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Abstract: In this paper, first we introduce the notion of a mirror Hom-Lie algebra and give some
examples. Then, we endow the space of general linear mappings with a mirror Hom-Lie algebraic
structure (gl(V), [+, ‘14, Ad,). Next, we study representations of mirror Hom-Lie algebras and that the
pseudo-adjoint representation ad” : ¢ — gl(g), which is defined by ad;(y) = —[x,y], is a morphism
from the mirror Hom-Lie algebra (g, [+, -], 8) to the mirror Hom-Lie algebra (gl(g), [, -1, Adg). Then,
we provide the coboundary operator of mirror Hom-Lie algebras. As an application, there exists a
mirror Hom-Lie algebra (R?, [+, 5, P) in semi-Euclidean spaces. For the null space of semi-Euclidean
spaces, there is a subset V* of the null space, and V* is invariant under the actions of [-, -]y and P.
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1. Introduction

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [1] as part of
a study of deformations of the Witt and Virasoro algebras. In a Hom-Lie algebra, the Jacobi identity is
twisted by a linear map, called the Hom-Jacobi identity. Some g-deformations of the Witt and Virasoro
algebras have the structure of a Hom-Lie algebra [1,2]. Because of its close relationship to discrete and
deformed vector fields and differential calculus [1, 3, 4], researchers have increasingly paid attention
to this algebraic structure [5-9]. If (a, [+, -],y) is a Hom-Lie algebra, k is a real number, if k # 1, then
(a, [+, -], ky) is not a Hom-Lie algebra. Naturally, what algebraic structure could it be? On the other
hand, the semi-Euclidean space is a vector space with a pseudoscalar product that is different from
Euclidean space. The study of semi-Euclidean spaces has produced fruitful results [10—-14]. It is well
known that there exist spacelike submanifolds, timelike submanifolds, and null submanifolds in semi-
Euclidean space. Null submanifolds appear in many physics papers. For example, null submanifolds
are of interest because they provide models of different horizon types such as event horizons of Kerr


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026651

15818

black holes, Cauchy horizons, isolated horizons, Kruskal horizons, and Killing horizons [15-20]. Null
submanifolds are also studied in the theory of electromagnetism.

In this paper, we discuss the Hom-Lie algebra structure over R*. We obtain a kind of deformations
of Lie algebras; these deformations are associated with Hom-Lie algebras. We have: if (a, [-,-],y) is
a Hom-Lie algebra, then (a, [+, -], —y) is a mirror Hom-Lie algebra. Then, we give some properties of
these deformations and study their representations. Next, we give the coboundary operator of these
deformations. Finally, we find out these deformations in null spaces of semi-Euclidean spaces.

The paper is organized as follows: In Section 2, we introduce the notion of mirror Hom-Lie algebras,
study their representations, and give some properties. In Section 3, we give their coboundary operator.
In Section 4, we construct a series of mirror Hom-Lie algebras (R?,[-, -]y, P) in semi-Euclidean 4-
spaces; then, we prove that for the null space of semi-Euclidean 4-spaces , there exists a subset V* of
the null space, and V* is invariant under the actions of [-, -], and P.

2. Mirror Hom-Lie algebras and their representations

The notion of a Hom-Lie algebra was introduced in [1]; see also [21,22] for more information.

Definition 2.1. (i) A Hom-Lie algebra is a triple (a,[-,-],7y) consisting of a vector space a, a skew
symmetric bilinear map (bracket) [-,-] : A*a — a and a linear transformation y : a — a
satisfying y[x,y] = [y(x), v(y)], and the following Hom-Jacobi identity:

[y, zl, y(0)] + [[z, x], YOI + [[x, ¥, y(2)] =0, Vx,y,z€q.

A Hom-Lie algebra is called a regular Hom-Lie algebra if y is a linear automorphism.

(i1) A subspace b C a is a Hom-Lie sub-algebra of (a,[-,-],y) if y(b) C b and b is closed under the
bracket operation [-, -], i.e., for all x,y € b, [x,y] € b.

(i11) A morphism from the Hom-Lie algebra (a, [, ].,7y) to the Hom-Lie algebra (b, [-, -y, 0) is a linear
map - & —> b such that Y([x, Y1) = W), ¥y and Yoy = 5 o .

