asymmetrical set (10–65–90%) and with the symmetrical
set (10–50–90%), as commonly adopted in the literature (see, e.g., [27,44]). The process data for both
fractional models and both point selections are summarized in Table 12.

Table 12. Process measurements collected from the experimental response, employed for
the estimation of the considered fractional-order models.

Process data information
∆u = ∆uH1 = 20%
∆y = ∆Tm2 = 13.02 ◦C
t10 = 50.40 s
t50 = 121.90 s
t65 = 155.30 s
t90 = 265.50 s

Table 13 presents the identified model parameters obtained using the proposed unified identification
framework. It includes the FDPPDT models identified with the asymmetrical set ( j = 1) and the
symmetrical set ( j = 2) as well as the FFOPDT models estimated using the asymmetrical ( j = 3) and
symmetrical ( j = 4) configurations.

AIMS Mathematics Volume 11, Issue 6, 15851–15886.



15877

Table 13. Estimated FDPPDT and FFOPDT model parameters for the thermal process,
obtained via the unified identification procedure.

FDPPDT model parameters
θ3, j j = 1 (x2 = 65%) j = 2 (x2 = 50%)
K3, j K3,1 = 0.651◦C/% K3,2 = 0.651◦C/%
T3, j T3,1 = 57.72 s T3,2 = 58.55 s
L3, j L3,1 = 16.62 s L3,2 = 22.24 s
α3, j α3,1 = 0.9856 α3,2 = 0.9896

FFOPDT model parameters
θ3, j j = 3 (x2 = 65%) j = 4 (x2 = 50%)
K3, j K3,3 = 0.651◦C/% K3,4 = 0.651◦C/%
T3, j T3,3 = 166.50 s T3,4 = 200.14 s
L3, j L3,3 = 34.90 s L3,4 = 33.56 s
α3, j α3,3 = 1.0758 α3,4 = 1.1034

Figures 15 and 16 compare the measured temperature response of the thermal process with the
responses of the FDPPDT models identified considering asymmetrical and symmetrical points,
respectively. Similarly, Figures 17 and 18 present the corresponding comparisons for the FFOPDT
models. These figures allow evaluating the ability of both model structures and point selections to
reproduce the measured process dynamics.

Figure 15. Comparison of the step response for the thermal prototype and that of the
corresponding FDPPDT model identified using the unified procedure with the asymmetrical
set (10–65–90%).
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Figure 16. Comparison of the step response for the thermal prototype and that of the
corresponding FDPPDT model identified using the unified procedure with the symmetrical
set (10–50–90%).

Figure 17. Comparison of the step response for the thermal prototype and that of the
corresponding FFOPDT model identified using the unified procedure with the asymmetrical
set (10–65–90%).
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Figure 18. Comparison of the step response for the thermal prototype and that of the
corresponding FFOPDT model identified using the unified procedure with the symmetrical
set (10–50–90%).

Table 14 summarizes the accuracy of the identified models for the thermal process, quantified in
terms of the MSE values S (θ3, j). The results clearly indicate that the FDPPDT structure outperforms
the FFOPDT model for both point selections. In particular, the FDPPDT models (cases j = 1 and
j = 2) exhibit approximately 50% lower MSE values than the FFOPDT models (cases j = 3 and
j = 4). Moreover, the use of an asymmetrical set of identification points improves the accuracy of both
model structures, confirming that this point selection provides a better representation of the process
dynamics.

Table 14. Accuracy of the fractional reduced-order models for the thermal process,
quantified by S (θ3, j) ( j = 1, . . . , 4), as determined using the unified approach.

j Model Set of points S (θ3, j)
1 FDPPDT (10–65–90%) 1.09 · 10−2

2 FDPPDT (10–50–90%) 2.19 · 10−2

3 FFOPDT (10–65–90%) 3.61 · 10−2

4 FFOPDT (10–50–90%) 4.04 · 10−2

NS = 4 501

Overall, these results demonstrate that the thermal process response is captured with higher accuracy
when using the FDPPDT model, while preserving the same unified and low-complexity identification
framework.

The identification procedure was implemented in LabVIEW using the microprocessor mode of the
embedded platform described in [47], which is based on a dual-core 667 MHz ARM® CortexTM-A9
processor. This system operated with a sampling period of TS = 0.1 s, and data acquisition yielded
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NS = 4500 samples. As the identification procedure only involves algebraic computations once the
characteristic points are extracted, the computational burden is very low, and the identification can be
performed in a fraction of a second, making it suitable for real-time or near real-time applications.

6. Discussion and industrial implications

In the previous sections, the applicability of the proposed unified identification technique has been
demonstrated through simulation studies, as well as through implementation on industrial hardware and
an experimental prototype. The results verify that a common approach can be established to estimate
reduced-order fractional models using only the information provided by the process reaction curve.