When (a,[-,-],7) is a Hom-Lie algebra, then y*([x,y]) = [¥*(x),Y*()], k = 1,2,3,---. Now, we
give the notion of mirror Hom-Lie algebras.

Definition 2.2. (1) A mirror Hom-Lie algebra is a triple (g, [+, -], 8) consisting of a vector space g, a
skew symmetric bilinear map (bracket) [-,-] : A>’q — g and a linear transformation B : ¢ — g
satisfying B([x,y]) = —[B(x), B(y)], and the following Hom-Jacobi identity:

[y, 2], )] + [z, x], BOD] + [[x, y], B(2)] =0,  Vx,y,z€ V. 2.1)

A mirror Hom-Lie algebra is called a regular mirror Hom-Lie algebra if B is a linear
automorphism.

(2) A subspace by C g is a mirror Hom-Lie sub-algebra of (g, [+, -1, 8) if B(b) C b and } is closed under
the bracket operation [-,-], i.e., for all x,y € b, [x,y] € .

(3) A morphism from the mirror Hom-Lie algebra (g,[-,]y,B) to the mirror Hom-Lie algebra
(0, [+, Iy, V) is a linear map f : ¢ — b such that f([x,yly) = =[f(x), f(W]y and f o = A0 f.

Remark 2.3. (1) Let (a,[-,-],y) be a Hom-Lie algebra, when vy is an identity, then (a,[-,-],y) is a Lie
algebra; but when (g, [+, -], 8) is a mirror Hom-Lie algebra, map 8 can not be an identity; so a Lie
algebra is a Hom-Lie algebra, but it is not a mirror Hom-Lie algebra;
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(2) (a,[+,-],7y) is a Hom-Lie algebra, then (a,[-,-], (—1)y) is a mirror Hom-Lie algebra;

(3) when (g,[-,-1,8) is a mirror Hom-Lie algebra, we have: B*([x,y]) = [B*(x),8*(y)], and
BN (xy]) = =181 (0. 77 ] k= 1,2,3, -+

4) If f is a morphism from the mirror Hom-Lie algebra (g, [-, 14, B) to the mirror Hom-Lie algebra
(0, [+, -1y, A), and g is a morphism from the mirror Hom-Lie algebra (b, [, -1y, 1) to the mirror Hom-
Lie algebra (1, [-,-1s, x), then —g o f is a morphism from the mirror Hom-Lie algebra (g, [-, 15, B)
to the mirror Hom-Lie algebra (%, [-, ‘11, ).

Example 2.4. Let R? be a 3-dimensional vector space. For x,y € R, x = (x1, X2, x3)7,,y = (b1, y2, 3)7,
we define a skew symmetric bilinear map (bracket)

ey e e3
[x,y]=xAy=|x1 x» x3|,
yi Y2 Y3

where {e}, es, e3} is the canonical basis of R>. We also have the scalar product < x,y >;= x"y. Let A
be a 3 x 3-matrix, A acts on R® by A(x) = Ax; then, A is a linear map. When AAT = id, for x,v,z € R®,
we have:

T
X
<A(x,yD,z>1=<xAy,ATz>=| Yy |
(AT)"
On the other hand, we have:
Ax)T x!
< [Ax,Ayl,z >1=< Ax A Ay, 7z >|= (Ay)T = |A| yT = 1Al < A([x,y]),z > .
ZT (ATZ)T
So, there is
Al =1, A([x,y]) = [A(x), A(Y)];
Al = -1, A([x,y]) = —[A(x),A(y)].
Let
[x, y]i = A([x, y]),
we have:

(i) when |A| = 1, (R, [-,-11,A) is a Hom-Lie algebra;
(ii) when |A| = =1, (R%, [, 11, A) is a mirror Hom-Lie algebra.

Proposition 2.5. Let a € gl(V) and o® = —id, we define a linear map
Ad, : gl(V) — gl(V)
by Ad,(B) = aBa, and a bilinear map (bracket)
[A, B], = a¢AaBa — aBaAa,

then (gI(V), [+, 1o, Ady) is a mirror Hom-Lie algebra.
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Proof. Obviously, [, -] is a skew bilinear map. Also, we have:

Ad,([A,Bl,) = &*AaBa® — a’BaAd?
AaB — BaA.

On the other hand,

*Ad’Ba? — o’ Ba’Ad?

—AaB + BaA.

[Ado(A), Ade(B)]a

So, Ad.([A, Bl,) = —[Ad,(A), Ady(B)],-
For all A, B, C € gl(V), we have

[[A, Blo, Ado(C)]o+ Oape
= [@AaBa,aCal, — [aBaAa,aCal,+ Oapc
= —AaBaC + CaAaB + BaAaC — CaBaA+ O, pc
= 0,

where O, g ¢ denotes summation over the cyclic permutation on A, B, C. Thus, (gi(V), [+, ‘14, Ad,) is a
mirror Hom-Lie algebra. O

Remark 2.6. (gl(V),[-, .. Ad?,) is not a Hom-Lie algebra. By straightforward computations,

[[A, Blo, Ado(O)]o+ Oapc

[¢AaBa, C], — [@BaAa,Cl,+ Oppc

= AaBCa — aCAaB — BaACa + aCBaA+ O, pc
# 0.

Definition 2.7. A representation of the mirror Hom-Lie algebra (g, [-,-],8) on a vector space V with
respect to ¢ € gl(V) is a linear map p : ¢ — gl(V), such that for all x,y € g, the following equalities
are satisfied:

pB(x)o¢ = —¢op(x); (2.2)
p([x,yDo ¢ = p(B(x)oply)—pBQK)) o p(x). (2.3)
Theorem 2.8. Let (g,[-,],8) be a mirror Hom-Lie algebra, V is a vector space, @’ = —id. Then,

o : g — gl(V) is a representation of (g, [, -], 8) on V with respect to « if and only if p : (g, [, ],8) —
(al(V), [+, -la, Ady) is a morphism of mirror Hom-Lie algebras.

Proof. 1f p : ¢ — gl(V) is a representation of (g, [+, -], 5) on V with respect to @, we have

pBx)oa = —aop(x), (2.4)
plx,yDoa = p(B(x))p(y) — pBK)p(x). (2.5)
By (2.4), we deduce that
pop=Ad,op.
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Furthermore, by (2.4) and (2.5), we have

—p(B(x)) o p(M)a + p(B(Y)) © p(x)a
—ap(x)ap(y)a + ap(y)ap(x)a
_[P(x), P()’)]a

p([x, y])

Thus, p is a morphism of mirror Hom-Lie algebras. The converse part is easy to be checked. The proof
is completed. O

Definition 2.9. Let (g, [-,-],8) be a mirror Hom-Lie algebra, the pseudo-adjoint representation ad” :
g — g¢l(g), which is defined by ady = —[x,y].

Remark 2.10. Because of B # id, a Lie algebra is not a mirror Hom-Lie algebra, for x,y,z € g
—[[x, y1,B(2)]

[B(X), —[)’» Z]] + [ﬁ(y)9 [-x9 Z]]
= —ady, o ad(z) + ady, o ad,(2).

adyy 0 (2)

Proposition 2.11. Let (a, [-, -1, 3) be a mirror Hom-Lie algebra and B* = —id. Then, the pseudo-adjoint
representation ad” : ¢ — gl(g), which is defined by adyy = —[x,y], is a morphism from (g, [-,],5) to

Proof. For x,y,z € g, we have: Adg o ad(y) = —[B(x),y] = ad/’;(x)(y), and

adf, ;) =[xy ()]
= —[ly.8)1.80] - [[Bz), x1.B)]
= [B), [y, B = [BG), [x, B

By straightforward computations,

Boad,oBoadiof(z) = BoadopB(-ly,B)
= ﬁ(_[x7 [B()’), _Z]]) = [ﬁ(x)’ﬁ([ﬁ(y)’ _Z])]
= —[B(), [y.B)]].

So, we have: ad —lad, ad; 1. The proof is completed. m]

Fx,y] =
3. Coboundary operators of mirror Hom-Lie algebras

Let (g, [+, -], 8) be a mirror Hom-Lie algebra, V be a vector space, p : g — gl(V) be a representation
of (g, [+, -],8) on the vector space V with respect to ¢ € GL(V), where ¢ is invertible.