The proposed method is examined below by considering several relevant elements, with particular
emphasis on its practical implications and inherent constraints.
(1) Fractional-order structure

Within industrial practice, integer-order models, especially those of the FOPDT and DPPDT types,
have become the conventional benchmark for PID controller tuning [1]. Their fractional-order
extensions, FFOPDT and FDPPDT, are mathematically well-founded generalizations of their classical
counterparts. By incorporating nonlocal dynamics, these models can more accurately reproduce the
temporal responses of complex or higher-order systems.

Effective control system design often relies on accurate reduced-order fractional models. The
unified procedure for identifying FFOPDT and FDPPDT models presented here represents an
important step toward facilitating their adoption in industrial practice. To the best of author’s
knowledge, no analytical techniques currently allow the identification of both structures using a single
methodology like the one proposed here.
(2) Trade-off between accuracy and computational complexity

Fractional-order models are widely recognized for capturing the dynamics of complex processes
more accurately than integer-order models, particularly in overdamped or high-order responses. The
FDPPDT structure, with its fractional double poles, is particularly suitable for higher-order processes,
providing a more accurate step-response representation than FFOPDT models, while maintaining the
same number of parameters and without increasing computational complexity.

From an analytical perspective, the identification procedure for both FDPPDT and FFOPDT models
relies on closed-form expressions and shares the same parameter set {K,T, L, α}, with only the auxiliary
functions f1, f2, and f3 differing between the two structures. Therefore, the method requires little
computational effort and can be implemented on standard platforms, including PCs, PLCs, FPGAs,
and microprocessor-based systems [47].

Consequently, the FDPPDT model provides higher accuracy with only a minor increase in
computational effort. This makes it suitable for practical thermal applications, as shown
in [27, 47, 48].
(3) Industry-oriented identification technique

The proposed identification method employs the standard open-loop step response test commonly
used in industry [33]. The fractional-order parameters are obtained from explicit analytical formulas,
eliminating the need for iterative optimization or specialized expertise in fractional calculus. Therefore,
plant operators and control engineers can derive accurate models using procedures already familiar to
them, making the method easier to apply in practice.
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(4) Limitations and scope of applicability
The proposed identification procedure applies to processes with overdamped S-shaped step

responses, which are common in systems governed by diffusion, heat transfer, or transport. Typical
examples include thermal processes, electrochemical systems, distributed-parameter systems, and
several chemical processes. The method is not suitable for systems with oscillatory or underdamped
responses, which are more common in mechanical and electromechanical systems with dominant
second-order dynamics and complex-conjugate poles. In these cases, model structures that explicitly
account for oscillatory behavior are more appropriate.

In principle, the proposed identification framework is general and can be applied to fractional orders
in the interval 0.00 < α < 1.00 (see [14,44]), corresponding to overdamped fractional-order dynamics.
However, the auxiliary analytical expressions used in the procedure were derived for the interval 0.50 ≤
α ≤ 1.00, as many practical processes fall within this range. Consequently, the method was developed
and tested primarily for this range. When the actual fractional order falls outside this interval, the
analytical approximations may lose accuracy, so the estimated parameters should be used with care.

Finally, the proposed identification method relies on reaction-curve information obtained from
step-response data. In practice, the measured signal may be affected by noise, filtering, and data
acquisition limitations [49]. However, these effects are usually present in industrial measurements,
where signal filtering is commonly applied. As a result, the filter behavior can be considered part of
the overall process dynamics captured during identification. Therefore, the identified model reflects
both the process and the measurement system, which is often the most useful representation for
control purposes. Even with these practical limitations, the method remains as simple as classical
reaction-curve approaches while extending them to fractional reduced-order models.

7. Conclusions

A unified analytical method was developed to identify the FFOPDT and FDPPDT fractional
reduced-order models from only three points of the step response. The method retains the simplicity
of classical reaction-curve techniques while extending them to processes with long delays, memory
effects, or other fractional dynamics. Because the model parameters are obtained from explicit
formulas, no iterative optimization is required, which simplifies the model’s use in practical
applications.

The simulation results showed that the proposed method is more accurate and robust than existing
analytical and hybrid approaches, especially for overdamped and S-shaped responses. These processes
represent the main class of systems considered in this work and usually involve fractional orders in
the range 0.50 ≤ α ≤ 1.00. The experimental study carried out on a laboratory thermal process
confirmed that the method also performs well under realistic conditions, including measurement noise
and hardware limitations. In particular, the FDPPDT model provided a more accurate description of
the process than the FFOPDT model. At the same time, the proposed framework allows the user to
select the model that best balances accuracy and implementation complexity.

From an industrial perspective, the proposed method follows the same steps commonly used in
practice. It does not require advanced knowledge of fractional calculus, which makes it easier to
apply in environments where simplicity and reliability are important. In this way, the method offers a
practical way to introduce fractional-order models into process control.
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Future research will focus on developing automatic tuning rules for fractional-order PID
controllers based on the identified models. In addition, adaptive or recursive extensions of the
identification scheme will be investigated to enable real-time monitoring and control of processes
with time-varying fractional dynamics in practical industrial applications. Further research will also
address extending the proposed methodology to underdamped and integrating processes as well as the
model’s implementation on low-cost embedded hardware platforms.
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