The set of k-cochains on g with values in V, which we denote by C*(g; V), is the set of skew
symmetric k-linear maps from g X - - - X g(k-times) to V:

Ck(a; V) := {5 : A*g — V is a linear map}.
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Fors =0,1,2,..., define d* : C*(g; V) — C*"!(g; V) by

k+1
dne, e = ) DT 0B, - S Bk)
i=1
# DI 1, B, L XL Bk,
i<j

where ¢! is the inverse of ¢, n € Ck(g; V).
Proposition 3.1. With the above notations, the map d* is a coboundary operator, i.e., d* o d* = 0.

Proof. For any n € CX(g; V), by straightforward computations, we have

k+2

d’ od’n(xi, -+, Xps2) = Z( D@2 p(x)g ™ d n(B(xy), - +, B(Xks2))

+ Z(—l)'*den<[xi, X1 B0, T Bs)).

i<j

And

dNEC. B B) = Y DB B ) T ()

=
+ 12(—1>’¢k+“fp(ﬁ(xl»cﬁ—k—zﬂn(ﬁ%xl>, T B (k)
D D" B DB, B B (kea)

+ ) GO D), T ()
+ D GO 1D ) T ()

At the same time, we have

dsn([xi’ xj]nB(xl)’ ) E;j’ o ’B(-xk+2))
= (L DT B () T B ()
+ P (B B 1, B, T B (i)
p<i<j
+ DG BN B D, B2, Fpe (X))
i<p<j
+ 1P (B )G B D, B, K B (Kke2)
i<j<p
+ D[, 51, BB, -+ gy B2 (142) 3.1

q<i<j

+ Z(—1)qn([[xi,xj],ﬁ(xq)],/o’z(xl),--~ gt B (X)) (3.2)

i<q<j
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+ Z( D ([, X1, B B -+ 3 Xijgs -+ 5 B2 (Xk42)) (3.3)

i<j<q

+ Z (= 1" n((Bxn), B, BL%is X1, B2 (X1), =+ s i =+ s B (X)) (3.4)

m<n<i<j

+ ...

By Hom-Jacobi identity,

B.DH+@B2)+3.3)=

and we have: (3.4)+---=0.

By p(B(x))¢ = —¢p(x) and p(B(x)) = —¢p()¢~", B([x:, x;1) = ~[B(x;), B(x )], we have

ds o dsr](xl’ IS xk+2)

= Y (=D B B g™ B ), T

I<i

>i

£ () (B, B, B (),

m<n<i

£ ) (D) )¢ (B (x0), B )], B (),

m<i<n

+ ) (BB (B, BUe)L B ), -

i<m<n

i<j

£ (SPGB ), B, B (), -

p<i<j

+ (DI, )™ (), B B (x), -

i<p<j

£ (P E o )g  [Bx), B, B (), -

i<j<p

By p([x, D¢ = p(B(x))p(y) — p(B(y))p(x), we have

(3.5)+@3.6)+ 3.7 =

B (xi42)) (3.5)

+ Z(—1)”"”¢k_l”p(/33(xi))p(Bz(Xz))Wk_l_xn(ﬁz(xl), X B (k) (3.6)

xmnt : ﬁ (Xk+2))
xm i,ns ﬂ (xk+2))

xl m,ns ﬁ (xk+2))

+ ) (PGB (o), BN ™ B ), K B () (3.7)

_— 2
’ xp,i,j7 Tt ’ﬁ (-xk+2))

2
’ xi,p,j’ e 9ﬁ (xk+2))

- 2
s xi,j,pa Tt 318 (-xk+2))‘

About the above equations, the sum of the remaining six equations is zero. So, we prove that d* o d* =

0.
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4. Mirror Hom-Lie algebras in semi-Euclidean 4-spaces

Let R* be a 4-dimensional vector space. For any two vectors x = (x,X,x3,%)7 and y =
(1, V2, v3,y4) in R*, their pseudoscalar product is defined by

<X, y>=x

-1 0 0O

10 -1 0 O
0 0 10 Y= —X1y1 — Xoy2 + X33 + X4Y4.
0O 0 01

The space (R*, < -,- >) is called semi-Euclidean 4-space with index 2 and denoted by R}. A non-zero

vector x € R‘Zl is called spacelike, null, or timelike if < x,x >> 0,

< xx>=0,or< x,x >< 0,

respectively. The null space of semi-Euclidean 4-spaces is V) = {x € R‘z‘| < x,x >= 0}. The null space

Vy is not a vector space.

(6l(V), [, -]a» Ad,) is the mirror Hom-Lie algebra in Section 2. When V is the vector space R?, let

6112(

10 O (00 {00
0 0/°27 1o o)~ \1 o)\ 1)

Ad,(ey1, e, €21, ) = (€11, €12, €21, €xn)P,

for B € gl(R?), we have: Ad, o Ad,(B) = B. Thus, we have:

P? =id.

For the map Ad,, we named P as the corresponding map.

_ \/ >
Letoz:(_\/%g2 1;6),6€R,thena2:—idand
T 1+26> 20V1+6?
aoal = ,
20V1 + 62 1+26°

when 6 # 0, « is not an orthogonal matrix.
By straightforward computations, we have

Ad,(ey)

AIMS Mathematics

-6 VI+6%2)(1 O -6 V1 + 62
-V +6? 0 0 0/J\-V1+86? 6

-0 0 -0 V1 + 62
-V1+6> 0/\-V1+6 6

6> —-0V1 + 62
OV1I+62 —1-6*

92
(€11, €12, €a1. €13) —-0V1 + 62
11, €125 €215 €22 gm .
-1 -6
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Ady(er) = 0 N1+e\o 1\( -6 NI+@
o) = \_ 1 0 0 0/{-vV1+e? ¢
_ 0 -6 -0 V1 + 62

0 —Vi+)-Vi+er 6
(VT + 2 —6*
B 1+6* —-6V1+62
OV1 + 6*
—6?
= (e11,€12,€21,€2) 1+ 62
—-0V1 + 62
A ien) = _9 V1+62)\/0 0 -6 V1 + 62
o) =\ _ T 0 1 0/{-V1+e? 6
_ (Vi+e o) -0 NT+@
- 0 0/\-+V1+e 0
_(-OV1I+ & 1+ 6
|l - eVire
—-6V1 + 62
1+6°
= (e, en, e, en) _g
OV1 + 6*
Ady(ex) = 0 N1+e2)[0 0\ -0 NI+@
o) = \_ 17 9 0 1/{-vV1+6? 6

0 Vi+e -0 1+ 62
o 0 -V1+6 0

-1-6* 6Vl +92)

-~ \-evi+er @
-1-6*
= (e, e, ez, en) oN1+ 0" .
e —0V1 + 62
62

Then, the corresponding map P is

6> OV +62 —-0V1+6? -1 -6
-0V1 + 62 -6 1+6° V1 + 62
OVl + 62 1+ 6 —6? —OV1 + 62|

-1-6> —-0V1+6* 0V1+6 6
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When 6 # 0, P is not an orthogonal matrix. Let 7 = (=6, V1 + 62, — V1 + 62,6)", by straightforward
computations, we have Pr = —r. For x = (x1, X2, x3, X2)7, y = (y1, Y2, y3, y4)", we define [, -]o by

[x,ylo=PxArAy—PyArAx,

where
e —é és €4

P T
PxArAy= (r);) ,

yT

and {e,, e,, e3, e4} is the canonical basis of R*. By straightforward computations,

PxArAy
= (= VI +6[x1(y2 +y3) + (x2 + x3)y4] + 0(x3y2 — X23),
O(x1y3 + X3y1 + X34 + X4y3) + V1 + 02 (xgys — x1y1),
O(x1y2 + X2y1 + X2Ya + Xay2) + V1 + 62(x1y1 — Xa4y4),
VI + P2[(x2 + x3)y1 + (2 + y3)xa] + 0(x3y2 — x233))"

PyAnrAx
= (= V1 +6(x2 + x3)y1 + (2 + y3)xa] + 6(x2y3 — X3)2),
O(x1y3 + X3y1 + X34 + X4y3) + V1 + 62 (x44 — x131),
O(x1y2 + X2y1 + X2Ya + Xay2) + V1 + 62(x1y1 — Xa4y4),
V1 + 02[(v2 + y3)x1 + (X2 + x3)ya] + 0023 — x3y2))"

then [x, yly = (a,0,0,a)”, where
a= V1 +6[(xs — x1)2 +y3) + (X2 + x3)(1 — ya)] + 260(x3y2 — x2y3).
Because of P? = id,

[Px,Pylg=xAFrAPYyY—YATrAPx=PxArANy—PyArAx=[x,ylo

and
a 6? OVI+62 -0V1+6> —-1-6* \(a a
p|Of_|OVI+& -0 1+6>  ovI+6 ||0f_ [0
0 V1 + 62 1+ 6 -6 —oV1+e2||0]  [o]
a ~1-6> -0V1+62 6V1+6? 6> a a

then we have
P([x,y]p) = P(a,0,0,a)" = —(a,0,0,a)" = —[x,y]y = —[Px, Pyly.

For z € R*,
[[xa y]f)’ PZ]H

AIMS Mathematics Volume 11, Issue 6, 15817-15830.
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where

P([x,yle) A\r A Pz— PPz AT A[X,Y]g

—a a
0 0
0 ArANPz—zATFA 0
—a a
a
0
(Pz=2) AT A 0
a
€l —é (%] ey
bl bz b3 b4
0 NI+ -Vi+@ 0
a 0 0 a
—avV1 + Qz(bz + b3)
0(29b3 + V1 + 92(b4 — bl))
a(20b, + V1 + 62(by — by))
avV1+ 92([?2 + b3)
(0,0,0,0)",

by = (6 = Dz1 + V1 + 82) — (OV1 + 0273 + (1 + 6%)z4),

by = —(OV1 + Pz, + (@ + Dzo) + (1 + P)z3 + V1 + za),

by = (OV1 + Pz, + (1 + P)z0) — (6> + Dzz + OV1 + 2z4),

by = —((1 + )z + V1 + 225) + (O V1 + Pz5 + (6* — 1)zy).
Similarly, we have [[y, z]y, Px]g = 0 and [[z, x]s, Py]y = 0, so the Hom-Jacobi identity holds. Thus, we

have the following:

Proposition 4.1. With the above notations, (R‘z‘, [-, -1, P) is a mirror Hom-Lie algebra.

Theorem 4.2. The null space of semi-Euclidean 4-spaces is Vo = {x € R3] < x, x >= 0}, let

there exists a mirror Hom-Lie algebra (R%,[-, 1y, P), such that

(al) r= (=6, V1 + 60, —V1+ 62,07 € V*, and Pr e V*;
[X,Y]G € V*;

(a2) forall x,y € R?,

(a3) forallz e V*,

Pz eV,

Proof. We just need to prove (a3), for z = (z1, 22, 23, 24)T € V*,

-1 0
0 -1
T
(P2) 0 0
0O O
AIMS Mathematics

0

S = O

0

0
0
1

Pz

1 0 00
0 -1 0 0
T pT

R P L
0 0 0 1

T
V' ={x = (x1,x2, X3, x3)" € Vplx1x2 = X3X4},
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1+26> 26VI1+6? 0 0
_ 20V1+ 62 1+26° 0 0 .
- 0 0 ~1-26> 20Vl +6
0 0 -20V1+62 —-1-2¢°
= (14207 +25— 75 —23) +40V1 + 02(z125 — 2324)
= 0.

So, Pz € Vj, and by straightforward computations,

Pz

6> OVI+62 —oVI+62 —1-6* \(z
—-0V1 + 62 —6? 1+6° OV1I+6 ||z

OVl + 62 1+ 62 —6? —0V1 + 62|z
“1-6* -0V1+6> o0V1i+6 6? 24

(0221 + OV + 6225) — (V1 + Pz3 + (1 + O)z)
—(OV1 + 6%z, + 6°2) + (1 + P)z3 + OV1 + 6224)
OV + 6022 + (1 + P)20) — (0223 + 0V1 + Pz) |
—((1+ 6Pz +0V1 +622) + (OV] + 6223 + 6%z4)

By 7} + 25 = 23 + 23 and 212, = 2324, We have: Pz € V*.

5. Conclusions

In this study, we discuss the Hom-Lie algebra structure over R*. We obtain a kind of deformations
of Lie algebras; these deformations are associated with Hom-Lie algebras. We have: if (a,[-,-],y)
is a Hom-Lie algebra, then (a,[-, -], —y) is a mirror Hom-Lie algebra. We give some properties of
these deformations and study their representations, and we give the coboundary operator of these
deformations. More, We find out these deformations in null spaces of semi-Euclidean spaces.
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